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� ¤ ­­®© à ¡®â¥ ¯à¥¤«®¦¥­ ª®­áâàãªâ¨¢­ë© ¬¥â®¤ ®¯à¥¤¥«¥­¨ï ­ ¨¡®«¥¥ ®¡é¨å ¨­â¥£à «ì-
­ëå á¢¥àâ®ª á ¢¥á®¬, ¯®§¢®«ïîé¨© ¯®áâà®¨âì ­®¢ë¥ â¨¯ë á¢¥àâ®ª. �¤¥áì ­ ¬¨ ­¥ ¨áá«¥¤ãîâáï
 «£¥¡à ¨ç¥áª¨¥ á¢®©áâ¢  ¯®«ãç¥­­ëå á¢¥àâ®ª ¨ ­¥ ®£®¢ à¨¢ îâáï ®£à ­¨ç¥­¨ï ­  ª« ááë äã­ª-
æ¨©, ¯à¨ ª®â®àëå íâ¨ á¢¥àâª¨ ¨¬¥îâ á¬ëá«.

1. �áå®¤­ë¥ ¯à¨¬¥àë

�ãáâì ¤ ­ ¡¨¥ªâ¨¢­ë© «¨­¥©­ë© ®¯¥à â®à K : X ! Y , ®â®¡à ¦ îé¨© «¨­¥©­®¥ ¯à®áâà ­-
áâ¢® X ­   «£¥¡àã Y . �¬­®¦¥­¨¥ ¢ Y , ®¡®§­ ç¨¬ ¥£® â®çª®©, ¯®à®¦¤ ¥â ¢ X ®¯¥à æ¨î á¢¥àâë-
¢ ­¨ï á ¢¥á®¬ r 2 Y , ®¯à¥¤¥«ï¥¬ãî à ¢¥­áâ¢®¬ [1]

x1
r� x2 = K�1(r �Kx1 �Kx2); x1; x2 2 Y; (1.1)

¨ ¯à¥¢à é ¥â X ¢ á¢¥àâ®ç­ãî  «£¥¡àã. �§ (1.1) ¢ëâ¥ª ¥â ä ªâ®à¨§®¢ ­­®¥ à ¢¥­áâ¢®

K(x1
r� x2) = r �Kx1 �Kx2: (1.2)

�à¨¢¥¤¥¬ ç¥âëà¥ ¯à¨¬¥à  ¨§ à ¡®â [2]{[4], ª®â®àë¥ á®¤¥à¦ â ä ªâ®à¨§®¢ ­­ë¥ à ¢¥­áâ¢ 
¡®«¥¥ ®¡é¥£® å à ªâ¥à , ç¥¬ (1.2).

�à¨¬¥à 1. �«ï á¨­ãá- ¨ ª®á¨­ãá-¯à¥®¡à §®¢ ­¨© �ãàì¥ Fs ¨ Fc [5] á¯à ¢¥¤«¨¢® ä ªâ®à¨-
§ æ¨®­­®¥ à ¢¥­áâ¢® [2]

Fs(f � g) = Fcf � Fsg; (1.3)

£¤¥ (f � g)(x) = 1p
2�

R +1
0 g(y)[f(jx� yj) + f(x+ y)]dy.

�à¨¬¥à 2. �ãáâì [6] (Kif)(x) =
R +1
0 ki

�
x
t

�
f(t)dt

t
, i = 0; 2, f� | ¯à¥®¡à §®¢ ­¨¥ �¥««¨­  [5]

äã­ªæ¨¨ f ,

(f � g)(x) = 1
(2�i)2

Z
�s

Z
�t

k�1(s)k
�
2(t)

k�0(s+ t)
f�(s)g�(t)x�s�tds dt; x > 0;

| á¢¥àâª  ¯à¥®¡à §®¢ ­¨ï â¨¯  �¥««¨­ . �®£¤  ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢® [3]

K0(f � g) = K1f �K2g: (1.4)

�à¨¬¥à 3. �à¥®¡à §®¢ ­¨î â¨¯  � ­â®à®¢¨ç -�¥¡¥¤¥¢  [7] á®®â¢¥âáâ¢ã¥â à ¢¥­áâ¢® [4]

Iki� (f � g) = (Ik1i� f) � (Ik2i� g); � 2 R: (1.5)

�¤¥áì

I
kj
i� f =

Z +1

0

Ikj(�; u)f(u)du; Ikj(�; u) =
Z +1

0

Ki� (x)kj(ux)
dxp
x
; j = 1; 3;
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k3(x) ¨ k(x) | ¯ à  á®¯àï¦¥­­ëå ï¤¥à [8], Ki� (x) | äã­ªæ¨ï � ª¤®­ «ì¤  [9], [15, [16],

(f � g)(x) =
Z +1

0

Z +1

0

�(x; y; z)f(y)g(z)dy dz; x > 0;

