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�¢¥¤¥¨¥

�ãáâì S | ª« áá à¥£ã«ïàëå ®¤®«¨áâëå ¢ ¥¤¨¨ç®¬ ªàã£¥ E = fz : jzj < 1g äãªæ¨©
f(z) = z + a2z

2 + � � � ; SM | ª« áá äãªæ¨© f 2 S, ã¤®¢«¥â¢®àïîé¨å ¢ E ãá«®¢¨î jf(z)j < M ,
M > 1.

� â¥®à¨¨ ®¤®«¨áâëå äãªæ¨© ®¤® ¨§ æ¥âà «ìëå ¬¥áâ § ¨¬ ¥â ¯à®¡«¥¬  ª®íää¨æ¨-
¥â®¢, § ª«îç îé ïáï ¢ ®¯¨á ¨¨ ¬®¦¥áâ¢  § ç¥¨© á¨áâ¥¬ë Vn = fa2; : : : ; ang. � ç áâ®áâ¨,
¨áá«¥¤®¢ ¨î ¬®¦¥áâ¢ Vn ¯®á¢ïé¥ë ¬®®£à ä¨¨ [1] ¨ [2]. � ¨å ¨áá«¥¤ãîâáï   «¨â¨ç¥áª¨¥
¨ â®¯®«®£¨ç¥áª¨¥ á¢®©áâ¢  £à ¨æë @Vn ¬®¦¥áâ¢  Vn. � [1] ¯®ª § ®, çâ® ¥á«¨ A1 | ¬®¦¥áâ¢®
®á®¡¥®áâ¥© @Vn ¨ x 2 A1, â® äãªæ¨ï f(z), ¤®áâ ¢«ïîé ï â®çªã x, ï¢«ï¥âáï  «£¥¡à ¨ç¥áª®©
äãªæ¨¥©. � [2] ¯®«ãç¥® ¯®«®¥ ®¯¨á ¨¥ ¬®¦¥áâ¢  V3 ¢ ª« áá¥ S.

� ¯®á«¥¤¥¥ ¢à¥¬ï ¨áá«¥¤®¢ ¨¥¬ ¬®¦¥áâ¢ Vn  ªâ¨¢® § ¨¬ «¨áì �.� ¬¬¨, �.�.�à®å®à®¢
(á¬. [3]). �.�.�à®å®à®¢ ¯®«ãç¨« ¯®«®¥ ®¯¨á ¨¥ £à ¨æë @V4(M) ¢ ª« áá¥ SM

R â¨¯¨ç® ¢¥é¥-
áâ¢¥ëå äãªæ¨© f 2 S, ã¤®¢«¥â¢®àïîé¨å ¢ ªàã£¥ E ¥à ¢¥áâ¢ã jf(z)j < M .

� ¤ ®© à ¡®â¥ ¯à¨¬¥¥¨¥¬ ¬¥â®¤®¢ ®¯â¨¬¨§ æ¨¨ ¤«ï ã¯à ¢«ï¥¬ëå á¨áâ¥¬, ¯®à®¦¤¥ëå
ãà ¢¥¨¥¬�¥¢¥à , ¯®«ãç¥® ¯®«®¥ ®¯¨á ¨¥ £à ¨æë @U4(M) ¬®¦¥áâ¢  U4(M), ï¢«ïîé¥£®-
áï ¯à®¥ªæ¨¥© ¬®¦¥áâ¢  V4(M) ¢ ¯à®áâà áâ¢® (a2; a3;Re a4) ¢ ª« áá¥ SM . � è«  ¯®¤â¢¥à¦¤¥¨¥
£¨¯®â¥§  �.�.�à®å®à®¢  ® å à ªâ¥à¥ ã£«®¢ëå â®ç¥ª ¨ á®¥¤¨ïîé¥© ¨å ªà¨¢®©, ï¢«ïîé¥©áï à¥-
¡à®¬ £à ¨ç®© £¨¯¥à¯®¢¥àå®áâ¨. �¥§ã«ìâ âë à ¡®âë ¯®§¢®«¨«¨ ¯®«ãç¨âì ãá¨«¥¨¥ £¨¯®â¥§ë ®
¤¢ãå äãªæ¨® « å ¢ ª« áá¥ S. � ç áâ®áâ¨, «®ª «ìë© íªáâà¥¬ã¬ ¤¢ãå äãªæ¨® «®¢ ¬®¦¥â
¤®áâ ¢«ïâìáï äãªæ¨ï¬¨, ®â®¡à ¦ îé¨¬¨ ¥¤¨¨çë© ªàã£   ¯«®áª®áâì á ¤¢ã¬ï à §à¥§ ¬¨
¢¤®«ì ¢¥é¥áâ¢¥®© ®á¨.

1. � à ¬¥âà¨ç¥áª®¥ ¯à¥¤áâ ¢«¥¨¥ £à ¨ç®© £¨¯¥à¯®¢¥àå®áâ¨

�à®¨§¢®¤ïé¨¬ ¤«ï ª« áá  SM ï¢«ï¥âáï ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ �¥¢¥à 

dw

dt
= �w

eiu + w

eiu � w
; w

��
t=0

= z; t � 0; (1)

£¤¥ u = u(t) | ¯à®¨§¢®«ì ï ªãá®ç®-¥¯à¥àë¢ ï äãªæ¨ï. �â¥£à «ë w(z; t) ¤¨ää¥à¥æ¨-
 «ì®£® ãà ¢¥¨ï (1) ¯à¥¤áâ ¢«ïîâ ¢áî¤ã ¯«®â®¥ ¢ SM á¥¬¥©áâ¢® äãªæ¨© f , ®¯à¥¤¥«ï¥¬ëå
à ¢¥áâ¢®¬ f(z) =Mw(z; logM).
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�à¨à ¢¨¢ ï ª®íää¨æ¨¥âë ¯à¨ ®¤¨ ª®¢ëå áâ¥¯¥ïå z ¢ à §«®¦¥¨¨ ®¡¥¨å ç áâ¥© ãà ¢-
¥¨ï (1), ¯®«ãç¨¬ ¤«ï xk(t) = ak+1(t), k = 1; 2; 3, ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã

dx1
dt

= �2e�(t+iu);

dx2
dt

= �2e�(t+iu)(2x1 + e�(t+iu));

dx3
dt

= �2e�(t+iu)(x21 + 2x2 + 3x1e�(t+iu) + e�2(t+iu));

x1(0) = x2(0) = x3(0) = 0:

(2)

�®¦¥áâ¢® § ç¥¨© á¨áâ¥¬ë fa2; a3; a4g ¢ ª« áá¥ SM ¥áâì ¬®¦¥áâ¢® ¤®áâ¨¦¨¬®áâ¨ ãà®¢-
ï t = logM ä §®¢®£® ¢¥ªâ®à  x = (x1; x2; x3) ã¯à ¢«ï¥¬®© á¨áâ¥¬ë (2). �¡®§ ç¨¬ ç¥à¥§
	 = (	1;	2;	3) ¢¥ªâ®à ¬®¦¨â¥«¥© � £à ¦  ¨ á®áâ ¢¨¬ äãªæ¨î � ¬¨«ìâ®  H(t; x;	; u) =

