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�§ãç îâáï ®¡®¡é¥ë¥ ¯à®áâà áâ¢  �®¡®«¥¢ ,   «®£¨çë¥ ª« áá ¬
�

W 1
p(
) ¨ ¢®§¨ª î-

é¨¥ ¯à¨ § ¬¥¥ Lp(
) á¨¬¬¥âà¨çë¬¨ ¯à®áâà áâ¢ ¬¨. �áâ  ¢«¨¢ îâáï â®çë¥ ¯® ¯®àï¤ªã
®æ¥ª¨ ®à¬ ®¯¥à â®à®¢ ¢«®¦¥¨ï ¨áá«¥¤ã¥¬ëå ¯à®áâà áâ¢ ¢ ¯à®áâà áâ¢  á® á¬¥è ®© ®à-
¬®©. �á®¢ã ¤®ª § â¥«ìáâ¢  ¡®«ìè¨áâ¢  à¥§ã«ìâ â®¢ á®áâ ¢«ï¥â ¥à ¢¥áâ¢® �ã¬¨á {�¨â¨,
á¢ï§ë¢ îé¥¥ «¥¡¥£®¢ã ¬¥àã ¬®¦¥áâ¢  á ¥£® ¯®¯¥à¥çë¬¨ ¬¥à ¬¨.

1. �¨¦¥ R
n ®§ ç ¥â n-¬¥à®¥ ¥¢ª«¨¤®¢® ¯à®áâà áâ¢® â®ç¥ª x = (x1; : : : ; xn), jxj =p

x21 + � � � + x2n; Bn | á®¢®ªã¯®áâì ¡®à¥«¥¢áª¨å ¯®¤¬®¦¥áâ¢ ¯à®áâà áâ¢  Rn ; �� : Rn ! �
| ®¯¥à â®à ®àâ®£® «ì®£® ¯à®¥ªâ¨à®¢ ¨ï Rn   á®¡áâ¢¥®¥ ¯®¤¯à®áâà áâ¢® � ; �?x | ¯à®-
áâà áâ¢®, ®àâ®£® «ì®¥ � ¨ ¯à®å®¤ïé¥¥ ç¥à¥§ x ¨§ � ; Tmn | á®¢®ªã¯®áâì m-¬¥àëå ª®®à¤¨-
 âëå ¯®¤¯à®áâà áâ¢ ¯à®áâà áâ¢  Rn (m = 1; : : : ; n� 1); mesnA | n-¬¥àãî «¥¡¥£®¢ã ¬¥àã
¬®¦¥áâ¢  A.

�®¯®áâ ¢¨¬ ¬®¦¥áâ¢ã A ¨§ Bn ¨ ¯à®áâà áâ¢ã � ¨§ Tmn ç¨á«® mesm��A,  §ë¢ ¥¬®¥ ([1],
á. 227) ¢¥è¥© ¯®¯¥à¥ç®© ¬¥à®© ¬®¦¥áâ¢  A. � ¨¡®«ìè¥¥ ¨§ Cm

n ç¨á¥« mesm��A (� 2 Tmn )
®¡®§ ç¨¬ ç¥à¥§ Dm(A). �¨á«® Dm(A) å à ªâ¥à¨§ã¥â m-¬¥àãî ¯à®âï¦¥®áâì ¬®¦¥áâ¢  A.
�£® ¨®£¤   §ë¢ îâ m-¬¥àë¬ ¤¨ ¬¥âà®¬ A. �§ ¥à ¢¥áâ¢  �ã¬¨á {�¨â¨ ([1], á.227; [2])
¢ëâ¥ª ¥â ®æ¥ª 

mesnA � Dn=m
m (A) (A 2 Bn): (1)

� «¥¥ ¡ã¤ãâ ¨á¯®«ì§®¢ âìáï â¥à¬¨®«®£¨ï ¨ à¥§ã«ìâ âë â¥®à¨¨ á¨¬¬¥âà¨çëå ¯à®áâà áâ¢
[3]{[5]. �ãáâì I = (0; b) (0 < b � 1), E = E(I) ¨ E1 = E1(I) | á¨¬¬¥âà¨çë¥ ¯à®áâà áâ¢ 
¨§¬¥à¨¬ëå ®â®á¨â¥«ì® ¬¥àë mes1 äãªæ¨©, ¯à¨ç¥¬ E � E1. �¥à¥§ E1=E ®¡®§ ç ¥âáï [4]
¬®¦¥áâ¢® ¨§¬¥à¨¬ëå   I äãªæ¨©, ¤«ï ª®â®àëå ¨¬¥¥â á¬ëá« ®à¬ 

ku; E1=Ek = supfkuv; E1k; kv; Ek � 1g:

�à®áâà áâ¢® E1=E  §ë¢ îâ ¯à®áâà áâ¢®¬ ¬ã«ìâ¨¯«¨ª â®à®¢ ¨§ E ¢ E1. �§ ®¯à¥¤¥«¥¨ï
E1=E ¢ëâ¥ª ¥â ®æ¥ª 

kuv; E1k � ku; E1=Ek kv; Ek:
�à®áâà áâ¢® E1=E á¨¬¬¥âà¨ç®. � ç áâ®áâ¨, á¨¬¬¥âà¨ç® ¯à®áâà áâ¢® E0 = L1=E,  §ë-
¢ ¥¬®¥ ([3], á. 140)  áá®æ¨¨à®¢ ë¬ ª ¯à®áâà áâ¢ã E. �¥à ¢¥áâ¢® kuv; L1k � ku; E0k kv; Ek
¨¬¥ãîâ ¥à ¢¥áâ¢®¬ ��¥«ì¤¥à  ¤«ï á¨¬¬¥âà¨çëå ¯à®áâà áâ¢. �¨¬¬¥âà¨ç®¥ ¯à®áâà áâ¢®
E  §ë¢ îâ ([3], á. 141) ¬ ªá¨¬ «ìë¬, ¥á«¨ E ¨§®¬¥âà¨ç® ¢â®à®¬ã  áá®æ¨¨à®¢ ®¬ã E00.

�® ¨§¢¥áâ®© áå¥¬¥ ([3], á. 211{213) ¯à®áâà áâ¢® E = E(I) ¨ ¨§¬¥à¨¬®¥ ¯® �¥¡¥£ã ¬®¦¥-
áâ¢® 
 � R

n (0 < mesn 
 � b) ¯®à®¦¤ îâ ¯à®áâà áâ¢® E(
) ¨§¬¥à¨¬ëå ®â®á¨â¥«ì® ¬¥àë
mesn äãªæ¨©   
. �à¨ íâ®¬ kf ; E(
)k = kf�; E(I)k, £¤¥ f� | ¯¥à¥áâ ®¢ª  äãªæ¨¨ jf j ¢
ã¡ë¢ îé¥¬ ¯®àï¤ª¥ ([3], á. 83; [6], á. 332; [7]).

� ¦ë© ª« áá á¨¬¬¥âà¨çëå ¯à®áâà áâ¢ ®¡à §ãîâ ¯à®áâà áâ¢  �®à¥æ  � (
) ¨ � à-
æ¨ª¥¢¨ç  M (
), ¯®à®¦¤ ¥¬ë¥ ¢®§à áâ îé¨¬¨ ¢®£ãâë¬¨   [0;1) äãªæ¨ï¬¨  ,  (0) = 0,
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 (t) 6� 0. �®à¬ë ¢ íâ¨å ¯à®áâà áâ¢ å ®¯à¥¤¥«ïîâ à ¢¥áâ¢ ¬¨ ([3], á. 150{154)

kf ; � k =
Z
1

0

 (�f (t))dt; kg; M k = sup
t>0

1
 (t)

Z t

0

g�(s)ds;

¢ ª®â®àëå �f(t) = mesnfx 2 
 : jf(x)j > tg | äãªæ¨ï à á¯à¥¤¥«¥¨ï äãªæ¨¨ f , g� | ¯¥à¥áâ -
®¢ª  jgj ¢ ã¡ë¢ îé¥¬ ¯®àï¤ª¥. � ª ¨§¢¥áâ® ([3], á. 154), �0 = M , M0

 = � . �á«¨  (t) = t�

(0 � � � 1), â® ¯à®áâà áâ¢  � (
), M (
) ®¡®§ ç îâ á¨¬¢®« ¬¨ ��(
) ¨ M�(
) á®®â¢¥âáâ¢¥-
®.

�¢¥¤¥¬ ª« áá ¯à®áâà áâ¢ á® á¬¥è ®© ®à¬®©. �ãáâì 
 | ®¡« áâì ¢ Rn , b = Dm(
) (m =
1; : : : ; n � 1), Q = Q(0; b) | á¨¬¬¥âà¨ç®¥ ¯à®áâà áâ¢® äãªæ¨©   (0; b), � 2 Tmn , 
m = ��
.
�à®©ª¥ (
; �; �) á®¯®áâ ¢¨¬ á¨¬¬¥âà¨ç®¥ ¯à®áâà áâ¢® Q(
m) ¨§¬¥à¨¬ëå ®â®á¨â¥«ì® ¬¥àë
mesm äãªæ¨©   
m ¨ ¯à®áâà áâ¢® Q� = Q�(
) â ª¨å ¨§¬¥à¨¬ëå ®â®á¨â¥«ì® mesn äãªæ¨©
f , ¤«ï ª®â®àëå äãªæ¨ï f �(x) = kf ; L1(
x)k (x 2 
m, 
(x) = �?x \ 
) ¥áâì í«¥¬¥â Q(
m).
�®«®¦¨¬ kf ; Q�k = kf � ; Q(
m)k; Q� = Q�(
) ¥áâì ¡  å®¢® ¨¤¥ «ì®¥ ¯à®áâà áâ¢® [4].

