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�®á¢ïé ¥âáï �­ â®«¨î �¬¨âà¨¥¢¨çã �ïèª® ¢ á¢ï§¨ á ¥£® á¥¬¨¤¥áïâ¨«¥â¨¥¬

��� 519.63

�.�. �����, �.�.��������

������� ������������ ���������� ����

1. �¢¥¤¥­¨¥. � áá¬ âà¨¢ îâáï ¤¢ãá«®©­ë¥ ¨ âà¥åá«®©­ë¥ ®¯¥à â®à­®-à §­®áâ­ë¥ áå¥¬ë

Byt +Ay = 0; (1)

By�
t
+ � 2Rytt +Ay = 0; (2)

£¤¥ y = yn = y(tn) 2 H | äã­ªæ¨¨ ¤¨áªà¥â­®£®  à£ã¬¥­â  tn = n� á® §­ ç¥­¨ï¬¨ ¢ ª®­¥ç-
­®¬¥à­®¬ «¨­¥©­®¬ ¯à®áâà ­áâ¢¥ H, n = 0; 1; : : : , � > 0, ¨ A, B, R | «¨­¥©­ë¥ ®¯¥à â®àë,
¤¥©áâ¢ãîé¨¥ ¢ H. �¤¥áì ®¡®§­ ç¥­®

yt =
yn+1 � yn

�
; yt =

yn � yn�1
�

; y�
t
=

yn+1 � yn�1
2�

:

�¥®à¨ï ãáâ®©ç¨¢®áâ¨ à §­®áâ­ëå áå¥¬ (1), (2) ¨§«®¦¥­  ¢ [1], [2]. � [3]{[6] ¯®«ãç¥­ë ªà¨â¥à¨¨
ãáâ®©ç¨¢®áâ¨ ¤¢ãá«®©­ëå ¨ âà¥åá«®©­ëå à §­®áâ­ëå áå¥¬ á ®¯¥à â®à­ë¬¨ ¢¥á®¢ë¬¨ ¬­®¦¨â¥-
«ï¬¨, â. ¥. áå¥¬ ¢¨¤ 

yt + �Ayn+1 + (E � �)Ayn = 0; (3)

ytt + �Ayn+1 + (E � 2�)Ayn + �Ayn�1 = 0; (4)

£¤¥ � | ®¯¥à â®à ¢ H, E | ¥¤¨­¨ç­ë© ®¯¥à â®à. �¥®à¨ï à §­®áâ­ëå áå¥¬ á ®¯¥à â®à­ë¬¨
¬­®¦¨â¥«ï¬¨ ¨¬¥¥â á¢®¨ ®á®¡¥­­®áâ¨ ¨ ¤®áâ â®ç­® ¯®¤à®¡­® ¨§«®¦¥­  ¢ [6].

�á«®¢¨ï ãáâ®©ç¨¢®áâ¨, ¯®«ãç¥­­ë¥ ¢ [3]{[5], å à ªâ¥à¨§ãîâáï â¥¬, çâ® ¨å ­¥¢®§¬®¦­® ®á« -
¡¨âì §  áç¥â ¢ë¡®à  ­®à¬ë. �à¨¢¥¤¥¬ ­¥®¡å®¤¨¬ë¥ ¤«ï ¤ «ì­¥©è¥£® â¥®à¥¬ë ¨§ [3], [5]. �à¥¤¯®-
« £ ¥âáï, çâ® ®¯¥à â®àë A, B, R ­¥ § ¢¨áïâ ®â ­®¬¥à  á«®ï n. �áâ®©ç¨¢®áâì ¨áá«¥¤ã¥âáï ¢ ­®à-
¬ å kykD =

p
(Dy; y), ¯®à®¦¤¥­­ëå á ¬®á®¯àï¦¥­­ë¬ ¯®«®¦¨â¥«ì­ë¬ ®¯¥à â®à®¬ D : H ! H.

� ¤ «ì­¥©è¥¬ ¯®¤ ãáâ®©ç¨¢®áâìî ¢ ¯à®áâà ­áâ¢¥ HD ¯®­¨¬ ¥âáï ­¥¢®§à áâ ­¨¥ á® ¢à¥¬¥­¥¬
t = tn ­®à¬ë à¥è¥­¨ï ky(tn)kD à §­®áâ­®© § ¤ ç¨.

�¥®à¥¬  1. �ãáâì A� = A, �� = �. �á«¨ áå¥¬  (3) ãáâ®©ç¨¢  ¢ ª ª®¬-«¨¡® ¯à®áâà ­áâ¢¥
HD, â® ¢ë¯®«­¥­® ®¯¥à â®à­®¥ ­¥à ¢¥­áâ¢®

A+ �A�A � 0; (5)

£¤¥ � = � � 0; 5E. �¡à â­®, ¥á«¨ ¢ë¯®«­¥­® (5), â® áå¥¬  (3) ãáâ®©ç¨¢  ¢ HA2.

�¥®à¥¬  2. �ãáâì A� = A, �� = �. �á«¨ áå¥¬  (4) ãáâ®©ç¨¢  ¢ ª ª®¬-«¨¡® ¯à®áâà ­áâ¢¥
HD, â® ¢ë¯®«­¥­® ®¯¥à â®à­®¥ ­¥à ¢¥­áâ¢®

A+ � 2A�A � 0;

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(ª®¤ ¯à®¥ªâ  99-01-00958).
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£¤¥ � = � � 0; 25E. �¡à â­®, ¥á«¨ A+ � 2A�A > 0, â® áå¥¬  (4) ãáâ®©ç¨¢  ¢ ­®à¬¥

kynkD =
�



yn + yn�1

2






2

A2

+




yn � yn�1

�






2

A+�2A�A

�1=2

:

2. �à ­¨æë ãáâ®©ç¨¢®áâ¨ ¤¢ã¬¥à­ëå à §­®áâ­ëå áå¥¬. �ä®à¬ã«¨à®¢ ­­ë¥ ¢ëè¥ â¥®à¥-
¬ë ¤ îâ ¢®§¬®¦­®áâì ¯à®¢¥áâ¨ ç¨á«¥­­®¥ ¨áá«¥¤®¢ ­¨¥ ãáâ®©ç¨¢áâ¨ ª®­ªà¥â­ëå à §­®áâ­ëå
áå¥¬,  ¯¯à®ªá¨¬¨àãîé¨å § ¤ ç¨ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨. � ª, ¢ [4] ¡ë« ¯®«ãç¥­ ªà¨â¥à¨©
ãáâ®©ç¨¢®áâ¨ ¤¢ãá«®©­ëå áå¥¬ á ¯¥à¥¬¥­­ë¬¨ ¢¥á®¢ë¬¨ ¬­®¦¨â¥«ï¬¨ ¤«ï ¤¢ã¬¥à­®£® ãà ¢-
­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨. �á«®¢¨ï ãáâ®©ç¨¢®áâ¨ ä®à¬ã«¨à®¢ «¨áì ¢ [4] ¢ ¢¨¤¥ âà¥¡®¢ ­¨ï ­¥®-
âà¨æ â¥«ì­®áâ¨ ¢á¥å á®¡áâ¢¥­­ëå §­ ç¥­¨© â ª ­ §ë¢ ¥¬®© ¬ âà¨æë ãáâ®©ç¨¢®áâ¨, â. ¥. ­¥ª®â®-
à®© á¨¬¬¥âà¨ç­®© ¬ âà¨æë, ¯®à®¦¤¥­­®© à áá¬ âà¨¢ ¥¬®© à §­®áâ­®© § ¤ ç¥©. �¥®âà¨æ â¥«ì-
­®áâì á®¡áâ¢¥­­ëå §­ ç¥­¨© ¯à®¢¥àï« áì ç¨á«¥­­® ¤«ï ª ¦¤ëå § ¤ ­­ëå ®â­®è¥­¨© 
1 = �=h21
¨ 
2 = �=h22, £¤¥ � | è £ á¥âª¨ ¯® ¢à¥¬¥­¨ ¨ h1, h2 | è £¨ á¥âª¨ ¯® ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥-
¬¥­­ë¬ x1 ¨ x2 á®®â¢¥âáâ¢¥­­®.

� áá¬®âà¨¬ § ¤ çã ® ç¨á«¥­­®¬ ¯®áâà®¥­¨¨ £à ­¨æ ãáâ®©ç¨¢®áâ¨ à §­®áâ­ëå áå¥¬ á ¯¥à¥-
¬¥­­ë¬¨ ¢¥á®¢ë¬¨ ¬­®¦¨â¥«ï¬¨ ¤«ï ¤¢ã¬¥à­®£® ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨. � ¯àï¬®ã£®«ì-
­®© ®¡« áâ¨ (0 < x1 < l1, 0 < x2 < l2) à áá¬ âà¨¢ ¥âáï ¬­®£®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® à §-
­®áâ­ëå áå¥¬

yn+1ij � ynij
�

= �ij�yn+1ij + (1� �ij)�ynij ; (6)

i = 1; 2; : : : ; N1 � 1, j = 1; 2; : : : ; N2 � 1, h1N1 = l1, h2N2 = l2 á ­ã«¥¢ë¬¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨.
�¤¥áì �ij | ç¨á«®¢ë¥ ¬­®¦¨â¥«¨ ¨ � | ¯ïâ¨â®ç¥ç­ë© à §­®áâ­ë© ®¯¥à â®à, �=�1 +�2, £¤¥

(�1y)
n
ij =

1
h1

�
ai+1j

yni+1j � ynij
h1

� aij
ynij � yni�1j

h1

�
;

(�2y)
n
ij =

1
h2

�
bij+1

ynij+1 � ynij
h2

� bij
ynij � ynij�1

h2

�
:

�à¥¤¯®« £ ¥âáï, çâ® aij � c1 > 0, bij � c2 > 0 ¤«ï ¢á¥å i, j. �à ¢­¥­¨¥ (6) § ¢¨á¨â ®â ¤¢ãå
á¥â®ç­ëå ¯ à ¬¥âà®¢, 
1 = �=h21 ¨ 
2 = �=h22, ®¯à¥¤¥«ïîé¨å ­ àï¤ã á � = �ij ãáâ®©ç¨¢®áâì ¨«¨
­¥ãáâ®©ç¨¢®áâì à §­®áâ­®© áå¥¬ë.

�ãáâì ­ ¡®à ¢¥á®¢ëå ¬­®¦¨â¥«¥© ä¨ªá¨à®¢ ­. �áî¤ã ¢ ¤ «ì­¥©è¥¬ ¯à¥¤¯®« £ ¥âáï, çâ®
¢¥á®¢ë¥ ¬­®¦¨â¥«¨ �ij ­¥ § ¢¨áïâ ®â 
1 ¨ 
2.�à¨¬¥¬ á«¥¤ãîéãî â¥à¬¨­®«®£¨î. � §­®áâ­ãî
áå¥¬ã (6) ­ §®¢¥¬ ãáâ®©ç¨¢®© ¢ â®çª¥ (
1; 
2) ¯«®áª®áâ¨ 
1O
2, ¥á«¨ ¯à¨ íâ¨å §­ ç¥­¨ïå 
1 ¨ 
2
áå¥¬  ãáâ®©ç¨¢ . � ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® 
1 � 0, 
2 � 0, â. ¥. ®£à ­¨ç¨¬áï à á-
á¬®âà¥­¨¥¬ ¯¥à¢®£® ª¢ ¤à ­â  ¯«®áª®áâ¨ 
1O
2. � §®¢¥¬ ®¡« áâìî ãáâ®©ç¨¢®áâ¨ à §­®áâ­®©
áå¥¬ë (6) ¬­®¦¥áâ¢® ¢á¥å â®ç¥ª ¯¥à¢®£® ª¢ ¤à ­â , ¢ ª®â®àëå áå¥¬  ãáâ®©ç¨¢ , ¨ ®¡« áâìî ­¥-
ãáâ®©ç¨¢®áâ¨ | ¢á¥ ®áâ «ì­ë¥ â®çª¨ ¯¥à¢®£® ª¢ ¤à ­â . �à ­¨æ¥© ãáâ®©ç¨¢®áâ¨ à §­®áâ­®©
áå¥¬ë (6) ­ §ë¢ ¥âáï ªà¨¢ ï ¢ ª¢ ¤à ­â¥ 
1 � 0, 
2 � 0, à §¤¥«ïîé ï ®¡« áâ¨ ãáâ®©ç¨¢®áâ¨ ¨
­¥ãáâ®©ç¨¢®áâ¨. �å¥¬  ­ §ë¢ ¥âáï  ¡á®«îâ­® ãáâ®©ç¨¢®©, ¥á«¨ ®­  ãáâ®©ç¨¢  ¢® ¢á¥å â®çª å
(
1; 
2) ¯¥à¢®£® ª¢ ¤à ­â . �¥¬ á ¬ë¬, ¤«ï  ¡á®«îâ­® ãáâ®©ç¨¢®© áå¥¬ë £à ­¨æë ãáâ®©ç¨¢®áâ¨
­¥ áãé¥áâ¢ã¥â. �«ï âà¥åá«®©­®© à §­®áâ­®© áå¥¬ë

yn+1ij � 2ynij + yn�1ij

� 2
= �ij�y

n+1
ij + (1� 2�ij)�y

n
ij + �ij�y

n�1
ij (7)

¯®­ïâ¨¥ £à ­¨æë ãáâ®©ç¨¢®áâ¨ ¢¢®¤¨âáï â®ç­® â ª ¦¥, ª ª ¨ ¤«ï ¤¢ãá«®©­®©, â®«ìª® ¢ ª ç¥áâ¢¥
á¥â®ç­ëå ¯ à ¬¥âà®¢ 
1 ¨ 
2 ¢ëáâã¯ îâ ®â­®è¥­¨ï 
1 = � 2=h21 ¨ 
2 = � 2=h22.