Re
3P

k=1

dxk
dt
	k. �¥ªâ®à 	 = 	(t) «®ª «ì® ï¢«ï¥âáï ®¯®àë¬ ª £à ¨æ¥ ¬®¦¥áâ¢  ¤®áâ¨¦¨¬®áâ¨

ãà®¢ï t á¨áâ¥¬ë (2) ¨ ã¤®¢«¥â¢®àï¥â á®¯àï¦¥®© £ ¬¨«ìâ®®¢®© á¨áâ¥¬¥

d	1

dt
= 2e�(t+iu)(2	2 + (2x1 + 3e�(t+iu))	3); 	1(0) = c1;

d	2

dt
= 4e�(t+iu)	3; 	2(0) = c2; (3)

d	3

dt
= 0; 	3(0) = c3:

�« áá SM ¨¢ à¨ â¥ ®â®á¨â¥«ì® ¢à é¥¨ï: ¢¬¥áâ¥ á ª ¦¤®© äãªæ¨¥© w = f(z) ®
á®¤¥à¦¨â ¢á¥ äãªæ¨¨ w = e�i�f(ei�z), � 2 [0; 2�). �®íâ®¬ã ¬®¦¥áâ¢® V4(M) ®¡« ¤ ¥â ®¯à¥-
¤¥«¥ë¬ á¢®©áâ¢®¬ á¨¬¬¥âà¨¨,   ¨¬¥®, ¢¬¥áâ¥ á® ¢áïª®© â®çª®© (a2; a3; a4) 2 V4(M) â®ç-
ª  (ei�a2; e2i�a3; e3i�a4) â ª¦¥ ¯à¨ ¤«¥¦¨â ¬®¦¥áâ¢ã V4(M). � ª¨¬ ®¡à §®¬, ¤«ï ®¯¨á ¨ï
¬®¦¥áâ¢  V4(M) ¤®áâ â®ç® à áá¬®âà¥âì ¯à®¥ªæ¨î U4(M) = fa2; a3;Re a4g è¥áâ¨¬¥à®£® â¥« 
ª®íää¨æ¨¥â®¢ ¢ ¯ïâ¨¬¥à®¥ ¯à®áâà áâ¢®. �«ï â®ç¥ª £à ¨ç®© £¨¯¥à¯®¢¥àå®áâ¨ @V4(M),
¯à®¥ªâ¨àãîé¨åáï   £à ¨æã @U4(M) ¬®¦¥áâ¢  U4(M), ¢ë¯®«ï¥âáï ãá«®¢¨¥ Im	3 = 0. � 
@U4(M) ¢ë¤¥«¨¬ ¤¢  ¯®¤¬®¦¥áâ¢ , á®®â¢¥âáâ¢ãîé¨¥ § ç¥¨ï¬ Re	3 > 0 ¨ Re	3 < 0. �¡  íâ¨
¯®¤¬®¦¥áâ¢  ¨áá«¥¤ãîâáï   «®£¨ç®. �«ãç © 	3 = 0 á®®â¢¥âáâ¢ã¥â ®âëáª ¨î   £à ¨æ¥
@U4(M) ¬®¦¥áâ¢ , ¯à®¥ªæ¨ï ª®â®à®£® ¢ (a2; a3) ¤ ¥â £à ¨æã ¬®¦¥áâ¢  á¨áâ¥¬ë ª®íää¨æ¨¥-
â®¢ fa2; a3g ¢ ª« áá¥ SM . � áá¬®âà¨¬ á«ãç © Re	3 > 0, ®à¬¨à®¢ ¢ ¢¥ªâ®à 	 ãá«®¢¨¥¬ 	3 = 1.

�à ¢¥¨¥¬ á¨áâ¥¬ (2) ¨ (3) ¬®¦® ¯®«ãç¨âì ä®à¬ã«ë

	1 = 4x21 � 2c2x1 � 3x2 + c1; 	2 = �2x1 + c2 (4)

á ¯à®¨§¢®«ìë¬¨ ¯®áâ®ïë¬¨ c1 = 	1(0), c2 = 	2(0). � ª¨¬ ®¡à §®¬, ¯à¨ ¨§¢¥áâ®© âà ¥ªâ®-
à¨¨ x(t) äãªæ¨¨ 	1(t), 	2(t) § ¤ îâáï ¢¥ªâ®à®¬ c = (c1; c2). �à¨ ª ¦¤®¬ ¤®¯ãáâ¨¬®¬ § ç¥-
¨¨ (t; x; c) äãªæ¨ï H ï¢«ï¥âáï âà¨£®®¬¥âà¨ç¥áª¨¬ ¬®£®ç«¥®¬ 3-© áâ¥¯¥¨ ¯¥à¥¬¥®£® u.
� ©¤¥¬ ã¯à ¢«¥¨¥ u = eu(t; x; c) á ®¡à â®© á¢ï§ìî, ¬ ªá¨¬¨§¨àãîé¥¥ äãªæ¨î H   [0; 2�).
�¡®§ ç¨¬ ç¥à¥§Mk(t) ¬®¦¥áâ¢® ¢á¥å ¤®¯ãáâ¨¬ëå ¯ à (x; c), ¤«ï ª®â®àëå ¬®£®§ ç®¥ ã¯à -
¢«¥¨¥ eu(t; x; c) ¯à¨¨¬ ¥â ¥ ¬¥¥¥ k § ç¥¨©   [0; 2�). �®¦¥áâ¢® Mk(t) ¯ãáâ® ¯à¨ k > 3.
�®«®¦¨¬ Mk(t; x) = fc = (c1; c2) j (t; x; c) 2 Mk(t)g, k = 1; 2; 3. � ¬®¦¥áâ¢¥ M1(t; x) ¢ë¤¥«¨¬
¯®¤¬®¦¥áâ¢  M0

1(0; 0) ¨ M�
1 (0; 0). �ãªæ¨¨, á®®â¢¥âáâ¢ãîé¨¥ íâ¨¬ ¯®¤¬®¦¥áâ¢ ¬, ¯®«ãç -

îâáï ¨â¥£à¨à®¢ ¨¥¬ ãà ¢¥¨ï �¥¢¥à    ®âà¥§ª¥ [0; logM ] á ¯®áâ®ïë¬¨ ã¯à ¢«¥¨ï¬¨eu(t; x; c) = 0 ¨ eu(t; x; c) = � á®®â¢¥âáâ¢¥®.
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�¥¬¬  1. �¯à ¢¥¤«¨¢ë ®¯¨á ¨ï

M0
1(0; 0) = f(c1; c2) 2 R2 j 4c2 + c1 + 9 � 0; c1 < �1g;

M�
1 (0; 0) = f(c1; c2) 2 R2 j c22 + 4c2 � 4c1 < 0; �1 < c1 < 15g

[
f(c1; c2) 2 R2 j 4c2 � c1 � 9 � 0; c1 � 15g:

