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�¢¥¤¥­¨¥

� ­­ ï à ¡®â  ¯à¥¤áâ ¢«ï¥â á®¡®© ¯à®¤®«¦¥­¨¥ á¥à¨¨ à ¡®â  ¢â®à , ¯®á¢ïé¥­­ëå â¥®à¨¨
¯á¥¢¤®á¢ï§­®áâ¥© [1]{[3]. �¥à¢ë© ¯ à £à ä ­®á¨â ¢¢®¤­ë© å à ªâ¥à, §¤¥áì ¯à¨¢®¤ïâáï ­¥ª®â®àë¥
ä ªâë ¨§ â¥®à¨¨ ¢¯®«­¥ ¨¤¥¬¯®â¥­â­ëå ¯á¥¢¤®á¢ï§­®áâ¥©. �¯¯ à â íâ®© â¥®à¨¨ ¯à¨¬¥­ï¥âáï ¢®
¢â®à®¬ ¯ à £à ä¥ ¤«ï ¯®áâà®¥­¨ï ª ­®­¨ç¥áª®© á¢ï§­®áâ¨ ¯á¥¢¤®à¨¬ ­®¢  ¯à®áâà ­áâ¢  ¯®çâ¨
¯à®¨§¢¥¤¥­¨ï ¨ ¨§«®¦¥­¨ï ¢ â¥à¬¨­ å íâ®© á¢ï§­®áâ¨ ª« áá¨ä¨ª æ¨¨ � ¢ì¥àë [4],   â ª¦¥ ¢
âà¥âìe¬ ¨ ç¥â¢¥àâ®¬ ¯ à £à ä å ¤«ï ¨§ãç¥­¨ï á¯¥æ¨ «ì­ëå ª« áá®¢ ª®­æ¨àªã«ïà­ëå ¯®«¥© ­ 
¯®«ãà¨¬ ­®¢®¬ ¯à®áâà ­áâ¢¥ (¬­®£®®¡à §¨¨ á ¢ëà®¦¤¥­­®© ¬¥âà¨ª®©). �áá«¥¤®¢ ­¨ï ¢¥¤ãâáï
«®ª «ì­®, ¢ ª« áá¥ ¤®áâ â®ç­® £« ¤ª¨å äã­ªæ¨©.

1. �¤¥¬¯®â¥­â­ë¥ ¯á¥¢¤®á¢ï§­®áâ¨ ¨ ¯®«ãà¨¬ ­®¢ë ¯à®áâà ­áâ¢  ¯®çâ¨

¯à®¨§¢¥¤¥­¨ï

1. �ãáâì M | £« ¤ª®¥ n-¬¥à­®¥ ¬­®£®®¡à §¨¥, F(M) | ª®«ìæ® £« ¤ª¨å äã­ªæ¨© ­  M ,
X(M) |  «£¥¡à  �¨ £« ¤ª¨å ¢¥ªâ®à­ëå ¯®«¥© ­  M ,   X, Y , Z, W | ¯à®¨§¢®«ì­ë¥ £« ¤ª¨¥
¢¥ªâ®à­ë¥ ¯®«ï ­  �.

�¯à¥¤¥«¥­¨¥ 1 ([5]). � à  ®¯¥à â®à®¢ (h;r), £¤¥ r : X(M) � X(M) �! X(M) ¨ h | â¥­-
§®à­®¥ ¯®«¥ â¨¯  (1; 1) ­  M , ã¤®¢«¥â¢®àïîé¨x ãá«®¢¨ï¬

rX(fY + Z) = frXY +X(f)hY +rXZ;

rfX+YZ = frXZ +rYZ 8X;Y 2 X(M); f 2 F(M);

­ §ë¢ ¥âáï «¨­¥©­®© ¯á¥¢¤®á¢ï§­®áâìî ­  M .

�¯à¥¤¥«¥­¨¥ 2. � à  ®¯¥à â®à®¢ (h;Q), £¤¥ Q : X(M) � X(M) �! X(M) ¨ h | â¥­§®à­®¥
¯®«¥ â¨¯  (1; 1) ­  M , ã¤®¢«¥â¢®àïîé¨x ãá«®¢¨ï¬

QX(fY + Z) = fQXY + hX(f)Y +QXZ;

QfX+YZ = fQXZ +QYZ 8X;Y 2 X(M); f 2 F(M);

­ §ë¢ ¥âáï «¨­¥©­®© ª¢ §¨á¢ï§­®áâìî ­  M .

