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� à ¡®â¥ [1] ¯à¥¤«®¦¥ ¤¢ã¯ à ¬¥âà¨ç¥áª¨© ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨ § ¤ ç¨ L-¯á¥¢¤®®¡à ée-
¨ï, ®¡« áâì ¯à¨¬¥¥¨ï ª®â®à®£® è¨à¥, ç¥¬ ã ®¤®¯ à ¬¥âà¨ç¥áª®£® ¬¥â®¤  à¥£ã«ïà¨§ æ¨¨,
¯®«® ¨áá«¥¤®¢ ®£® ¢ [2]. � [1] ãáâ ®¢«¥  áå®¤¨¬®áâì ¨ ãáâ®©ç¨¢®áâì ¯à¥¤«®¦¥®£® ¬¥â®¤ ,
¢ [3] ®¡®á®¢ ë ¥ª®â®àë¥ ªà¨â¥à¨¨ ¢ë¡®à  ®¤®£® ¨§ ¯ à ¬¥âà®¢ à¥£ã«ïà¨§ æ¨¨. � ¤ ®©
à ¡®â¥ ¯à¥¤« £ îâáï ¨ ®¡®á®¢ë¢ îâáï ªà¨â¥à¨¨ ¯®á«¥¤®¢ â¥«ì®£® ¢ë¡®à  ®¡®¨å ¯ à ¬¥âà®¢
à¥£ã«ïà¨§ æ¨¨.

1. �¢¥¤¥¨¥

�ãáâì § ¤ ë § ¬ªãâë¥ «¨¥©ë¥ ®¯¥à â®àë A : X ! Y , B : X ! Z, £¤¥ X, Y , Z | £¨«ì-
¡¥àâ®¢ë ¯à®áâà áâ¢ , á ®¡« áâï¬¨ ®¯à¥¤¥«¥¨ï D(A) ¨ D(B) á®®â¢¥âáâ¢¥®. �à¥¤¯®«®¦¨¬,
çâ® ¨å ®¡é ï ®¡« áâì ®¯à¥¤¥«¥¨ï D = D(A) \D(B) ¢áî¤ã ¯«®â  ¢ X. �ãáâì, ¤ «¥¥, § ¤ ë
¤¢  í«¥¬¥â  y 2 Y , z 2 Z.

�¯à¥¤¥«¨¬ ¬®¦¥áâ¢ 

X1 = fx 2 D
�� kBx� zk = inf

u2D
kBu� zk = �Bg;

X2 = fx 2 X1

�� kAx� yk = inf
u2X1

kAu� yk = �Ag

¨ ¯®áâ ¢¨¬ § ¤ çã:  ©â¨ í«¥¬¥â ¬¨¨¬ «ì®© ®à¬ë x� ¬®¦¥áâ¢  X2. � ¬ â¥¬ â¨ç¥áª®©
«¨â¥à âãà¥ íâ  § ¤ ç  ¯®«ãç¨«   §¢ ¨¥ § ¤ ç¨ L-¯á¥¢¤®®¡à é¥¨ï. �«ï ªà âª®áâ¨  §®¢¥¬ ¥¥
§¤¥áì ®á®¢®© § ¤ ç¥© ¨ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ®¯¥à â®àë A ¨ B ã¤®¢«¥â¢®àïîâ ®¡®¡é¥®¬ã
ãá«®¢¨î ¤®¯®«¨â¥«ì®áâ¨

9  > 0 : kAxk2 + kBxk2 � 2kxk2 8x 2 D?; (1)

£¤¥ D? = D \ (N(A) \N(B))?, a N(A) ¨ N(B) | ï¤à  ®¯¥à â®à®¢ A ¨ B á®®â¢¥âáâ¢¥®.
� [2] ¨ [4] ¯à¥¤¯®« £ «®áì, çâ® ¤«ï ®c®¢®© § ¤ ç¨ ãá«®¢¨¥ (1) ¢ë¯®«ï¥âáï ¤«ï ¢á¥å x 2