�®ª § â¥«ìáâ¢®. �«ãç © (c1; c2) 2 R2 ¨áá«¥¤®¢  ¢ [3]. �áâ ¥âáï ¯®ª § âì, çâ® ¥á«¨
(c1; c2) =2 R2, â® ã¯à ¢«¥¨ï eu(t; x; c) = 0 ¨ eu(t; x; c) = � ¥ ¡ã¤ãâ ¬ ªá¨¬¨§¨à®¢ âì äãªæ¨î
H(t; x(t);	(t); u(t))   ®âà¥§ª¥ [0; logM ]. �ãáâì c1 = �1 + ie1, c2 = �2 + ie2 á ¢¥é¥áâ¢¥ë¬¨ �1,
�2, e1, e2. � ª á«¥¤ã¥â ¨§ ä®à¬ã«¨à®¢ª¨ ¯à¨æ¨¯  ¬ ªá¨¬ã¬ , ¤«ï ®¯â¨¬ «ì®áâ¨ âà ¥ªâ®à¨¨
x(t) ¨ ã¯à ¢«¥¨ï u(t) ¥®¡å®¤¨¬® áãé¥áâ¢®¢ ¨¥ â ª®£® ¥âà¨¢¨ «ì®£® à¥è¥¨ï 	(t) á®¯àï-
¦¥®© £ ¬¨«ìâ®®¢®© á¨áâ¥¬ë, çâ® ¤«ï «î¡®£® ¬®¬¥â  t, 0 � t � logM , ¢ë¯®«¥® ãá«®¢¨¥
¬ ªá¨¬ã¬ 

H(t; x(t);	(t); u(t)) = max
v2[0;2�)

H(t; x(t);	(t); v):

� §«®¦¨¬ äãªæ¨î H(t; x(t);	(t); v) ¯® áâ¥¯¥ï¬ t ¢ ®ªà¥áâ®áâ¨ ã«¥¢®© â®çª¨

H(t; x(t);	(t); v) = H(0; x(0);	(0); v) +Ht(0; x(0);	(0); v)t + o(t):

�á«¨ ã¯à ¢«¥¨¥ u = � ®¯â¨¬ «ì®, â® á ãç¥â®¬ à ¢¥áâ¢  d

dt
H(t; x(t);	(t); v) = @H

@t
(t; x(t);	(t); v),

¯à¨ t = 0 ¨ v = � ¤®«¦ë ¢ë¯®«ïâìáï ãá«®¢¨ï @H

@v
= 0, @2H

@v@t
= 0. �âáî¤  e1 = 2e2 ¨ e1 = 4e2,

á«¥¤®¢ â¥«ì®, e1 = e2 = 0. �«ãç © eu(t; x; c) = 0 ¯à®¢¥àï¥âáï   «®£¨ç®.

�á«¨ c 2Mk(t; x), k = 2; 3, â. ¥. ¨¬¥¥â ¬¥áâ® áª®«ì§ïé¨© à¥¦¨¬ ¢ á¨áâ¥¬¥ (2), â® ®â ãà ¢¥¨ï
(1) ¯¥à¥©¤¥¬ ª ®¡®¡é¥®¬ã ãà ¢¥¨î �¥¢¥à 

dw

dt
= �w

kX
j=1

�j
eiuj + w

eiuj � w
; w

��
t=0

= z; t � 0; (5)

á ªãá®ç®-¥¯à¥àë¢ë¬¨ ã¯à ¢«¥¨ï¬¨ uj , 1 � j � k, ¨ ¥®âà¨æ â¥«ìë¬¨ ¯®áâ®ïë¬¨ �j ,
kP

j=1
�j = 1. �«ï k = 2 ã¯à ¢«ï¥¬ ï á¨áâ¥¬  (2) § ¬¥¨âáï á¥¬¥©áâ¢®¬ á¨áâ¥¬

dx

dt
= �G(t; x; u1) + (1� �)G(t; x; u2); x(0) = 0; (6)

§ ¢¨áïé¨å ®â ¯®áâ®ï®£® ¯ à ¬¥âà  � 2 [0; 1]. �¤¥áì ç¥à¥§ G(t; x; u) ®¡®§ ç¥ ¢¥ªâ®à ¯à ¢ëå
ç áâ¥© ã¯à ¢«ï¥¬®© á¨áâ¥¬ë (2). �«ï ¢á¥å t � 0 ¤®«¦ë ¢ë¯®«ïâìáï ãá«®¢¨ï áª®«ì¦¥¨ï

max
0�v�2�

H(t; x(t);	(t); v) = H(t; x(t);	(t); u1) = H(t; x(t);	(t); u2):

�ë¤¥«¨¬ ¢ ¬®¦¥áâ¢¥ M2(t; x) ¯®¤¬®¦¥áâ¢® M
0;�
2 (0; 0), ¤«ï ª®â®à®£® u1 = 0, u2 = �.

�¥¬¬  2. �¯à ¢¥¤«¨¢® ®¯¨á ¨¥

M0;�
2 (0; 0) = f(c1; c2) 2 R2 j c1 = �1; c2 � �2g:

�®ª § â¥«ìáâ¢®. �«ãç © (c1; c2) 2 R2 ¨áá«¥¤®¢  ¢ [3]. �áâ ¥âáï ¯®ª § âì, çâ® ¥á«¨
(c1; c2) =2 R2, â® ã¯à ¢«¥¨ï u1 = 0 ¨ u2 = � ¥ ¬ ªá¨¬¨§¨àãîâ äãªæ¨î H(t; x(t);	(t); u(t))  
®âà¥§ª¥ [0; logM ]. �®«®¦¨¬ c1 = �1+ie1, c2 = �2+ie2 á ¢¥é¥áâ¢¥ë¬¨ �1, �2, e1, e2. �à¥¤¯®«®¦¨¬,
çâ® ã¯à ¢«¥¨ï u1 = 0 ¨ u2 = � ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ áª®«ì¦¥¨ï ¯à¨ ¢á¥å t 2 [0; logM ]. �®-
£¤ , ¯à®¢¥àïï ¥®¡å®¤¨¬®¥ ãá«®¢¨¥ íªáâà¥¬ã¬  ¯® u ¯à¨ u = 0 ¨ u = � ¤«ï äãªæ¨¨ H(0; 0; c; u),
ã¡¥¦¤ ¥¬áï, çâ® áª®«ì§ïé¨© à¥¦¨¬ ¢ á¨áâ¥¬¥ (2) á ã¯à ¢«¥¨ï¬¨ u1 = 0 ¨ u2 = � ¢®§¬®¦¥
â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ e1 = e2 = 0. �«¥¤®¢ â¥«ì®, (c1; c2) 2 R2.