�(x; y; z) =
1
2

Z +1

0

Z +1

0

Z +1

0

exp
�
�1
2

�
uw

v
+
vw

u
+
uv

w

��
k3(xu)k1(yv)k2(zw)p

uvw
du dv dw:

�à¨¬¥à 4. �«ï G-¯à¥®¡à §®¢ ­¨ï [10] á¯à ¢¥¤«¨¢® à ¢¥­áâ¢® [11]

G1(f � g) = (G2f) � (G3g); (1.6)

£¤¥

(Gjf)(x) =
1
2�i

Z
�s

�j(s)f
�(s)x�sds; x > 0; j = 1; 3;

�j(s) =

mjQ
k=1

�(�jk + s)
njQ
k=1

�(1� �j
k � s)

pjQ
k=nj+1

�(�j
k + s)

qjQ
k=mj+1

�(1� �
j
k � s)

;

(f � g)(x) = 1
(2�i)2

Z
�s

Z
�t

�2(s)�3(t)
�1(s+ t)

f�(s)g�(t)x�s�tds dt;

�( � ) | £ ¬¬ -äã­ªæ¨ï [9], [15], [16].

2. �á­®¢­®¥ ®¯à¥¤¥«¥­¨¥

�ãáâì ¤ ­ë «¨­¥©­ë¥ ¨­â¥£à «ì­ë¥ ®¯¥à â®àë Kj , j = 1; 2; 3, ®â®¡à ¦ îé¨¥ ¡¨¥ªâ¨¢­®
«¨­¥©­ë¥ ¯à®áâà ­áâ¢  Uj(Xj) ­   «£¥¡àã U(X):

Fj(x) = (Kjfj)(x) =
Z
Xj

kj(x; xj)fj(xj)dxj 2 U(X) 8fj 2 Uj(Xj)

¨

fj(xj) = (K�1
j Fj)(xj) =

Z
X

k�1
j (xj ; x)Fj(x)dx 2 Uj(Xj);

£¤¥ kj(x; xj) ¨ k�1
j (xj ; x) | ï¤à  ®¯¥à â®à®¢ Kj ¨ K�1

j .
�ãáâì l, m, n | ¯®¯ à­® à §«¨ç­ë¥ ç¨á«  ¨§ ¬­®¦¥áâ¢  f1; 2; 3g, rl(x) | ä¨ªá¨à®¢ ­­ë©

í«¥¬¥­â ¨§ U(X).
�¢¥àâª  â¨¯  1. �á«¨ ¨¬¥îâ ¬¥áâ® à ¢¥­áâ¢ 

rl(x)k
�1
l (xl; x)km(x; xm) =

pX
i=1

cik
�1
n (�i(xl; xm); x);

â® á¢¥àâª¨ â¨¯  1, ¯®à®¦¤¥­­ë¥ ®¯¥à â®à ¬¨ Km, Kn, Kl ¨ ¢¥á®¢ë¬¨ äã­ªæ¨ï¬¨ rl(x) 2 U(X)
¨ ¤¥©áâ¢ãîé¨¥ ¨§ ¯à®áâà ­áâ¢  Um(Xm)� Un(Xn) ¢ Ul(Xl), ®¯à¥¤¥«¨¬ â ª:

(fm
rl� fn)(xl) =

pX
i=1

ci

Z
Xm

fm(xm)fn(�i(xl; xm))dxm;

m; n; l = 1; 2; 3; l 6= m; l 6= n; m 6= n:

(2.1)

�¢¥àâª¨ â¨¯  2. �ãáâì áãé¥áâ¢ãîâ ¨­â¥£à «ë

�l;m;n(xl; xm; xn) =
Z
X
rl(x)k

�1
l (xl; x)km(x; xm)kn(x; xn)dx;
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â®£¤  á¢¥àâª¨, ¯®à®¦¤¥­­ë¥ ®¯¥à â®à ¬¨ Km, Kn, Kl ¨ ¢¥á®¢ë¬¨ äã­ªæ¨ï¬¨ rl(x) 2 U(X),
®¯à¥¤¥«¨¬ à ¢¥­áâ¢ ¬¨

(fm
rl� fn)(xl) =

Z
Xm

Z
Xn

�l;m;n(xl; xm; xn)fm(xm)fn(xn)dxm dxn;

m; n; l = 1; 2; 3; l 6= m; l 6= n; m 6= n:

(2.2)

�¢¥àâª¨ (2.1) ¨ (2.2) ¯à¨¢®¤ïâ ª ä ªâ®à¨§®¢ ­­ë¬ á®®â­®è¥­¨ï¬

Kl(fm
rl� fn)(x) = rl(x) � (Kmfm)(x)(Knfn)(x);