D. �âáî¤ , ¢ ç áâ®áâ¨, ¢ëâ¥ª ¥â á®®â®è¥¨¥ N(A) \ N(B) = f0g,   § ç¨â, ¬®¦¥áâ¢® X2

¥ ¡®«¥¥ ç¥¬ ®¤®í«¥¬¥â®. �¥âàã¤® ¢¨¤¥âì ( ¯à., [5]), çâ® à §à¥è¨¬®áâì ®á®¢®© § ¤ ç¨
à ¢®á¨«ì  ¥¯ãáâ®â¥ ¬®¦¥áâ¢  X1, â. ª. ®® § ¬ªãâ® ¨ ¢ë¯ãª«®,   ¯®á«¥¤¥¥ à ¢®á¨«ì®
ãá«®¢¨î z 2 D(B+) = R(B)�R(B)?. �§¢¥áâ® â ª¦¥, çâ® à¥è¥¨¥ ®á®¢®© § ¤ ç¨ x� 2 D?.

� [3], [5]  ¯¯à®ªá¨¬ æ¨ï ®á®¢®© § ¤ ç¨ ¡ §¨àã¥âáï   à¥£ã«ïà¨§¨àãîé¥¬ äãªæ¨® «¥

�r�[x] = rkBx� zk2 + kAx� yk2 + �kxk2; (2)

§ ¢¨áïé¥¬ ®â ¤¢ãå ¯ à ¬¥âà®¢ r; � > 0. � ¤ ®© à ¡®â¥ ¤«ï à¥è¥¨ï ¯à®¡«¥¬ë ¢ë¡®à  ¯ à -
¬¥âà®¢ ãª § ë© à¥£ã«ïà¨§¨àãîé¨©  «£®à¨â¬ ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ ¤¢ãå ¯à®æ¥áá®¢.

�¥à¢ë© à¥£ã«ïà¨§¨àãîé¨©  «£®à¨â¬ | fxrg áâà®¨âáï ¯® äãªæ¨® «ã
Fr[x] = rkBx� zk2 + kAx� yk2 (3)
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ª ª à¥è¥¨¥ ¢ à¨ æ¨®®© § ¤ ç¨

Fr[xr] = inf
x2D?

Fr[x]; (4)

¨ ¯ à ¬¥âà r� ¢ë¡¨à ¥âáï ¯® ªà¨â¥à¨î ¥¢ï§ª¨ ª ª ¢ á«ãç ¥ â®çëå, â ª ¨ ¢ á«ãç ¥ ¢®§¬ãé¥-
ëå ¤ ëå.

�â®à®© à¥£ã«ïà¨§¨àãîé¨©  «£®à¨â¬ | fxr��g áâà®¨âáï ¯® äãªæ¨® «ã (2) ª ª à¥è¥¨¥
¢ à¨ æ¨®®© § ¤ ç¨

�r��[xr��] = inf
x2D

�r��[x]; (5)

¨ ¯ à ¬¥âà �� ¢ë¡¨à ¥âáï ¯® ªà¨â¥à¨î áâ ¡¨«¨§¨àãîé¥£® äãªæ¨® « .

2. �¥à¢ë© à¥£ã«ïà¨§¨àãîé¨©  «£®à¨â¬

1. �¢¥¤¥¬ ¤¥ª àâ®¢® ¯à®¨§¢¥¤¥¨¥ G = Z �Y ¯à®áâà áâ¢ Z ¨ Y , a â ª¦¥ ®¯¥à â®à ¨ ¢¥ªâ®à

�r =
�
r1=2B
A

�
: D ! G; gr =

�
r1=2z
y

�
2 G: (6)