�á«¨ äãªæ¨ï f : 
! R B-¨§¬¥à¨¬  (¨§¬¥à¨¬  ¯® �®à¥«î) ¨ f 2 �� (
), â®

kf ; �� k =
Z
1

0

 (mesm��At)dt; (2)

£¤¥ At = fx 2 
 : jf(x)j > tg. � ¢¥áâ¢® (2) ¢ëà ¦ ¥â ®à¬ã äãªæ¨¨ f ¢ ¯à®áâà áâ¢¥ �� (
)
ç¥à¥§ ¢¥è¨¥ ¯®¯¥à¥çë¥ ¬¥àë «¥¡¥£®¢ëå ¬®¦¥áâ¢. � «¥¥ íª¢¨¢ «¥âë¥ ®â®á¨â¥«ì® ¬¥àë
mesn äãªæ¨¨ ®â®¦¤¥áâ¢«ïîâáï. �â® ¯®§¢®«ï¥â (¡¥§ ã¬¥ìè¥¨ï ®¡é®áâ¨) ¢ àï¤¥ á¨âã æ¨©
®£à ¨ç¨âìáï à áá¬®âà¥¨¥¬ B-¨§¬¥à¨¬ëå äãªæ¨©.

�¥à¥á¥ç¥¨¥ VmQ(
) ¯à®áâà áâ¢ Q� (
) (� 2 Tmn ) á ®à¬®© kf ; VmQk = maxfkf ; Q� ; � 2 Tmn g
¥áâì ¡  å®¢® ¨¤¥ «ì®¥ ¯à®áâà áâ¢®. �á«¨ 1A | ¨¤¨ª â®à (å à ªâ¥à¨áâ¨ç¥áª ï äãªæ¨ï)
¬®¦¥áâ¢  A � 
, A 2 Bn, â® k1A; VmQk = 'Q(Dm(A)), £¤¥ 'Q | äã¤ ¬¥â «ì ï äãªæ¨ï
¯à®áâà áâ¢  Q ([3], á. 137); ¢ ç áâ®áâ¨ Dm(A) = k1a; VmL1k.

�¥¬¬  1. �ãáâì m = 1; : : : ; n� 1, �(n�m) < 1, �m = �n� 1 > 0, g 2 ��(Rn),

J(x) =
Z
Rn

jx� yj1�ng(y)dy:

�®£¤  kj;Vm��k � C(�)kg; ��k, £¤¥ ª®áâ â  C(�) ¥ § ¢¨á¨â ®â g ¨§ ��(Rn).

�®ª § â¥«ìáâ¢®. �¨ªá¨àã¥¬ � ¨§ Tmn . �á«¨ n > p > n�m, m
q
= n

p
�1, â® ®¯¥à â®à, á®¯®áâ -

¢«ïîé¨© äãªæ¨¨ g ¨§ Lp(Rn) äãªæ¨î J� (x) = kJ ; L1(�?x )k ¨§ Lq(�) áã¡«¨¥¥ ¨ ¥¯à¥àë¢¥
([8], á. 32). �§ ®¡®¡é¥®© â¥®à¥¬ë � àæ¨ª¥¢¨ç  (á¬.  ¯à., [9], á. 83) á«¥¤ã¥â ¥¯à¥àë¢®áâì
¤ ®£® ®¯¥à â®à  ¨§ ��(Rn) ¢ ��(�). �¥¯¥àì ¤®ª §ë¢ ¥¬®¥ ãâ¢¥à¦¤¥¨¥ ¢ëâ¥ª ¥â ¨§ ª®¥ç®-
áâ¨ ¬®¦¥áâ¢  Tmn .

2. �áî¤ã ¨¦¥ 
 | ®£à ¨ç¥ ï ®¡« áâì ¢ R
n (n � 2), a = mesn
, b = Dm(
) (m =

1; : : : ; n� 1); �, � | ª®áâ âë, ã¤®¢«¥â¢®àïîé¨¥ ¯à¨ m � n� 2 ãá«®¢¨ï¬

�(n�m) < 1; �m = �n� 1 > 0 (3)

¨ � = � = 1 ¯à¨ m = n � 1. �¥à¥§
�

W 1
1(
) ®¡®§ ç¨¬ ¬®¦¥áâ¢® äãªæ¨© ¨§ ¯à®áâà áâ¢ 

�®¡®«¥¢  W 1
1(
) ([10], á. 133; [11], á. 146; [12], á. 14), ®¡à é îé¨åáï ¢ ã«ì   £à ¨æ¥ ®¡« áâ¨ 
.

�®á«¥¤¥¥ ®§ ç ¥â, çâ® ¥á«¨ äãªæ¨î ¨§
�

W 1
1(
) ¯à®¤®«¦¨âì   R

n , ¯®« £ ï ¥¥ à ¢®© ã«î
  Rn n 
, â® ¯à®¤®«¦¥ ï äãªæ¨ï ¯à¨ ¤«¥¦¨â W 1

1(R
n).