á®¤¥à¦ é¨¬ ¢ á¥¡¥ ª ª ç áâ­ë¥ á«ãç ¨ (1.3) (á¢¥àâª¨ â¨¯  1), â ª ¨ (1.4){(1.6) (á¢¥àâª¨ â¨¯  2).
� ª¨¬ ®¡à §®¬, ®¯¥à â®àë Kj ®¯à¥¤¥«ïîâ, ¢®®¡é¥ £®¢®àï, âà¨ à §«¨ç­ë¥ á¢¥àâª¨.
�á«¨ Kj = K, j = 1; 3, â® ¯à¨å®¤¨¬ ª á¢¥àâª¥ (1.1).
�á«¨ ¦¥, ­ ¯à¨¬¥à, K1 = K2 6= K3, â® ¢®§­¨ª îâ ¤¢¥ á¢¥àâª¨ f1

r1� f3, f1 r3� f3, ç áâ® ¢áâà¥-
ç îé¨¥áï ¢ ¨­â¥£à «ì­ëå ãà ¢­¥­¨ïå â¨¯  á¢¥àâª¨ ¨ \íª§®â¨ç¥áª¨¥" á¢¥àâª¨ f1

r3� g1, f3 r1� g3,
¤¥©áâ¢ãîé¨¥ á®®â¢¥âáâ¢¥­­® ¯® áå¥¬ ¬

U1(X1)� U3(X3)! U1(X1); U1(X1)� U3(X3)! U3(X3);

¨

U1(X1)� U1(X1)! U3(X3); U3(X3)� U3(X3)! U1(X1):

�á«¨ ®¯¥à â®àë Ki, i = 1; 3, á¨¬¬¥âà¨ç­ë¥ (Ki = K�1
i ), â® á¢¥àâª¨ f1

r3� f2, f2 r1� f3, f1 r2� f3
®¤­®¢à¥¬¥­­® áãé¥áâ¢ãîâ ¨«¨ ­¥ áãé¥áâ¢ãîâ ¨ ¨¬¥îâ ®¤­® ¨ â® ¦¥ ï¤à®.

3. �®¢ë¥ ¯à¨¬¥àë

�à¨¢¥¤¥¬ ¤¥¢ïâì ­®¢ëå ¯à¨¬¥à®¢ á¢¥àâ®ª, ¯®áâà®¥­­ëå ¯® áå¥¬¥ ¯. 2. � ¯à¨¬¥à¥ 1 á¢¥àâª¨
â¨¯  1,   ¢ ®áâ «ì­ëå | â¨¯  2, ¯à¨ç¥¬ ¢ ¯à¨¬¥à¥ 1 ï¤à  ­¥á¨¬¬¥âà¨ç­ë¥, ¢ ¯à¨¬¥à å 2{
4 ï¤à  á¨¬¬¥âà¨ç­ë¥,   ¢ ¯à¨¬¥à å 7{9 á®¢¯ ¤ îâ ¤¢  ¨§ âà¥å ®¯¥à â®à®¢; ¢ ¯à¨¬¥à å 1{6
¯à¨­æ¨¯¨ «ì­® à §«¨ç­ëå á¢¥àâ®ª 18,   ï¤¥à | â®«ìª® è¥áâì.

�¥âàã¤­® ã¢¨¤¥âì, çâ® ¯à¨¢¥¤¥­­ë¥ ¯à¨¬¥àë ­¥ ¨áç¥à¯ë¢ îâ ¢á¥£® ¬­®¦¥áâ¢  á¢¥àâ®ª, ª®-
â®àë¥ ¬®£ãâ ¡ëâì ¯®«ãç¥­ë  ­ «®£¨ç­ë¬ ®¡à §®¬.

�à¨¬¥à 1. �ãáâì K1 = F | ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ [5], K2 = Fc, K3 = Fs | ¯à¥®¡à §®¢ ­¨ï
ª®á¨­ãá- ¨ á¨­ãá-�ãàì¥ [5]. �à¨ r1 = signx, r2 = r3 = 1, ãç¨âë¢ ï á¢®©áâ¢  ¯à¥®¡à §®¢ ­¨ï
�ãàì¥ [12] ç¥â­®© äã­ªæ¨¨ ¨«¨ ­¥ç¥â­®© ¨ ­¥ç¥â­®áâì äã­ªæ¨¨ f1, ­ ©¤¥¬, çâ®

(fm
r1� fn)(xl) =

Z +1

0

fm(u)[c1fn(jcxl � uj) + c2fn(cxl + u)]du;

£¤¥

c1 =
ip
2�
(signxl)

(l�2)(l�3)
2 sign(u� xl)

(l�1)(3�l)
2 ;

c2 =
ip
2�
(�1)l(signxl)

(l�2)(l�3)
2 ; c = (signxl)

(l�2)(l�3)
2 ;

x1 2R; x2; x3 2 R+; l;m; n = 1; 2; 3; l 6= m; l 6= n; m 6= n:
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�à¨¬¥à 2. �ãáâì K1 = Fs ¨K3 = Fc | á¨­ãá- ¨ ª®á¨­ãá-¯à¥®¡à §®¢ ­¨ï �ãàì¥ [5], K2 = J
 ,
Re 
 > � 1