16



�«ï c 2M3(t; x) à áá¬®âà¨¬ ®¡®¡é¥®¥ ãà ¢¥¨¥ �¥¢¥à  (5) á k = 3, ª®â®à®¥ ¯®à®¦¤ ¥â
á¥¬¥©áâ¢® ®¡®¡é¥ëå á¨áâ¥¬

dx

dt
=

3X
j=1

�jG(t; x; uj); x(0) = 0;

£¤¥ �j | ¯à®¨§¢®«ìë¥ ¥®âà¨æ â¥«ìë¥ ç¨á« ,
3P

j=1
�j = 1. �®¦¥áâ¢® M3(t; x) ¥ ¯ãáâ® ã¦¥

¯à¨ (c1; c2) 2 R2. � ª¨¬ ®¡à §®¬, à áá¬ âà¨¢ ¥¬ ï ç áâì £à ¨ç®© £¨¯¥à¯®¢¥àå®áâ¨ @U4(M)
ï¢«ï¥âáï ®¡ê¥¤¨¥¨¥¬ ¯®¯ à® ¥¯¥à¥á¥ª îé¨åáï ¬®¦¥áâ¢ 
1, 
2, 
3. � ¦¤®¬ã ¨§ íâ¨å ¬®-
¦¥áâ¢ ¢§ ¨¬® ®¤®§ ç® á®®â¢¥âáâ¢ã¥â ¬®¦¥áâ¢® Mk(0; 0). �¯à ¢¥¤«¨¢® ¯ à ¬¥âà¨ç¥áª®¥
¯à¥¤áâ ¢«¥¨¥


k =
�
x(logM; c; �) :Mk(0; 0); � = (�1; : : : ; �k); �j � 0; 1 � j � k;

kX
j=1

�j = 1
�
; k = 1; 2; 3; (7)

£¤¥ (x(t; c; �);	(t; c; �)) | à¥è¥¨¥ § ¤ ç¨ �®è¨ ¤«ï á¥¬¥©áâ¢  ã¯à ¢«ï¥¬ëå á¨áâ¥¬, ¯®à®¦¤¥-
ëå ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨¥¬ (5), ¨ á®¯àï¦¥®© á¨áâ¥¬ë á ¥¯à¥àë¢ë¬¨ ¢¥â¢ï¬¨
uj(t; x; c).

�®« £ ï â¥¯¥àì 	3 = �1 ¨ ¯®¢â®àïï ¯à¥¤ë¤ãé¨¥ à ááã¦¤¥¨ï, ¯®«ãç¨¬ ¤¢  ãâ¢¥à¦¤¥¨ï.

�¥¬¬  3. �¯à ¢¥¤«¨¢ë ®¯¨á ¨ï

M�
1 (0; 0) = f(c1; c2) 2 R2 j 4c2 � c1 + 9 � 0; c1 > 1g;

M0
1(0; 0) = f(c1; c2) 2 R2 j c22 + 4c2 + 4c1 < 0; �15 < c1 < 1g

[
f(c1; c2) 2 R2 j 4c2 + c1 � 9 � 0; c1 � �15g:

�¥¬¬  4. �¯à ¢¥¤«¨¢ë ®¯¨á ¨ï

M0;�
2 (0; 0) = f(c1; c2) 2 R2 j c1 = 1; c2 � �2g:

�«ï íâ®© ç áâ¨ £à ¨ç®© £¨¯¥à¯®¢¥àå®áâ¨ â ª¦¥ ®áâ ¥âáï á¯à ¢¥¤«¨¢® ¯ à ¬¥âà¨ç¥áª®¥
¯à¥¤áâ ¢«¥¨¥ (7).

2. �¢®©áâ¢  £à ¨ç®© £¨¯¥à¯®¢¥àå®áâ¨

�á¥ à ááã¦¤¥¨ï íâ®£® ¯ à £à ä  ¯à®¢®¤ïâáï ¤«ï â®© ç áâ¨ £à ¨æë @U4(M),   ª®â®à®©
	3 = 1. �¨ ®áâ îâáï á¯à ¢¥¤«¨¢ë ¨ ¤«ï ç áâ¨ £à ¨æë @U4(M),   ª®â®à®© 	3 = �1, á á®®â-
¢¥âáâ¢ãîé¨¬¨ ¨§¬¥¥¨ï¬¨.

1. � ª« áá¥ SM ¤«ï ¯à®¨§¢®«ì®£® § ç¥¨ïM ¢ë¤¥«¨¬ ¤¢¥ äãªæ¨¨ PM
� (z), ®¯à¥¤¥«ï¥¬ë¥

à ¢¥áâ¢®¬
M 2PM

� (z)
(M � PM

� (z))2
= K�(z); K�(z) =

z

(1� ei�z)2
; � = 0; �;

¨  §ë¢ ¥¬ë¥ äãªæ¨ï¬¨ �¨ª . �®ª ¦¥¬, çâ® â®çª¨ £à ¨ç®© £¨¯¥à¯®¢¥àå®áâ¨ @U4(M), ¤®-
áâ ¢«ï¥¬ë¥ íâ¨¬¨ äãªæ¨ï¬¨, ï¢«ïîâáï ã£«®¢ë¬¨ â®çª ¬¨ ¢ë¯ãª«®£® å à ªâ¥à . �¯®àë¥
£¨¯¥à¯«®áª®áâ¨ (§¤¥áì ¨ ¤ «¥¥ ®¯®àë¥ £¨¯¥à¯«®áª®áâ¨ à áá¬ âà¨¢ îâáï ¢ «®ª «ì®© ®ªà¥áâ-
®áâ¨ â®çª¨), ¯à®¢¥¤¥ë¥ ç¥à¥§ íâ¨ â®çª¨, ¨¬¥îâ ª á ¨¥ á @U4(M) ¢¤®«ì ¥ª®â®àëå  ¯à -
¢«¥¨©. �à®¢¥¤¥¬ à ááã¦¤¥¨ï ®â®á¨â¥«ì® â®çª¨, ª®â®à ï ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ �®è¨
¤«ï £ ¬¨«ìâ®®¢ëå á¨áâ¥¬ (2) ¨ (3) á ®¯â¨¬ «ìë¬ ¯®áâ®ïë¬ ã¯à ¢«¥¨¥¬ u = � ¢ ¯à ¢®©
ç áâ¨. �¡®§ ç¨¬

c�1 = c1 + "�1; c�2 = c2 + "�2; (8)
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£¤¥ (c1; c2) | ¢ãâà¥ïï â®çª  ¬®¦¥áâ¢  M�
1 (0; 0), �2 = 1 + i�1, �1 = �2 + i�3, " > 0. �ãáâì

u� = u�(t; x�; c�) = � + "v + o("); £¤¥ v = v(t; x�; c�);

x�j (t; c
�; u�) = xj(t; c; �) + "Aj(t; c�; u�) + o(");

	�j(t; c
�; u�) = 	j(t; c; �) + "	j(t; c�; u�) + o(");

j = 1; 2; 3:

� ¯¨á ¢ ä §®¢ãî ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã ¤«ï ¢¥ªâ®à  x� = (x�1; x
�
2; x

�
2), ãáâ ®¢¨¬, çâ® ReAj � 0,

  ¤«ï ImAj ¡ã¤¥¬ ¨¬¥âì á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

d ImA1

dt
= �2e�tv; ImA1(0) = 0;

d ImA2

dt
= 4e�t(ImA1 � v(x1 � e�t)); ImA2(0) = 0; (9)

d ImA3

dt
=�2e�t(ImA1(�2x1+3e�t)�2 ImA2+v(3e�2t�6e�tx1+x21+2x2)); ImA3(0)=0:

�á¯®«ì§ãï (4), ¤«ï ª®®à¤¨ â á®¯àï¦¥®£® ¢¥ªâ®à  	
�
= (	

�

1 ;	
�

2 ; 1) ¯®«ãç¨¬ ä®à¬ã«ë

	
�

1 = 4x�21 � 2c�2x
�
1 = 3x�2 + c�1; 	

�

2 = �2x�1 + c�2:

�à¨à ¢¨¢ ï ã«î ¯à®¨§¢®¤ãî Hu(t; x�;	
�
; u�), ¤«ï ¢ à¨ æ¨¨ v = v(t; x�; c�) ¯à¨ t = 0 ¡ã¤¥¬

¨¬¥âì à ¢¥áâ¢®

v =
�3 � 2�1

c1 � 4c2 + 9
:

�âáî¤  ¢¨¤®, çâ® v 6= 0, ¥á«¨ �3 6= 2�1 ¨ �21 + �23 > 0. �®íâ®¬ã, ¯®¤áâ ¢«ïï v ¢ ¯à ¢ë¥ ç áâ¨
á¨áâ¥¬ë (9), ¯® â¥®à¥¬¥ ® £« ¤ª®© § ¢¨á¨¬®áâ¨ à¥è¥¨© á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥-
¨© ®â  ç «ìëå ¤ ëå ¯®«ãç¨¬ à¥è¥¨¥ x� = x�(logM; c). �â® ¯®§¢®«ï¥â á¤¥« âì ¢ë¢®¤, çâ®
¢ à¨ æ¨ï ¯®àï¤ª  " ¢¥ªâ®à   ç «ìëå ¤ ëå ¢ë§ë¢ ¥â ¨§¬¥¥¨¥ ä §®¢®£® ¢¥ªâ®à  ã¯à ¢«ï-
¥¬®© á¨áâ¥¬ë (2)   ¢¥«¨ç¨ã â®£® ¦¥ ¯®àï¤ª . �«¥¤®¢ â¥«ì®, ®¯®à ï £¨¯¥à¯«®áª®áâì ¢¤®«ì
ãª § ëå  ¯à ¢«¥¨© ¨¬¥¥â ª á ¨¥ á @U4(M). �ãáâì �1 = �3 = 0. �§¬¥¥¨¥ ¢¥ªâ®à   -
ç «ìëå ¤ ëå ¯à¨ ¯à®¨§¢®«ì®¬ áª®«ì ã£®¤® ¬ «®¬ ¯®«®¦¨â¥«ì®¬ " ¢ ä®à¬ã«¥ (8) ¡ã¤¥â
¢ë§ë¢ âì ¨§¬¥¥¨¥ ¢¥ªâ®à  	 = (	1;	2; 1), ª®â®àë© ï¢«ï¥âáï ®à¬ «ìë¬ ¢¥ªâ®à®¬ ®¯®à®©
£¨¯¥à¯«®áª®áâ¨, ¯à®¢¥¤¥®© ç¥à¥§ â®çªã £à ¨ç®© £¨¯¥à¯®¢¥àå®áâ¨. � â® ¦¥ ¢à¥¬ï ä §®¢ë©
¢¥ªâ®à x = (x1; x2; x3) ¡ã¤¥â ®áâ ¢ âìáï ¯®áâ®ïë¬, â. ª. c = (c1; c2) | ¢ãâà¥ïï â®çª  ¬®-
¦¥áâ¢  M�

1 (0; 0). �«¥¤®¢ â¥«ì®, ¬®¦¥áâ¢® ¯ à ¬¥âà®¢ c1, c2 ¯®à®¦¤ ¥â á¥¬¥©áâ¢® ®¯®àëå
£¨¯¥à¯®¢¥àå®áâ¥© ¨, â ª¨¬ ®¡à §®¬, â®çª  £à ¨ç®© £¨¯¥à¯®¢¥àå®áâ¨ @U4(M), ¤®áâ ¢«ï¥¬ ï
äãªæ¨¥© �¨ª , ï¢«ï¥âáï ã£«®¢®© â®çª®© «®ª «ì® ¢ë¯ãª«®£® å à ªâ¥à .

2. � ª á«¥¤ã¥â ¨§ «¥¬¬ë 2, § ç¥¨ï ¯ à ¬¥âà®¢ c1 = �1, c2 � 2 á®®â¢¥âáâ¢ãîâ áª®«ì§ïé¥¬ã
à¥¦¨¬ã ¢ á¨áâ¥¬¥ (2). � íâ®¬ á«ãç ¥, ¨â¥£à¨àãï á¨áâ¥¬ã (6) á u1 = 0 ¨ u2 = �,   @U4(M)
¯®«ãç ¥¬ ¬®¦¥áâ¢® â®ç¥ª, § ¢¨áïé¥¥ ®â ¯ à ¬¥âà  �. �â® ¬®¦¥áâ¢® ï¢«ï¥âáï ªà¨¢®© l  
£à ¨ç®© £¨¯¥à¯®¢¥àå®áâ¨, ª®â®à ï á®¥¤¨ï¥â ã£«®¢ë¥ â®çª¨, á®®â¢¥âáâ¢ãîé¨¥ äãªæ¨ï¬
�¨ª .

�ë¡¥à¥¬   ªà¨¢®© l ¯à®¨§¢®«ì® â®çªã Y ¨ § ä¨ªá¨àã¥¬ ¯ à ¬¥âà �. �§¬¥¥¨¥ ¯ à ¬¥âà 
c2 ¯à¨ �j = 0, j = 1; 2; 3, ¢ ä®à¬ã«¥ (8) ¢ë§®¢¥â ¨§¬¥¥¨¥ ¢¥ªâ®à  	. � â® ¦¥ ¢à¥¬ï ä §®¢ë©
¢¥ªâ®à x ®áâ ¥âáï ¥¨§¬¥ë¬. �«¥¤®¢ â¥«ì®, ¨§¬¥¥¨¥ c2 ¯®à®¦¤ ¥â á¥¬¥©áâ¢® ®¯®àëå
£¨¯¥à¯«®áª®áâ¥© ¢ ª ¦¤®© â®çª¥ ªà¨¢®©. �®íâ®¬ã ªà¨¢ ï l ï¢«ï¥âáï à¥¡à®¬ £à ¨ç®© £¨¯¥à-
¯®¢¥àå®áâ¨. �®ª ¦¥¬, çâ® ®¯®àë¥ £¨¯¥à¯«®áª®áâ¨, ¯à®¢¥¤¥ë¥ ç¥à¥§ â®çª¨ à¥¡à , ¯® ¥ª®-
â®àë¬  ¯à ¢«¥¨ï¬ ª á îâáï @U4(M). �®åà ¨¬ ®¡®§ ç¥¨ï (8), ¯®« £ ï â®çªã c = (c1; c2)
¢ãâà¥¥© â®çª®© ¬®¦¥áâ¢  M0;�

2 (0; 0). �ãáâì

u�1(t; x
�; c�) = "v + o("); £¤¥ v = v(t; x�; c�);

u�2(t; x
�; c�) = � + "h+ o("); £¤¥ h = h(t; x�; c�):

(10)
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� ãá«®¢¨ïå áª®«ì§ïé¥£® à¥¦¨¬  ¢¥ªâ®àë x� = (x�1; x
�
2; x

�
3) ¨ 	

�
= (	

�

1 ;	
�

2 ; 1) ¡ã¤ãâ § ¢¨á¥âì ¥é¥
¨ ®â ¯ à ¬¥âà  �, � 2 [0; 1]. �¨áâ¥¬  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (9) § ¬¥¨âáï á¨áâ¥¬®©,
§ ¢¨áïé¥© ®â �, á ¢ à¨ æ¨ï¬¨ v ¨ h ¢ ¯à ¢®© ç áâ¨. � «¨§¨àãï à ¢¥áâ¢® H(0; 0; c�; u�1) =
H(0; 0; c�; u�2), ª®â®à®¥ ¥®¡å®¤¨¬® ¢ë¯®«ï¥âáï, ¥á«¨ ¢ á¨áâ¥¬¥ (2) ¨¬¥¥â ¬¥áâ® áª®«ì§ïé¨©
à¥¦¨¬ á ã¯à ¢«¥¨ï¬¨ u�1, u

�
2, ®¯à¥¤¥«ï¥¬ë¬¨ ä®à¬ã« ¬¨ (10),  å®¤¨¬ �2 = 0. �à¨à ¢¨¢ ï

ã«î ¯à®¨§¢®¤ãî Hu, ¤«ï v ¨ h ¯à¨ t = 0 ¯®«ãç¨¬ à ¢¥áâ¢ 

v =
�3 + 2�1
8� 4c2

; h =
�3 � 2�1
8� 4c2

:

�ãáâì �21+�
2
3 > 0 ¨ �3 6= 2�1, �3 6= �2�1. �®£¤  ¨â¥£à¨àãï á®®â¢¥âáâ¢ãîéãî áª®«ì§ïé¥¬ã à¥¦¨¬ã

á¨áâ¥¬ã (9), ¯® â¥®à¥¬¥ ® £« ¤ª®© § ¢¨á¨¬®áâ¨ à¥è¥¨© á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥-
¨© ®â ¯ à ¬¥âà®¢ ¯®«ãç¨¬ à¥è¥¨¥ x� = x�(logM; c�; �). �«¥¤®¢ â¥«ì®, ¢ à¨ æ¨ï ¯®àï¤ª 
" ¢¥ªâ®à   ç «ìëå ¤ ëå ¢ë§ë¢ ¥â ¨§¬¥¥¨¥ ä §®¢®£® ¢¥ªâ®à  ã¯à ¢«ï¥¬®© á¨áâ¥¬ë (6)
  ¢¥«¨ç¨ã â®£® ¦¥ ¯®àï¤ª . �®íâ®¬ã ¢¤®«ì ãª § ëå  ¯à ¢«¥¨© ®¯®à ï £¨¯¥à¯«®áª®áâì
¨¬¥¥â ª á ¨¥ á @U4(M).

�á«¨ �2 6= 0, â® ¢ ã¯à ¢«ï¥¬®© á¨áâ¥¬¥ ¥ ¡ã¤¥â áª®«ì§ïé¥£® à¥¦¨¬  ¨, ¡®«¥¥ â®£®, ¢ á¨«ã
¯à®¨§¢®«ì®áâ¨ " ¬®¦® ãâ¢¥à¦¤ âì, çâ® ¢ § ¢¨á¨¬®áâ¨ ®â § ª  �2 ®¯â¨¬ «ìë¬ ã¯à ¢«¥¨¥¬
¡ã¤¥â «¨¡® ã¯à ¢«¥¨¥ u�1, «¨¡® u

�
2.

� ¯¯. 1 ¨ 2 ¤ ®£® ¯ à £à ä  ¯à¨¬¥¥¨¥¬ ¬¥â®¤®¢ ®¯â¨¬¨§ æ¨¨ ãáâ ®¢«¥®, çâ®   £à -
¨ç®© £¨¯¥à¯®¢¥àå®áâ¨ ¨¬¥îâáï ¤¢¥ ã£«®¢ë¥ â®çª¨ ¢ë¯ãª«®£® å à ªâ¥à  ¨ ®á®¡ ï ªà¨¢ ï,
¨å á®¥¤¨ïîé ï. �®ª ¦¥¬, çâ® ¢á¥ ®áâ «ìë¥ ®á®¡ë¥ â®çª¨, ¢ ª®â®àëå  àãè ¥âáï £« ¤ª®áâì
@U4(M), ï¢«ïîâáï ®á®¡ë¬¨ â®çª ¬¨  «£¥¡à ¨ç¥áª®£® å à ªâ¥à  ¨ ¬®¦¥áâ¢® ®á®¡ëå â®ç¥ª ¨¬¥-
¥â à §¬¥à®áâì ¬¥ìèãî, ç¥¬ à §¬¥à®áâì ä §®¢®£® ¯à®áâà áâ¢ .

� ¯¨è¥¬ äãªæ¨î � ¬¨«ìâ® 

H(t; x;	; u) = �A1 cos u+B1 sinu�A2 cos 2u+B2 sin 2u� C cos 3u;

£¤¥

u 2Mk(t; x) n
�
M0

1(0; 0)
[
M�

1 (0; 0)
[
M0;�

1 (0; 0)
�
;

A1 = A1(t; x1;Re x2;Re	1;	2); B1 = B1(t; x1; Imx2; Im	1;	2);

A2 = A2(t;Re x1;Re	2); B2 = B2(t; Imx1; Im	2); C = C(t):

�¯à ¢«¥¨¥ u = u(t; x; c), ¬ ªá¨¬¨§¨àãîé¥¥ äãªæ¨î H, ®¯à¥¤¥«ï¥âáï ¨§ ãà ¢¥¨ï

Hu(t; x;	; u) = 0: (11)

�á«¨ Hu2(t; x;	; u) 6= 0, â® ¯® â¥®à¥¬¥ ® ¥ï¢®© äãªæ¨¨ ãà ¢¥¨¥ (11) à §à¥è¨¬®, ¨ äãªæ¨ï
u = u(t; x; c), ï¢«ïîé ïáï à¥è¥¨¥¬ íâ®£® ãà ¢¥¨ï, ¡ã¤¥â ¥¯à¥àë¢®© ¨ ªãá®ç®-£« ¤ª®©.
�«¥¤®¢ â¥«ì®, à¥è¥¨¥ x = x(logM; c) § ¤ ç¨ �®è¨ ¤«ï á¨áâ¥¬ë (2) ®¯à¥¤¥«ï¥â £« ¤ªãî £¨-
¯¥à¯®¢¥àå®áâì 
1 á ¥¯à¥àë¢ë¬ ¢¥ªâ®à®¬ ®à¬ «¨ 	. �á«¨ ã¯à ¢«¥¨¥ u = u(t; x; c) ¬®£®-
§ ç®, â® à¥è¥¨¥ x = x(logM; c; �) § ¤ ç¨ �®è¨ ¤«ï á¥¬¥©áâ¢  ã¯à ¢«ï¥¬ëå á¨áâ¥¬, ¯®à®-
¦¤¥ëå ãà ¢¥¨¥¬ (5), § ¤ ¥â £« ¤ªãî £¨¯¥à¯®¢¥àå®áâì 
k, k = 2; 3.