3. �¨á«¥­­®¥ ¯®áâà®¥­¨¥ £à ­¨æë ãáâ®©ç¨¢®áâ¨. �ã¤¥¬ à áá¬ âà¨¢ âì ¤«ï ®¯à¥¤¥«¥­­®-
áâ¨ ¤¢ãá«®©­ãî áå¥¬ã (6). � à ¡®â å [7], [8] ¡ë«¨ ç¨á«¥­­® ¯®áâà®¥­ë £à ­¨æë ãáâ®©ç¨¢®áâ¨
à §­®áâ­ëå áå¥¬ (6) á aij � 1, bij � 1 ¨ á à §«¨ç­ë¬¨ ­ ¡®à ¬¨ ¢¥á®¢ëå ¬­®¦¨â¥«¥©. �«ï
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à¥è¥­¨ï ãà ¢­¥­¨ï F (
1; 
2) = 0, ®¯à¥¤¥«ïîé¥£® ­¥ï¢­® £à ­¨æã ãáâ®©ç¨¢®áâ¨, ¯à¨¬¥­ï«áï
¨â¥à æ¨®­­ë© ¬¥â®¤ �â¥ää¥­á¥­ . �ãé¥áâ¢¥­­ë¬ íâ ¯®¬ ¢ëç¨á«¨â¥«ì­®£®  «£®à¨â¬  ï¢¨«-
áï ¯à¥¤«®¦¥­­ë© �.�.�å­® ¬¥â®¤ ­ å®¦¤¥­¨ï ¬¨­¨¬ «ì­®£® á®¡áâ¢¥­­®£® §­ ç¥­¨ï ¡®«ìè¨å
à §à¥¦¥­­ëå ¬ âà¨æ.

�¥§ã«ìâ âë, ¨§«®¦¥­­ë¥ ¢ ¤ ­­®© à ¡®â¥, ®á­®¢ ­ë ­  ¨­®©, ¡®«¥¥ ®¡é¥©, ª ª ­ ¬ ¯à¥¤áâ -
¢«ï¥âáï, ¬¥â®¤¨ª¥ ¯®áâà®¥­¨ï £à ­¨æë ãáâ®©ç¨¢®áâ¨, ­¥ ¯à¥¤¯®« £ îé¥© ¯à¨¬¥­¥­¨ï ¨â¥à æ¨-
®­­ëå ¬¥â®¤®¢. � ®á­®¢¥ ¯à¥¤« £ ¥¬®£® ¬¥â®¤  «¥¦¨â ¯¥à¥å®¤ ®â ¤¥ª àâ®¢ëå ª®®à¤¨­ â (
1; 
2)
ª ¯®«ïà­ë¬ (r; ') ¨ ¯®¨áª â®çª¨ £à ­¨æë ãáâ®©ç¨¢®áâ¨ ­  «ãç å ' = const.

�å¥¬  (6) ¯à¨¢®¤¨âáï ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã (1), £¤¥ A = ��. �§¢¥áâ­® (á¬., ­ ¯à., [1], á. 236),
çâ® ¬ âà¨æ  �A ï¢«ï¥âáï á¨¬¬¥âà¨ç­®© ¨ ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­®©. �®£« á­® â¥®à¥¬¥ 1,
áå¥¬  (6) ãáâ®©ç¨¢  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ­¥®âà¨æ â¥«ì­ë ¢á¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï
¬ âà¨æë ãáâ®©ç¨¢®áâ¨ P = (�A) + (�A)�(�A). �áª®¬ë¥ ¯ à ¬¥âàë 
1 ¨ 
2 ¢å®¤ïâ â®«ìª® ¢
¬ âà¨æã �A ¨ ­¥ á®¤¥à¦ âáï ¢ ¬ âà¨æ¥ �. � âà¨æ  �A ¨¬¥¥â ¢¨¤

�A = 
1A1 + 
2A2; (8)

£¤¥ 
1 = �=h21, 
2 = �=h22, A1 = �h21�1, A2 = �h22�2. �¨¤ íâ¨å ¬ âà¨æ § ¢¨á¨â ®â á¯®á®¡ 
¯¥à¥­ã¬¥à æ¨¨ ¤¢ã¬¥à­ëå ¬ áá¨¢®¢ ¢ ®¤­®¬¥à­ë©. �ãáâì, ­ ¯à¨¬¥à, aij � 1, bij � 1, N1 = 4,
N2 = 3, ¨ ¬ áá¨¢ ¢¥á®¢ëå ¬­®¦¨â¥«¥© ¨¬¥¥â ¢¨¤

� =
�
�12 �22 �32
�11 �21 �31

�
:

�®£¤ , ¥á«¨ ¯à®¢®¤¨âì ¯¥à¥­ã¬¥à æ¨î ¯® áâà®ª ¬, â® ¬ âà¨æë A1, A2 ¨ � ¨¬¥îâ ¢¨¤

A1 =

2
66666664

2 �1 0 0 0 0
�1 2 �1 0 0 0
0 �1 2 0 0 0
0 0 0 2 �1 0
0 0 0 �1 2 �1
0 0 0 0 �1 2

3
77777775
; A2 =

2
66666664

2 0 0 �1 0 0
0 2 0 0 �1 0
0 0 2 0 0 �1
�1 0 0 2 0 0
0 �1 0 0 2 0
0 0 �1 0 0 2

3
77777775
;

� =

2
66666664

�11 0 0 0 0 0
0 �21 0 0 0 0
0 0 �31 0 0 0
0 0 0 �12 0 0
0 0 0 0 �22 0
0 0 0 0 0 �32

3
77777775
;

£¤¥ �ij = �ij � 0; 5. � ¦­® ®â¬¥â¨âì, çâ® A1 ¨ A2 ­¥ § ¢¨áïâ ®â á¥â®ç­ëå ¯ à ¬¥âà®¢ 
1, 
2.
� âà¨æ  � ï¢«ï¥âáï ¤¨ £®­ «ì­®©.