2
| ¯à¥®¡à §®¢ ­¨¥ � ­ª¥«ï [5]. �à¨ r2 = t�1, r1 = r3 = 1 ¨§ ä®à¬ã«ë 2.12.15.2 ([13],

á.192) ­ ©¤¥¬, çâ®

�2(x1; x2; x3) =
Z +1

0
sin(x1t) cos(x3t)J
(x2t)dt =

=

8>>>>>>>>>>>><
>>>>>>>>>>>>:

cos 
�
2

2
x
2

h
x1+x3+

p
(x1+x3)2�x22p

(x1+x3)2�x22
+

x1�x3+
p

(x1�x3)2�x22p
(x1�x3)2�x22

i
; x2 < x1 � x3;

sin
�

 arcsin

x1�x3
2

�
2
p

x22�(x1�x3)2
+

x
2

�
x1+x3+

p
(x1+x3)2�x22

�
2
p

(x1+x3)2�x22
; jx2 � x1j < x3;

sin
�

 arcsin

x1+x3
2

�
2
p

x22�(x1+x3)2
+

sin
�

 arcsin

x1�x3
2

�
2
p

x22�(x1�x3)2
; x1 + x3 < x2:

�«¥¤®¢ â¥«ì­®, á¢¥àâª¨ ¨¬¥îâ ¢¨¤

(fm
rl� gn)(xl) = 2

�

Z +1

0

Z +1

0

�2(x1; x2; x3)fm(xm)gn(xn)x
j sin l�

2 j
2 dxm dxn; m; n; l = 1; 2; 3:

�à¨¬¥à 3. �á«¨K1 = J�, K3 = J�, £¤¥ � 6= �, Re � > � 1
2
, Re� > � 1

2
,  K2 = K�1

i� | ®¡à â­®¥
¯à¥®¡à §®¢ ­¨¥ � ­â®à®¢¨ç -�¥¡¥¤¥¢  [7], â® ¢ á¨«ã ä®à¬ã«ë 2.16.37 ¨§ ([13], á.391) ¨¬¥¥¬

�3(x1; x2; x3) =
Z +1

0

J�(x1t)J�(x3t)Kix2(t)dt =
x�1x

�
3

2
�

"
1+�+�+ix2

2
1+�+��ix2

2

1 + � 1 + �

#
A�;�(u)A�;�(v);

£¤¥

A�;�(u) = 2F1

�
�+ �+ ix2

2
;
�+ �� ix2

2
; �+ 1; u

�
;

u =
1� x21 + x23 �

p
(1� x21 + x23)2 + 4x21
2

; v =
1 + x21 � x23 �

p
(1 + x21 � x23)2 + 4x23
2

;

2F1(a; b; c; z) | £¨¯¥à£¥®¬¥âà¨ç¥áª ï äã­ªæ¨ï [9], [15], [16]. �âáî¤ 

(fm
rl� gn)(xl) =

Z +1

0

Z +1

0

�3(x1; x2; x3)xmxnfm(xm)gn(xn)(sh �x2)
j sin l�

2 jdxm dxn;

£¤¥ r1 = r3 = t�1, r2 = 1.

�à¨¬¥à 4. �ãáâì (á¬. [8])

(K2f)(x) = � 2
�

Z +1

0

xy sin(xy)f(y)dy

| ¯à¥®¡à §®¢ ­¨¥ á äã­ªæ¨¥© ¨­â¥£à «ì­®£® á¨­ãá  [9], [15], [16] ¢ ï¤à¥, â®£¤  [8]

(K�1
2 f)(y) =

Z +1

0

�
sin(xy)
xy

+ cos(xy)
�
�f(x)dx:

�á«¨ K1 = Fc,   K3 = L| ¯à¥®¡à §®¢ ­¨¥ � ¯« á  [5], â® ¨§ ä®à¬ã«ë 2.6.5.2 ¢ ([13], á.87) ¡ã¤¥¬
¨¬¥âì

�4(x1; x2; x3) =
Z +1

0

e�x3t cos(x1t) sin(x2t)dt =

� 1
2(x1 + x3)

arctg
x3 + ix1

x2
� 1
2(x3 � ix1)

arctg
x3 � ix1

x2
; x1; x2;Re x3 > 0:
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�«¥¤®¢ â¥«ì­®,

(fm
�rl� gn)(xl) = �

� 2
�

�3=2 Z +1

0

Z +1

0

�4(x1; x2; x3)x2fm(xm)gn(xn)dxm dxn;

£¤¥ �rl = t�1, l = 1; 3.

