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1. � áá¬®âà¨¬ ¤¨ää¥à¥­æ¨ «ì­®¥ ¢ëà ¦¥­¨¥ lu = (�1)mu(2m)(x), x 2 [0; 1], ¨ á¨áâ¥¬ã £à -
­¨ç­ëå ãá«®¢¨©

L�u = d�u
(k�)(0) + ��u

(k�)(1) + T�u = 0; (1)

£¤¥ �� , �� | ª®¬¯«¥ªá­ë¥ ç¨á« , j�� j+ j�� j 6= 0, 0 � k1 � � � � � k� � k�+1 � � � � � 2m � 1, T� |
«¨­¥©­ë¥ ®£à ­¨ç¥­­ë¥ äã­ªæ¨®­ «ë ¢ W k��1

p (0; 1) ¯à¨ ­¥ª®â®à®¬ p 2 [1;1), � = 1; 2; : : : ; 2m.
�¡®§­ ç¨¬ ç¥à¥§ !1; !2; : : : ; !2m ¢á¥ ª®à­¨ áâ¥¯¥­¨ 2m ¨§ 1. �à ­¨ç­ë¥ ãá«®¢¨ï (1) ­ §ë¢ -

îâáï à¥£ã«ïà­ë¬¨ [1], [2], ¥á«¨ ®¯à¥¤¥«¨â¥«ì
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m+1 : : : �2m!
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�������
6= 0: (2)

�¢¥¤¥¬ ¢ ¯à®áâà ­áâ¢¥ Lp = Lp(0; 1) ®¯¥à â®à Lu = lu á ®¡« áâìî ®¯à¥¤¥«¥­¨ï D(L), á®áâ®-
ïé¥© ¨§ äã­ªæ¨© ª« áá  W 2m

p (0; 1), ã¤®¢«¥â¢®àïîé¨å £à ­¨ç­ë¬ ãá«®¢¨ï¬ (1). �®£¤  [1], [2] ã
®¯¥à â®à  L ¯à¨ j�j � R" > 0, j arg �j < � � " áãé¥áâ¢ã¥â à¥§®«ì¢¥­â  (L + �I)�1, ¤«ï ª®â®à®©
¢ë¯®«­¥­  ®æ¥­ª  k(L + �I)�1k � Cj�j�1 ¯à¨ ­¥ª®â®à®¬ " > 0 (" < �). �á«¨ ¦¥ ãá«®¢¨ï (1)
­¥ ï¢«ïîâáï à¥£ã«ïà­ë¬¨, â® à¥§®«ì¢¥­â  ¬®¦¥â ­¥ ¨¬¥âì ¬ ªá¨¬ «ì­®£® ¯®àï¤ª  ã¡ë¢ ­¨ï
¨ ¤ ¦¥ ¬®¦¥â à áâ¨ ¯à¨ j�j ! 1. � ª, ¥á«¨ lu = �u00(x), L1u = u(0), L2u =

R 1
0 u(x)dx, â®

k(L+ �I)�1k � Cj�j�
1
2
� 1
2p . �á«¨ ¦¥ L1u = u(0), L2u = u0(0), â® k(L+ �I)�1k = Cj��1e

p
�j.

� ¤ ­­®© áâ âì¥ ¢ë¤¥«¥­ë ­¥ª®â®àë¥ ª« ááë ­¥à¥£ã«ïà­ëå £à ­¨ç­ëå ãá«®¢¨©, ¤«ï ª®â®àëå
­®à¬  à¥§®«ì¢¥­âë ã¡ë¢ ¥â.