�®« £ ï 
1 = r cos', 
2 = r sin', ¯®«ãç¨¬ ¨§ (8), çâ® �A = rA', £¤¥

A' = A1 cos'+A2 sin':

� ª¨¬ ®¡à §®¬, ¨áª®¬ë© ¯ à ¬¥âà r ¢å®¤¨â ¢ ¬ âà¨æã �A ¢ ¢¨¤¥ ç¨á«®¢®£® ¬­®¦¨â¥«ï,   ¬ -
âà¨æ  A' ­¥ § ¢¨á¨â ®â r. � ¬¥â¨¬, çâ® ®¯¥à â®à A' ®â«¨ç ¥âáï ®â �A â®«ìª® ¯®«®¦¨â¥«ì­ë¬
¬­®¦¨â¥«¥¬ ¨, á«¥¤®¢ â¥«ì­®, ï¢«ï¥âáï á¨¬¬¥âà¨ç­®© ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­®© ¬ âà¨æ¥©.
� âà¨æ  ãáâ®©ç¨¢®áâ¨ P = (�A) + (�A)�(�A) ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ P = rP', £¤¥

P' = A' + rA'�A': (9)

�®¨áª £à ­¨æë ãáâ®©ç¨¢®áâ¨ ®á­®¢ ­ ­  á«¥¤ãîé¨å á¢®©áâ¢ å ¬ âà¨æë P'.

�â¢¥à¦¤¥­¨¥ 1. � §­®áâ­ ï áå¥¬  (6) ãáâ®©ç¨¢  ¢ â®çª¥ 
1 = r cos', 
2 = r sin' â®£¤ 

¨ â®«ìª® â®£¤ , ª®£¤  ­¥®âà¨æ â¥«ì­ë ¢á¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¬ âà¨æë P'.
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�¥©áâ¢¨â¥«ì­®, ¥á«¨ r = 0, â® P = rP' = 0 ¨ á®£« á­® â¥®à¥¬¥ 1 áå¥¬  (6) ãáâ®©ç¨¢ . �á«¨
¦¥ r > 0, â® ­¥à ¢¥­áâ¢  P � 0 ¨ P' � 0 íª¢¨¢ «¥­â­ë.

� áá¬®âà¨¬ ®¡®¡é¥­­ãî § ¤ çã ­  á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï

A'�A'x = �A'x (10)

¨ ¯®ª ¦¥¬, çâ® á¢®©áâ¢® §­ ª®®¯à¥¤¥«¥­­®áâ¨ á¯¥ªâà  § ¤ ç¨ (10) ­¥ § ¢¨á¨â ®â '.

�â¢¥à¦¤¥­¨¥ 2. �¨­¨¬ «ì­®¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ �min § ¤ ç¨ (10) ­¥®âà¨æ â¥«ì­®

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  �ij � 0 ¤«ï ¢á¥å i ¨ j.

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® á¯¥ªâà § ¤ ç¨ (10) á®¢¯ ¤ ¥â á® á¯¥ªâà®¬ ¬ âà¨æë

M' = A1=2
' �A1=2

' : (11)

� «¥¥, ­¥®âà¨æ â¥«ì­®áâì ¬¨­¨¬ «ì­®£® á®¡áâ¢¥­­®£® §­ ç¥­¨ï ¬ âà¨æë M' íª¢¨¢ «¥­â­ 
¢ë¯®«­¥­¨î ¬ âà¨ç­®£® ­¥à ¢¥­áâ¢  M' � 0, ª®â®à®¥ ¢á«¥¤áâ¢¨¥ ­¥¢ëà®¦¤¥­­®áâ¨ ¬ âà¨æë
A1=2
' íª¢¨¢ «¥­â­® ­¥à ¢¥­áâ¢ã � � 0. �®áª®«ìªã �| ¤¨ £®­ «ì­ ï ¬ âà¨æ , ­¥à ¢¥­áâ¢® � � 0

¢ë¯®«­¥­® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  �ij � 0 ¤«ï ¢á¥å i ¨ j.

�â¢¥à¦¤¥­¨¥ 3. �á«¨ ¢á¥ �ij � 0; 5, â® áå¥¬  (6)  ¡á®«îâ­® ãáâ®©ç¨¢ .

�®ª § â¥«ìáâ¢®. �ãáâì 
1 ¨ 
2 | «î¡ë¥ ¯®«®¦¨â¥«ì­ë¥ ç¨á« . �¯à¥¤¥«¨¬ ã£®« ' =
arctg(
2=
1) ¨ ¤«ï ­ ©¤¥­­®£® ' à áá¬®âà¨¬ ¬ âà¨æã M', ¯®áâà®¥­­ãî á®£« á­® (11). �§ ãâ¢¥à-
¦¤¥­¨ï 2 á«¥¤ã¥â, çâ® ¬¨­¨¬ «ì­®¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ �min(M') ¬ âà¨æë M' ­¥®âà¨æ â¥«ì-
­®. �® â®£¤  ¤«ï «î¡®£® r > 0 ¢á¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¬ âà¨æë E + rM' ¡®«ìè¥ ¨«¨ à ¢­ë
¥¤¨­¨æ¥. �®íâ®¬ã ¢ë¯®«­¥­® ¬ âà¨ç­®¥ ­¥à ¢¥­áâ¢® E + rM' � 0, íª¢¨¢ «¥­â­®¥ ­¥à ¢¥­áâ¢ã
A' + rA'�A' � 0. �®£« á­® ãâ¢¥à¦¤¥­¨î 1 áå¥¬  (6) ãáâ®©ç¨¢  ¢ â®çª¥ (
1; 
2).

� á«¥¤ãîé¥¬ ãâ¢¥à¦¤¥­¨¨ ­ ©¤¥­ë ª®®à¤¨­ âë â®çª¨ £à ­¨æë ãáâ®©ç¨¢®áâ¨, «¥¦ é¥© ­ 
«ãç¥ 
2 = 
1 tg'.