�«ï ¯à®¨§¢®«ì®£® á¨¬¬¥âà¨ç®£® ¯à®áâà áâ¢  P (
) ®¯à¥¤¥«¨¬ ¯à®áâà áâ¢®
�

WP (
) ª ª

á®¢®ªã¯®áâì â ª¨å äãªæ¨© f ¨§
�

W 1
1(
), çâ®r1f = jrf j 2 P (
). � ¯à®áâà áâ¢¥

�

WP (
) ¢¢®¤¨¬

®à¬ã kf ;
�

WPk = kr1f ; Pk.
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�¥¬¬  2. �«ï «î¡®© äãªæ¨¨ f ¨§
�

W��(
) á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®Z 1

0
D�
m(At)dt � {(n;m;�)kf ;

�

W��k; (4)

£¤¥ Dm(At) ¥áâì m-¬¥àë© ¤¨ ¬¥âà ¬®¦¥áâ¢  At = fx 2 
 : jf(x)j > tg, {(n; n � 1; 1) = n
¨ {(n;m;�) = Cm

n�1C(�)a
�1
n (m < n � 1, an = mesnfx 2 R

n ; jxj � 1g, C(�) | ¯®áâ®ï ï ¨§
«¥¬¬ë 1).

�®ª § â¥«ìáâ¢®. �à¨ m < n� 1 ¢®á¯®«ì§ã¥¬áï ¥à ¢¥áâ¢®¬

jf(x)j � 1
nan

Z
Rn

jx� yj1�njrf(y)jdy (x 2 Rn);

¢ëâ¥ª îé¨¬ ¨§ ¨â¥£à «ì®£® ¯à¥¤áâ ¢«¥¨ï äãªæ¨© ª« áá 
�

W 1
1(
) (á¬.,  ¯à., [11], á. 162).

�ãªæ¨î f áç¨â ¥¬ B-¨§¬¥à¨¬®© ¨ à ¢®© ã«î   Rnn
. �¨ªá¨àã¥¬ � 2 Tmn ¨ á®®â¢¥âáâ¢ãîé¥¥
¥¬ã ¯à®áâà áâ¢® ���(R

n ). � á¨«ã «¥¬¬ë 1 ¨¬¥¥¬

kf ; ���k �
C(�)
nan

kr1f ; ��k:

�â® ¥à ¢¥áâ¢® ¨ (2) ¢«¥ªãâ ®æ¥ªã
Z 1

0
mes�m(��At)dt �

C(�)
nan

kr1f ; ��k:

� ®¥ á®®â®è¥¨¥ ¢¥à® ¤«ï «î¡®£® ¯à®áâà áâ¢  � ¨§ Tmn , çâ® ¨ ¯à¨¢®¤¨â ª ¥à ¢¥áâ¢ã (4).
�à¨ m = n� 1, � = � = 1 ®æ¥ª  (4) ãáâ ®¢«¥  ¢ [13].

�¥®à¥¬  1. �ãáâì á¨¬¬¥âà¨ç®¥ ¯à®áâà áâ¢® P = P (
) ¢«®¦¥® ¢ ¯à®áâà áâ¢®

��(
), f 2
�

WP (
), f� | ¯¥à¥áâ ®¢ª  ¢ ã¡ë¢ îé¥¬ ¯®àï¤ª¥ äãªæ¨¨ jf j, At = fx 2 
 :
jf(x)j > tg, �f (s) = Dm(Af�(s)) (0 � s � a). �®£¤ 

��f df
�

ds
; (��=P )

0

 � {(n;m;�)kf ;
�

WPk: (5)

�®ª § â¥«ìáâ¢®. �¨ªá¨àã¥¬ äãªæ¨î f ¨§
�

WP (
). �¥ ¯¥à¥áâ ®¢ª  f� ¥ ¢®§à áâ ¥â  
(0; a],  ¡á®«îâ® ¥¯à¥àë¢    ª ¦¤®¬ ®âà¥§ª¥ ["; a] (0 < " < a) ¨ f�(a) = 0 [7], [13], [14].
�¡®§ ç¨¬ ç¥à¥§ U(f) á®¢®ªã¯®áâì ¥®âà¨æ â¥«ìëå B-¨§¬¥à¨¬ëå äãªæ¨© u(s) (0 � s � a),
à ¢ëå ã«î   ¨â¥à¢ « å ¯®áâ®ïáâ¢  äãªæ¨¨ f� ¨ ã¤®¢«¥â¢®àïîé¨å ®æ¥ª ¬ ku; ��=Pk �
1, ku; L1k <1.