�à¨¬¥à 5. �ãáâì K1 = L, K2 =
�Fs
Fc

	
, K3 = J
 , Re 
 > � 1

2
. �®£¤ , ¨á¯®«ì§ãï ä®à¬ã«ã

2.12.25.3 ¨§ ([13], á.204), ¯®«ãç¨¬

�5(x1; x2; x3) =
Z +1

0

t�1e�x1t
(
sin(x2t)
cos(x2t)

)
J
(x3t)dt =

(2x3)





�
c+

q
c2 � 2x23

��
(sin�
cos�

)
;

� = 
 arcsin
2x2
c
; c =

q
x21 + (x2 + x3)2 +

q
x21 + (x2 � x3)2; Re 
 >

(
1
2

0

)
:

�âáî¤  ¯à¨ r2 = t�1, r3 = t�2 ­ ©¤¥¬, çâ®

(f1
rl� gn)(xl) =

r
2
�

Z +1

0

Z +1

0
�5(x1; x2; x3)x

3�l
3 f1(x1)gndx1 dxn; n; l = 2; 3;

f2
�r1� g3)(x1) =

r
2
�

Z +1

0

Z +1

0

�5(x1; x2; x3)x3f2(x2)g3(x3)dx2 dx3;

£¤¥ �r1 = t�1.

�à¨¬¥à 6. �à¨ K1 = L, K2 = J�, K3 = J
 , � 6= 
, Re� > � 1
2
, Re 
 > � 1

2
¢ á¨«ã ä®à¬ã«ë

2.12.38.4 ¨§ ([13], á.222)

�6(x1; x2; x3) =
Z +1

0
t��1e�x1tJ�(x2t)J
(x3t)dt =

x
�
2x



3

2�+
x�+�+
1

�

"
�+ �+ 


�+ 1 
 + 1

#
F4

�
�+ �+ 


2
;
�+ �+ 
 + 1

2
; �+ 1; 
 + 1; �x21

x23
; �x22

x23

�
;

Rex1 > 0; Re(�+ �+ 
) > 0;

F4(a; b; c; d; x; y) | £¨¯¥à£¥®¬¥âà¨ç¥áª ï äã­ªæ¨ï [9], [15], [16]. �®íâ®¬ã

(f1
rl� gn)(xl) =

Z +1

0

Z +1

0

�6(x1; x2; x3)xnf1(x1)gn(xn)dx1 dxn; n; l = 2; 3;

�r1 = t��1; rl = t��2; n 6= l; Re� > 0;

(f2
�r1� g3)(x1) =

Z +1

0

Z +1

0

�6(x1; x2; x3)x2x3f2(x2)g3(x3)dx2 dx3:

�à¨¬¥à 7. �ãáâì â¥¯¥àì K1 = K2 = J
 , Re 
 > � 1
2
, K3 = L, â®£¤ , ¨á¯®«ì§ãï ä®à¬ã«ã

2.12.38.1 ¨§ ([13], á.218), ï¤à® § ¯¨è¥¬ â ª:

�7(x1; x2; x3) =
Z +1

0

e�x3tJ
(x1t)J
(x2t)dt =
1

�
p
x1x2

Q
�1=2

�
x21 + x22 + x23

2x1x2

�
;

£¤¥ Re x3 > 0, Q
(z) | äã­ªæ¨ï �¥¦ ­¤à  2-£® à®¤  [9], [15], [16]. �âáî¤  á«¥¤ã¥â, çâ® ¯à¨
r2 = t�1, �r3 = 1

(f1
r2� g3)(x2) =

Z +1

0

Z +1

0

�7(x1; x2; x3)x1f1(x1)g3(x3)dx1 dx3;

(f1
�r3� g2)(x3) =

Z +1

0

Z +1

0

�7(x1; x2; x3)x1x2f1(x1)g2(x2)dx1 dx2:
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�à¨¬¥à 8. �à¨ K1 = J
 , Re 
 > � 1
2
, K2 = K3 = K�1

i� , ãç¨âë¢ ï ä®à¬ã«ã 2.16.43.1 ¨§ ([13],
á.399), ®¯à¥¤¥«¨¬ ï¤à®

�8(x1; x2; x3) =
Z +1

0

t��1J
(x1t)Kix2(t)Kix3(t)dt =
2��3x



1

�(
 + 1)
[A(ix2) +A(�ix2)];

¢ ª®â®à®¬

A(�) = �[��; u; v]F4(u; v; 
 + 1; 1 + �; �x21; 1); � = ix2; �ix2;

u =
�+ 
 + i(x2 � x3)

2
; v =

�+ 
 + i(x2 + x3)
2

; Re(�+ 
) > 0:

�âáî¤ 

(fm
rl� g3)(xl) =

Z +1

0

Z +1

0

�8(x1; x2; x3)xmx3fm(xm)g3(x3) sh(�x3)(sh�xm)sin
l�
2 dxm dx3;

£¤¥ r1 = t��2, r2 = t��1, m; l = 1; 2.