�â¢¥à¦¤¥­¨¥ 4. �ãáâì å®âï ¡ë ®¤¨­ ¨§ ¢¥á®¢ëå ¬­®¦¨â¥«¥© �ij < 0; 5. �®£¤  ¯à¨ «î¡®¬
' ¬¨­¨¬ «ì­®¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ �min(') § ¤ ç¨ (10) ®âà¨æ â¥«ì­®. �®çª  á ª®®à¤¨­ â ¬¨

1 = r cos', 
2 = r sin' ¯à¨­ ¤«¥¦¨â £à ­¨æ¥ ãáâ®©ç¨¢®áâ¨ à §­®áâ­®© áå¥¬ë (6) â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  r = �1=�min(').

�®ª § â¥«ìáâ¢®. �âà¨æ â¥«ì­®áâì �min(') á«¥¤ã¥â ¨§ ãâ¢¥à¦¤¥­¨ï 2. �¨á«® 1 + r�min(')
ï¢«ï¥âáï ¬¨­¨¬ «ì­ë¬ á®¡áâ¢¥­­ë¬ §­ ç¥­¨¥¬¬ âà¨æëE+rM'. �®íâ®¬ã, ¥á«¨ r<�(�min('))�1,
â® ¢á¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¬ âà¨æë E+rM' ¯®«®¦¨â¥«ì­ë ¨, á«¥¤®¢ â¥«ì­®, áå¥¬  (6) ãáâ®©-
ç¨¢ . �á«¨ ¦¥ r > �(�min('))�1, â® ¬ âà¨æ  E + rM' ¨¬¥¥â å®âï ¡ë ®¤­® ®âà¨æ â¥«ì­®¥ á®¡-
áâ¢¥­­®¥ §­ ç¥­¨¥ ¨, á«¥¤®¢ â¥«ì­®, áå¥¬  (6) ­¥ãáâ®©ç¨¢ . �¥¬ á ¬ë¬, ¯à¨ ª ¦¤®¬ ' 2 [0; �=2]
â®çª  r = �(�min('))�1 ¨ â®«ìª® ®­  ¯à¨­ ¤«¥¦¨â £à ­¨æ¥ ãáâ®©ç¨¢®áâ¨ à §­®áâ­®© áå¥¬ë
(6).

�«¥¤áâ¢¨¥. �á«¨ å®âï ¡ë ®¤¨­ ¨§ ¢¥á®¢ëå ¬­®¦¨â¥«¥© �ij < 0; 5, â® áãé¥áâ¢ã¥â £à ­¨æ 
ãáâ®©ç¨¢®áâ¨ r = r('), ï¢«ïîé ïáï ®¤­®§­ ç­®© äã­ªæ¨¥© '.

� ª¨¬ ®¡à §®¬, ¤«ï ®¯à¥¤¥«¥­¨ï £à ­¨æë ãáâ®©ç¨¢®áâ¨ à §­®áâ­®© áå¥¬ë (6) ¢ â®¬ á«ãç ¥,
ª®£¤  å®âï ¡ë ®¤¨­ ¨§ ¢¥á®¢ëå ¬­®¦¨â¥«¥© ¬¥­ìè¥ 0,5, ¤®áâ â®ç­® ¯à¨ ª ¦¤®¬ ' 2 [0; �=2]
­ ©â¨ ¬¨­¨¬ «ì­®¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ �min = �min(') § ¤ ç¨ (10) ¨ ¯®«®¦¨âì

r = �1=�min('); 
1 = r cos'; 
2 = r sin':

�à¨ ç¨á«¥­­®¬ ¯®áâà®¥­¨¨ ¯® ¯¥à¥¬¥­­®© ' ¢¢®¤¨âáï á¥âª  'k, ¨ ¢ëç¨á«¥­¨ï ¯à®¢®¤ïâáï â®«ìª®
¢ â®çª å á¥âª¨. � ¬¥â¨¬, çâ® ¢ëç¨á«¥­¨ï ¬®¦­® ¯à®¢®¤¨âì ­¥§ ¢¨á¨¬® ¤àã£ ®â ¤àã£  ­  ª ¦¤®¬
«ãç¥ 'k.

� á«ãç ¥ âà¥åá«®©­®© à §­®áâ­®© áå¥¬ë (7) áä®à¬ã«¨à®¢ ­­ë¥ ¢ëè¥ ãâ¢¥à¦¤¥­¨ï ¯à¥â¥à-
¯¥¢ îâ ­¥§­ ç¨â¥«ì­ë¥ ¨§¬¥­¥­¨ï. � ¤® â®«ìª® § ¬¥­¨âì ãá«®¢¨¥ �ij � 0; 5 ãá«®¢¨¥¬ �ij � 0; 25,
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  ãá«®¢¨¥ �ij < 0; 5 | ãá«®¢¨¥¬ �ij < 0; 25. �à®¬¥ â®£®, ¢ á«ãç ¥ âà¥åá«®©­®© áå¥¬ë ¨¬¥¥¬

1 = � 2=h21 ¨ 
2 = � 2=h22. �ëç¨á«¨â¥«ì­ë©  «£®à¨â¬ ¯®áâà®¥­¨ï £à ­¨æë ãáâ®©ç¨¢®áâ¨ ®áâ ¥âáï
¡¥§ ¨§¬¥­¥­¨ï.

4. �¯®à­ë¥ â®çª¨. � §¨á­ ï ¯àï¬ ï. �à®¢¥¤¥­­ë¥ à áç¥âë ¯®ª § «¨, çâ® £à ­¨æ  ãáâ®©ç¨-
¢®áâ¨, ª ª ¯à ¢¨«®, ¬ «® ®â«¨ç ¥âáï ®â ®âà¥§ª  ­¥ª®â®à®© ¯àï¬®©, ®¯à¥¤¥«ï¥¬®© ¯ à ¬¥âà ¬¨
�ij . �â  ¯àï¬ ï ¯¥à¥á¥ª ¥âáï á £à ­¨æ¥© ãáâ®©ç¨¢®áâ¨ ¢ â®çª å (
10; 0) ¨ (0; 
20). � ªãî ¯àï¬ãî
¡ã¤¥¬ ­ §ë¢ âì ¡ §¨á­®© ¯àï¬®©,   â®çª¨ (
10; 0) ¨ (0; 
20) | ®¯®à­ë¬¨ â®çª ¬¨.