�ãáâì �(t) = �f(t) | äãªæ¨ï à á¯à¥¤¥«¥¨ï f , u 2 U(f). �¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ äãªæ¨¨

v(t) =
Z t

0
u(�(s))ds (t � 0); g(x) = (jf(x)j) (x 2 
):

� ª ¥âàã¤® ¢¨¤¥âì, g 2
�

W 1
1(
), r1g = u(�(jf j))r1f . �ãªæ¨ï u(�(jf(x)j)) (x 2 
) à ¢®¨§¬¥-

à¨¬  á äãªæ¨¥© u(s) (0 � s � a), ¯®íâ®¬ã

ku(�(jf j)); ��=Pk = ku; ��=Pk � 1;

kr1g; ��k �
u(�(jf j)); ��=P kr1f ; Pk � kr1f ; Pk:

�®á«¥¤¥¥ ¥à ¢¥áâ¢® ¨ «¥¬¬  2 ¯à¨¢®¤ïâ ª á®®â®è¥¨ï¬

{(n;m;�)kr1f ; Pk � {(n;m;�)kr1g; ��k �
Z 1

0
u(�(t))D�

m(At)dt �
Z a

0
u(s)��f (s)

����df
�

ds

����ds:
�¥àï áã¯à¥¬ã¬ ¯® ¢á¥¬ u ¨§ U(t) ¯®«ãç ¥¬ ¥à ¢¥áâ¢® (5).
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�¥¬¬  3. �ãáâì  | ¢®§à áâ îé ï ¢®£ãâ ï äãªæ¨ï   [0;1),  (0) = 0,  6� 0, äãªæ¨ï
t�� (t) ã¡ë¢ ¥â   (0; b), P (
) � ��(
) ¨ ®¯¥à â®à

Hmu

Z a

tn=m
s1=n�1u(s)ds

¥¯à¥àë¢¥ ¨ ¤¥©áâ¢ã¥â ¨§ P (0; a) ¢ � (0; am=n). �®£¤ 

kf ; Vm� k � {(n;m;�)K(P;� )kf ;
�

WPk; (6)

£¤¥ K(P;� ) | ®à¬  ®¯¥à â®à  Hm.

�®ª § â¥«ìáâ¢®. �áâ ®¢¨¬ ¥à ¢¥áâ¢®

K(P;� ) = ks1=n�1 (sm=n); P 0k: (7)

�¥©áâ¢¨â¥«ì®, ¯ãáâì u 2 P , h = Hmjuj. �ãªæ¨ï h á®¢¯ ¤ ¥â á® á¢®¥© ¯¥à¥áâ ®¢ª®© h�, ¯®íâ®¬ã
([3], á. 147)

kh; � k =
Z am=n

0
h(t) 0(t)dt =

Z am=n

0
 0(t)dt

Z a

tm=n
s1=n�1ju(s)jds =

=
Z a

0
ju(s)js1=n�1ds

Z sm=n

0
 0(t)dt =

Z a

0
 (sm=ns1=n�1ju(s)jds:

�¥¯¥àì (7) á«¥¤ã¥â ¨§ ¥à ¢¥áâ¢  K(P;� ) = supfkHmjuj; � k, ku; Pk � 1g.
�¢¥¤¥¬ äãªæ¨î w(s) =  (sm=n)s��m=n. �ãªæ¨ïw ¥¯à¥àë¢  ¨ ã¡ë¢ ¥â   (0; a). �ãáâì y 2

M�(0; a), z 2 P (0; a), ky; M�k = kz; Pk = 1, y� ¨ z� | ¯¥à¥áâ ®¢ª¨ äãªæ¨© y, z á®®â¢¥âáâ¢¥®.
� ª ª ª ky; M�k = 1, â® ([3], á. 154) s1��y�(s) � 1. �¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

Z a

0
w(s)y(s)z(s)ds �

Z a

0
w(s)y�(s)z�(s)ds �

Z a

0
w(s)s��1z�(s)ds =

=
Z a

0
s1=n�1 (sm=n)z�(s)ds � K(P;� );

¢ëâ¥ª îé¨¥ ¨§ ¨§¢¥áâëå á¢®©áâ¢ ¯¥à¥áâ ®¢®ª ([3], á. 94; [6], á. 334{335). �¢¨¤ã ¯à®¨§¢®«  ¢
¢ë¡®à¥ y, z ¯®«ãç ¥¬ ®æ¥ªã kw; ��=Pk � K(P;� ).

�¨ªá¨àã¥¬ äãªæ¨î f ¨§
�

WP (
) ¨ ¯®«®¦¨¬ �f (s) = Dm(Af�(s) (0 � s � a), £¤¥ At = fx 2

 : jf(x)j > tg, f� | ¯¥à¥áâ ®¢ª  äãªæ¨¨ jf j. �á«¨ s ¥ ¯à¨ ¤«¥¦¨â ¨â¥à¢ «ã ¯®áâ®ïáâ¢ 
äãªæ¨¨ f�, â® mesnAf�(s). �®íâ®¬ã ¤«ï ¯®¤®¡ëå s á¯à ¢¥¤«¨¢  ¢ëâ¥ª îé ï ¨§ (1) ®æ¥ª 
�f (s) � sm=n. �¬¥îâ ¬¥áâ® á®®â®è¥¨ï

kf ; Vm� k �
Z
1

0

 (Dm(At))dt =
Z a

0

 (�f (s))
����df

�

ds

����ds �
Z a

0

w(s)��f (s)
����df

�

ds

����ds �

� kw; ��=Pk
��f df

�

ds
; (��=P )0

 � {(n;m;�)K(P;� )kf ;
�

WPk:

�¤¥áì ¯®á«¥¤®¢ â¥«ì® ¨á¯®«ì§ãîâáï à ¢¥áâ¢® (2), ¥à ¢¥áâ¢® mesm��At � Dm(At) ¯à¨
� 2 Tmn ,  ¡á®«îâ ï ¥¯à¥àë¢®áâì   ª ¦¤®¬ ®âà¥§ª¥ ["; a] äãªæ¨¨ f� ¨ § ¬¥  ¯¥à¥¬¥-

ëå t = f�(s), ¥à ¢¥áâ¢® w(s)
���df�
ds

��� �  (�f (s))�
��
f (s)

���df�
ds

���, ®ç¥¢¨¤®¥   ¯à®¬¥¦ãâª¥ ¯®áâ®ï-

áâ¢  äãªæ¨¨ f� ¨ ¢ëâ¥ª îé¥¥ ¨§ ®æ¥ª¨ �f (s) � sm=n ¤«ï ®áâ «ìëå § ç¥¨© s, ¥à ¢¥áâ¢®
��¥«ì¤¥à  ¤«ï á¨¬¬¥âà¨çëå ¯à®áâà áâ¢ ¨ ®æ¥ª  (5).
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3. �¨¦¥ Q = Q(o; b) | ¬ ªá¨¬ «ì®¥ á¨¬¬¥âà¨ç®¥ ¯à®áâà áâ¢®, N| á®¢®ªã¯®áâì ¢®£ã-

âëå ¨ ¢®§à áâ îé¨å   [0; b] äãªæ¨©, ¤«ï ª®â®àëå  (+0) = 0,
d dt ; Q0

 = 1. � ¦¤ ï äãªæ¨ï

 ¨§ N ¯®à®¦¤ ¥â ¯à®áâà áâ¢® �®à¥æ  � � Q, ¯à¨ç¥¬ ([3], á. 141)

kv; Qk = supfkv; � k;  2 Ng:
�¡®§ ç¨¬ ç¥à¥§ N� ç áâì N, á®áâ®ïéãî ¨§ â¥å äãªæ¨©  , ¤«ï ª®â®àëå äãªæ¨ï t�� (t)
ã¡ë¢ ¥â   (0; b]. �« ááã N� á®¯®áâ ¢¨¬ á¨¬¬¥âà¨ç®¥ ¯à®áâà áâ¢® Q� = Q�(0; b) á ®à¬®©

kv; Q�k = supfv; � k  2 N�g:
�®áª®«ìªã N� � N, â® Q � Q� ¨ kv; Qk � kv; Q�k (v 2 Q).

�¥®à¥¬  2. �ãáâì P (
) � ��(Q) ¨ ®¯¥à â®à Hm : P (0; a) ! Q(0; am=n) ¥¯à¥àë¢¥. �®-

£¤  ¯à®áâà áâ¢®
�

WP (
) ¥¯à¥àë¢® ¢«®¦¥® ¢ ¯à®áâà áâ¢® VmQ�(
) ¨ ®à¬  ®¯¥à â®à 
¢«®¦¥¨ï ¥ ¯à¥¢®áå®¤¨â {(n;m;�)K(P;Q), £¤¥ K(P;Q) | ®à¬  ®¯¥à â®à  Hm.

�®ª § â¥«ìáâ¢®. �á«¨  2 N�, â® k�; Qk � k�; � k, ¯®íâ®¬ã K(P;� ) � K(P;Q). � á¨«ã (6)
¨¬¥¥¬

kf ; Vm� k � {(n;m;�)K(P;Q)kf ;
�

WPk:
�¥à¥å®¤ï ª áã¯à¥¬ã¬ã ¯®  ¨§ N�, ¯®«ãç¨¬ âà¥¡ã¥¬ë© à¥§ã«ìâ â.

�¥®à¥¬  3. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï ¯à¥¤¯®«®¦¥¨ï â¥®à¥¬ë 2 ¨ ®¤® ¨§ ãá«®¢¨©: 1)
m = n� 1; 2) m < n� 1, ¯à®áâà áâ¢® Q á®¢¯ ¤ ¥â á ¯à®áâà áâ¢®¬ �à«¨ç  L� (�®à¥æ  � ,
� àæ¨ª¥¢¨ç  M ) ¨

lim
t!0

'Q(2t)
'Q(t)

< 2�: (8)

�®£¤ 
�

WP (
) ¥¯à¥àë¢® ¢«®¦¥® ¢ ¯à®áâà áâ¢® VmQ(
).