�à¨¬¥à 9. �®«®¦¨¬ K1 = K2 = J�, K3 = J
 , � 6= 
, Re� > � 1
2
, Re 
 > � 1

2
, ¢®á¯®«ì§ã¥¬áï

ä®à¬ã«®© 2.12.42.11 ¨§ ([13], á.229). � íâ®¬ á«ãç ¥

�9(x1; x2; x3) =
Z +1

0
x1�
J
(x3t)J�(x1t)J�(x2t)dt =

=

8>>>>>>>>>>><
>>>>>>>>>>>:

0; 0 < x3 < jx1 � x2j;

(x1x2)

�1

p
2� x
3

sin
�1=2 �P
1=2�

��1=2 (cos v); jx1 � x2j < x3 < x1 + x2;

2x1x2 cos v = x21 + x22 � x23;

�
q

2
�3

(x1x2)

�1

x
3
sh
�1=2 u sin(�(�� 
))e

i�
2 (2
�1)Q

1=2�

��1=2(ch u); x3 > x1 + x2;

2x1x2 ch u = x23 � x21 � x22;

£¤¥ P �

 (x) | ¯à¨á®¥¤¨­¥­­ ï äã­ªæ¨ï �¥¦ ­¤à  1-£® à®¤  [9], [15], [16] ¨

(f1
ri� g3)(xi) = xi

Z +1

0

Z +1

0

�9(x1; x2; x3)x1x3f1(x1)g3(x3)dx1 dx3; ri = t�1�
; i = 1; 3:

4. �à¨«®¦¥­¨¥ ª ¨­â¥£à «ì­ë¬ ãà ¢­¥­¨ï¬

�ãáâì 'j | ¨áª®¬ë¥ äã­ªæ¨¨; fj, gj , hj , �j | ¨§¢¥áâ­ë¥ äã­ªæ¨¨, ¯à¨­ ¤«¥¦ é¨¥ Uj(Xj);
rij | ¢¥á®¢ë¥ äã­ªæ¨¨; �ij | ª®¬¯«¥ªá­ë¥ ¯®áâ®ï­­ë¥ ç¨á« .

�¨¦¥ à áá¬ âà¨¢ ¥âáï á«¥¤ãîé ï ®¡é ï áå¥¬  ¨­â¥£à «ì­ëå ãà ¢­¥­¨© á® á¢¥àâª ¬¨:

'1 + �12('2

r12� f3) + �13(f2
r13� '3) = �1;

�21('1

r21� g3) + '2 + �23(g1
r23� '3) = �2;

�31('1
r31� h2) + �32(h1

r32� '2) + '3 = �3:

(4.1)

�¥®à¥¬  1. �ãáâì áãé¥áâ¢ãîâ Pij 2
8<
:Ui(Xi); j = i;

Ut(Xt); j 6= i; t 6= i; t 6= j
, â ª¨¥, çâ®

�ij

rij�
=

8<
:kiPii; j = i;

KtPti; j 6= i; t 6= i; t 6= j;
i = 1; 3; j = 1; 3; t = 1; 3;
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£¤¥ � = det(aij) 6= 0, aij = �ijrijKtqit, i 6= t, j 6= t, �ii = 1, i = 1; 3, q1t = ft, q2t = gt, q3t = ht,

�ij |  «£¥¡à ¨ç¥áª®¥ ¤®¯®«­¥­¨¥ ª í«¥¬¥­âã aij ®¯à¥¤¥«¨â¥«ï �, â®£¤  á¨áâ¥¬  (4.1) ¨¬¥¥â
à¥è¥­¨¥ ' = ('1; '2; '3), ¢ ª®â®à®¬

'1 = �1
r11� p11 � �2

r12� p32 + �3
r13� p23;

'2 = ��1 r21� p31 + �2
r22� p22 � �3

r23� p13;

'3 = �1
r31� p21 � �2

r32� p12 + �3
r33� p33:

�«¥¤áâ¢¨¥ 1. �¨áâ¥¬  ¤¢ãå ãà ¢­¥­¨©

'1 + �1('2

r1� f3) = �1; �2('1

r2� g3) + '2 = �2;

¯à¨ áãé¥áâ¢®¢ ­¨¨ q1 2 U1(X1), p2 2 U2(X2), p3; q3 2 U3(X3), r, s, â ª¨å, çâ®

K3f3 = � � (K3q3); K3g3 = � � (K3p3); r� � (K1q1) = 1; s� � (K2p2) = 1;

� = det

 
1 �1r1(K3f3)

�2r2(K3q3) 1

!
6= 0;

¨¬¥¥â à¥è¥­¨¥
'1 = �1

r� q1 � �1�2
r1� q3; '2 = �2

s� p2 � �2�1
r2� p3:

�«¥¤áâ¢¨¥ 2. �ãáâì áãé¥áâ¢ã¥â äã­ªæ¨ï q2 2 U2(X2) â ª ï, çâ® � K2f2
1+r1(K2f2)

= K2q2, â®£¤ 

¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ '1 + �('1

r1� f2) = h1 ¨¬¥¥â à¥è¥­¨¥ '1 = h1 + �(h1
r1� q2).