�¯®à­ë¥ â®çª¨ ¬®¦­® ¡ë«® ¡ë ¯®áâà®¨âì ¯® ®¯¨á ­­®© ¢ëè¥ ¤¢ã¬¥à­®© ¬¥â®¤¨ª¥. �¤­ -
ª® ¢ ¤ ­­®¬ á«ãç ¥  «£®à¨â¬ ¬®¦­® áãé¥áâ¢¥­­® ã¯à®áâ¨âì ¨ á¢¥áâ¨ ª ®¯à¥¤¥«¥­¨î £à ­¨æ
ãáâ®©ç¨¢®áâ¨ ®¤­®¬¥à­ëå § ¤ ç. � áá¬®âà¨¬, ­ ¯à¨¬¥à, ª ª ­ å®¤¨âáï â®çª  (
10; 0). � íâ®¬
á«ãç ¥ ¯®«ïà­ë© ã£®« ' = 0 ¨ ¬ âà¨æë A' = A1, A'�A', ¢å®¤ïé¨¥ ¢ ®á­®¢­®¥ ãà ¢­¥­¨¥ (10),
áâ ­®¢ïâáï ¡«®ç­®-¤¨ £®­ «ì­ë¬¨. � ¯à¨¬¥à, ¢ á«ãç ¥ aij � 1, bij � 1, N1 = 4, N2 = 3 ¬ âà¨æ 
A'�A' = A1�A1 ¨¬¥¥â ¢¨¤ A1�A1 = diag[M1;M2], £¤¥

M1 =

2
4 4�11 + �21 �2(�11 + �21) �21
�2(�11 + �21) �11 + 4�21 + �31 �2(�21 + �31)

�21 �2(�21 + �31) �21 + 4�31

3
5 ;

M2 =

2
4 4�12 + �22 �2(�12 + �22) �22
�2(�12 + �22) �12 + 4�22 + �32 �2(�22 + �32)

�22 �2(�22 + �32) �22 + 4�32

3
5 :

� ®¡é¥¬ á«ãç ¥ A1�A1 = diag[M1;M2; : : : ;MN2�1], £¤¥Mj | á¨¬¬¥âà¨ç­ë¥ ¬ âà¨æë ¯®àï¤ª 
N1 � 1. �®íâ®¬ã á¯¥ªâà § ¤ ç¨ (10) ¯à¥¤áâ ¢«ï¥â á®¡®© ®¡ê¥¤¨­¥­¨¥ á¯¥ªâà®¢ N2 � 1 ¬ âà¨æ,
¨¬¥îé¨å ¯®àï¤®ª N1 � 1. �®®â¢¥âáâ¢¥­­® ¢ j-© ¤¨ £®­ «ì­®© ª«¥âª¥ Pj ¬ âà¨æë ãáâ®©ç¨¢®áâ¨
(9) ¯à¨áãâáâ¢ãîâ í«¥¬¥­âë â®«ìª® j-© áâà®ª¨

�(j) = (�1j ; �2j ; : : : ; �N1�1j)

¬ âà¨æë �. �¥¬ á ¬ë¬, ¬¨­¨¬ «ì­®¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ¬ âà¨æë Pj ®¯à¥¤¥«ï¥â £à ­¨æã
ãáâ®©ç¨¢®áâ¨ 
1(j) ®¤­®¬¥à­®© § ¤ ç¨ á à á¯à¥¤¥«¥­¨¥¬ ¢¥á®¢ëå ¬­®¦¨â¥«¥© �(j),   £à ­¨æ 
ãáâ®©ç¨¢®áâ¨ ¤¢ã¬¥à­®© § ¤ ç¨ ®¯à¥¤¥«ï¥âáï ª ª


10 = min
1�j�N2�1


1(j):

�¥¬ á ¬ë¬, ¬¨­¨¬ «ì­®¥ ¨§ ¢á¥å ç¨á¥« 
1(j) á®®â¢¥âáâ¢ã¥â åã¤è¥¬ã ¨§ ®¤­®¬¥à­ëå ¢ à¨ ­-
â®¢ ¯® áâà®ª ¬ (¯®­ïâ¨ï \åã¤è¥£®" ¨ \®¯â¨¬ «ì­®£®" ¢ à¨ ­â®¢ ¢¢¥¤¥­ë ¢ [9]). �âáî¤  á«¥¤ã¥â,
çâ® ®¯®à­ ï â®çª  (
10; 0) ­¥ § ¢¨á¨â ®â ¯¥à¥áâ ­®¢®ª áâà®ª ¬ âà¨æë �. �®ç­® â ª ¦¥ ®¯®à-
­ ï â®çª  (0; 
20) ®¯à¥¤¥«ï¥âáï åã¤è¨¬ ¢ à¨ ­â®¬ ¯® áâ®«¡æã ¬ âà¨æë � ¨ ­¥ § ¢¨á¨â ®â

¯¥à¥áâ ­®¢ª¨ áâ®«¡æ®¢.

5. �¥§ã«ìâ âë à áç¥â®¢. �®áâà®¥­¨¥ £à ­¨æ ãáâ®©ç¨¢®áâ¨ ¯à®¢®¤¨«®áì ¤«ï áå¥¬ (6), (7) á
aij � 1, bij � 1 ¨ á à §«¨ç­ë¬¨ ­ ¡®à ¬¨ ¢¥á®¢ëå ¬­®¦¨â¥«¥© �. �®áª®«ìªã £à ­¨æ  ãáâ®©ç¨¢®-
áâ¨ ¬ «® ®â«¨ç ¥âáï ®â ®âà¥§ª  ¡ §¨á­®© ¯àï¬®©, ã¤®¡­® å à ªâ¥à¨§®¢ âì ¥¥ âà¥¬ï ¢¥«¨ç¨­ ¬¨:
ª®®à¤¨­ â ¬¨ ®¯®à­ëå â®ç¥ª 
10, 
20, ¨ äã­ªæ¨¥© z(') | ®âª«®­¥­¨¥¬ £à ­¨æë ãáâ®©ç¨¢®áâ¨ ®â
¡ §¨á­®© ¯àï¬®© ¢ § ¢¨á¨¬®áâ¨ ®â ã£«  '. �ã­ªæ¨ï z(') ®¯à¥¤¥«ï¥âáï ª ª z(') = rA(')�rB('),
£¤¥ rA(') ¨ rB(') | ¯®«ïà­ë¥ à ¤¨ãáë â®çª¨ A £à ­¨æë ãáâ®©ç¨¢®áâ¨ ¨ â®çª¨ B ¡ §¨á­®© ¯àï-
¬®©, ®â¢¥ç îé¨å ®¤­®¬ã ¨ â®¬ã ¦¥ ¯®«ïà­®¬ã ã£«ã '. � §«¨ç­ë¬ à á¯à¥¤¥«¥­¨ï¬ � = (�ij)
á®®â¢¥âáâ¢ãîâ à §«¨ç­ë¥ §­ ç¥­¨ï ¢¥«¨ç¨­ (
10; 
20; z(')). � â ¡«¨æ å 1{5 ¯à¨¢¥¤¥­ë §­ ç¥­¨ï
®¯®à­ëå â®ç¥ª 
10, 
20 ¨ ¬ ªá¨¬ «ì­®£® ®âª«®­¥­¨ï ®â ¡ §¨á­®© ¯àï¬®© z = max