�á«®¢¨¬áï ®¡®§ ç âì �1 ¨ g1 ¯à®áâ® � ¨ g. �ãªæ¨® « (3) ¯à¨¬¥â ¢¨¤

Fr[x] = k�rx� grk2: (7)

� ª ª ª ¢ á¨«ã ãá«®¢¨ï (1) ®¯¥à â®à �,   § ç¨â, ¨ �r ®à¬ «ì® à §à¥è¨¬ë, â® �r ¨¬¥¥â
®£à ¨ç¥ë© ¯á¥¢¤®®¡à âë© �+r , ®¯à¥¤¥«¥ë© ¢áî¤ã   G. �§ (4) ¨ (7) â®£¤  á«¥¤ã¥â, çâ®
xr = �+r gr, a à ¢¥áâ¢® �©«¥à 

(�rxr � gr; �rv) = 0 8 v 2 D (8)

íª¢¨¢ «¥â® § ¤ ç¥ (4) [5].
�¢¥¤¥¬ ®à¬ã £à ä¨ª  ®¯¥à â®à  �

jxj = (k�xk2 + kxk2)1=2: (9)

�¥®à¥¬  1. �à¨ r !1 jxr � x�j ! 0.

�®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë   «®£¨ç® ¤®ª § â¥«ìáâ¢ã á®®â¢¥âáâ¢ãîé¥© â¥®à¥¬ë ¨§ [2],
¥á«¨ ãç¥áâì, çâ® á« ¡ë¥ ¯à¥¤¥«ë ¯®á«¥¤®¢ â¥«ì®áâ¥© ¨§ á¥¬¥©áâ¢  fxrg ®áâ îâáï ¢ ¬®¦¥áâ¢¥
D?.

2. �ãáâì ¢¬¥áâ® â®çëå ¤ ëå ®á®¢®© § ¤ ç¨ ¨§¢¥áâë ¨å ¯à¨¡«¨¦¥¨ï z�, y� , Bh, At,
¤«ï ª®â®àëå ¢ë¯®«¥ë á«¥¤ãîé¨¥ ãá«®¢¨ï  ¯¯à®ªá¨¬ æ¨¨:

kz � z�k � �; ky � y�k � �;

kBx�Bhxk � hjxj; kAx�Atxk � tjxj 8x 2 D;
(10)

¨ áãé¥áâ¢ã¥â e > 0 â ª®¥, çâ®

kAtxk2 + kBhxk2 � e2kxk2 8x 2 D \ (N(At) \N(Bh))?: (11)

� ª ¨§¢¥áâ® [6], ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© (10)  ¯¯à®ªá¨¬¨àãîé¨© ®¯¥à â®à e�,   «®£¨ç-
ë© (6) á ª®¬¯®¥â ¬¨ Bh, At, ï¢«ï¥âáï § ¬ªãâë¬ ¨ D(e�) = D(�) = D. �á«®¢¨ï  ¯¯à®ªá¨-
¬ æ¨¨ (10) ¥ ®¡¥á¯¥ç¨¢ îâ ãáâ®©ç¨¢®áâì á¢®©áâ¢  ®à¬ «ì®© à §à¥è¨¬®áâ¨ ®¯¥à â®à  �, â. ¥.
¢ë¯®«¥¨¥ á®®â®è¥¨ï (11). �à¥¡ã¥âáï ¤®¯®«¨â¥«ì® [5], [7], çâ®¡ë ¯®¤¯à®áâà áâ¢  R(�),
R(e�) ®¡à §®¢ ®¯¥à â®à®¢ �, e�,   â ª¦¥ ¯®¤¯à®áâà áâ¢  R(��), R(e��) ®¡à §®¢ ¨å á®¯àï¦¥ëå
��, e�� ¨¬¥«¨ ®áâàë¥ à áâ¢®àë, â. ¥. âà¥¡ã¥âáï ¢ë¯®«¥¨¥ ãá«®¢¨©