2. � áá¬®âà¨¬ £à ­¨ç­ë¥ ãá«®¢¨ï (1) ¯à¨ � = 1; 2; : : : ; 2m � r (0 � r � 2m),   ®áâ ¢è¨¥áï r
ãá«®¢¨© § ¤ ¤¨¬ ä®à¬ã« ¬¨

L�u = T�u = 0 (� = 2m� r + 1; : : : ; 2m); (3)

£¤¥ T2m�r+ku =
R 1
0 'k(x)u(x)dx (k = 1; 2 : : : ; r),   f'k(x)g | § ¤ ­­ ï á¨áâ¥¬  ­¥¯à¥àë¢­ëå ¨

«¨­¥©­® ­¥§ ¢¨á¨¬ëå äã­ªæ¨© ­  [0; 1]. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¤«ï íâ¨å äã­ªæ¨© ¢ë¯®«­¥­ë
à ¢¥­áâ¢ 

Z 1

0

'k(x) exp(�!jx)dx = Ckj�
�nk + akj(�)��nk (j = 1; 2; : : : ;m);

Z 1

0
'k(x) exp[�!j(x� 1)]dx = Ckj�

�nk + akj(�)�
�nk (j = m+ 1; : : : ; 2m);

(4)
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Z y

0

'k(x) exp[�!j(x� y)]dx =
'k(y)
�!j

+ akj(y; �)��1 (j = m+ 1; : : : ; 2m);

Z 1

y

'k(x) exp[�!j(x� y)]dx = �
'k(y)
�!j

+ akj(y; �)��1 (j = 1; 2; : : : ;m):
(5)

�¤¥áì Ckj | ¯®áâ®ï­­ë¥, ­¥ à ¢­ë¥ ­ã«î ç¨á« , nk 2 N, � 2 S" = f�
2
+ " < arg � < �

m
+ �

2
� "g

¯à¨ ­¥ª®â®à®¬ ¬ «®¬ ", ª®à­¨ ¨§ ¥¤¨­¨æë !j § ­ã¬¥à®¢ ­ë ¢ ¯®àï¤ª¥ ¢®§à áâ ­¨ï  à£ã¬¥­â :
!1 = 1, !2 = exp(i �

m
); : : : ; !2m = exp(i� 2m�1

m
), ¨, ­ ª®­¥æ, ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨ akj(�) ¨ akj(y; �)

áâà¥¬ïâáï ª ­ã«î ¯à¨ j�j ! 1. �â¨ ãá«®¢¨ï ¢ë¯®«­¥­ë, ­ ¯à¨¬¥à, ¤«ï £« ¤ª¨å äã­ªæ¨© 'k(x).
�¥¯¥àì, ¢¬¥áâ® ®¯à¥¤¥«¨â¥«ï (2) ¡ã¤¥¬ à áá¬ âà¨¢ âì ¡®«¥¥ ®¡é¨© ®¯à¥¤¥«¨â¥«ì

� =

��������������

�1!
k1
1 : : : �1!
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m+1 : : : �1!
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: : : : : :
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1 : : : �2m�r!k2m�rm �2m�r!

k2m�r
m+1 : : : �2m�r!

k2m�r
2m

C11 : : : C1m C1m+1 : : : C1 2m

: : : : : :

Cr1 : : : Crm Crm+1 : : : Cr 2m

��������������

:

�á­®¢­®© à¥§ã«ìâ â á®áâ ¢«ï¥â

�¥®à¥¬ . �ãáâì � 6= 0. �®£¤  ã ®¯¥à â®à  L ¢ ®¡« áâ¨ j arg �j < � � ", j�j � R" > 0 ¯à¨

­¥ª®â®à®¬ " > 0 áãé¥áâ¢ã¥â à¥§®«ì¢¥­â  (L + �I)�1, ¤«ï ­®à¬ë ª®â®à®© ¢ë¯®«­¥­  â®ç­ ï

®æ¥­ª 

k(L+ �I)�1k � Cj�j�1�
1

2mp
� n
2m ;

£¤¥ n = maxfn1; n2; : : : ; nrg.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ à¥§®«ì¢¥­â­®¥ ãà ¢­¥­¨¥ Lu � �u = f(x). �®«®¦¨¬ � =
(�1)m�2m ¨ ¯¥à¥©¤¥¬ ª íª¢¨¢ «¥­â­®© ªà ¥¢®© § ¤ ç¥

u(2m) � �2mu = f1(x); L�u = 0 (� = 1; 2; : : : ; 2m);