0�k�10
z('(k)) ¤«ï

à §«¨ç­ëå à á¯à¥¤¥«¥­¨© � = (�ij). �¤¥áì '(k) = kh, h = 0; 05�, k = 0; 1; : : : ; 10.
� â ¡«¨æ¥ 1 ¯®ª § ­  § ¢¨á¨¬®áâì £à ­¨æë ãáâ®©ç¨¢®áâ¨ áå¥¬ë (6) ®â ¨§¬¥­¥­¨ï ¢¥«¨ç¨­ë

¢¥á®¢®£® ¬­®¦¨â¥«ï ¢ ®¤­®© â®çª¥ á¥âª¨ ¯à¨ ­¥¨§¬¥­­ëå §­ ç¥­¨ïå ¢¥á®¢ëå ¬­®¦¨â¥«¥© ¢ ¤àã-
£¨å â®çª å. � ¯à®¢¥¤¥­­ëå à áç¥â å N1 = 10, N2 = 7 ¨ ¬ âà¨æ  � ¨¬¥«  í«¥¬¥­âë �ij = 1 ¤«ï
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(i; j) 6= (3; 2), �32 = t, £¤¥ ¯ à ¬¥âà t ¬¥­ï«áï ®â 0 ¤® 0,5. � â ¡«¨æ¥ 1 ¯à¨¢¥¤¥­ë ¤ ­­ë¥, ®â¢¥ç -
îé¨¥ à §«¨ç­ë¬ §­ ç¥­¨ï¬ t. �¨¤­®, çâ® á ã¢¥«¨ç¥­¨¥¬ t §­ ç¥­¨ï 
10 ¨ 
20 à¥§ª® ¢®§à áâ îâ,
¨ £à ­¨æ  ¢á¥ ¡®«¥¥ ã¤ «ï¥âáï ®â ¡ §¨á­®© ¯àï¬®©.

� â ¡«¨æe 2 ¯à¨¢¥¤¥­ë §­ ç¥­¨ï 
10, 
20 ¨ z = max
0�k�10

z('(k)) ¤«ï à §«¨ç­ëå à á¯à¥¤¥«¥­¨©

� = (�ij), á®áâ®ïé¨å ¨§ ­ã«¥© ¨ ¥¤¨­¨æ. �¤¥áì N1 = 5, N2 = 4. � ¬¥â¨¬, çâ® ã¢¥«¨ç¥­¨¥ ç¨-
á«  â®ç¥ª N1 ¨ N2 ­¥ ¯à¨¢®¤¨â ª áãé¥áâ¢¥­­®¬ã ¨§¬¥­¥­¨î £à ­¨æë ãáâ®©ç¨¢®áâ¨. � â ¡«¨æ¥ 3
¯à¥¤áâ ¢«¥­ë ¤ ­­ë¥ ¤«ï à á¯à¥¤¥«¥­¨ï � = (�ij),  ­ «®£¨ç­®£® à á¯à¥¤¥«¥­¨î è¥áâ®£® áâ®«¡-
æ  â ¡«¨æë 2, ­® á ç¨á«®¬ â®ç¥ª, ¢¤¢®¥ ¡�®«ìè¨¬ ¯® ª ¦¤®¬ã ­ ¯à ¢«¥­¨î. � áª®¡ª å ãª § ­ë
ãâ®ç­¥­­ë¥ ¯® áà ¢­¥­¨î á â ¡«¨æ¥© 2 §­ ç¥­¨ï ¤«ï N1 = 5, N2 = 4. �¨¤­®, çâ® §­ ç¥­¨ï 
10 ¨
z = max

0�k�10
z('(k)) ¯®çâ¨ ­¥ ¨§¬¥­¨«¨áì.

� â ¡«¨æ¥ 4 ¯à¨¢¥¤¥­ë §­ ç¥­¨ï ®¯®à­ëå â®ç¥ª 
10, 
20 ¨ ¬ ªá¨¬ «ì­®£® ®âª«®­¥­¨ï ®â
¡ §¨á­®© ¯àï¬®© z = max

0�k�10
z('(k)) ¤«ï à §­®áâ­ëå áå¥¬, ¡«¨§ª¨å ª  ¡á®«îâ­® ãáâ®©ç¨¢ë¬

áå¥¬ ¬. �«ï â ª¨å áå¥¬ ¨áªà¨¢«¥­¨¥ £à ­¨æ ãáâ®©ç¨¢®áâ¨ áâ ­®¢¨âáï ¡®«¥¥ ¢ëà ¦¥­­ë¬,  
®âª«®­¥­¨¥ ®â ¡ §¨á­®© ¯àï¬®© ï¢«ï¥âáï ¢¥«¨ç¨­®© O(1).

�® ¢á¥å ¢ à¨ ­â å, ¯à¥¤áâ ¢«¥­­ëå ¢ëè¥, £à ­¨æ  ãáâ®©ç¨¢®áâ¨ ¡ë«  à á¯®«®¦¥­  ¯® ®¤­ã
áâ®à®­ã ®â ¡ §¨á­®© ¯àï¬®©, çâ® ¢ëà ¦ «®áì ¢ á®åà ­¥­¨¨ §­ ª  äã­ªæ¨¨ z('). � à¨ ­â, ¯à¥¤-
áâ ¢«¥­­ë© ¢ â ¡«¨æ¥ 5, á¢¨¤¥â¥«ìáâ¢ã¥â ® â®¬, çâ® äã­ªæ¨ï z(') ¬®¦¥â ¬¥­ïâì §­ ª. �­ ç¥­¨ï
äã­ªæ¨¨ z(') ¢ â®çª å á¥âª¨ ¯à¨¢¥¤¥­ë ¢ â ¡«¨æ¥ 6.