� á«ãç ¥ h = id «¨­¥©­ ï ¯á¥¢¤®á¢ï§­®áâì (ª¢ §¨á¢ï§­®áâì) ï¢«ï¥âáï «¨­¥©­®© á¢ï§­®áâìî
­  M .

�¯à¥¤¥«¥­¨¥ 3 ([5]). �¥­§®àë

S(X;Y ) = rXY �rYX � h[X;Y ]; (1)

R(X;Y )Z = rXrYZ �rYrXX �r[X;Y ]Z; (2)

Ric(X;Y ) = trR(X;Y )
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­ §ë¢ îâáï á®®â¢¥âáâ¢¥­­® â¥­§®à®¬ ªàãç¥­¨ï, â¥­§®à®¬ ªà¨¢¨§­ë ¨ â¥­§®à®¬ �¨çç¨ ¯á¥¢¤®-
á¢ï§­®áâ¨ (h;r).

�¯à¥¤¥«¥­¨¥ 4 ([1], [2]). �¨­¥©­ãî ¯á¥¢¤®á¢ï§­®áâì (h;r) ¡ã¤¥¬ ­ §ë¢ âì ¯®çâ¨ ¨¤¥¬¯®-

â¥­â­®©, ¥á«¨ h2 = h. � íâ®¬ á«ãç ¥ h ¡ã¤¥¬ ­ §ë¢ âì £®à¨§®­â «ì­ë¬ ¯à®¥ªâ®à®¬,   v = id�h
| ¢¥àâ¨ª «ì­ë¬. �®çâ¨ ¨¤¥¬¯®â¥­â­ ï ¯á¥¢¤®á¢ï§­®áâì ­ §ë¢ ¥âáï ¢¯®«­¥ ¨¤¥¬¯®â¥­â­®©

¨«¨ ¯®«ãá¢ï§­®áâìî, ¥á«¨

rXY = hrX(hY ): (3)

�á«¨ ­  M áãé¥áâ¢ã¥â ¢¯®«­¥ ¨¤¥¬¯®â¥­â­ ï ¯á¥¢¤®á¢ï§­®áâì, â® ­  ­¥¬ áãé¥áâ¢ã¥â â ª¦¥

¨ ª¢ §¨á¢ï§­®áâì
o

Q, ®¯à¥¤¥«ï¥¬ ï á®®â­®è¥­¨ï¬¨ [1]

o

QXY = rhXY + v[hX; vY ]:

�§ (1), (2) ­  ®á­®¢ ­¨¨ (3) ¢ëâ¥ª ¥â, çâ® â¥­§®àë ªàãç¥­¨ï ¨ ªà¨¢¨§­ë ¢¯®«­¥ ¨¤¥¬¯®â¥­â­®©
¯á¥¢¤®á¢ï§­®áâ¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

a) vS(X;Y ) = 0; b) S(vX; vY ) = �h[vX; vY ]; (4)

vR(X;Y )Z = R(X;Y )vZ = 0: (5)

�ãáâì !i
j | ª®¬¯®­¥­âë 1-ä®à¬ë ¢¯®«­¥ ¨¤¥¬¯®â¥­â­®© ¯á¥¢¤®á¢ï§­®áâ¨ (h;r) ¢ à¥¯¥à¥ feig

­ M . �®£¤  á®®â­®è¥­¨ï (1), (2), (4), (5) ¬®£ãâ ¡ëâì ¯à¥¤áâ ¢«¥­ë ¢ ¢¨¤¥ á«¥¤ãîé¨å ãà ¢­¥­¨©
(­ §ë¢ ¥¬ëå áâàãªâãà­ë¬¨ ãà ¢­¥­¨ï¬¨ ¢¯®«­¥ ¨¤¥¬¯®â¥­â­®© ¯á¥¢¤®á¢ï§­®áâ¨):

hitd!
t = !t ^ !i

t +
i; (6)

hitd!
t
j = !t

j ^ !
i
t +
i

j; (7)

hitdh
t
j = !i

j � hit!
t
kh

k
j +
i

j ; (8)

hit
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i; hit
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i
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£¤¥ f!ig | ¤¢®©áâ¢¥­­ë© ¡ §¨á ª feig, 
i = 1
2
Si
jk!

j ^!k | 2-ä®à¬  ªàãç¥­¨ï, 
i
j =

1
2
Ri
jkl!

k ^!l

| 2-ä®à¬  ªà¨¢¨§­ë, ¨­¤¥ªáë i; j; k; : : : §¤¥áì ¨ ­¨¦¥, ¥á«¨ íâ® ­¥ ®£®¢®à¥­® ®á®¡®, ¯à¨­¨¬ îâ
§­ ç¥­¨ï ®â 1 ¤® n.

