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�¥«¨¥©ë¥ ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï ¢â®à®£® ¯®àï¤ª  ï¢«ïîâáï ¡ §®¢ë¬¨ ¯à¨ ¬®¤¥-
«¨à®¢ ¨¨ ¬®£¨å ¯à¨ª« ¤ëå § ¤ ç. � ¦®¥ ¬¥áâ® áà¥¤¨ ¨å § ¨¬ îâ ãà ¢¥¨ï á ¥«¨-
¥©®© § ¯ §¤ë¢ îé¥© ®¡à â®© á¢ï§ìî [1]{[6]. � à ¡®â¥  á¨¬¯â®â¨ç¥áª¨¬¨ ¬¥â®¤ ¬¨ ¨§ãç ¥â-
áï ¤¨ ¬¨ª  â ª¨å ãà ¢¥¨©, ª®â®àë¥ á®¤¥à¦ â ¬ «ë© ¯ à ¬¥âà, å à ªâ¥à¨§ãîé¨© ¯®â¥à¨
(âà¥¨¥, ¤®¡à®â®áâì ä¨«ìâà ). �®ª § ®, çâ® ®¤®¢à¥¬¥® ¬®£ãâ áãé¥áâ¢®¢ âì «®ª «ìë¥ ¨
¥«®ª «ìë¥ æ¨ª«ë,  ©¤¥   á¨¬¯â®â¨ª  ¨ ¨áá«¥¤®¢   ãáâ®©ç¨¢®áâì. �à¨¢¥¤¥ áà ¢¨â¥«ì-
ë©   «¨§ ¤¨ ¬¨ç¥áª¨å á¢®©áâ¢ ãà ¢¥¨© á à §«¨çë¬¨ ¥«¨¥©®áâï¬¨. �á¥ ¤¨ ¬¨ç¥áª¨¥
íää¥ªâë ®¡ãá«®¢«¥ë  «¨ç¨¥¬ § ¯ §¤ë¢ ¨ï.

� áá¬ âà¨¢ ¥âáï ¢®¯à®á ® ¤¨ ¬¨ª¥ à¥è¥¨© ãà ¢¥¨©

�x+ " _x+ !2x = F (x(t� T )) (0.1)

¨

�x+ " _x+ !2x =
d

dt
F (x(t� T )): (0.2)

�¤¥áì T > 0,   ¯®«®¦¨â¥«ìë© ¯ à ¬¥âà ", å à ªâ¥à¨§ãîé¨© § âãå ¨¥ «¨¥©®£® ®áæ¨««ïâ®à 
(¯®â¥à¨), ¯à¥¤¯®« £ ¥âáï ¤®áâ â®ç® ¬ «ë¬

0 < "� 1: (0.3)

�á®¢®¥ ¯à¥¤¯®«®¦¥¨¥ ® ¥«¨¥©®© äãªæ¨¨ F (x) § ª«îç ¥âáï ¢ â®¬, çâ® ®  ¨¬¥¥â \¯à®-
áâ®¥" ¯®¢¥¤¥¨¥   ¡¥áª®¥ç®áâ¨, â. ¥. ¤«ï ¥ª®â®à®£® p > 0

F (x) =

8>><>>:
f1 ¯à¨ x � �p;
f0(x) ¯à¨ jxj < p;

f2 ¯à¨ x � p:

�à®¬¥ íâ®£®, ã¤®¡® áç¨â âì, çâ® äãªæ¨ï F (x) ¤®áâ â®ç® £« ¤ª ï. � ª ç¥áâ¢¥ ä §®¢®£® ¯à®-
áâà áâ¢  ä¨ªá¨àã¥¬ C[�T;0] �R1.

�®áâ ¢¨¬ § ¤ çã  á¨¬¯â®â¨ç¥áª®£® ¯à¨ ãá«®¢¨¨ (0.3) ¨§ãç¥¨ï ¤¨ ¬¨ç¥áª¨å á¢®©áâ¢ à¥è¥-
¨© ãà ¢¥¨© (0.1) ¨ (0.2). � x 1 ¡ã¤¥â ¯à¨¢¥¤¥ «®ª «ìë© | ¢ ®ªà¥áâ®áâ¨ á®áâ®ï¨© à ¢-
®¢¥á¨ï |   «¨§ ¯®¢¥¤¥¨ï à¥è¥¨© à áá¬ âà¨¢ ¥¬ëå ãà ¢¥¨©,   ¢ x x 2, 3 ¡ã¤ãâ ¨§ãç¥ë
à¥è¥¨ï,  ¬¯«¨âã¤ë ª®â®àëå ¥®£à ¨ç¥® à áâãâ ¯à¨ "! 0.

1. �®ª «ìë©   «¨§ à¥è¥¨©

� ç «  ®â¬¥â¨¬, çâ® ª®«¨ç¥áâ¢® ¯ à ¬¥âà®¢ ¢ ãà ¢¥¨ïå (0.1) ¨ (0.2) ¬®¦® ã¬¥ìè¨âì.
�¤®¡® á¤¥« âì § ¬¥ã ¢à¥¬¥¨ !t = � ¨ ¯¥à¥®¡®§ ç¨âì � ! t, "!�1 ! ", !�1T ! T ¨ !�2F ! F
¢ ãà ¢¥¨¨ (0.1) ¨ !�1F ! F ¢ ãà ¢¥¨¨ (0.2). � ¨â®£¥ ¯®«ãç¨¬ á®®â¢¥âáâ¢¥® ãà ¢¥¨ï

�x+ " _x+ x = F (x(t� T )) (1.1)
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¨

�x+ " _x+ x =
d

dt
F (x(t� T )): (1.2)

�ãáâì x0 | á®áâ®ï¨¥ à ¢®¢¥á¨ï ãà ¢¥¨ï (1.1) ¨«¨ (1.2) (¢ ¯®á«¥¤¥¬ á«ãç ¥ ¥®¡å®¤¨¬®
x0 = 0 ). � íâ®¬ ¯ à £à ä¥ ¨áá«¥¤ã¥¬ ¢®¯à®á ® ¯®¢¥¤¥¨¨ à¥è¥¨© ¢ ¤®áâ â®ç® ¬ «®©, ®
¥ § ¢¨áïé¥© ®â " ®ªà¥áâ®áâ¨ x0 (â¥¬ á ¬ë¬, ¨ä®à¬ æ¨ï ® ¯®¢¥¤¥¨¨ äãªæ¨¨ F (x) ¢¥
®ªà¥áâ®áâ¨ x0 ¥ ¨á¯®«ì§ã¥âáï). � ¯®¬¨¬, çâ® ¢®¯à®á ®¡ ãáâ®©ç¨¢®áâ¨ á®áâ®ï¨ï à ¢®¢¥á¨ï
x0 á¢ï§  á à á¯®«®¦¥¨¥¬ ª®à¥© å à ªâ¥à¨áâ¨ç¥áª¨å ª¢ §¨¯®«¨®¬®¢ ¯à¨ " = 0

�2 + 1 = a exp (��T ) (1.3)

¨

�2 + 1 = �a exp (��T ) (1.4)

¤«ï ãà ¢¥¨© (1.1) ¨ (1.2) á®®â¢¥âáâ¢¥®, £¤¥ a = F 0(x0). � â¥å á«ãç ïå, ª®£¤  ¢á¥ ª®à¨ ¨¬¥îâ
®âà¨æ â¥«ìë¥ ¢¥é¥áâ¢¥ë¥ ç áâ¨, á®áâ®ï¨¥ à ¢®¢¥á¨ï x0  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®, ¨ ¢á¥
à¥è¥¨ï á  ç «ìë¬¨ ãá«®¢¨ï¬¨ ¨§ ¥ª®â®à®© (¬ «®©, ® ¥ § ¢¨áïé¥© ®â " ) ¥£® ®ªà¥áâ®áâ¨
áâà¥¬ïâáï ª x0 ¯à¨ t ! 1. �á«¨ ¦¥  ©¤¥âáï ª®à¥ì á ¯®«®¦¨â¥«ì®© ¢¥é¥áâ¢¥®© ç áâìî,
â® § ¤ ç  ¨§ãç¥¨ï ¤¨ ¬¨ª¨ ¯à¨ ãá«®¢¨¨ (0.3) áâ ®¢¨âáï ¥«®ª «ì®©: ¢ áª®«ì ã£®¤® ¬ «®©
®ªà¥áâ®áâ¨ x0  ©¤¥âáï à¥è¥¨¥, ¯®ª¨¤ îé¥¥ ¥ª®â®àãî ä¨ªá¨à®¢ ãî ®ªà¥áâ®áâì x0.