kPR(�) � P
R(e�)k < 1; kPR(��) � P

R(e��)k < 1;
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£¤¥ PM | ®àâ®¯à®¥ªâ®à   ¯®¤¯à®áâà áâ¢®, ãª § ®¥ ¢ ¨¤¥ªá¥. � ª®¥ç®¬¥à®¬ á«ãç ¥ íâ®
®§ ç ¥â, çâ® ¯®¤¯à®áâà áâ¢  R(�) ¨ R(e�) ¤®«¦ë ¨¬¥âì ®¤¨ ª®¢ãî à §¬¥à®áâì. �ç¥¢¨¤®,
çâ® á¢®©áâ¢  ®¯¥à â®à®¢ e�r â ª¨¥ ¦¥, ª ª ¨ e�.

�¡®§ ç¨¬ ç¥à¥§ exr à¥è¥¨¥ ¢®§¬ãé¥®© § ¤ ç¨ (4). �®£¤  ¢ á¨«ã ãá«®¢¨ï (11)
exr = e�+r egr 2 eD? = D \N(e�)?;

¨ ¢ë¯®«ï¥âáï à ¢¥áâ¢® �©«¥à 

(e�rexr � egr; e�rv) = 0 8 v 2 D:

�¥®à¥¬  2. �á«¨ r ! 1, �; �; h; t ! 0 ¨ ¢ë¯®«ïîâáï ãá«®¢¨ï á®£« á®¢ ¨ï rh +
p
r� ! 0,

â® jexr � x�j ! 0.

�«ï ¤®ª § â¥«ìáâ¢  ®¡®§ ç¨¬ ç¥à¥§ xr à¥è¥¨¥ § ¤ ç¨ (4) ¯à¨ ¢®§¬ãé¥ëå «¨èì ¯à ¢ëå
ç áâïå. �ç¥¢¨¤®, ¤®áâ â®ç® ®æ¥¨âì jexr � xrj ¨ jxr � xrj. �æ¥ªã jxr � xrj � O(

p
r� + �) «¥£ª®

¯®«ãç¨âì   «®£¨ç® [2]. �¤ ª® ¢ë¢®¤ ®æ¥ª¨ jexr � xrj � O(rh+ t), ª ª ¢ [2], ¥¯®áà¥¤áâ¢¥®
¥ ¯à®å®¤¨â. �«ï íâ®£® ¯® ¤®¡ïâáï á«¥¤ãîé¨¥ ¯à¥¤«®¦¥¨ï.

1) �«ï x 2 D á¯à ¢¥¤«¨¢  ®æ¥ª 

jxj � (1 + ")jxjh;t; " � 0; (12)

£¤¥ " = "(h; t)! 0 ¯à¨ h; t! 0,   jxjh;t | ®à¬  (9) £à ä¨ª  e�.
2) �«ï x 2 D á¯à ¢¥¤«¨¢  ®æ¥ª 

jxj2h;t �
�
1 +

1e
�
ke�xk2 + k eQxk2;

£¤¥ eQ | ®àâ®¯à®¥ªâ®à   N(e�).
3) �«ï x 2 D? á¯à ¢¥¤«¨¢  ®æ¥ª 

k eQxk � 1 + "


(t+ h)kxk: (13)

�à¥¤«®¦¥¨ï 1) ¨ 2) á«¥¤ãîâ á®®â¢¥âáâ¢¥® ¨§ ãá«®¢¨©  ¯¯à®ªá¨¬ æ¨¨ (10) ¨ (11). �áâ ®¢¨¬-
áï   ¤®ª § â¥«ìáâ¢¥ ¯à¥¤«®¦¥¨ï 3). � á¨«ã á¢®©áâ¢ ¯á¥¢¤®®¡à â®£® ®¯¥à â®à , ¥à ¢¥áâ¢
(10) ¨ ¯à¥¤«®¦¥¨ï 1) ¨¬¥¥¬

k eQxk = k eQQ?xk = k�+(�� e�) eQxk � (1 + ")(t+ h)k�+k j eQxjh;t:
�áâ ¥âáï § ¬¥â¨âì, çâ® j eQxjh;t = k eQxk � kxk, k�+k � �1. �

3. �áá«¥¤ã¥¬ ¯®¢¥¤¥¨¥ á¥¬¥©áâ¢ fxrg ¨ fexrg ¯à¨ r ! 0. � íâ®© æ¥«ìî à áá¬®âà¨¬ § ¤ çã,
¤¢®©áâ¢¥ãî ª ®á®¢®©:  ©â¨ í«¥¬¥â ¬¨¨¬ «ì®© ®à¬ë x� ¬®¦¥áâ¢ 

X 0

2 = fx 2 X 0

1

�� kBx� zk = inf
u2X0

1

kBu� zk = �Bg;

£¤¥ X 0
1 = fx 2 D

�� kAx� yk = inf
u2D

kAu� yk = �Ag.
� ª ã¦¥ ®â¬¥ç¥®, à §à¥è¨¬®áâì ¤¢®©áâ¢¥®© § ¤ ç¨ à ¢®á¨«ì  ¥¯ãáâ®â¥ X 0

1, â. ¥. ãá«®-
¢¨î y 2 D(A+). �ª §ë¢ ¥âáï, ¨¬¥îâ ¬¥áâo   «®£¨çë¥ â¥®à¥¬ ¬ 1 ¨ 2

�¥®à¥¬  10. �à¨ r ! 0 jxr � x�j ! 0.

�¥®à¥¬  20. �á«¨ r; �; �; h; t ! 0 ¨ ¢ë¯®«ïîâáï ãá«®¢¨ï á®£« á®¢ ¨ï r�1h+ r�1=2� ! 0, â®
jexr � x�j ! 0.
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3. �á¯®¬®£ â¥«ìë¥ äãªæ¨¨

� áá¬®âà¨¬ äãªæ¨î

e�(r) = kBhexr � z�k; (14)

  â ª¦¥ ®á®¢ãî ¨ ¤¢®©áâ¢¥ãî § ¤ ç¨ á ¢®§¬ãé¥ë¬¨ ¤ ë¬¨. �à¨ íâ®¬ ¡ã¤¥¬ ¨á¯®«ì-
§®¢ âì â¥ ¦¥ ®¡®§ ç¥¨ï, çâ® ¨ ¤«ï ¥¢®§¬ãé¥®£® á«ãç ï, á ¡¦ ï ¨å â¨«ì¤®©.

�ãáâì ex� ¨ ex� | à¥è¥¨ï á®®â¢¥âáâ¢¥® ®á®¢®© ¨ ¤¢®©áâ¢¥®© § ¤ ç á ¢®§¬ãé¥ë¬¨
¤ ë¬¨. �§¢¥áâ® [5], [8], çâ® áãé¥áâ¢®¢ ¨¥ íâ¨å à¥è¥¨© ¥áâì á«¥¤áâ¢¨¥ áå®¤¨¬®áâ¨ àe£ã«ï-
à¨§¨àãîé¥£®  «£®à¨â¬  exr.

�ãªæ¨ï (14) ®¡« ¤ ¥â á¢®©áâ¢ ¬¨:
1) lim

r!1
e�(r) = e�B, lim

r!0
e�(r) = e�B;

2) ¥¯à¥àë¢ ;
3) ¯à¨ e�B < e�B áâà®£® ¬®®â® .
�â®¡ë ¥ ®á«®¦ïâì ®¡®§ ç¥¨©, ¤®ª § â¥«ìáâ¢® ®¡®á®¢ ¨ï íâ¨å á¢®©áâ¢ ¯à®¢¥¤¥¬ ¤«ï