�­¥è­¥¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ãà ¢­¥­¨© (6), (7) á ãç¥â®¬ (8) ¯à¨¢®¤¨â ª á®®â­®è¥­¨ï¬

hitd

t + !i

t ^ 

t = 
i

t ^ !
t; hish

t
jd


s
t + !i

s ^ 

s
j � !s

j ^

i
s = 0; (9)

­ §ë¢ ¥¬ë¬ ¯¥à¢ë¬ ¨ ¢â®àë¬ â®¦¤¥áâ¢ ¬¨ �¨ ­ª¨ ¤«ï ¢¯®«­¥ ¨¤¥¬¯®â¥­â­®© ¯á¥¢¤®á¢ï§-
­®áâ¨ (h;r).

2. �¯à¥¤¥«¥­¨¥ 5. �ãáâì g ¨ h | â¥­§®à­ë¥ ¯®«ï ­  M â¨¯  (0; 2) ¨ (1; 1) á®®â¢¥âáâ¢¥­­®.
� àã (g; h) ¡ã¤¥¬ ­ §ë¢ âì HR-áâàãªâãà®© à ­£  r ­  M , ¥á«¨ ¢ë¯®«­ïîâáï ãá«®¢¨ï [1], [2]

a) h2 = h; b) g(hX; Y ) = g(X;Y ) = g(Y;X); c) rkh = rk g = r (� n): (10)

�­®£®®¡à §¨ï, ­  ª®â®àëå § ¤ ­ HR-áâàãªâãà  à ­£  r, ¡ã¤¥¬ ­ §ë¢ âì ¯®«ãà¨¬ ­®¢ë¬¨ ¯à®-
áâà ­áâ¢ ¬¨ ¯®çâ¨ ¯à®¨§¢¥¤¥­¨ï ¨ ®¡®§­ ç âì ç¥à¥§ V r

n .

�«ï ¢áïª®©HR-áâàãªâãàë (g;h) ­ M áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï ¢¯®«­¥ ¨¤¥¬¯®â¥­â­ ï ¯á¥¢-
¤®á¢ï§­®áâì (h;r), ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬ [1]

a) rXg = 0; b) g(S(X;hY ); Z) = g(S(X;hZ); Y ): (11)
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�â  ¯á¥¢¤®á¢ï§­®áâì ­ §¢ ­   ¢â®à®¬ ¯á¥¢¤®á¢ï§­®áâìî �¥¢¨-�¨¢¨âa [1], ¯®áª®«ìªã ¢ à¥£ã-
«ïà­®¬ á«ãç ¥ (r = n) ¢ á¨«ã (10), (11) ®­  á®¢¯ ¤ ¥â á® á¢ï§­®áâìî �¥¢¨-�¨¢¨â . � ­­ ï
¯á¥¢¤®á¢ï§­®áâì § ¤ ¥âáï á®®â­®è¥­¨ï¬¨ [1]

2g(rXY;Z) = Xg(Y;Z) + (hY )g(X;Z) � (hZ)g(X;Y ) +

+ g([hY;X]; Z) + g([hZ;X]; Y )� g(X; [hZ; hY ]): (12)

�«ï â¥­§®à®¢ ªàãç¥­¨ï ¨ ªà¨¢¨§­ë ¯á¥¢¤®á¢ï§­®áâ¨ �¥¢¨-�¨¢¨â  ­ àï¤ã á ãá«®¢¨ï¬¨ (4),
(5) ¢ë¯®«­ïîâáï â ª¦¥ ãá«®¢¨ï [1]

a) R(Z;W;X; Y ) = �R(W;Z;X; Y ); b) S(hX; hY ) = 0; (13)

2S(Z; hX; vY ) = �(vY )g(X;Z) + g([vY; hX]; Z) + g(X; [vY; hZ]); (14)

£¤¥ R(Z;W;X; Y ) = g(R(X;Y )W;Z), S(Z;X; Y ) = g(S(X;Y ); Z).