�¨¦¥ ¡ã¤ãâ ¨§ãç¥ë á¨âã æ¨¨, ª®£¤  å à ªâ¥à¨áâ¨ç¥áª¨© ª¢ §¨¯®«¨®¬ ¨¬¥¥â ª®à¨ á ã-
«¥¢®© ¢¥é¥áâ¢¥®© ç áâìî ¨ ¥ ¨¬¥¥â ª®à¥© á ¯®«®¦¨â¥«ì®©.

1. �¨¥©ë©   «¨§. �áâ ®¢¨¬áï á ç «    ¨§ãç¥¨¨ ª¢ §¨¯®«¨®¬  (1.3). �à¨ a = 0
¨¬¥¥¬ ¯ àã ç¨áâ® ¬¨¬ëå ª®à¥© �� = �i, ¯à¨ç¥¬

d

da
Re��(a)

����
a=0

= � sinT (��(0) = ��):

� «¥¥ ®â¬¥â¨¬, çâ® ¥á«¨ ¥ª®â®àë© ª®à¥ì �k ãà ¢¥¨ï (1.3) ¯à¨ § ç¥¨¨ ¯ à ¬¥âà  a = ak
¯à¨¨¬ ¥â ç¨áâ® ¬¨¬®¥ § ç¥¨¥ i�k (�k � 0), â® ¨§ (1.3) ¯®«ãç¨¬

�k = �kT�1; (�1)kak = �(�T�1)2k2 + 1 (k = 0; 1; : : : ):

� ¦® ¨¬¥âì ¢ ¢¨¤ã, çâ® ¯à¨ ã¢¥«¨ç¥¨¨ jaj,  ç¨ ï ®â § ç¥¨ï a = ak 6= 0, ª®à¥ì �k = �k(a)
¯¥à¥å®¤¨â ¨§ «¥¢®© ª®¬¯«¥ªá®© ¯®«ã¯«®áª®áâ¨ ¢ ¯à ¢ãî, ¯®áª®«ìªã

d

da
Re �k(a)

����
a=ak

= akT

�
4
�
�

T

�2

k2 + a2kT
2

��1
:

�âáî¤  ¢ëâ¥ª ¥â ¢ ¦ë© ªà¨â¥à¨© ãáâ®©ç¨¢®áâ¨ x0 (¯à¨ ¤®áâ â®ç® ¬ «ëå ") ¢ â¥à¬¨ å ª®-
íää¨æ¨¥â®¢ a ¨ T .

�ãáâì
2�m < T < (2m+ 1)�:

�®£¤  ¯à¨ ãá«®¢¨¨

0 < a < min(a2m; a2m+1) (a2m > 0; a2m+1 > 0) (1.5)

¢á¥ ª®à¨ ª¢ §¨¯®«¨®¬  (1.3) ¨¬¥îâ ®âà¨æ â¥«ìë¥ ¢¥é¥áâ¢¥ë¥ ç áâ¨,   ¯à¨ ãá«®¢¨¨ a < 0
¨«¨ a > min(a2m; a2m+1)  ©¤¥âáï ª®à¥ì á ¯®«®¦¨â¥«ì®© ¢¥é¥áâ¢¥®© ç áâìî. �«ï á«ãç ï,
ª®£¤ 

(2m� 1)� < T < 2m�; (1.6)
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  «®£¨çë¥ ãá«®¢¨ï¬ (1.5) ¥à ¢¥áâ¢  ¨¬¥îâ ¢¨¤

max(a2m�1; a2m) < a < 0 (a2m�1; a2m < 0): (1.7)

� áá¬®âà¨¬ § â¥¬ ãà ¢¥¨¥ (1.4). �ãáâì, ª ª ¨ ¢ëè¥, ��(a) | â ª®© ¥£® (£« ¤ª¨© ¯® a)
ª®à¥ì, çâ® ��(0) = �i. �®£¤ 

dRe ��(a)
da

����
a=0

=
1
2
cosT: (1.8)

�«ï § ç¥¨© �k (�k = i�k) ¨ ak ¯®«ãç ¥¬ à ¢¥áâ¢ 

�k = �T�1(k + 1
2
); (�1)kak = (1� �2k)�

�1
k (k = 0; 1; : : : ): (1.9)

�áâ «®áì ®â¬¥â¨âì, çâ®

d

da
Re �k(a)

����
a=ak

= �2k(1� �2k)T [a(�
2
kT

2(1� �2k)
2 + (1 + �2k)

2)]�1: (1.10)

�§ ä®à¬ã« (1.8){(1.10) ¯®«ãç ¥¬ á«¥¤ãîé¨© ªà¨â¥à¨© ãáâ®©ç¨¢®áâ¨ á®áâ®ï¨ï à ¢®¢¥á¨ï
x0 = 0. �ãáâì

0 < T <
�

2
:

�®£¤  ¯à¨ ãá«®¢¨¨

a0 < a < 0 (1.11)

¢á¥ ª®à¨ ª¢ §¨¯®«¨®¬  (1.4) ¨¬¥îâ ®âà¨æ â¥«ìë¥ ¢¥é¥áâ¢¥ë¥ ç áâ¨,   ¯à¨ a > 0 ¨«¨
a < a0  ©¤¥âáï ª®à¥ì á ¯®«®¦¨â¥«ì®© ¢¥é¥áâ¢¥®© ç áâìî. � á«ãç ¥, ª®£¤ 

(2m� 1)�
2

< T <
(2m+ 1)�

2
; (1.12)

  «®£¨çë¥ (1.11) ¥à ¢¥áâ¢  ¨¬¥îâ ¢¨¤

max(am�1; am) < a < 0 ¯à¨ m ç¥âëå;

0 < a < min(am�1; am) ¯à¨ m ¥ç¥âëå:
(1.13)

�â¥à¥á® ®â¬¥â¨âì, çâ® ¯à¨ á®®â¢¥âáâ¢ãîé¨å § ç¥¨ïå a ¯à¨ ã¢¥«¨ç¥¨¨ ¢à¥¬¥¨ § ¯ §¤ë¢ -
¨ï T ¬®¦¥â ¯à®¨áå®¤¨âì ç¥à¥¤®¢ ¨¥ ãáâ®©ç¨¢®áâ¨ ¨ ¥ãáâ®©ç¨¢®áâ¨ á®áâ®ï¨ï à ¢®¢¥á¨ï x0
¢ ãà ¢¥¨ïå (1.1) ¨ (1.2). �¤ ª® ¤«ï ª ¦¤®£® § ç¥¨ï ¯ à ¬¥âà  a  ©¤ãâáï â ª¨¥ T = T1(a)
¨ T2(a), çâ® ¯à¨ T > T1(a) (T > T2(a)) á®áâ®ï¨¥ à ¢®¢¥á¨ï x0 ãà ¢¥¨ï (1.1) ( (1.2) ) ¥ãáâ®©-
ç¨¢®.

� ¬¥â¨¬,  ª®¥æ, çâ® ¯à¨ \ªà ©¨å" § ç¥¨ïå ¯ à ¬¥âà  a ¢ ¥à ¢¥áâ¢ å (1.5), (1.7),
(1.11) ¨ (1.12) á®®â¢¥âáâ¢ãîé¨© å à ªâ¥à¨áâ¨ç¥áª¨© ª¢ §¨¯®«¨®¬ ¨¬¥¥â ®¤ã ¨«¨ ¤¢¥ ¯ àë
ç¨áâ® ¬¨¬ëå ª®à¥©. � «¨ç¨¥ ¤¢ãå ¯ à ®¡ãá«®¢«¥® á®¢¯ ¤¥¨¥¬ ä¨£ãà¨àãîé¨å ¢ ãª § ëå
¥à ¢¥áâ¢ å ç¨á¥« aj , aj+1 (¨§ ª®â®àëå ¡¥à¥âáï ¬¨¨¬ã¬ ¨«¨ ¬ ªá¨¬ã¬).