�àã£ ï á¨âã æ¨ï ¡ã¤¥â, ¥á«¨ ¤«ï ã¯à ¢«¥¨ï u(t; x; c), ¬ ªá¨¬¨§¨àãîé¥£® äãªæ¨î H, ¯à®-
¨§¢®¤ ï Hu2(t; x;	; u) à ¢  ã«î. � íâ®¬ á«ãç ¥ ¥ ¯à¨¬¥¨¬  â¥®à¥¬  ® ¥ï¢®© äãªæ¨¨.

�¡®§ ç¨¬ ç¥à¥§M ¬®¦¥áâ¢®,   ª®â®à®¬ ¨¬¥¥â ¬¥áâ® ¯®á«¥¤¥¥ à ¢¥áâ¢®, ¨ ¯®ª ¦¥¬, çâ®
¥£® à §¬¥à®áâì ¬¥ìè¥, ç¥¬ à §¬¥à®áâì ¯à®¥ªæ¨¨ ä §®¢®£® ¯à®áâà áâ¢  X. �®£¤ , ¯®áª®«ì-
ªã § ¤ ç   å®¦¤¥¨ï ¬®¦¥áâ¢  ¤®áâ¨¦¨¬®áâ¨ ¤«ï ã¯à ¢«ï¥¬®© á¨áâ¥¬ë (2) íª¢¨¢ «¥â 
§ ¤ ç¥ ®¯â¨¬ «ì®£® ¡ëáâà®¤¥©áâ¢¨ï [3], ¬®¦¥¬ ¨á¯®«ì§®¢ âì â¥®à¥¬ã ® ¤®áâ â®çëå ãá«®¢¨ïå
®¯â¨¬ «ì®áâ¨ ¢ ä®à¬¥ ¯à¨æ¨¯  ¤¨ ¬¨ç¥áª®£® ¯à®£à ¬¬¨à®¢ ¨ï [4].

�ã¤¥¬ à ááã¦¤ âì ®â ¯à®â¨¢®£®, â. ¥. ¯à¥¤¯®«®¦¨¬, çâ® dimM = dimX. �¡®§ ç¨¬ ç¥à¥§
Gk(t; x;	; u), 1 � k � 4, k-î ¯à®¨§¢®¤ãî ¯® u äãªæ¨¨ H ¨ ¯à¥¤¯®«®¦¨¬ G4(t; x;	; u) 6= 0,  
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Gk(t; x;	; u) = 0, 1 � k � 3. � ¬¥â¨¬, çâ® äãªæ¨¨ Gk, ª ª ¨ äãªæ¨ï H, ï¢«ïîâáï  «£¥¡à ¨ç¥-
áª¨¬¨ ¬®£®ç«¥ ¬¨ è¥áâ®© áâ¥¯¥¨ ®â®á¨â¥«ì® ¯¥à¥¬¥®© h = tg u=2 ¨ ª®íää¨æ¨¥â ¯à¨
áâ àè¥© áâ¥¯¥¨ ®â«¨ç¥ ®â ã«ï ¯à¨ ¢á¥å Gk. � áá¬®âà¨¬ ®â¤¥«ì® à ¢¥áâ¢ 

G1(t; x;	; u) = 0; G2(t; x;	; u) = 0: (12)

�â¬¥â¨¬ ¢á¥ à §«¨çë¥ ¬¥¦¤ã á®¡®© ã«¨ z1; : : : ; zm ¬®£®ç«¥®¢ D1(z) ¨ D2(z), z = z(t; x;	),
ï¢«ïîé¨åáï ¤¨áªà¨¬¨ â ¬¨ ãà ¢¥¨© (12), ¨ ®¡®§ ç¨¬ M1 = fz j z = zj ; j = 1; : : : ;mg.

�ãªæ¨¨ G1(t; x;	; u) ¨ G2(t; x;	; u)   «¨â¨çë ¢® ¢á¥å â®çª å ¬®¦¥áâ¢  M §  ¨áª«îç¥-
¨¥¬ ª®¥ç®£® ç¨á«  ¨§®«¨à®¢ ëå â®ç¥ª ¬®¦¥áâ¢  M1. � ¢¥áâ¢  (12) ¯®§¢®«ïîâ § ¯¨á âì

G1(t; x;	; u) = G2(t; x;	; u): (13)

�® â®£¤  ¢ á¨«ã ¯à¥¤¯®«®¦¥¨ï ® à §¬¥à®áâ¨ ¬®¦¥áâ¢  M ¨ â¥®à¥¬ë ¥¤¨áâ¢¥®áâ¨   -
«¨â¨ç¥áª¨å äãªæ¨© § ª«îç ¥¬, çâ® (13) ¨¬¥¥â ¬¥áâ® ¢áî¤ã   ¬®¦¥áâ¢¥ X, çâ® ¯à¨¢®¤¨â ª
¯à®â¨¢®à¥ç¨î. �«¥¤®¢ â¥«ì®, dimM < dimX.

�  ®á®¢ ¨¨ ¨§«®¦¥®£® ¢ ¤ ®¬ ¯ à £à ä¥, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  1. �à ¨ç ï £¨¯¥à¯®¢¥àå®áâì @U4(M), ï¢«ïîé ïáï £à ¨æ¥© ¯à®¥ªæ¨¨ ¬®¦¥-

áâ¢  V4(M) ¢ ¯à®áâà áâ¢® (a2; a3;Re a4), ï¢«ï¥âáï £« ¤ª®© ¢áî¤ã §  ¨áª«îç¥¨¥¬ ¥ª®â®à®£®
¬®¦¥áâ¢  ®á®¡ëå â®ç¥ª  «£¥¡à ¨ç¥áª®£® å à ªâ¥à , ¨¬¥îé¥£® ¬¥ìèãî à §¬¥à®áâì. �â 

£¨¯¥à¯®¢¥àå®áâì ¨¬¥¥â ¤¢¥ ã£«®¢ë¥ â®çª¨ ¢ë¯ãª«®£® å à ªâ¥à , á®®â¢¥âáâ¢ãîé¨¥ äãªæ¨-

ï¬ �¨ª , ¨ á®¥¤¨ïîé¥¥ ¨å à¥¡à®.