�à¨¢¥¤¥¬ à¥§ã«ìâ âë à áç¥â®¢ £à ­¨æ ãáâ®©ç¨¢®áâ¨ âà¥åá«®©­ëå à §­®áâ­ëå áå¥¬ (7) á à §-
«¨ç­ë¬ à á¯à¥¤¥«¥­¨¥¬ ¢¥á®¢ëå ¬­®¦¨â¥«¥© �. �§¢¥áâ­®, çâ® ï¢­ ï áå¥¬  (�ij = 0 ¤«ï ¢á¥å
i ¨ j) ãáâ®©ç¨¢  ¯à¨ ãá«®¢¨¨ 
1a1 + 
2a2 < 1, £¤¥ 
1 = � 2=h21, 
2 = � 2=h22 ¨ a1 = cos2 �

2N1

,
a2 = cos2 �

2N2

. �à ­¨æ  ãáâ®©ç¨¢®áâ¨ ¯à¥¤áâ ¢«ï¥â á®¡®© ¯àï¬ãî 
1a1 + 
2a2 = 1. �¥§ã«ìâ âë
à áç¥â®¢ ¯à¥¤áâ ¢«¥­ë ¢® ¢â®à®© áâà®ª¥ â ¡«¨æë 7. �à ¢­¥­¨¥ á â®ç­ë¬ §­ ç¥­¨¥¬ ¯®ª §ë¢ -
¥â, çâ® ¬ ªá¨¬ «ì­ ï ¯®£à¥è­®áâì ¢ ®¯à¥¤¥«¥­¨¨ £à ­¨æë à ¢­  1; 7 � 10�8. � âà¥âì¥© áâà®ª¥
â ¡«¨æë 7 ¯à¥¤áâ ¢«¥­ë ¤ ­­ë¥ ® £à ­¨æ¥ ãáâ®©ç¨¢®áâ¨ âà¥åá«®©­®© áå¥¬ë (7) á è å¬ â­ë¬
à á¯à¥¤¥«¥­¨¥¬ ¢¥á®¢ëå ¬­®¦¨â¥«¥© 1 ¨ 0,24. � ª ï áå¥¬  ¡«¨§ª  ª  ¡á®«îâ­® ãáâ®©ç¨¢®© áå¥-
¬¥ ( ¡á®«îâ­ ï ãáâ®©ç¨¢®áâì ­ áâã¯ ¥â ¯à¨ § ¬¥­¥ ¯ à ¬¥âà  0,24 ­  0,25). � ç¥â¢¥àâ®© áâà®ª¥
â ¡«¨æë 7 à áá¬ âà¨¢ ¥âáï â® ¦¥ á ¬®¥ à á¯à¥¤¥«¥­¨¥ �, ®¤­ ª® §¤¥áì N1 = N2, çâ® ¯à¨¢®¤¨â
ª á¨¬¬¥âà¨ç­®áâ¨ ªà¨¢®© z(') ®â­®á¨â¥«ì­® §­ ç¥­¨ï ' = �=4 (¢ ç áâ­®áâ¨, §¤¥áì 
10 = 
20).
� ¯®á«¥¤­¨å ¤¢ãå áâà®ª å â ¡«¨æë 7 ¬ âà¨æë � ®â«¨ç îâáï ¯¥à¥áâ ­®¢ª®© ¤¢ãå áâà®ª. �¨¤­®,
çâ® ®¯®à­ë¥ â®çª¨ ¯à¨ íâ®¬ ®áâ îâáï ­¥¨§¬¥­­ë¬¨,   á ¬¨ £à ­¨æë ­¥áª®«ìª® ¬¥­ïîâáï. � ª-
á¨¬ «ì­®¥ à §«¨ç¨¥ ¢ ®âª«®­¥­¨¨ ®â ¡ §¨á­®© ¯àï¬®© á®áâ ¢«ï¥â ¤«ï íâ¨å ¢ à¨ ­â®¢ ¯à¨¬¥à­®
0,02.

� ¡«¨æ  1

t 0 0.1 0.2 0.3 0.4 0.45

10 1.49 2.02 3.00 5.30 13.84 33.44

20 1.45 1.93 2.79 4.70 11.14 24.96
z �0:21 �0:33 �0:59 �1:25 �4:04 �10:64

� ¡«¨æ  2

�
1 0 0 0
1 0 0 0
1 0 0 0

1 1 0 0
1 1 0 0
1 0 0 0

1 1 0 0
1 1 0 0
1 1 0 0

1 1 1 0
1 1 1 0
1 1 0 0

1 1 1 0
1 1 1 0
1 1 1 0

1 1 1 1
1 1 1 0
1 1 1 0


10 0.593 0.593 0.690 0.690 1.171 1.171

20 0.586 0.586 0.586 0.586 0.586 0.689
z �0:00142 0.03192 �0:00439 0.07176 �0:03114 �0:03817
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� ¡«¨æ  3

� 
10 
20 z
1 1 1 1 1 1 1 1 0
1 1 1 1 1 1 1 1 0
1 1 1 1 1 1 1 1 0
1 1 1 1 1 1 1 1 0
1 1 1 1 1 1 1 1 0
1 1 1 1 1 1 1 1 0
1 1 1 1 1 1 1 1 0

1.1715729
(1.1714449)

0.5197831
(0.5857864)

�0:0308206
(�0:0311417)

� ¡«¨æ  4

� 
10 
20 z
1 1 1 1
1 0.45 1 1
1 1 1 1

22.1956 19.0499 �4:40151

1 1 1 1
1 0.49 1 1
1 1 1 1

118.09 99.01 �23:368

� ¡«¨æ  5

� 
10 
20 z
1 0 1 0 1
1 0 1 0 1
0 1 0 1 0
1 0 1 0 1

1.000 0.685 0.056

� ¡«¨æ  6

k 1 2 3 4 5
z('(k)) �7:9E � 04 �2:2E � 04 1:2E � 003 3:4E � 003 6:6E � 003

k 6 7 8 9
z('(k)) 1:2E � 002 2:0E � 002 3:5E � 002 5:6E � 002

� ¡«¨æ  7

� 
10 
20 z
0 0 0 0
0 0 0 0
0 0 0 0

1.10557 1.17157 �3:33E � 008

0:24 1:00 0:24 1:00
1:00 0:24 1:00 0:24
0:24 1:00 0:24 1:00

55.2091 50.0000 �2:90177417

0:24 1:00 0:24 1:00
1:00 0:24 1:00 0:24
0:24 1:00 0:24 1:00
1:00 0:24 1:00 0:24

55.209068666 55.209068666 �4:08639082

0 1 1 1 1 1 1 1
1 0 1 1 1 1 1 1
1 1 0 1 1 1 1 1
1 1 1 0 1 1 1 1
1 1 1 1 0 1 1 1

2.666620894 2.663746419591 �4:6221435354E � 001

0 1 1 1 1 1 1 1
1 0 1 1 1 1 1 1
1 1 0 1 1 1 1 1
1 1 1 1 0 1 1 1
1 1 1 0 1 1 1 1

2.666620894 2.663746419591 �4:42714729620E � 001
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