2. �¥«¨¥©ë©   «¨§. �¡é¨¥ á¢¥¤¥¨ï. �ãáâì ¯à¨ ¥ª®â®àëå a = a0 ¨ T = T0 à¥ «¨§ã¥âáï
ªà¨â¨ç¥áª¨© á«ãç © ¢ § ¤ ç¥ ®¡ ãáâ®©ç¨¢®áâ¨ á®áâ®ï¨ï à ¢®¢¥á¨ï x0, â. ¥. å à ªâ¥à¨áâ¨ç¥áª¨©
ª¢ §¨¯®«¨®¬ ¨¬¥¥â ª®à¨ á ã«¥¢®© ¢¥é¥áâ¢¥®© ç áâìî ¨ ¥ ¨¬¥¥â | á ¯®«®¦¨â¥«ì®©.
�®«®¦¨¬

a = a0 + "a1; T = T0 + "T1:

�§¢¥áâ® ( ¯à., [1], [7], [8]), çâ® ¯à¨ ãª § ëå ãá«®¢¨ïå ¢ ¥ª®â®à®© (¥ § ¢¨áïé¥© ®â ") ®ªà¥áâ-
®áâ¨ x0 áãé¥áâ¢ã¥â «®ª «ì®¥ ¨¢ à¨ â®¥ ãáâ®©ç¨¢®¥ ¨â¥£à «ì®¥ ¬®£®®¡à §¨¥ V . � ¥¬ã
¯à¨ t!1 áâà¥¬ïâáï ¢á¥ à¥è¥¨ï, «¥¦ é¨¥ ¢ íâ®© ®ªà¥áâ®áâ¨. � ª¨¬ ®¡à §®¬, ¤¨ ¬¨ª  à¥-
è¥¨© ¨§ â®© ¦¥ á ¬®© ®ªà¥áâ®áâ¨ ®¯à¥¤¥«ï¥âáï «¨èì ¯®¢¥¤¥¨¥¬ à¥è¥¨©, ¯à¨ ¤«¥¦ é¨å
¬®£®®¡à §¨î V . � §¬¥à®áâìm ¬®£®®¡à §¨ï V à ¢  ª®«¨ç¥áâ¢ã ª®à¥© å à ªâ¥à¨áâ¨ç¥áª®£®
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ª¢ §¨¯®«¨®¬  (¯à¨ " = 0, a = a0, T = T0) á ã«¥¢®© ¢¥é¥áâ¢¥®© ç áâìî. �«ï ®¡®¨å ãà ¢¥¨©
m ¬®¦¥â ¯à¨¨¬ âì § ç¥¨ï 1, 2 ¨ 4. �  ¬®£®®¡à §¨¨ V à áá¬ âà¨¢ ¥¬®¥ ¤¨ää¥à¥æ¨ «ì®-
à §®áâ®¥ ãà ¢¥¨¥ ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ á¯¥æ¨ «ì®© á¨áâ¥¬ëm ®¡ëª®¢¥ëå ¤¨ää¥à¥-
æ¨ «ìëå ãà ¢¥¨© (á¬.,  ¯à., [9]). �à¨¢¥¤¥¬ á®®â¢¥âáâ¢ãîé¨¥ ãà ¢¥¨ï, ¯à¥¤¯®« £ ï, çâ®
¢ë¯®«¥ë ¥ª®â®àë¥ ãá«®¢¨ï â¨¯  ®¡é®áâ¨ ¯®«®¦¥¨ï.

�à¨ m = 1 íâ® ãà ¢¥¨¥ ¨¬¥¥â ¢¨¤

_� = "�� + ��2 +O(j�j3 + "�2 + "2j�j); (1.14)

  á¢ï§ì ¬¥¦¤ã à¥è¥¨¥¬ x(t) ãà ¢¥¨ï (1.1) ¨ à¥è¥¨¥¬ �(t) ãà ¢¥¨ï (1.14) § ¤ ¥âáï à ¢¥-
áâ¢®¬

x(t) = x0 + �(t) +O(�2(t)): (1.15)

�à¨ m = 2 ¨¬¥¥¬ ãà ¢¥¨¥ ®â®á¨â¥«ì® ª®¬¯«¥ªá®© ¯¥à¥¬¥®© �

_� = "�� + ��j�j2 +O("2j�j+ "j�j2 + j�j5); (1.16)

¯à¨ç¥¬

x(t) = x0 + �(t) exp(i�t) + � exp(�i�t) +O("+ j�j2): (1.17)

�à¨ m = 4 ¨¬¥îâáï ¤¢¥ ¯ àë ª®à¥© �i�1 ¨ �i�2 å à ªâ¥à¨áâ¨ç¥áª®£® ª¢ §¨¯®«¨®¬  (¯à¨
" = 0). �¨¤ á®®â¢¥âáâ¢ãîé¥© 4-¬¥à®© á¨áâ¥¬ë ãà ¢¥¨© áãé¥áâ¢¥® § ¢¨á¨â ®â  «¨ç¨ï
\£« ¢ëå" à¥§® á®¢, ª®£¤  ¢ë¯®«¥® ®¤® ¨§ à ¢¥áâ¢ �1

�2
= 1; 1=2; 1=3; 2; 3. �à¥¤¯®«®¦¨¬

á ç « , çâ® ¨ ®¤® ¨§ íâ¨å à ¢¥áâ¢ ¬¥áâ  ¥ ¨¬¥¥â. �®£¤  ã¦ ï  ¬ 4-¬¥à ï á¨áâ¥¬ 
§ ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ ¤¢ãå (ª®¬¯«¥ªáëå) ãà ¢¥¨©

_� = "�1� + �[�1j�j2 + 1j�j2] + � � � ;
_� = "�2� + �[2j�j2 + �2j�j2] + � � � ;

(1.18)

£¤¥ ¬®£®â®ç¨¥ ®§ ç ¥â á« £ ¥¬ë¥ ¡®«¥¥ ¢ëá®ª®£® ¯®àï¤ª  ¬ «®áâ¨ ¯® áà ¢¥¨î á ¯à¨¢¥¤¥-
ë¬¨.

�«ï ãà ¢¥¨ï (1.1) ¨ ¤«ï ãà ¢¥¨ï (1.2) ¬®¦¥â à¥ «¨§®¢ âìáï «¨èì à¥§® á 1:2 ( �1
�2
= 1

2
).

� íâ®¬ á«ãç ¥ ¢¬¥áâ® (1.16) ¨¬¥¥¬ á¨áâ¥¬ã ãà ¢¥¨©

_� = "�1� + �1�� + �[�1j�j2 + 1j�j2] + � � � ;
_� = "�2� + �2�

2 + �[2j�j2 + �2j�j2] + � � �
(1.19)

�ãªæ¨ï x(t) á¢ï§   á �(t) ¨ �(t) à ¢¥áâ¢®¬

x = x0 + � exp(i�1t) + � exp(�i�1t) + � exp(i�2t) + � exp(�i�2t) + � � � (1.20)

� ª¨¬ ®¡à §®¬, § ¤ ç  ¨§ãç¥¨ï «®ª «ì®© ¤¨ ¬¨ª¨ ¨áå®¤®£® ãà ¢¥¨ï á¢¥« áì ª § ¤ ç¥
¢ëç¨á«¥¨ï ª®íää¨æ¨¥â®¢ ãà ¢¥¨© (1.14), (1.16), (1.18) ¨«¨ (1.19) ¨ ¯à¨¬¥¥¨î ¨§¢¥áâëå
à¥§ã«ìâ â®¢ ® ¤¨ ¬¨ª¥ ¯®«ãç¥ëå ãà ¢¥¨©.

3. �®à¬ã«ë ¤«ï ª®íää¨æ¨¥â®¢. �¥«¨¥©ãî äãªæ¨î F (x) ¢ ®ªà¥áâ®áâ¨ x0 ã¤®¡® ¯à¥¤-
áâ ¢¨âì ¢ ¢¨¤¥ F (x0 + y) = ay + by2 + cy3 +O(y4).

� á«ãç ¥ m = 1 ä®à¬ã«ë ¤«ï ª®íää¨æ¨¥â®¢ � ¨ � ®á®¡¥® ¯à®áâë¥: � = a1T
�1
0 , � = bT�10 .