¥¢®§¬ãé¥®£® á«ãç ï. �¢®©áâ¢® 1) ¤«ï íâ®£® á«ãç ï ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ 1 ¨ 10. �âáî¤ , ¢
ç áâ®áâ¨, á«¥¤ã¥â ®£à ¨ç¥®áâì äãªæ¨¨ �(r). �ãáâì r; s > 0, a xr ¨ xs | á®®â¢¥âáâ¢ãîé¨¥
à¥£ã«ïà¨§®¢ ë¥ à¥è¥¨ï. �§ à ¢¥áâ¢  �©«¥à  (8) ¯®«ãç ¥¬

(�r(xr � xs);�rv) = (s� r)(Bxs � z; Bv): (15)

�®« £ ï v = xr � xs,  å®¤¨¬ k�r(xr � xs)k2 = (s� r)(Bxs � z; B(xr � xs)), ®âªã¤  ¨¬¥¥¬ j�(r)�
�(s)j � kB(xr � xs)k � js � rj�(s)=r. � ª ª ª äãªæ¨ï �(s) ®£à ¨ç¥ ï, â® ®âáî¤  ¯®«ãç ¥¬
¥¯à¥àë¢®áâì �(r) 8 r > 0. � «¥¥, ¨á¯®«ì§ãï íªáâà¥¬ «ì®¥ á¢®©áâ¢® xr, ¨¬¥¥¬ Fr[xr]�Fs[xs] �
Fr[xs] � Fs[xs] = (r � s)kBxs � zk2 = (r � s)�2(s). � ª ¡ã¤¥â ¤®ª § ® ¨¦¥, �(s) > 0 8 s > 0;
¯®íâ®¬ã Fr[xr] < Fs[xs] ¯à¨ s > r, á«¥¤®¢ â¥«ì®,

�2(s) <
Fs[xs]� Fr[xr]

s� r
� Fs[xr]� Fr[xr]

s� r
= �2(r);

¨ áâà®£ ï ¬®®â®®áâì ¤®ª §  .
�®ª ¦¥¬, çâ® �(s) 6= 0 8 s > 0 ¯à¨ �B < �B. �®¯ãáâ¨¬, çâ® �(s) = 0 ¯à¨ ¥ª®â®à®¬ s. �®£¤ 

¨§ (15) ¨¬¥¥¬ �r(xr � xs) = 0 ¯à¨ «î¡®¬ r > 0. �® íâ® ®¤®à®¤®¥ ãà ¢¥¨¥   D? ¨¬¥¥â
¥¤¨áâ¢¥®¥ ã«¥¢®¥ à¥è¥¨¥. �«¥¤®¢ â¥«ì®, xr = xs ¤«ï «î¡®£® r,   ¢ á¨«ã â¥®à¥¬ 1 ¨ 10

xr = x� = x�. � ç¨â, �B = �B , çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î �B < �B.
� ¬¥â¨¬, çâ® ¯à¨ �B = �B ¨¬¥¥¬ xr = x� = x� ¯à¨ «î¡®¬ r. �¥©áâ¢¨â¥«ì®, § ¯¨è¥¬ æ¥¯®çªã

¥à ¢¥áâ¢

Fr[xr] � Fr[x�] = r�2B + kAx� � yk2 � r�2B + kAxr � yk2 � rkBxr � zk2 + kAxr � yk2 = Fr[xr]:

�«¥¤®¢ â¥«ì®, ¢ á¨«ã ¥¤¨áâ¢¥®áâ¨   D? ¬¨¨¬ã¬  äãªæ¨® «  (3) ¯®«ãç ¥¬ xr = x�,  
á®£« á® â¥®à¥¬¥ 1 xr = x� = x� ¯à¨ «î¡®¬ r.