�®ª § â¥«ìáâ¢®. �á«¨ m = n� 1, â® � = � = 1, N� = N, Q� = Q, ãá«®¢¨¥ P (
) � ��(
) =
L1(
) ¢ë¯®«¥® ¢ á¨«ã ª®¥ç®áâ¨ a = mesn
. � à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ®à¬  ®¯¥à â®à 

¢«®¦¥¨ï
�

WP (
) � VmQ(
) ¥ ¯à¥¢®áå®¤¨â nK(P;Q).
�à¨ m < n � 1 ¤®ª § â¥«ìáâ¢® ®á®¢ ®   â®¬, çâ® ¤«ï ãª § ®£® ª« áá  ¯à®áâà áâ¢ Q

ãá«®¢¨¥ (8) ®¡¥á¯¥ç¨¢ ¥â ®æ¥ªã k�; Qk � K(�)k�; Q�k (k(�) <1) ¨, á«¥¤®¢ â¥«ì®, íª¢¨¢ «¥â-
®áâì ®à¬ k�; Qk, k�; Q�k (á¬. [5],   â ª¦¥ [3], á. 337). � íâ®¬ á«ãç ¥ ®à¬  ®¯¥à â®à  ¢«®¦¥¨ï
�

WP (
) � VmQ(
) ¥ ¯à¥¢®áå®¤¨â k(�){(n;m;�)K(P;Q).

� ãá«®¢¨ïå â¥®à¥¬ë 3 ®à¬  ®¯¥à â®à  ¢«®¦¥¨ï
�

WP (
) � VmQ(
) ®æ¥¨¢ ¥âáï á¢¥àåã
¯®áâ®ï®©, ¯à®¯®àæ¨® «ì®© ®à¬¥ ®¯¥à â®à  Hm : P (0; a)! Q(0; am=n). �à¨¢¥¤¥¬ à¥§ã«ìâ â,
®§ ç îé¨© ¯® áãé¥áâ¢ã ¥ã«ãçè ¥¬®áâì (¢ á¬ëá«¥ ¯®àï¤ª ) ¤ ®© ®æ¥ª¨ ¢ ª« áá¥ ¢ë¯ãª«ëå
®¡« áâ¥© ¬¥àë a.

�ãáâì kxk = max
i
jxij | ªã¡¨ç¥áª ï ®à¬  í«¥¬¥â  x = (x1; : : : ; xn) ¨§ Rn , 
 = fx 2 R

n :

2kxk < n
p
ag | ®âªàëâë© ªã¡ ¢ R

n . � à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ mesn 
 = a, Dm(
) = am=n

(m = 1; : : : ; n� 1).

�¥®à¥¬  4. �ãáâì N(P;Q) ¥áâì ®à¬  ®¯¥à â®à  ¢«®¦¥¨ï ¯à®áâà áâ¢ 
�

WP (
) ¢ ¯à®-
áâà áâ¢® VmQ(
). �®£¤  ®¯¥à â®à Hm : P (0; a)! Q(0; am=n) ¥¯à¥àë¢¥, ¥£® ®à¬  K(P;Q) �
2nN(P;Q).
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�®ª § â¥«ìáâ¢®. �ãáâì g : [0; a] ! R |  ¡á®«îâ® ¥¯à¥àë¢ ï   ª ¦¤®¬ ®âà¥§ª¥ ["; a]
(0 < " < a) ã¡ë¢ îé ï äãªæ¨ï, g(a) = 0, u(s) = �dg

ds
s1�1=n (0 < s � a), h(t) = g(tn=m)

(0 < t � am=n), f(x) = g(2nkxkn) (x 2 
). �¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

r1f(x) = jg0(2nkxkn)jn 2nkxkn�1r1kxk � 2nu(s); f(x) = h(t) = g(tn=m);

¢ ª®â®àëå x 2 
, s = 2nkxkn, t = 2mkxkm. �¥§ âàã¤  ¯à®¢¥àïîâáï ®æ¥ª¨
kr1f ; P (
)k � 2nku; P (0; a)k; kf ; VmQ(
)k � kh; Q(0; am=n)k;

¯®íâ®¬ã

kh; Q(0; am=n)k � kf ;VmQ(
)k � N(P; )kr1f ; P (
)k � 2nN(P;Q)ku; P (0; a)k:
�®áª®«ìªã h = Hmu, â® ¯®á«¥¤¥¥ ¥à ¢¥áâ¢® ¢«¥ç¥â ®æ¥ªã kHmu; Qk � 2nN(P;Q)ku; Pk.

�â  ®æ¥ª  á¯à ¢¥¤«¨¢  ¤«ï «î¡®© ¥®âà¨æ â¥«ì®© äãªæ¨¨ u ¨§ P (0; a), ¯®áª®«ìªã ª ¦¤ ï
â ª ï äãªæ¨ï ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥¨¥ u(s) = �dg

ds
s1�1=n, ¢ ª®â®à®¬ g|ã¡ë¢ îé ï  ¡á®«îâ®

¥¯à¥àë¢ ï   ®âà¥§ª å ["; a] (0 < " < a) äãªæ¨ï, ¯à¨ç¥¬ g(a) = 0. �®ª §ë¢ ¥¬ë© à¥§ã«ìâ â
¢ëâ¥ª ¥â â¥¯¥àì ¨§ ¯®«®¦¨â¥«ì®áâ¨ «¨¥©®£® ®¯¥à â®à  Hm.