�à¨ ãá«®¢¨¨ �� 6= 0 à¥è¥¨ï (1.14) (  § ç¨â, ¨ (1.1) ) áâà¥¬ïâáï ¯à¨ t ! 1 ª ãáâ®©ç¨¢®¬ã
á®áâ®ï¨î à ¢®¢¥á¨ï �0 (x0 + "�0 +O("2) ):

�0 =

(
�"��1�+O("2) ¯à¨ � > 0;

0 ¯à¨ � < 0:

�ãáâì m = 2. �®¤áâ ¢¨¬ ¢ á®®â¢¥âáâ¢ãîé¥¥ ãà ¢¥¨¥ ¢¬¥áâ® x(t) ¢ëà ¦¥¨¥ (1.17), £¤¥ ¢¬¥áâ®
O("+ j�j2) á«¥¤ã¥â ¡à âì àï¤ë ¯® áâ¥¯¥ï¬ " ¨ �. �ç¨âë¢ ï (1.16) ¨ á®¡¨à ï ª®íää¨æ¨¥âë ¯à¨
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®¤¨ ª®¢ëå áâ¥¯¥ïå " ¨ �,  å®¤¨¬ ä®à¬ã«ë ¤«ï ª®íää¨æ¨¥â®¢ � ¨ �. �«ï ãà ¢¥¨ï (1.1)
íâ¨ ä®à¬ã«ë ¨¬¥îâ ¢¨¤

� = �(�) =
(a1 � a0i�T1) exp(�i�T0)� i�

2i� + a0T0 exp(�i�T0) ;

� = �(�) = exp(�i�T0)[2i� + a0T0 exp(�i�T0)]�1 �
� [3c+ 4b2(1� a0)�1 + 2b2(1� 4�2 � (1� �2)2a�10 )�1 exp(�2i�T0)]:

�«ï ãà ¢¥¨ï (1.2) á®®â¢¥âáâ¢ãîé¨¥ ä®à¬ã«ë â ª®¢ë:

� = �(�) =
(a1i� a0�T1)� exp(�i�T0)� i�

2i� + a0 exp(�i�T0)(i�T0 � 1)
; (1.21)

� = �(�) = [2i� + a0 exp(�i�T0)(i�T0 � 1)]�1i� exp(�i�T0)�
� [3c + 4b2i�(1 � 4�2 � 2i�a0 exp(�2i�T0))�1 exp(�2i�T0)]: (1.22)

�à¨ ãá«®¢¨¨ (Re�(�))(Re �(�)) 6= 0 ¤¨ ¬¨ª  (1.16) ¢ £« ¢®¬ ®¯à¥¤¥«ï¥âáï ãà ¢¥¨¥¬

dz

d�
= �z + �zjzj2 (� = "t; z =

p
"�):

� ¯à¨¬¥à, ¯à¨ ãá«®¢¨¨

Re� > 0; Re� < 0 (1.23)

à¥è¥¨î z0(�) = (�Re�(Re �)�1)1=2 exp(i[Im(� � � Re�(Re �)�1)]�) íâ®£® ãà ¢¥¨ï ®â¢¥ç ¥â
ãáâ®©ç¨¢ë© æ¨ª« x0(t; ") ¨áå®¤®£® ãà ¢¥¨ï, ¯à¨ç¥¬

x0(t; ") = x0 +
p
"(z0(�) exp(i�t) + z0(�) exp(�i�t)) +O("):

� ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ á«ãç ©, ª®£¤  a = 0. �®£¤  � = 1. �«ï ãà ¢¥¨ï (1.1) ¯®«ãç ¥¬
ä®à¬ã«ë � = �(1 + a1i exp(�iT0))=2, � = (2i)�1[3c � 2b2] exp(�iT0): �á«®¢¨ï (1.23) ¨¬¥îâ ¢¨¤
a1 sinT0 < �1 ¨ [6b2 cos2 T0 � 3c+ 2b2(2� 3 cos 2T0)] sinT0 < 0.

�«ï ãà ¢¥¨ï (1.2) á®®â¢¥âáâ¢ãîé¨¥ ä®à¬ã«ë ¯à¨ a = 0 ¨¬¥îâ ¢¨¤ � = �(1�a1 exp(�iT0))=2,
� = exp(�iT0)[9c � 4ib2 exp(�2iT0)]=6.

�ãáâì ¤ «¥¥ m = 4 ¨ �1�
�1
2 6= 1=2. �à¨ à áá¬®âà¥¨¨ ãà ¢¥¨ï (1.1) ¤«ï ª®íää¨æ¨¥â®¢

ãà ¢¥¨ï (1.18) ¯®«ãç ¥¬ ä®à¬ã«ë

�j = �(�j); �j = �(�j);

j = (1� �2j )[a0(2i�j + T0(1� �2j ))]
�1[3c+ �((�1)j(�2 � �1)) + �(�1 + �2) + 4b(1 � a0)�1];

£¤¥ j = 1; 2; �(s) = 4b2[1 � s2 � a0 exp(�iT0s)]�1 exp(�iT0s). �¨ ¬¨ª  á¨áâ¥¬ë ãà ¢¥¨© (1.18)
å®à®è® ¨§ãç¥  ( ¯à., [10]). �à¨¬¥¨â¥«ì® ª ¨áå®¤®© § ¤ ç¥ íâ® ®§ ç ¥â, çâ® ¢ à áá¬ âà¨¢ -
¥¬®¬ ãà ¢¥¨¨ ªà®¬¥ ãáâ®©ç¨¢ëå æ¨ª«®¢ ¬®¦¥â ¡ëâì ãáâ®©ç¨¢ë© â®à, £« ¢ãî ç áâì ª®â®à®£®
®¯¨áë¢ îâ ä®à¬ã«ë (1.20).

� ª®¥æ, ¤«ï m = 4 ¨ �1�
�1
2 = 1=2 ¢ á¨áâ¥¬¥ (1.19) ª®íää¨æ¨¥âë �j , �j ¨ j (j = 1; 2)

®¯à¥¤¥«ïîâáï â ª ¦¥ ¯à®áâ®, ª ª ¨ ¢ (1.18). �®áª®«ìªã ®¨ ¡®«¥¥ £à®¬®§¤ª¨¥, §¤¥áì ¨å ¯à¨¢®¤¨âì
¥ ¡ã¤¥¬. � ¦® ®â¬¥â¨âì, çâ® ¤¨ ¬¨ª  (1.19),   § ç¨â, ¨ ¨áå®¤ëå ãà ¢¥¨© áãé¥áâ¢¥®
¡®«¥¥ á«®¦  ( ¯à., [11]) ¯® áà ¢¥¨î á á¨âã æ¨¥©, ª®£¤  à¥§® á ®âáãâáâ¢ã¥â. �«ï ãà ¢¥¨ï
(1.2)   «®£¨çë¥ ä®à¬ã«ë ¨¬¥îâ ¢¨¤ (1.22), £¤¥ �(�j) ¨ �(�j) ®¯à¥¤¥«ïîâáï à ¢¥áâ¢ ¬¨ (1.21)
¨ (1.22), ¨

j = (p0(�j))�12i�j

�
3ic� 2b2

�
�1 + �2
p(�1 + �2)

+ (�1)j �2 � �1
p((�1)j(�2 � �1))

��
;

¢ ª®â®àëå p(�) = [1� �2 � ia0� exp(�i�T0)] exp(�iT0�).

16



�à ¢¨¢ ï «®ª «ìë¥ ¤¨ ¬¨ç¥áª¨¥ á¢®©áâ¢  à¥è¥¨© ãà ¢¥¨© (1.1) ¨ (1.2),   ®á®¢ ¨¨
¯®«ãç¥ëå ä®à¬ã« áä®à¬ã«¨àã¥¬ á«¥¤ãîé¨¥ ¢ë¢®¤ë. �®-¯¥à¢ëå,  ¡®à ª ç¥áâ¢¥® à §«¨ç-
ëå ¤¨ ¬¨ç¥áª¨å ®¡ê¥ªâ®¢, ª®â®àë¥ ¬®£ãâ à¥ «¨§®¢ âìáï ¢ ®ªà¥áâ®áâ¨ á®áâ®ï¨ï à ¢®¢¥á¨ï
®¡®¨å ãà ¢¥¨©, ®¤¨ ¨ â®â ¦¥. �®-¢â®àëå, ¯à¨ ®¤¨å ¨ â¥å ¦¥ § ç¥¨ïå ¯ à ¬¥âà®¢ «®ª «ì-
 ï ¤¨ ¬¨ª  ãà ¢¥¨© (1.1) ¨ (1.2) à §«¨ç .