�â®à®© à¥£ã«ïà¨§¨àãîé¨©  «£®à¨â¬ | fexr�g áâà®¨âáï ª ª à¥è¥¨¥ § ¤ ç¨ (5) á ¢®§¬ã-
é¥ë¬¨ ¤ ë¬¨ ¯à¨ ä¨ªá¨à®¢ ®¬ r = r. �ç¥¢¨¤®, íâ® ¨§¢¥áâë© ¬¥â®¤ à¥£ã«ïà¨§ æ¨¨
�¨å®®¢  [9]. �à¨  è¨å ¯à¥¤¯®«®¦¥¨ïå   ®¯¥à â®à e�r exr� áãé¥áâ¢ã¥â ¯à¨ «î¡®© ¯à ¢®©
ç áâ¨ egr 2 G ¨ jexr� � exrj ! 0 ¯à¨ �! 0.

� áá¬®âà¨¬ äãªæ¨î

'(�) = ke�rexr� � egrk2 + �kexr�k2 (16)

¨ ®¡®§ ç¨¬ e�r = ke�rexr � egrk. �§¢¥áâ® ( ¯à., [10]), çâ® ãà ¢¥¨¥
'(�) = �2 (17)

¨¬¥¥â ¥¤¨áâ¢¥ë© ª®à¥ì ¤«ï «î¡®£® �, ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨î

e�r < � < kegrk: (18)
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4. �à¨â¥à¨© ¢ë¡®à  ¯ à ¬¥âà®¢ à¥£ã«ïà¨§ æ¨¨

� £à ä¨ª¥ ®¯¥à â®à  � à áá¬®âà¨¬ è à SC : jxj < C ¨ ¯à¥¤¯®«®¦¨¬, çâ® x� 2 SC. �®ª ¦¥¬,
çâ® e�B ! �B, e�B ! �B ¯à¨ h; � ! 0.

�¥©áâ¢¨â¥«ì®, ¨á¯®«ì§ãï íªáâà¥¬ «ìë¥ á¢®©áâ¢  x� ¨ ex�, ¨¬¥¥¬
e�B � kBhx

� � z�k � kBx� � zk+ k(Bh �B)x�k+ kz � z�k < �B + hC + � (19)

¨   «®£¨ç® �B < e�B + hjx�j + �. �âáî¤  ¢¢¨¤ã á®®â®è¥¨ï jx� � ex�j ! 0 ¯à¨ h; � ! 0,
¢ëâ¥ª îé¥£® ¨§ â¥®à¥¬ 1 ¨ 2, ¯®«ãç¨¬ je�B ��Bj < hC + �. � «®£¨ç® ãáâ  ¢«¨¢ ¥âáï ®æ¥ª 
je�B � �Bj < hC + �. �«¥¤®¢ â¥«ì®, ¥á«¨ �B < �B, â® ¯à¨ ¤®áâ â®ç® ¬ «ëå h ¨ �

e�B < � = �B + hC + � < e�B: (20)

C«¥¤ãîé¨© ¢ë¡®à ¯ à ¬¥âà®¢ ¡ã¤¥¬  §ë¢ âì ªà¨â¥à¨¥¬ (e�; '): r� | ª®à¥ì ãà ¢¥¨ï

e�(r) = �; (21)

£¤¥ e�(r) ®¯à¥¤¥«¥® ¢ (14),   � | ¢ (20); ¢ (16){(18) ¯à¨¬¥¬ r = r� ¨ ¯ãáâì �� | ª®à¥ì
ãà ¢¥¨ï (17).

� á¨«ã á¢®©áâ¢ äãªæ¨© e�(r) ¨ '(�) ¯® ªà¨â¥à¨î (e�; ') ¢®§¬®¦¥ ®¤®§ çë© ¢ë¡®à ¯ à -
¬¥âà®¢.