�¥®à¥¬ë 3, 4 ¢ á®¥¤¨¥¨¨ á ªà¨â¥à¨ï¬¨ ¥¯à¥àë¢®áâ¨ ®¯¥à â®à  Hm ¢ á¨¬¬¥âà¨çëå ¯à®-
áâà áâ¢ å ¯®§¢®«ïîâ ¥ â®«ìª® áä®à¬ã«¨à®¢ âì ¤®áâ â®ç® ®¡®§à¨¬ë¥ ªà¨â¥à¨¨ ¢«®¦¥¨ï,
® ¨ ¤ âì â®çë¥ ¯® ¯®àï¤ªã ®æ¥ª¨ ®à¬ ®¯¥à â®à®¢ ¢«®¦¥¨ï. �®«¥§® § ¬¥â¨âì, çâ® Hm

ï¢«ï¥âáï «¨¥©ë¬ ¨â¥£à «ìë¬ ®¯¥à â®à®¬ á ®¤®à®¤ë¬ ï¤à®¬. �à¨§ ª¨ ¥¯à¥àë¢®áâ¨
¯®¤®¡ëå ®¯¥à â®à®¢ ¬®¦® ¨§¢«¥çì ¨§ à¥§ã«ìâ â®¢ ([3], á. 187{195; [13]{[15]).

� á«ãç ¥ Q = � «¥¬¬  3 ¨ á®®â®è¥¨ï (6), (7) ¯à¨¢®¤ïâ ª íää¥ªâ¨¢ë¬ ®æ¥ª ¬ ®à¬ë

®¯¥à â®à  ¢«®¦¥¨ï
�

WP (
) � VmQ(
). �ã¤ ¬¥â «ì ï äãªæ¨ï ' ¯à®áâà áâ¢  �à«¨ç  L�

á ®à¬®© �îªá¥¬¡ãà£  ã¤®¢«¥â¢®àï¥â á®®â®è¥¨î '(t) = ��1
�
1
t

�
= 1 ([3], á. 137; [16], á. 97).

�âáî¤  «¥£ª® á«¥¤ã¥â, çâ® ¯à¨ Q = L� ãá«®¢¨¥ (8) ¢ë¯®«¥®, ¥á«¨ äãªæ¨ï �(t)t�p ¢®§à áâ ¥â
  [1;1] ¯à¨ ¥ª®â®à®¬ p > ��1 ([9], á. 93). �§ â¥®à¥¬ë 3 ¢ëâ¥ª îâ,  ¯à¨¬¥à, ¢«®¦¥¨ï

�

WM1�1=n(
) � VmL�(
);
�

WLn(
) � VmL	(
);

£¤¥ �(t) + 1 + jtj = exp jtj, 	(t) + 1 = exp jtj n
n�1 .

�¥®à¥¬  3 ¨ ¥¥ ¤®ª § â¥«ìáâ¢® ®áâ îâáï ¢ á¨«¥ ¤«ï «î¡®£® ¬ ªá¨¬ «ì®£® á¨¬¬¥âà¨ç®£®
¯à®áâà áâ¢  Q, ã¤®¢«¥â¢®àïîé¥£® (¯à¨ m < n� 1) ãá«®¢¨î (8) ¨ ¯à¥¤¯®«®¦¥¨î

k��kQ � C sup
0<t<am=n

'Q(�t)
'Q(t)

;

£¤¥ 0 < � < 1, C <1, k��kQ | ®à¬  ®¯¥à â®à  à áâï¦¥¨ï �� ([3], áá. 131, 222) ¯à®áâà áâ¢ 
Q(0; am=n). �¢â®àã ¥ïá®, à á¯à®áâà ïîâáï «¨ â¥®à¥¬ë 1{4   ¯à¥¤¥«ìë© ¯® ®â®è¥¨î ª
ãá«®¢¨ï¬ (3) á«ãç © � = � = (n�m)�1m < n� 1.

�à¨ m, à ¢®¬ n � 1 ¨«¨ n, «¥¬¬  2 ¨ ¯®á«¥¤ãîé¨¥ à¥§ã«ìâ âë ¬®£ãâ ¡ëâì ®¡®¡é¥ë
  ª« ááë äãªæ¨©, ¥ ã¤®¢«¥â¢®àïîé¨å ã«¥¢®¬ã £à ¨ç®¬ã ãá«®¢¨î. �®®â¢¥âáâ¢ãîé¨¥
ãâ¢¥à¦¤¥¨ï ¢¥àë ¤«ï äãªæ¨© ¨§ W 1

1(
), ®¡à é îé¨åáï ¢ ã«ì   ¤®áâ â®ç® ¬ áá¨¢®¬
¯®¤¬®¦¥áâ¢¥ 
 ([12], £«. 4; [10]; [13]). � ª ç¥áâ¢¥ å à ªâ¥à¨áâ¨ª ¬ áá¨¢®áâ¨ ¬®¦¥áâ¢ ¬®¦®
¨á¯®«ì§®¢ âì,  ¯à¨¬¥à, ¥¬ª®áâ¨ ¨ ¢¥è¨¥ ¯®¯¥à¥çë¥ ¬¥àë.
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