2. �¥«®ª «ìë¥ ¯¥à¨®¤¨ç¥áª¨¥ à¥è¥¨ï

� íâ®¬ ¯ à £à ä¥ ¡ã¤ãâ ¨§ãç¥ë ¢®¯à®áë áãé¥áâ¢®¢ ¨ï â ª¨å ¯¥à¨®¤¨ç¥áª¨å à¥è¥¨©
ãà ¢¥¨© (1.1) ¨ (1.2),  ¬¯«¨âã¤ë ª®â®àëå ¥®£à ¨ç¥® à áâãâ ¯à¨ " ! +0. � ®á®¢¥ ¨á-
á«¥¤®¢ ¨© «¥¦¨â á¯¥æ¨ «ìë© ¬¥â®¤ ¡®«ìè®£® ¯ à ¬¥âà , à §à ¡®â ë© ¢ [12], [13]. �ãâì
¥£® á®áâ®¨â ¢ á«¥¤ãîé¥¬. � ä §®¢®¬ ¯à®áâà áâ¢¥ à áá¬ âà¨¢ ¥¬ëå ãà ¢¥¨© ä¨ªá¨àã¥âáï,
¨áå®¤ï ¨§ á¯¥æ¨ä¨ª¨ § ¤ ç¨, ¥ª®â®à®¥ ¬®¦¥áâ¢® S(�), § ¢¨áïé¥¥ ®â ç¨á«®¢®£® ¯ à ¬¥âà  �.
� â¥¬ ¯®á«¥¤®¢ â¥«ì® ¯à¨ t 2 [0; T ]; t 2 [T; 2T ]; : : :   «¨§¨àã¥âáï  á¨¬¯â®â¨ª  ¯à¨ "! 0 ¢á¥å
à¥è¥¨© á  ç «ìë¬¨ ãá«®¢¨ï¬¨ ¨§ S(�). �®á«¥ íâ®£® ã¤ ¥âáï ®¯à¥¤¥«¨âì ®¯¥à â®à � (â¨¯ 
®¯¥à â®à  ¯®á«¥¤®¢ ¨ï �ã ª à¥) â ª, çâ® ª ¦¤®¥ à¥è¥¨¥ ¨§ S(�) ¢ ¥ª®â®àë© ¬®¬¥â ¢à¥-
¬¥¨ ¯®¯ ¤ ¥â ¢ S(e�). � ç¥¨¥ e�   «¨â¨ç¥áª¨ ¢ëà ¦ ¥âáï ç¥à¥§ � : e� = �(�; "). �®á«¥ íâ®£®
§ ¤ ç  ® ¤¨ ¬¨ª¥ à áá¬ âà¨¢ ¥¬ëå à¥è¥¨© á¢®¤¨âáï ª ¤¨ ¬¨ª¥ ®¤®¬¥à®£® ®â®¡à ¦¥¨ïe� = �(�; "). �â¬¥â¨¬, çâ® ¯¥à¨®¤¨ç¥áª¨¬ âà ¥ªâ®à¨ï¬ íâ®£® ®â®¡à ¦¥¨ï ®â¢¥ç îâ ¯¥à¨®¤¨ç¥-
áª¨¥ à¥è¥¨ï ¨áå®¤ëå ãà ¢¥¨© â®© ¦¥ ãáâ®©ç¨¢®áâ¨.

2.1 �¥¤«¥® ®áæ¨««¨àãîé¨¥ à¥è¥¨ï ãà ¢¥¨ï (1.1). � ç «  ¢¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ ¬®-
¦¥áâ¢® S(�). � ª ã¦¥ £®¢®à¨«®áì ¢ëè¥, § ç¥¨¥ � � 1 (¥®£à ¨ç¥® à áâ¥â ¯à¨ " ! +0).
�âáî¤  á«¥¤ã¥â, çâ® ¢ \®á®¢®¥" ¢à¥¬ï (â. ¥. §  ¨áª«îç¥¨¥¬  á¨¬¯â®â¨ç¥áª¨ ¬ «ëå ¯à¨ "! 0
¯à®¬¥¦ãâª®¢ ¢à¥¬¥¨) à¥è¥¨ï (1.1) ï¢«ïîâáï à¥è¥¨ï¬¨ ¡®«¥¥ ¯à®áâ®£® ãà ¢¥¨ï

�x+ " _x+ x = f; (2.1)

¢ ª®â®à®¬ f = f1 ¨«¨ f = f2. �¥¬ á ¬ë¬   ¥ª®â®àëå ®âà¥§ª å ¢à¥¬¥¨ à¥è¥¨ï (2.1) ¨¬¥îâ ¢¨¤
x = f + g sin(!(")(t+  )) exp(�"t=2), £¤¥ !(") = p

1� "2=4. � íâ®¬ ¯ãªâ¥ à áá¬®âà¨¬ ¬¥¤«¥®
®áæ¨««¨àãîé¨¥ à¥è¥¨ï (1.1), â. ¥. â ª¨¥, ã ª®â®àëå à ááâ®ï¨¥ ¬¥¦¤ã ã«ï¬¨ ¡®«ìè¥ ¢à¥¬¥¨
§ ¯ §¤ë¢ ¨ï T , ¯®íâ®¬ã ¥®¡å®¤¨¬® ¯à¥¤¯®«®¦¨âì

T < �: (2.2)

�¡®§ ç¨¬ ç¥à¥§ S(�) ¬®¦¥áâ¢® ¢á¥å â ª¨å äãªæ¨© '(s; �), ª®â®àë¥ ®¯à¥¤¥«¥ë ¯à¨ s 2 [�T; 0]
¨ ¯à¨ ¢á¥å � > 0, ¯à¨ t 2 [��; 0], £¤¥ 0 < � < min(T=2; (� � T )=2) ¯à®¨§¢®«ì® ä¨ªá¨à®¢ ®,
ï¢«ïîâáï à¥è¥¨ï¬¨ ãà ¢¥¨ï (2.1) ¯à¨ f = f1 á  ç «ìë¬¨ ¯à¨ s = 0 ãá«®¢¨ï¬¨ '(0; �) = 0;
_'(0; �) = �!("),   ¯à¨ s 2 [�T;��] ¢ë¯®«¥® ¥à ¢¥áâ¢® '(s; �) < �p. � ª¨¬ ®¡à §®¬, ¯à¨
s 2 [��; 0] ¨¬¥¥¬

'(s; �) = � sin!(")(s+ �) exp(�"s=2) + f1;

£¤¥ � = �(�; ") ¨
�(�; ") = �f1��1(1 +O("2)):

�ãáâì x(t; ') | à¥è¥¨¥ ãà ¢¥¨ï (1.1) ¯à¨ t � 0 á  ç «ìë¬ ãá«®¢¨¥¬ x(s; ') = '(s; �) ¯à¨
s 2 [�T; 0] ¨ _x(0; ') = _'(0; �). �§ãç¨¬  á¨¬¯â®â¨ªã ¯à¨ " ! 0, � ! 1 äãªæ¨© x(t; ') ¤«ï
§ ç¥¨© t 2 [0; 2�].