�«¥¤áâ¢¨¥ 3. �á«¨ áãé¥áâ¢ãîâ äã­ªæ¨¨ r1 ¨ q2 2 U2(X2) â ª¨¥, çâ® 1
r3(K2f2)

= r1(K2q2), â®

¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �('1

r3� f2) = h3 ¨¬¥¥â à¥è¥­¨¥ '1 = 1
�
(q2

r1� h3), � 6= 0.

�¥à¥¤ ¯à¨¢¥¤¥­¨¥¬ ¤àã£¨å ¯à¨¬¥à®¢ ¯®­ ¤®¡¨âáï á«¥¤ãîé ï â¥®à¥¬ , ®â­®áïé ïáï ª á¢¥àâ-
ª ¬ ¨§ ¯à¨¬¥à  1.

�¥®à¥¬  2. �ãáâì fi 2 L1(Xi), £¤¥ X1 = R, X2 = X3 = R+. �®£¤  á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥

ãâ¢¥à¦¤¥­¨ï.

1. f2
r1� f3 áãé¥áâ¢ã¥â ¨ ¯à¨­ ¤«¥¦¨â L1(R), ¯à¨ç¥¬

F (f2
r1� f3)(x) = signx(Fcf2)(jxj)(Fsf3)(jxj):

2. �á«¨ f1 ­¥ç¥â­ ï, â® á¢¥àâª¨ f1
r2� f3, f1

r3� f2 áãé¥áâ¢ãîâ ¨ ¯à¨­ ¤«¥¦ â L1(R+),
¯à¨ç¥¬ ¨¬¥îâ ¬¥áâ® à ¢¥­áâ¢ 

Fc(f1
r2� f3)(x) = (F+f)(x)(Fsf3)(x); Fs(f1

rr� f2)(x) = (F+f)(x)(Fcf2)(x);

£¤¥ (F+f)(x) | áã¦¥­¨¥ ¯à¥®¡à §®¢ ­¨ï �ãàì¥ ­  ¯®«ã®áì x � 0.

�®ª § â¥«ìáâ¢®. �§ ¯à¨¬¥à  1 ¨¬¥¥¬

(f2
r1� f3)(x) = ip

2�
signx

Z +1

0

f2(u)[f3(
��jxj � u

��)� f3(
��jxj+ u

��)]du:
�ë¯®«­¨¢ § ¬¥­ã ¯¥à¥¬¥­­ëå u = s, u� jxj = t(u+ jxj = t), ¯®«ãç¨¬Z +1

�1

���(f2 r1� f3)(x)
��� jdxj � 1p

2�

Z +1

�1

Z +1

0
jf2(u)j

��f3(��jxj � u
��)� f3(jxj+ u)

�� jdxjdu �
�
r
2
�

Z +1

0
jf2(s)jds

Z +1

�1

��f3(jtj)�� jdtj = 2

r
2
�

Z +1

0
jf2(s)jds

Z +1

0
jf3(t)jdt < +1;
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â.¥. f2
r1� f3 2 L1(R). � ¤àã£®© áâ®à®­ë ¨¬¥¥¬

F (f2
r1� f3) = 1p

2�

Z +1

�1
eixt

1p
2�

sign t
Z +1

0

f2(u)
��f3(��jtj � u

��)� f3(jtj+ u)
��du dt =

1p
2�

Z +1

�1
eixt

1p
2�

Z +1

�1
e�iru signu(Fcf2)(juj)(Fsf3)(juj)du = signx(Fcf2)(jxj)(Fsf3)(jxj):

�®á«¥¤­¥¥ à ¢¥­áâ¢® á«¥¤ã¥â ¨§ â®£®, çâ® äã­ªæ¨ï signx(Fcf2)(jxj) � (Fsf3)(jxj) ã¤®¢«¥â¢®àï¥â
ãá«®¢¨ï¬ �¨à¨å«¥ ¢ ¨­â¥à¢ «¥ (+1;�1) ¨ ­¥¯à¥àë¢­  ¢ íâ®¬ ¨­â¥à¢ «¥. �¥à¢®¥ ãâ¢¥à¦¤¥­¨¥
¯®«­®áâìî ¤®ª § ­®. �­ «®£¨ç­® ¬®¦¥â ¡ëâì ¯®«ãç¥­® ¨ ¢â®à®¥ ãâ¢¥à¦¤¥­¨¥.

�«¥¤áâ¢¨¥ 4. �à¨ ãá«®¢¨¨ â¥®à¥¬ë 2 á¢¥àâª  (1.4) áãé¥áâ¢ã¥â ¨ ¯à¨­ ¤«¥¦¨â L1(R+), ¨
¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢® (1.3).

�à¨¬¥à 1. �  ®á­®¢ ­¨¨ ä®à¬ã« 3.548.3 ¨ 3.522.2 ¨§ ([14], áá.148, 190 ¨ â¥®à¥¬ë 1.2) á¨áâ¥¬ 
âà¥å ãà ¢­¥­¨©

'1(y) + �12

Z +1

0
A1

�1
u

�
(y)'2(u)du+ �13

Z +1

0

tg u
u

A1('3(u))(y)du = �1(y);

�21

Z +1

0

A2

�1
u

�
(x)'1(u)du+ '2 + �23

Z +1

0

1
u
A2('3(u))(x)du = �2(x);

�31

Z +1

0
A3

�tg u
u

�
(x)'1(u)du+ �32

Z +1

0

1
u
A3('2(u))(x)du + '3(x) = �3(x);

£¤¥ �1, '1 ­¥ç¥â­ë¥; �i 2 L1(Xi), i = 1; 3, ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ �¨à¨å«¥ ¨ ­¥¯à¥àë¢­ë,

Aj(f(u))(x) =

8>><
>>:

1p
2�
signx[f(

��jxj � u
��)� f(jxj+ u)]; j = 1;

1p
2�
[sign(u� x)f(jx� uj) + f(x+ u)]; j = 2;

1p
2�
[f(jx� uj)� f(x+ u)]; j = 3;

� = det

0
BBB@

1
q

�
2
�12 sign y

q
�
2
�13 sign yq

�
2
�21 1 i

q
�
2
�23q

�
2
�31 i

q
�
2
�32 1

1
CCCA 6= 0;

¨¬¥¥â à¥è¥­¨¥

'1(y) =
�11

�
�1(y)�

r
2
�
sign y

�21

�

�
�2

r1� 1
u

�
(y) +

r
2
�
sign y

�31

�

�
tg u
u

r1� �3
�
(y);

'2(x) = �
r
2
�

�12

�

�
�1

r2� 1
u

�
(x) +

�22

�
�2(x) + i

r
2
�

�32

�

�
1
u

r2� �3
�
(x);

'3(x) =

r
2
�

�13

�

�
�1

r3� tg u
u

�
(x) + i

r
2
�

�23

�

�
1
u

r3� �2
�
(x) +

�33

�
�3(x);

x > 0; y 2 R:

�âáî¤  ¨ ¨§ â¥®à¥¬ë 2 ¢ëâ¥ª ¥â, çâ® 'i 2 L1(Xi), i = 1; 3.

�à¨¬¥à 2. �á¯®«ì§ãï ä®à¬ã«ã 3.522.2 ¨§ ([14], á.190) ¨ á«¥¤áâ¢¨¥ 1, ­ ©¤¥¬, çâ® á¨áâ¥¬ 
¤¢ãå ãà ¢­¥­¨©

'2(x) + i�2

r
2
�

Z +1

0

u

u2 � x2
'3(u)du = �2(x);

�3
ip
2�

Z +1

0

1
u
['2(jx� uj)� '2(x+ u)]du+ '3(x) = �3(x); x > 0;
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¯à¨ 1 + �
2
�2�3 6= 0, £¤¥ �2(x); �3(x) 2 L1(R+), ­¥¯à¥àë¢­ë¥ ¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ �¨à¨å«¥,

à §à¥è¨¬  ¨

'2(x) =
2

2 + �2�3�

�
�2(x) + i

r
2
�
�2

�
1
u

r2� �3
�
(x)
�
;

'3(x) =
2

2 + �2�3�

�
�3(x) + i

r
2
�
�3

�
1
u

r3� �2
�
(x)
�
;

¯à¨ç¥¬ íâ¨ à¥è¥­¨ï â ª¦¥ ¯à¨­ ¤«¥¦ â L1(R+).

�à¨¬¥à 3. � á¨«ã ä®à¬ã«ë 3.548.3 ¨§ ([14], á.198) ¨ á«¥¤áâ¢¨© 4 ¨ 2 äã­ªæ¨ï '(x) = 1
2
�(x)

¤ ¥â à¥è¥­¨¥ ãà ¢­¥­¨ï

'(x) +
2
�

Z +1

0

'(u)
�
tg(x� u)
x� u

� tg(x+ u)
x+ u

�
du = �(x); x > 0;

äã­ªæ¨ï �(x) 2 L1(R+) ­¥¯à¥àë¢­ ï ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ �¨à¨å«¥.

�à¨¬¥à 4. �à¨¬¥­ïï ä®à¬ã«ã 3.522.2 ¨§ ([14], á.190) ¨ á«¥¤áâ¢¨¥ 3, ã¡¥¤¨¬áï, çâ® ¨­â¥-
£à «ì­®¥ ãà ¢­¥­¨¥ â¨¯  á¢¥àâª¨

i

r
2
�

Z +1

0

'(u)
u

u2 � x2
du = �(x); x > 0;

£¤¥ �(x) 2 L1(R+), ¨¬¥¥â à¥è¥­¨¥ ¢ L1(R+), ¯à¥¤áâ ¢¨¬®¥ ¢ ¢¨¤¥

'(x) = � 2
�

�
�
r3� 1

u

�
(x):

�¨â¥à âãà 
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