£¤¥ f1(x) = (�1)2mf(x). �¥è¥­¨¥ íâ®© § ¤ ç¨ ¨é¥¬ ¢ ¢¨¤¥ u = u1 + u2, £¤¥

u1(x) =
1

2m�2m�1

� mX
j=1

Z x

0
!j exp[�!j(x� s)]f1(s)ds�

2mX
j=m+1

Z 1

x

!j exp[�!j(x� s)]f1(s)ds
�
;

u2(x) =
mX
j=1

Cj exp(�!jx) +
2mX

j=m+1

Cj exp[�!j(x� 1)]:

�®­áâ ­âë Cj ¯®¤¡¨à ¥¬ â ª, çâ®¡ë ã¤®¢«¥â¢®à¨âì ãá«®¢¨ï¬ L�u2 = �L�u1. �â¨ ª®­áâ ­âë
®¯à¥¤¥«ïîâáï ¨§ á¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©

mX
j=1

Cj [��(�!j)k� + ��(�!j)k� exp(�!j) + T�(exp(�!jx))] +
2mX

j=m+1

Cj [��(�!j)k� exp(��!j) +

+ ��(�!j)k� + T�(expf�!j(x� 1)g)] = �L�u1 (� = 1; 2; : : : ; 2m� r); (6)

mX
j=1

CjT�(exp(�!jx)) +
2mX

j=m+1

CjT�(expf�!j(x� 1)g) = �L�u1 (� = 2m� r + 1; : : : ; 2m):

�ãáâì � 2 S", â®£¤  ¢ë¯®«­¥­ë [1] ­¥à ¢¥­áâ¢  Re �!j � �"j�j (j = m + 1; : : : ; 2m), Re �!j �
�"j�j (j = 1; 2; : : : ;m), £¤¥ �" = sin ". �â¨ ­¥à ¢¥­áâ¢  ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¤«ï ¢ë¤¥«¥­¨ï £« ¢­®©
ç áâ¨ (¯à¨ �!1) ®¯à¥¤¥«¨â¥«ï �(�) á¨áâ¥¬ë (6).
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�«ï � = 1; 2; : : : ; 2m� r äã­ªæ¨®­ «ë T� ï¢«ïîâáï ­¥¯à¥àë¢­ë¬¨ ¢ W k��1
p (0; 1), ¯®íâ®¬ã

jT�(exp(�!jx))j � Ck exp(�!jx)kWk��1
p

� C

k��1X
i=0

j�!j j
i

�Z 1

0

exp(pxRe �!j)dx
� 1

p

� Cj�jk��1�
1
p :

�­ «®£¨ç­®, jT�(expf�!j(x� 1)g)j � Cj�jk��1�
1
p . �¥¯¥àì ¢ ®¯à¥¤¥«¨â¥«¥ á¨áâ¥¬ë (6) ¢ëà ¦¥­¨ï

(�!j)
k� exp(�!j); T�(exp(�!jx)) (j = 1; 2; : : : ;m);

(�!j)
k� exp(��!j); T�(expf�!j(x� 1)g) (j = m+ 1; : : : ; 2m); (� = 1; 2; : : : ; 2m� r);

a�j (�)�
�nk (j = 1; 2; : : : ; 2m; k = 1; 2; : : : ; r)

¨¬¥îâ ¡®«¥¥ ¢ëá®ª¨© ¯®àï¤®ª ¬ «®áâ¨, ç¥¬ ®áâ «ì­ë¥ (¤«ï � = 2m�r+1; : : : ; 2m ¨á¯®«ì§®¢ «¨
ä®à¬ã«ë (4)), ¯®íâ®¬ã �(�) = [� +R(�)]�(k1+k2+���+k2m�r)�(n1+n2+���+nr), £¤¥ R(�)! 0 ¯à¨ �!1.