�ãáâì á ç «  t 2 [0; T ]. �¡®§ ç¨¬ ç¥à¥§ �1 < 0 ª®à¥ì ãà ¢¥¨ï '(s; �) = �p. �«ï �1

¨¬¥¥â ¬¥áâ® ä®à¬ã«  �1 = �p��1(1+O("2)). �à¨ ãá«®¢¨¨ t 2 [0; T +�1] ¢ë¯®«¥® ¥à ¢¥áâ¢®
x(t� T; ') < �p, ¯®íâ®¬ã F (x(t� T; ')) = 0 ¨ ¤«ï x(t; ') ¢¥à® à ¢¥áâ¢®

x(t; ') = � sin!(")(t+ �) exp(�"t=2) + f1: (2.3)

�¥à¥§ �2 ®¡®§ ç¨¬ ª®à¥ì (¯à¨ t 2 [0; T +�1]) ãà ¢¥¨ï

x(t; ') = p: (2.4)
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�§ (2.3) ¯®«ãç¨¬ �2 = p��1(1 +O("2)). �«ï x(t; ') ¨¬¥îâ ¬¥áâ® ä®à¬ã«ë

x(t; ') = � sin!(")(t + �) exp(�"t=2) + f1 +
Z t

T+�1

K(t� s)F (x(s� T; '))ds; (2.5)

_x(t; ') = � exp(�"t=2)[!(") cos(!(")(t + �)� ("=2) sin!(")(t+ �)] +

+
Z t

T+�1

_K(t� s)F (x(s� T; '))ds: (2.6)

�¤¥áì

K(t) = (!("))�1 sin!(")t exp(�"t=2): (2.7)

�ãáâì t 2 [T + �1; T + �2]. �§ ä®à¬ã« ¤«ï �j (j = 1; 2) ¨ ¨§ (2.3), (2.5){(2.7) ¯®«ãç¨¬, çâ®
x(t; ') = x(T +�1; ') + o(1) ¨

x(T +�2; ') = � sin!(")(T + � +�2) exp(�(T +�2)"=2) + f1 +O(��2); (2.8)

_x(T +�2; ') = � exp(�("=2)(T +�2))[!(") cos !(")(T + � +�2)�
� ("=2) sin!(")(T + � +�2)] + ��1

Z p

�p

f(s)ds+O(��3): (2.9)

�¡®§ ç¨¬ ç¥à¥§ t1(') ¯¥à¢ë© ¯à¨ t > 0 ª®à¥ì ãà ¢¥¨ï

x(t; ') = 0: (2.10)

�§ à ¢¥áâ¢ (2.8) ¨ (2.9) ¢ëâ¥ª ¥â, çâ® t1(') = � + o(1) (" ! 0, � ! 1), ¤«ï t 2 [T +�2; t1(')]
x(t; ') ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï (2.1) ¯à¨ f = f2 ¨ ¨¬¥îâ ¬¥áâ® ä®à¬ã«ë

x(t; ') = e� sin!(")(T + e�) exp(�"t=2) + f2; (2.11)

£¤¥ e� = O(��1 + ") ¨

e� = �[1 + ((f1 � f2) sinT +A cos T )��1 +O(��2 + "��1 + "2)]: (2.12)

�®£¤    ®âà¥§ª¥ t 2 [t1(') � T; t1(')] ¢ëà ¦¥¨¥ (2.11) ¬®¦® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

x(t; ') = �1 sin!(")(t� t1(') + �1) exp(�("=2)(t � t1('))) + f2; (2.13)

¢ ª®â®à®¬ �1 = O(��1 + ") ¨

�1 = �e� exp(�("=2)� +O(��1 + ")): (2.14)

�¡®§ ç¨¬ ç¥à¥§ t2(') ¯¥à¢ë© ¯à¨ t > t1(') ª®à¥ì ãà ¢¥¨ï (2.10). �  ®âà¥§ª¥ [t1('); t2(')]
  «®£¨çë¬ ®¡à §®¬ (á § ¬¥®© �   �1 ¨ f1   f2) ¯®«ãç ¥¬  á¨¬¯â®â¨ç¥áª¨¥ ä®à¬ã«ë ¤«ï
x(t; '), ¨§ ª®â®àëå ¨ ¨§ (2.12) ¨ (2.14)  å®¤¨¬, çâ® ¯à¨ t 2 [t2(')�T; t2(')] ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

x(t; ') = � sin!(")(t� t2(') + �(�; ")) exp(�("=2)(t � t2('))) + f1; (2.15)

  ¤«ï t2(') ¨ � ¢¥àë á®®â®è¥¨ï

t2(') =2� +O(��1 + ");

� = �[1 + 2(f1 � f2)��1 sinT � "� +O(��2 + "2 + "��1)]:
(2.16)

�¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ ®¯¥à â®à � : �('(s; �)) = x(s+ t2('); '). �§ (2.15) ¨ (2.16) ¢ëâ¥ª ¥â, çâ®
�('(s; �)) 2 S(�). �®¢¥¤¥¨¥ äãªæ¨© x(t; ') ¯à¨ t!1 ®¯¨áë¢ ¥âáï ¨â¥à æ¨ï¬¨ ®¯¥à â®à  �,  
§ ç¨â, âà ¥ªâ®à¨ï¬¨ ®¤®¬¥à®£® ®â®¡à ¦¥¨ï (2.16). �à¨ ãá«®¢¨¨ f1 > f2, ¤®áâ â®ç® ¬ «ëå "
¨ ¤®áâ â®ç® ¡®«ìè¨å � íâ® ®â®¡à ¦¥¨¥ ¨¬¥¥â ¥¤¨áâ¢¥ãî ¥¯®¤¢¨¦ãî ãáâ®©ç¨¢ãî â®çªã
�0 = 2(f1 � f2)("�)�1 sinT [1 + O(")]. �¥¬ á ¬ë¬ ¯®«ãç ¥¬, çâ® ¯à¨ ¤®áâ â®ç® ¬ «ëå " ¢á¥
à¥è¥¨ï á  ç «ìë¬¨ ãá«®¢¨ï¬¨ ¨§ S(�) á ¤®áâ â®ç® ¡®«ìè¨¬¨ § ç¥¨ï¬¨ ¯ à ¬¥âà  �
áâà¥¬ïâáï ¯à¨ t!1 ª ãáâ®©ç¨¢®¬ã æ¨ª«ã x0(t+const), ¤«ï ª®â®à®£® x0(s) 2 S(�0) (s 2 [�T; 0]).

18



�¥à¨®¤ íâ®£® æ¨ª«   á¨¬¯â®â¨ç¥áª¨ ¡«¨§®ª ª 2�. �â¬¥â¨¬, çâ® ¯®¢¥¤¥¨¥ äãªæ¨¨ F (x) ¯à¨
jxj < p áãé¥áâ¢¥®© à®«¨ ¥ ¨£à ¥â.

� ª¨¬ ®¡à §®¬, ¯à¨ f1 > f2 ãà ¢¥¨¥ (1.1) ¨¬¥¥â ãáâ®©ç¨¢ë© æ¨ª«, ¡«¨§ª¨© ª £ à¬®¨ç¥-
áª®¬ã á  ¬¯«¨âã¤®© ¯®àï¤ª  "�1. �à¨ f1 < f2 ¯®å®¦¥£® æ¨ª«  ¥ áãé¥áâ¢ã¥â (®¯¥à â®à � ¥
¨¬¥¥â ¥¯®¤¢¨¦®© â®çª¨ ¯à¨ �� 1).

2.2. �¥à¨®¤¨ç¥áª¨¥ à¥è¥¨ï ãà ¢¥¨ï (1:1) ¯à¨ f1 = f2. � áá¬®âà¨¬ §¤¥áì ¢ ¦ë© ¤«ï
¯à¨«®¦¥¨© [3] á«ãç ©  «¨ç¨ï á¨¬¬¥âà¨¨ f1 = f2 (®á®¡¥® ¢ ¦¥ á«ãç © f1 = f2 = 0).
�®¢â®à¨¬ ¨§«®¦¥ãî ¢ëè¥ áå¥¬ã, ¯®¢ëá¨¢ ¯à¨ íâ®¬  á¨¬¯â®â¨ç¥áªãî â®ç®áâì ¢ëç¨á«¥¨©.
� ª, ¯à¨ ãç¥â¥ á« £ ¥¬ëå ¯®àï¤ª O(��2) ¢ ä®à¬ã« å (2.8) ¨ (2.9) ¯®á«¥¤ïï ¨§ ¨å ¥ ¬¥ï¥âáï,

  ¢ (2.8) á« £ ¥¬ë¥O(��2) á«¥¤ã¥â § ¬¥¨âì   (�A�B)��2+O(��3), £¤¥B =
pR

�p
xf(x)dx. �â®£®¢®¥

®â®¡à ¦¥¨¥,   «®£¨ç®¥ (2.16), ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ¯à¨¨¬ ¥â ¢¨¤

� = �[1�B(sinT )��3 � "� +O(��3 + "��1 + "2)]: (2.17)

�âáî¤  § ª«îç ¥¬, çâ® ¯à¨ ãá«®¢¨ïå (0.3) f1 = f2, ¨ ¯à¨ B < 0 ãà ¢¥¨¥ (1.1) ¨¬¥¥â ãáâ®©ç¨-
¢ë© æ¨ª« x0(t+ const) (¡«¨§ª¨© ª £ à¬®¨ç¥áª®¬ã), ¤«ï ª®â®à®£® x0(s) 2 S(�0), ¯à¨ç¥¬

�0 = [B("�)�1 sinT ]1=3[1 +O("1=3)]:

�â¬¥â¨¬, çâ®  «¨ç¨¥ ¢ëà®¦¤¥¨ï (f1 = f2)   ¯®àï¤®ª ¯®¨¦ ¥â  ¬¯«¨âã¤ã ª®«¥¡ ¨©.