2. � ­®­¨ç¥áª ï á¢ï§­®áâì ¯á¥¢¤®à¨¬ ­®¢  ¯à®áâà ­áâ¢  ¯®çâ¨ ¯à®¨§¢¥¤¥­¨ï

1. �ãáâì ­  ¯á¥¢¤®à¨¬ ­®¢®¬ ¯à®áâà ­áâ¢¥ (M;G = h ; i) § ¤ ­® ¯®«¥ «¨­¥©­®£® ®¯¥à â®à 
F â ª®£®, çâ®

a) F 2 = id; b) hFX;FY i = hX;Y i: (15)

� íâ®¬ á«ãç ¥ £®¢®àïâ, çâ® ­ M § ¤ ­  ¯á¥¢¤®à¨¬ ­®¢  áâàãªâãà  ¯®çâ¨ ¯à®¨§¢¥¤¥­¨ï (F;G).
�ãáâì

h =
1
2
(id+F ); v =

1
2
(id�F ) (16)

| á®®â¢¥âáâ¢ãîé¨¥ F £®à¨§®­â «ì­ë© ¨ ¢¥àâ¨ª «ì­ë© ¯à®¥ªâ®àë. �¡®§­ ç¨¬ ç¥à¥§
o

r à¨¬ -
­®¢ã á¢ï­®áâì, á®®â¢¥âáâ¢ãîéãî G, ¨ ç¥à¥§ H ¨ V | á®®â¢¥âáâ¢¥­­® £®à¨§®­â «ì­®¥ ¨ ¢¥àâ¨-
ª «ì­®¥ à á¯à¥¤¥«¥­¨ï (H = Im h, V = Im v).

�« áá¨ä¨ª æ¨ï �.� ¢ì¥àë à¨¬ ­®¢ëå ¯à®áâà ­áâ¢ ¯®çâ¨ ¯à®¨§¢¥¤¥­¨ï, ¨§«®¦¥­­ ï ¢ à¥-
¤ ªæ¨¨ �¨«-�¥¤à ­® [6], áâà®¨âáï ¯ãâ¥¬ ­ «®¦¥­¨ï ­¥ª®â®àëå ãá«®¢¨© ­  à á¯à¥¤¥«¥­¨ï H ¨
V. �«ï ®¯à¥¤¥«¥­­®áâ¨ áä®à¬ã«¨àã¥¬ ¨å ¢ â¥à¬¨­ å £®à¨§®­â «ì­®£® à á¯à¥¤¥«¥­¨ï:

1) �: ­¥â ãá«®¢¨©,

2) F (á«®¥­¨¥): (
o

rhXF )hY = (
o

rhY F )hX,
3) D1 (¬¨­¨¬ «ì­®¥ à á¯à¥¤¥«¥­¨¥): �H(X) = 0,
4) D2 (®¬¡¨«¨ç¥áª®¥ à á¯à¥¤¥«¥­¨¥): rBH(X;Y;Z) = 2�H(Z)hX;Y i,

5) AF ( ­â¨á«®¥­¨¥): (
o

rhXF )hY = �(
o

rhY F )hX,
6) F1 (¬¨­¨¬ «ì­®¥ á«®¥­¨¥): F \D1,
7) F2 (®¬¡¨«¨ç¥áª®¥ á«®¥­¨¥): F \D2,

8) TGF (¢¯®«­¥ £¥®¤¥§¨ç¥áª®¥ á«®¥­¨¥): (
o

rhXF )Y = 0,
£¤¥ r = dimH, BH(X;Y;Z) = hbH(X;Y ); Zi, �H(Z) | à¥§ã«ìâ â á¢¥àâë¢ ­¨ï BH(X;Y;Z) ¯®
 à£ã¬¥­â ¬ X ¨ Y á ª®­âàa¢ à¨ ­â­ë¬ ¬¥âà¨ç¥áª¨¬ â¥­§®à®¬.

� ¬¥ç ­¨¥ 1. � ª¨¬ ®¡à §®¬, ¢áï ¨­ä®à¬ æ¨ï ® â¨¯¥ ¯à®áâà ­áâ¢  § ª«îç¥­  ¢ â¥­§®à¥