�à¨á®¥¤¨­¥­­ë¥ ®¯à¥¤¥«¨â¥«¨ �i(�) ¨¬¥îâ â ªãî ¦¥ áâàãªâãàã, ª ª ¨ �(�). � §«®¦¥­¨¥
¯à¨á®¥¤¨­¥­­®£® ®¯à¥¤¥«¨â¥«ï ¯® i-¬ã áâ®«¡æã ¨¬¥¥â ¢¨¤

�i(�) =
2mX
l=1

(�1)i+l�1Llu1(�il +Ril(�))�(k1+k2+���+k2m)�kl ;

£¤¥ �il | ¯®áâ®ï­­ë¥ ç¨á« , Ril(�) ! 0 ¯à¨ � ! 0 ¨ kl = �nl�2m+r ¤«ï l = 2m � r + 1; : : : ; 2m.
�¥¯¥àì Ci =

�i(�)

�(�)
¨

u2(x) =
mX
j=1

2mX
l=1

(�1)j+l�1
�jl +Rjl(�)
� +R(�)

��kl exp(�!jx)Llu1 +

+
2mX

j=m+1

2mX
l=1

(�1)j+l�1
�jl +Rjl(�)
� +R(�)

��kl exp(�!j(x� 1))Llu1: (7)

�à®¢¥¤¥¬ ®æ¥­ª¨ äã­ªæ¨© u1(x) ¨ u2(x). �«ï äã­ªæ¨¨ u1(x) ¨ ¥¥ ¯à®¨§¢®¤­ëå á ¨á¯®«ì§®¢ ­¨¥¬
­¥à ¢¥­áâ¢ ��¥«ì¤¥à  ¨ �¨­ª®¢áª®£® ¨¬¥¥¬

ju
(k)
1 (x)j � Cj�jk�2m+ 1

pkfkLp ; ku
(k)
1 kLp � Cj�jk�2mkfkLp (k = 0; 1; : : : ; 2m� 1):

�®íâ®¬ã

jL�u1j � C(sup ju(k� )1 (x)j+ jT�u1j) � C(sup ju(k� )1 (x)j+ ku1kWk+��1
p

�

� Cku(k�)kC � Cj�j�2m+k�+
1
p kfkLp ; � = 1; 2; : : : ; 2m� r:

�«ï � = 2m� r + 1; : : : ; 2m ¨§ ä®à¬ã« (5) á«¥¤ãîâ à ¢¥­áâ¢ 

L�u1 =
Z 1

0
'��2m+r(x)u1(x)dx =

1
2m�2m�1

Z 1

0
'��2m+r(x)

� mX
j=1

Z x

0
!j expf�!j(x� s)gf1(s)ds�

�
2mX

j=m+1

Z 1

x

!j expf�!j(x� s)gf1(s)ds
�
dx =

= ���2m
Z 1

0

'��2m+r(s)f1(s)ds�
1

2m�2m

2mX
j=1

Z 1

0

a�j(s; �)f1(s)ds:

�¡®§­ ç ï ¯®á«¥¤­îî áã¬¬ã (¡¥§ ¬­®¦¨â¥«ï ��2m) ç¥à¥§ b�(�), ¯®«ãç¨¬ à ¢¥­áâ¢®

L�u1 = ���2m
Z 1

0

'��2m+r(s)f1(s)ds+ ��2mb�(�); (8)

£¤¥ b�(�)! 0 ¯à¨ �!1. �®íâ®¬ã äã­ªæ¨®­ « L�u1 ¢¥¤¥â á¥¡ï ª ª j�j�2m.
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�¥à¥©¤¥¬ ª ®æ¥­ª¥ äã­ªæ¨¨ u2(x), ¯®«ì§ãïáì ä®à¬ã«®© (7) ¨ ®æ¥­ª ¬¨ ¤«ï jL�u1j. �æ¥­¨¬
á­ ç «  á« £ ¥¬ë¥ ¢¨¤ 

 �j(x) = ��k� exp(�!jx)L�u1 (j = 1; 2; : : : ; 2m);

 �j(x) = ��k� expf�!j(1� x)gL�u1 (j = m+ 1; : : : ; 2m)

¯à¨ � = 1; 2; : : : ; 2m� r. �á¯®«ì§ãï ­¥à ¢¥­áâ¢® ��¥«ì¤¥à , ¢ ®¡®¨å á«ãç ïå ¯®«ãç¨¬ ®æ¥­ªã

k �jkLp � Cj�j�2mkfkLp (� = 1; 2; : : : ; 2m� r):