2.3. �¥¤«¥® ®áæ¨««¨àãîé¨© æ¨ª« ãà ¢¥¨ï (1.2). � á«ãç ¥ ãà ¢¥¨ï (1.2) ¯¥à¢ë¥ á« £ -
¥¬ë¥ ¢ ¯à ¢ëå ç áâïå ãà ¢¥¨© (2.8) ¨ (2.9) ®áâ îâáï ¥¨§¬¥ë¬¨,   á«¥¤ãîé¨¥ á« £ ¥¬ë¥
¢ (2.8) ¨¬¥îâ ¢¨¤ O(��1),   ¢ (2.9) á«¥¤ã¥â § ¯¨á âì ¢ëà ¦¥¨¥ f2 � f1 + O(��1). �¤®¬¥à®¥
®â®¡à ¦¥¨¥,   «®£¨ç®¥ (2.16), (2.17), ¨¬¥¥â ¢¨¤

� = �[1 + 2��1(f2 � f1) cos T � "� +O(��3 + "��1 + "2)]:

�¥¬ á ¬ë¬, ¯à¨ ãá«®¢¨¨ (f2 � f1) cos T > 0 (¨ ¯à¨ ¬ «ëå ") áãé¥áâ¢ã¥â ãáâ®©ç¨¢ë© æ¨ª« x0(t)
(x0(s) 2 S(�0)) ãà ¢¥¨ï (1.2) á  ¬¯«¨âã¤®© �0 = 2(f2 � f1)("�)�1 cosT [1 +O(")].

�â¥à¥á® áà ¢¨âì ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï æ¨ª«®¢ ¢ ãà ¢¥¨ïå (1.1) ¨ (1.2). �á«¨ ¤«ï
(1.1) íâ® ãá«®¢¨¥ ¨¬¥¥â ¢¨¤ f1 > f2, â® ¤«ï (1.2) á ¬® ãá«®¢¨¥ (¤ ¦¥ ¢ á«ãç ¥ (2.2) ) § ¢¨á¨â
®â § ç¥¨ï T : (f2 � f1) cos T > 0. �à¨ íâ®¬ ¯®àï¤®ª  ¬¯«¨âã¤ ¯à¨ " ! 0 ¤«ï ®¡®¨å ãà ¢¥¨©
á®¢¯ ¤ ¥â ¨ à ¢¥ "�1.

�à®¬¥ íâ®£® ¬®¦® ®â¬¥â¨âì, çâ® ¥«¨¥©®áâì d
dt
F (x(t)) ¢ ãà ¢¥¨¨ (1.2) ä¨¨â , â. ¥.

d
dt
F (x) � 0 ¯à¨ jxj > p. �á«®¢¨¥ ä¨¨â®áâ¨ ¥«¨¥©®áâ¨ F (x) ¤«ï ãà ¢¥¨ï (1.1) á®áâ®¨â ¢

âà¥¡®¢ ¨¨ f1 = f2 = 0. �¥¬ á ¬ë¬ ¨§ à¥§ã«ìâ â®¢ ¯¯. 2.2 ¨ 2.3 á«¥¤ã¥â, çâ®  ¬¯«¨âã¤ë æ¨ª«®¢
(ª ª ¨ ãá«®¢¨ï ¨å áãé¥áâ¢®¢ ¨ï) à áá¬ âà¨¢ ¥¬ëå ãà ¢¥¨© áãé¥áâ¢¥® ®â«¨ç îâáï: ¢ á«ã-
ç ¥ ãà ¢¥¨ï (1.1) ¯®àï¤®ª  ¬¯«¨âã¤ë à ¢¥ "�1=3,   ¢ á«ãç ¥ ãà ¢¥¨ï (1.2) | à ¢¥ "�1.

2.4. �ëáâà® ®áæ¨««¨àãîé¨¥ à¥è¥¨ï ãà ¢¥¨ï (1.1). �à¨ ãá«®¢¨¨ T > � à ááâ®ï¨¥ ¬¥¦¤ã
ã«ï¬¨ à¥è¥¨© ãà ¢¥¨ï (2.1) ¬¥ìè¥, ç¥¬ T (¯à¨ ¤®áâ â®ç® ¡®«ìè¨å �). �®íâ®¬ã ¬®¦¥áâ¢®
S(�)  ç «ìëå äãªæ¨© ®¯à¥¤¥«ï¥âáï ¡®«¥¥ á«®¦® ¯® áà ¢¥¨î á â¥¬ á«ãç ¥¬, ª®£¤  ¨¬¥¥â
¬¥áâ® ¥à ¢¥áâ¢® (2.2).

� áá¬®âà¨¬ ®â¤¥«ì® á¨âã æ¨¨ ¤«ï T < 2� ¨ T > 2�. �ãáâì á ç « 

� < T < 2�: (2.18)

�¥à¥§ S(�; �) ®¡®§ ç¨¬ ¬®¦¥áâ¢® äãªæ¨© '(s) 2 C1
[�T;0], ã¤®¢«¥â¢®àïîé¨å á«¥¤ãîé¨¬ ãá«®-

¢¨ï¬. �¨ªá¨àã¥¬ ¯à®¨§¢®«ì® § ç¥¨ï �1, �2, � ¨ � â ª, çâ®¡ë �1 < 0, �2 > 0, j� j � j�1j�1=2 ¨
0 < � < min(T � �; 2� � T )=2. �ç¨â ¥¬, çâ® '(s) 2 S(�; �) � C[�T;0], ¥á«¨:

1) '(s) = �1 sin!(")(s�(�+�)+�1 exp((�"=2)(s�(�+�)))+f1 ¯à¨ s 2 [�(�+�)��; �(�+�)+�];
'(�(� + �)) = 0;
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2) '(s) = �2 sin!(")(s+ �2) exp(�"s=2) + f2 ¯à¨ s 2 [��; 0], '(0) = 0;
3) '(s) > p ¯à¨ s 2 [0;�(� + � + �)] ¨ '(s) < �p ¯à¨ s 2 (�(� + � � �);��).
�  ®âà¥§ª¥ [0; T ] ¯®áâà®¨¬  á¨¬¯â®â¨ªã ¯à¨ ãá«®¢¨ïå j�j j ! 1 (j = 1; 2), " ! 0 à¥è¥¨ï

x(t; ') ãà ¢¥¨ï (1.1) á  ç «ìë¬¨ ãá«®¢¨ï¬¨ x(s; ') = '(s) (s 2 [�T; 0]), _x(0; ') = _'(0).
�â¬¥â¨¬ áà §ã, çâ® �j = �fj��1j [1 +O(j�j j�1 + ")] (j = 1; 2).

�®®â¢¥âáâ¢ãîé¨¥ ä®à¬ã«ë ¤«ï x(t; ')   «®£¨çë (2.5), (2.6), (2.8), (2.9), ¯®íâ®¬ã ®£à ¨-
ç¨¬áï â¥¬, çâ® áä®à¬ã«¨àã¥¬ ¨â®£®¢ë¥ ¢ë¢®¤ë.