3. �à¨«®¦¥¨ï

�¥§ã«ìâ âë, ¯®«ãç¥ë¥ ¢ x x 1, 2, ¯®§¢®«ïîâ à¥è âì ¥ª®â®àë¥ íªáâà¥¬ «ìë¥ § ¤ ç¨.
�ãáâì H(E) | ª« áá äãªæ¨©,   «¨â¨ç¥áª¨å ¢ ¥¤¨¨ç®¬ ªàã£¥ E. �ãªæ¨ï f 2 S  §ë¢ -

¥âáï ®¯®à®© â®çª®© ª« áá  S, ¥á«¨ áãé¥áâ¢ã¥â «¨¥©ë© ¥¯à¥àë¢ë© äãªæ¨® « L   H(E),
L 6= const, â ª®©, çâ® f ¤®áâ ¢«ï¥â ¬ ªá¨¬ã¬ ReL   S. �áá«¥¤®¢ ¨î á¢®©áâ¢ ®¯®àëå â®ç¥ª
ª« áá  S ¯®á¢ïé¥® ¬®£® à ¡®â (á¬.,  ¯à., ¡¨¡«¨®£à ä¨î ¢ [5]). �§¢¥áâ  £¨¯®â¥§  ® ¤¢ãå
äãªæ¨® « å ¢ ª« áá¥ S [5]: ¥á«¨ ®¤  ¨ â  ¦¥ äãªæ¨ï ¤®áâ ¢«ï¥â íªáâà¥¬ã¬ ¤¢ã¬ «¨¥©®
¥§ ¢¨á¨¬ë¬ äãªæ¨® « ¬, â® íâ® äãªæ¨ï K(z) = z=(1 � z)2 ¨ ¥¥ ¢à é¥¨ï. �â  £¨¯®â¥§ 
¤®ª §ë¢ « áì ¬®£¨¬¨  ¢â®à ¬¨ ¤«ï à §«¨çëå äãªæ¨® «®¢.

� áá¬®âà¨¬ «¨¥©ë© äãªæ¨® «

L(f) = Ref�a2 + �a3 + a4g; (14)

£¤¥ �, �,  | ª®¬¯«¥ªáë¥ ç¨á« ,   a2, a3, a4 | ª®íää¨æ¨¥âë äãªæ¨¨ f 2 SM .

�¥®à¥¬  2. 1) �á«¨  = 1, � = 	2 2 fc2�4(1�1=M)g, � = 	1 2 fc1+(1�1=M)(7�1=M�4c2)g,
(c1; c2) 2M�

1 (0; 0), â®

max
f2SM

L(f) = 4=M 3 � (4 + 3c2)=M 2 + (8c2 � 2c1 � 6)=M � 5c2 + 2c1 + 6: (15)

2) �á«¨  = 1, � = 	2 2 fc2 + 4(1 � 1=M)g, � = 	1 2 fc1 + (1 � 1=M)(7 � 1=M + 4c2)g,
(c1; c2) 2M0

1(0; 0), â®

max
f2SM

L(f) = �4=M 3 � (4� 3c2)=M 2 + (8c2 + 2c1 + 6)=M � 5c2 � 2c1 � 6: (16)

3) �á«¨  = 1, � = 	2 2 fc2+4� 8�+(8�� 4)=Mg, � = 	1 2 f(16�2� 16�+1)=M 2+(�32�2+
(32 + 8c2)�� 8� 4c2)=M + 16�2 � (16 + 8c2)�+ 4c2 + c1 + 7g, (c1; c2) 2M

0;�
2 (0; 0), â®

max
f2SM

L(f) = (8�� 4)=M 3 + (16c2�(1� �)� 8�+ 4� 3c2)=M
2 +

+ (32c2�2 � (12 + 32c2 + 4c1)�+ 8c2 + 2c1 + 6)=M �

� 16c2�
2 + (12 + 16c2 + 4c1)�� 5c2 � 2c1 � 6: (17)
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�®ª § â¥«ìáâ¢®. �¥ªâ®à (�; �; ) = (	1;	2; 1) = 	 ï¢«ï¥âáï «®ª «ì® ®¯®àë¬ ª £à ¨æ¥
¬®¦¥áâ¢  ¤®áâ¨¦¨¬®áâ¨ ãà®¢ï t ã¯à ¢«ï¥¬®© á¨áâ¥¬ë (2). �®¦¥áâ¢ ¬ (á¬. x 1) (c1; c2) 2
M�

1 (0; 0), (c1; c2) 2 M0
1(0; 0), (c1; c2) 2 M0;�

2 (0; 0) ®â¢¥ç îâ â®çª¨ £à ¨ç®© £¨¯¥à¯®¢¥àå®áâ¨
@U4(M), ¤®áâ ¢«ï¥¬ë¥ á®®â¢¥âáâ¢¥® äãªæ¨ï¬¨ PM

� (z), PM
0 (z) ¨ äãªæ¨¥© QM;�

0;� (z), ®â®¡à -
¦ îé¥© ¥¤¨¨çë© ªàã£   ªàã£ à ¤¨ãá  M á ¤¢ã¬ï à §à¥§ ¬¨ ¢¤®«ì ¢¥é¥áâ¢¥®© ®á¨. �®-
íâ®¬ã ãà ¢¥¨ï (15), (16), (17) ï¢«ïîâáï ãà ¢¥¨ï¬¨ ®¯®àëå £¨¯¥à¯«®áª®áâ¥© ¢ «®ª «ìëå
®ªà¥áâ®áâïå ãª § ëå â®ç¥ª £à ¨ç®© £¨¯¥à¯®¢¥àå®áâ¨. �«¥¤®¢ â¥«ì®, ¢ ãá«®¢¨ïå â¥®à¥-
¬ë äãªæ¨¨ PM

� (z), PM
0 (z) ¨ QM;�

0;� (z) «®ª «ì® ¬ ªá¨¬¨§¨àãîâ äãªæ¨® « (14).

�áâà¥¬«ïï M ª ¡¥áª®¥ç®áâ¨, à á¯à®áâà ï¥¬ ¤¢  ¯®á«¥¤¨å ãâ¢¥à¦¤¥¨ï   ª« áá S.
�§¢¥áâ® (á¬. [6]), çâ® ®¯®àë¥ â®çª¨ ª« áá  S ®â®¡à ¦ îâ ¥¤¨¨çë© ªàã£   ¤®¯®«¥¨¥
  «¨â¨ç¥áª®© ªà¨¢®© � ¨ ã¤®¢«¥â¢®àïîâ ¥ª®â®à®¬ã ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î. � ª¨¬
®¡à §®¬, äãªæ¨¨, ®â®¡à ¦ îé¨¥ ¥¤¨¨çë© ªàã£   ¯«®áª®áâì á ¤¢ã¬ï à §à¥§ ¬¨ ¢¤®«ì ¢¥é¥-
áâ¢¥®© ®á¨, ¥ ï¢«ïîâáï ®¯®àë¬¨ ¢ ª« áá¥ S. � ª ¯®ª §ë¢ îâ à¥§ã«ìâ âë ¤ ®© à ¡®âë,
íâ¨ äãªæ¨¨ «®ª «ì® ¬ ªá¨¬¨§¨àãîâ äãªæ¨® « (14) ¨, á«¥¤®¢ â¥«ì®, ï¢«ïîâáï «®ª «ì®
®¯®àë¬¨.

�¢â®à ¡« £®¤ à¨â �.�.�à®å®à®¢  §  ¯®áâ ®¢ªã § ¤ ç¨ ¨ ¢¨¬ ¨¥ ª à ¡®â¥.
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