�«ï � = 2m� r + 1; : : : ; 2m ¨§ ä®à¬ã«ë (8) á«¥¤ãîâ à ¢¥­áâ¢ 

 �j =
�
b�(�)�

Z 1

0

'��2m+r(s)f1(s)ds
�
��2m�k� exp(�!jx) (j = 1; 2; : : : ;m);

 �j =
�
b�(�)�

Z 1

0

'��2m+r(s)f1(s)ds
�
��2m�k� expf�!j(1� x)g (j = m+ 1; : : : ; 2m):

�®à¬ë íâ¨å äã­ªæ¨© ¢ ®¡®¨å á«ãç ïå ¢ëç¨á«ïîâáï ¨

k �jkLp = Cj�j�2m�k�� 1
p

����
Z 1

0

'��2m+r(s)f(s)ds
����+ ��2m�k�� 1

pC�(�):

�®«®¦¨¬ n = max
2m�r+1���2m

n��2m+r = � max
2m�r+1���2m

k� . �ãáâì íâ®â ¬ ªá¨¬ã¬ ¤®áâ¨£ ¥âáï ¯à¨

� = l. �®£¤ 

ku2kLp = Cj�j�2m+n� 1
p

����
Z 1

0

'l�2m+r(s)f(s)ds
����+ C(�)j�j�2m+n� 1

p kfkLp (C(�)! 0; �!1):

� ª ª ª ku1kLp � Cj�j2mkfkLp , â® ®âáî¤  á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë ¯à¨ § ¬¥­¥ � ­  ��.

�«¥¤áâ¢¨¥. �á«¨ ¯à ¢ ï ç áâì f(x) ¯à¨­ ¤«¥¦¨â ¯®¤¯à®áâà ­áâ¢ã, ¢ë¤¥«ï¥¬®¬ã ãá«®¢¨ï-
¬¨ (3), â® kukLp � Cj�j�2mkfkLp

3. �à¨¢¥¤¥¬ ¯à¨¬¥à á¨áâ¥¬ë äã­ªæ¨©, ¤«ï ª®â®à®© � 6= 0. �ãáâì '1(x) = 1, '2(x) = x(1 �
x); : : : ; 'r(x) = xr�1(1� x)r�1. �«ï íâ¨å äã­ªæ¨©

Z 1

0

'k(x) exp(�!jx)dx =
(�1)k(k � 1) !

(�!j)k
+

R(�)
(�!j)k

(j = 1; 2; : : : ;m);

Z 1

0

'k(x) expf�!j(x� 1)gdx =
(k � 1) !
(�!j)k

+
R(�)
(�!j)k

(j = m+ 1; : : : ; 2m);

£¤¥ R(�)! 0 ¯à¨ �!1. �®íâ®¬ã ®¯à¥¤¥«¨â¥«ì � ¨¬¥¥â ¢¨¤

� =

����������������

�1!
k1
1 : : : �1!

k1
m �1!

k1
m+1 : : : �1!

k1
2m

: : : : : :

�2m�r!
k2m�r
1 : : : �2m�r!k2m�rm �2m�r!

k2m�r
m+1 : : : �2m�r!

k2m�r
2m

�!�11 � � � � !�1m !�1m+1 : : : !
�1
2m

!�21 : : : !�2m !�2m+1 : : : !
�2
2m

: : : : : :

(�1)r!�r1 : : : (�1)r!�rm !�rm+1 : : : !
�r
2m

����������������

:

�â®â ®¯à¥¤¥«¨â¥«ì ï¢«ï¥âáï ®¡®¡é¥­­ë¬ ®¯à¥¤¥«¨â¥«¥¬ � ­¤¥à¬®­¤  [3], ¯®íâ®¬ã ®­ ®â«¨ç¥­
®â ­ã«ï. �â¬¥â¨¬ â ª¦¥, çâ® á¨áâ¥¬  äã­ªæ¨© ¯®¤®¡­®£® ¢¨¤  ¢®§­¨ª ¥â ¯à¨ ¯®áâà®¥­¨¨ ®¯¥-
à â®à  BA�1, £¤¥ A ¨ B | ®¡ëª­®¢¥­­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ®¯¥à â®àë [4].
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