�ãáâì t1(') | ¯¥à¢ë© ¯à¨ t > 0 ª®à¥ì ãà ¢¥¨ï (2.10). �¬¥¥â ¬¥áâ®  á¨¬¯â®â¨ç¥áª®¥
à ¢¥áâ¢®

t1(') = � + �1; ¯à¨ç¥¬ j�1j < �
�1=2
2

(¡®«¥¥ â®ç® |  ©¤¥âáï â ª®¥ ã¨¢¥àá «ì®¥ § ç¥¨¥ c > 0, çâ® j�1j � c��12 ). �  ®âà¥§ª¥
t 2 [� + � � �; � + � + �] á¯à ¢¥¤«¨¢  ä®à¬ã« 

x(t; ') = �1 sin!(")(t � t1(')) exp(�"(t� t1('))=2) + f1; (2.19)

£¤¥

�1 = ��2[1 + (f2 � f1)��12 sin(T � �)� "

2
� + o(��12 + ")]: (2.20)

�®á«¥ íâ®£® ¨§ãç¨¬ äãªæ¨î x(t; ') ¯à¨ t 2 [�; 2�]. �ãáâì t2(') | ¯¥à¢ë© ¯à¨ t > t1(') ª®à¥ì
ãà ¢¥¨ï (2.10). �®£¤  t2(') = � + � , ¯à¨ç¥¬ j� j < j�2j�1=2 ¨ ¯à¨ t 2 [t2(') � �; t2(')] ¢¥à®
à ¢¥áâ¢® (2.19) á § ¬¥®© ¢ ¥¬ ¨¤¥ªá  1   2. �«ï �2 á®®â¢¥âáâ¢ãîé ï ä®à¬ã«  ¨¬¥¥â ¢¨¤

�2 = ��1[1 + (f2 � f1)��11 sin(T � �)� "

2
� + o(j�1j�1 + ")]: (2.21)

� ª ¨ ¢ 2.1, ¢¢¥¤¥¬ �('(s)) = x(s+ t2('); '). �®£¤  �('(s)) 2 S(�; �), £¤¥ � = (�1; �2), ¨ ¨â®£®¢®¥
¯à¥¤áâ ¢«¥¨¥ �1 ¨ �2 ç¥à¥§ �1 ¨ �2 ¨¬¥¥â ¢¨¤ (2.20), (2.21) ¨

�2 = �2

�
1 + 2(f2 � f1)��12 sin(T � �)� "

2
� + o(��12 + ")

�
:

�ãáâì f2 > f1. �®£¤  ¯à¨ ¨â¥à æ¨ïå ®¯¥à â®à  � ¨¬¥¥¬ �1n ! �10, �2n ! �20, £¤¥ �j0 =
2(�1)j(f2 � f1) sin(T � �)("�)�1[1 + O(")] (j = 1; 2). �®¦® ¯®ª § âì, çâ® �n ! �0 = O("). �¥¬
á ¬ë¬, ®¯¥à â®à � ¨¬¥¥â ãáâ®©ç¨¢ãî ¥¯®¤¢¨¦ãî â®çªã,   ãà ¢¥¨¥ (1.1) | ãáâ®©ç¨¢®¥ ¯¥-
à¨®¤¨ç¥áª®¥ à¥è¥¨¥.

� ¯®¬¨¬, çâ® ãá«®¢¨¥ áãé¥áâ¢®¢ ¨ï   «®£¨ç®£® æ¨ª«  ¯à¨ ãá«®¢¨¨ (2.2) á®áâ®ï«® ¢
¢ë¯®«¥¨¨ ¥à ¢¥áâ¢  f1 > f2.

�à¨¢¥¤¥ ï §¤¥áì áå¥¬  «¥£ª® ®¡®¡é ¥âáï   á«ãç ©, ª®£¤  ¢¬¥áâ® ¥à ¢¥áâ¢ (2.18) ¢ë-
¯®«¥ë ¥à ¢¥áâ¢ 

�k < T < �(k + 1) (k = 2; 3; : : : ):

�à¨ ç¥â®¬ k ãá«®¢¨¥ áãé¥áâ¢®¢ ¨ï ãáâ®©ç¨¢®£® æ¨ª«  (1.1) á  ¬¯«¨âã¤®© O("�1) ¨¬¥¥â ¢¨¤
f1 > f2,   ¯à¨ ¥ç¥â®¬ k | ¢¨¤ f2 > f1. � «®£¨çë¥ ¯à¨¢¥¤¥ë¬ ¢ëè¥ ãâ¢¥à¦¤¥¨ï ¬®¦®
¯®«ãç¨âì ¨ ¤«ï ãà ¢¥¨ï (1.2) ¨ ¤«ï ®¡®¨å ãà ¢¥¨© (1.1) ¨ (1.2) ¢ á«ãç ¥  «¨ç¨ï á¨¬¬¥âà¨©.
�®¤à®¡¥¥   íâ®¬ ¥ ®áâ  ¢«¨¢ ¥¬áï.

2.5. � ¤¨ ¬¨ª¥ ãà ¢¥¨© (1:1) ¨ (1:2) ¢ á«ãç ¥ ä¨¨â®© ¥«¨¥©®áâ¨ ¨ ¬ «®£® § ç¥¨ï

¯ à ¬¥âà  p. �¥«¨¥© ï äãªæ¨ï F (x) ¢ á«ãç ¥ ãà ¢¥¨ï (1.2) ä¨¨â  (â. ¥. d
dt
F (x) � 0 ¯à¨

jxj > p),   ãá«®¢¨¥ ¥¥ ä¨¨â®áâ¨ ¤«ï ãà ¢¥¨ï (1.1) á®áâ®¨â ¢ ¢ë¯®«¥¨¨ ¥à ¢¥áâ¢ 

f1 = f2 = 0:

�ã¤¥¬ ¯®« £ âì, çâ® ¯ à ¬¥âà p ï¢«ï¥âáï ¤®áâ â®ç® ¬ «ë¬. �®£¤  ¢ á«ãç ¥ ãà ¢¥¨ï (1.1)
 ¨¡®«¥¥ ¥áâ¥áâ¢¥ë© ¢¨¤ äãªæ¨¨ F (x) ªãá®ç®-¯®áâ®ïë© (f0(x) � f0).
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�®«®¦¨¬ x = py. � à¥§ã«ìâ â¥ ¯®«ãç¨¬ ãà ¢¥¨¥

�y + "y + y = ��(y(t� T )); (2.22)

£¤¥ � = "�1 � 1,

�(y) =

(
0; jyj > 1;

f0; jyj � 1;

¤«ï ãà ¢¥¨ï (1.1) ¨ �(y) = d
dt
F (py) ¤«ï ãà ¢¥¨ï (1.2). � ¤ ç  ® ¤¨ ¬¨ª¥ à¥è¥¨© ãà ¢¥-

¨ï (2.22) ¯à¨ ¡®«ìè¨å � ¨§ãç « áì ¢ [14]. �à¨¢¥¤¥¬ ¯à®áâ¥©è¨¥ à¥§ã«ìâ âë ¨§ [14]. �®ª § ®,
 ¯à¨¬¥à, çâ® ¯à¨ ãá«®¢¨¨ (2.2) ¨ ¯à¨ ¥ª®â®àëå ãá«®¢¨ïå â¨¯  ¥¢ëà®¦¤¥®áâ¨ ¤¨ ¬¨ª 
à¥è¥¨© á  ç «ìë¬¨ ãá«®¢¨ï¬¨ ¨§ S(�) ®¯¨áë¢ ¥âáï ®¤®¬¥àë¬ ®â®¡à ¦¥¨¥¬

r = P (r); (2.23)

£¤¥
p�(r) = r2 + r�2 � 2 cos T:

� á«ãç ¥ ãà ¢¥¨ï (1.1) äãªæ¨¨ p�(r) ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨

p�(r) = r2 + r�2 � 2 cos T;

£¤¥ � = �1=2r,   ¢ á«ãç ¥ ãà ¢¥¨ï (1.2) | ä®à¬ã« ¬¨

p�(r) = r2 + 1� 2r cos T;

£¤¥ � = �1=3r. � ¬¥â¨¬, çâ® ¢ ®â«¨ç¨¥ ®â à áá¬®âà¥ëå ¢ëè¥ á«ãç ¥¢ ¤¨ ¬¨ª  ®â®¡à ¦¥¨ï
(2.23) ¬®¦¥â ¡ëâì ¤®áâ â®ç® á«®¦®© [15].

� § ª«îç¥¨¥ ®â¬¥â¨¬, çâ® ¨§«®¦¥ ï ¢ëè¥ ¬¥â®¤¨ª  ¬®¦¥â ¡ëâì ®¡®¡é¥    áãé¥-
áâ¢¥® ¡®«¥¥ è¨à®ª¨¥ ª« ááë ãà ¢¥¨©. � ¯¥à¢ãî ®ç¥à¥¤ì §¤¥áì á«¥¤ã¥â ®â¬¥â¨âì ãà ¢¥¨ï,
¢ ª®â®àëå F (x) 6� const ¯à¨ jxj > p, ® F (x) ! const ¯à¨ x ! �1 ¨ ¢ ª®â®àëå äãªæ¨ï F
§ ¢¨á¨â ¥ ®â x,   ®â _x.
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