�¥®à¥¬  3. �ãáâì ¢ë¯®«¥® (20) ¨ ¯ à ¬¥âàë r� ¨ �� ¢ë¡à ë ¯® ªà¨â¥à¨î (e�; '). �®£¤ 
jex�� � x�j ! 0 ¯à¨ �! �B; � ! e��;

£¤¥ exr��� = ex��.
�®ª § â¥«ìáâ¢®. �ãáâì ex� | â®çª  ¬¨¨¬ã¬  äãªæ¨® «  (3) ¯à¨ r = r� ¨ ¢®§¬ãé¥ëå

¤ ëå. �®£¤  ¯®«ãç¨¬

r�kBhex� � z�k2 + kAtex� � y�k2 � r�kBhx
� � z�k2 + kAtx

� � y�k2:
�á¯®«ì§ãï (21), (19) ¨   «®£¨ç®¥ ¥à ¢¥áâ¢® kAtx

� � y�k < �A + tC + � ,  å®¤¨¬ r��2 +
kAtex� � y�k2 � r��2 + kAtx

� � y�k2. �«¥¤®¢ â¥«ì®,
kBhex� � z�k = �; kAtex� � y�k < �A + tC + �: (22)

�¬¥¥¬ ¤ «¥¥

�B � kBex� � zk � kBhex� � z�k+ k(Bh �B)ex�k+ kz� � zk � �+ hjex�j+ �;

kAex� � yk � �A + tC + � + tjex�j+ �:

�§ (12) á«¥¤ã¥â jex�j � (1+")jex�jh;t,   ®£à ¨ç¥®áâì jex�jh;t ¢ëâ¥ª ¥â ¨§ (22) ¨ ãá«®¢¨ï  ¯¯à®ª-
á¨¬ æ¨¨ (11).

� ª¨¬ ®¡à §®¬, á¥¬¥©áâ¢  fBex�g, fAex�g, fex�g ®£à ¨ç¥ë,   § ç¨â, á« ¡® ª®¬¯ ªâë.
� ááã¦¤ ï   «®£¨ç® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1 ¨ ¥ ®á«®¦ïï ®¡®§ ç¥¨©, ¨¬¥¥¬ ex� á«.��! x0,
Bex� á«.��! Bx0, Aex� á«.��! Ax0 ¯à¨ h; t; �; � ! 0, â. ¥. ¯à¨ �! �B. �®â ä ªâ, çâ® x0 2 D?,   § ç¨â,
x0 = x�, ¢ëâ¥ª ¥â ¨§ â®£®, çâ®   «®£¨ç® (13) lim

�!�B
(ex��Q?ex�) = lim

�!�B
Qex� = 0. � à¥§ã«ìâ â¥

jex� � x�j ! 0 ¯à¨ �! �B.
� ¤ ¤¨¬ ç¨á«® " > 0 ¨ ¯à¥¤¯®«®¦¨¬, çâ®

jex� � x�j < "

2
p
2

¯à¨ �� �B < !1:

� ä¨ªá¨àã¥¬ �. � á¨«ã íªáâà¥¬ «ìëå á¢®©áâ¢ í«¥¬¥â®¢ ex�� ¨ ex�
�2 = ke��ex�� � eg�k2 + ��kex��k2 � ke��ex� � eg�k2 + ��kex�k2 � ke��ex�� � eg�k2 + ��kex�k2:
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�âáî¤  ke��ex��� eg�k � �, kex��k � kex�k, çâ® ¯®§¢®«ï¥â ãâ¢¥à¦¤ âì jex��� ex�j ! 0 ¯à¨ � ! e��.
�«¥¤®¢ â¥«ì®, áãé¥áâ¢ã¥â !2 > 0 â ª®¥, çâ®

jex�� � ex�j < "

2
p
2

¯à¨ � � e�� < !2:

�â ª, ¤«ï «î¡®£® " > 0 áãé¥áâ¢ãîâ !1 > 0, !2 > 0 â ª¨¥, çâ® ¯à¨ �� �B < !1, � � e�� < !2
¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

jex�� � x�j �
p
2(jex�� � ex�j+ jex� � x�j) < ": �
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