CH(X;Y ) = (
o

rhXF )hY , ª®â®àë© ¬®¦¥â ¡ëâì à §«®¦¥­ ­  âà¨ ­¥¯à¨¢®¤¨¬ë¥ ª®¬¯®­¥­âë. � ª
â¨¯ F å à ªâ¥à¨§ã¥âáï ®¡à é¥­¨¥¬ ¢ ­ã«ì ª®á®á¨¬¬¥âà¨ç¥áª®© á®áâ ¢«ïîé¥© â¥­§®à  CH , â¨¯
D1 | ®¡à é¥­¨¥¬ ¢ ­ã«ì á«¥¤  á¨¬¬¥âà¨ç¥áª®© á®áâ ¢«ïîé¥© â¥­§®à  CH , â¨¯ D2 | ®¡à é¥-
­¨¥¬ ¢ ­ã«ì ¡¥áá«¥¤®¢®© ç áâ¨ á¨¬¬¥âà¨ç¥áª®© á®áâ ¢«ïîé¥© â¥­§®à  CH . �®á«¥¤ãîé¨¥ â¨¯ë
5){8) áãâì ¯¥à¥á¥ç¥­¨¥ ¢ëè¥­ §¢ ­­ëå (AF = D1 \D2, TGF = AF \ F).
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�« ááë � ¢ì¥àë ®¯à¥¤¥«ïîâáï ¯ à ¬¨ ãá«®¢¨© (DH ;DV ), £¤¥ DH ¨ DV { ãá«®¢¨ï ¢ëè¥ãª -
§ ­­ëå â¨¯®¢ ¤«ï à á¯à¥¤¥«¥­¨© H ¨ V á®®â¢¥âáâ¢¥­­®.

2. �ãáâì ­  M § ¤ ­  ¯á¥¢¤®à¨¬ ­®¢  áâàãªâãà  ¯®çâ¨ ¯à®¨§¢¥¤¥­¨ï (F;G = h ; i). � ¤ -
­¨¥ â ª®© áâàãªâãàë ¯®à®¦¤ ¥â ­  M ¤¢¥ HR-áâàãªâãàë (h;GH) ¨ (v;GV ), £¤¥ GH(X;Y ) =
G(hX; hY ), GH(X;Y ) = G(vX; vY ). �á«®¢¨¥ (15 b) à ¢­®á¨«ì­® â®¬ã, çâ® G(hX; vY ) = 0, â. ¥.
G = GH +GV .

�¥®à¥¬  1. �ãáâì (F;G) | ¯á¥¢¤®à¨¬ ­®¢  áâàãªâãà  ¯®çâ¨ ¯à®¨§¢¥¤¥­¨ï ­  M , â®£¤ 

­  M áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï á¢ï§­®áâì br, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬

a) brF = 0; b) brG = 0; (17)

h bS(X;Y ); Zi+ h bS(X;FY ); FZi = h bS(X;Z); Y i+ h bS(X;FZ); FY i; (18)

£¤¥ bS(X;Y ) | â¥­§®à ªàãç¥­¨ï á¢ï§­®áâ¨ br.
�®ª § â¥«ìáâ¢®. �á«®¢¨ï (17) à ¢­®á¨«ì­ë á®®â­®è¥­¨ï¬

h bS(X;hY ); hZi = h bS(X;hZ); hY i;
h bS(X; vY ); vZi = h bS(X; vZ); vY i:

�à¨­¨¬ ï íâ® ¢® ¢­¨¬ ­¨¥, ­¥âàã¤­® ã¡¥¤¨âìáï, çâ® ¨áª®¬ ï á¢ï§­®áâì § ¤ ¥âáï á®®â­®è¥­¨ï¬¨

br = brH + brV ; (19)

£¤¥ (h; brH) ¨ (v; brV ) { ¯á¥¢¤®á¢ï§­®áâ¨ �¥¢¨-�¨¢¨â , á®®â¢¥âáâ¢ãîé¨¥ HR-áâàãªâãà ¬ (h;GH)
¨ (v;GV ).

�«¥¤áâ¢¨¥ 1. �ãáâì (J;G) | ¯®çâ¨  ­â¨íà¬¨â®¢  áâàãªâãà  ­ M , â®£¤  ­  M áãé¥áâ¢ã¥â
¥¤¨­áâ¢¥­­ ï á¢ï§­®áâì br, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬

a) brJ = 0; b) brG = 0; (20)

h bS(X;Y ); Zi+ h bS(X;JY ); JZi = h bS(X;Z); Y i+ h bS(X;JZ); JY i: (21)

�®ª § â¥«ìáâ¢®. �®çâ¨  ­â¨íà¬¨â®¢  áâàãªâãà  (J;G) ­  M § ¤ ¥âáï á®®â­®è¥­¨ï¬¨

a) J2 = � id; b) hJX; JY i = �hX;Y i:

�¨­¥©­ë© ®¯¥à â®à

F = i � J; (22)

®¯à¥¤¥«¥­­ë© ­  ª®¬¯«¥ªá¨ä¨ª æ¨¨X(M)
C , ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (15). �®íâ®¬ã ¨§ â¥®à¥-
¬ë 1 ¢ëâ¥ª ¥â áãé¥áâ¢®¢ ­¨¥ á¢ï§­®áâ¨ br, ¤«ï ª®â®à®© ¢ë¯®«­¥­ë á®®â­®è¥­¨ï (17), (18), à ¢-
­®á¨«ì­ë¥ ­  ®á­®¢ ­¨¨ (22) á®®â­®è¥­¨ï¬ (20), (21). �ç¨âë¢ ï, çâ® £®à¨§®­â «ì­ë© ¨ ¢¥àâ¨-
ª «ì­ë© ¯à®¥ªâ®àë ¢ á¨«ã (15), (22) ¯à¥¤áâ ¢«ïîâ á®¡®© ¯ àã ª®¬¯«¥ªá­®-á®¯àï¦¥­­ëå ®¯¥à -
â®à®¢, ­¥âàã¤­® ¯à®¢¥à¨âì, çâ® ®¡  á« £ ¥¬ëå ¢ ¯à ¢®© ç áâ¨ ãà ¢­¥­¨ï (19) â ª¦¥ ª®¬¯«¥ªá­®-
á®¯àï¦¥­­ë. �®íâ®¬ã ¯®«ãç¥­­ ï á¢ï§­®áâì ¡ã¤¥â ¢¥é¥áâ¢¥­­®© ª ª áã¬¬  ¤¢ãå ª®¬¯«¥ªá­®-
á®¯àï¦¥­­ëå ¯á¥¢¤®á¢ï§­®áâ¥©.

�¯à¥¤¥«¥­¨¥ 6. �¨­¥©­ãî á¢ï§­®áâì br ­  M , ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬ (18), (19), ¡ã-
¤¥¬ ­ §ë¢ âì ª ­®­¨ç¥áª®© á¢ï§­®áâìî ¯á¥¢¤®à¨¬ ­®¢  ¯à®áâà ­áâ¢  ¯®çâ¨ ¯à®¨§¢¥¤¥­¨ï.
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3. �ãáâì br ¨
o

r | á®®â¢¥âáâ¢¥­­® ª ­®­¨ç¥áª ï ¨ à¨¬ ­®¢  á¢ï§­®áâ¨ ­  ¯á¥¢¤®à¨¬ ­®¢®¬

¯à®áâà ­áâ¢¥ ¯®çâ¨ ¯à®¨§¢¥¤¥­¨ï (M;G;F ) ¨ T = br �
o

r | â¥­§®à ¤¥ä®à¬ æ¨¨. � ª ª ª ®¡¥
á¢ï§­®áâ¨ ï¢«ïîâáï ¬¥âà¨ç¥áª¨¬¨, â® â¥­§®à T § ¤ ¥âáï á®®â­®è¥­¨ï¬¨

2hT (X;Y ); Zi = h bS(X;Y ); Zi � h bS(Y;Z);Xi � h bS(X;Z); Y i:
�âáî¤  ­  ®á­®¢ ­¨¨ (18) «¥£ª® ¬®¦¥â ¡ëâì ¯®«ãç¥­®

�â¢¥à¦¤¥­¨¥. �¥­§®à ªàãç¥­¨ï ª ­®­¨ç¥áª®© á¢ï§­®áâ¨ ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨¬ ãá«®-

¢¨ï¬:

2hhZ; (
o

rvXF )vY i = h bS(vX; vY ); hZi � 2h bS(vY; hZ); vXi; (23)

2hvZ; (
o

rhXF )hY i = h bS(hX; hY ); vZi � 2h bS(hY; vZ); hXi: (24)

�¥­§®àë CH(X;Y ) = (
o

rvXF )vY ¨ CV (X;Y ) = (
o

rhXF )hY , ª ª ®â¬¥ç «®áì ¢ § ¬¥ç ­¨¨ 1,
­¥áãâ ¢áî ¨­ä®à¬ æ¨î ® £¥®¬¥âà¨¨ £®à¨§®­â «ì­®£® ¨ ¢¥àâ¨ª «ì­®£® à á¯à¥¤¥«¥­¨©. �®íâ®-
¬ã ­  ®á­®¢ ­¨¨ (23), (24) ª« áá¨ä¨ª æ¨ï � ¢ì¥àë ¬®¦¥â ¡ëâì «¥£ª® ¯¥à¥¯¨á ­  ¢ â¥à¬¨­ å
â¥­§®à  ªàãç¥­¨ï ª ­®­¨ç¥áª®© á¢ï§­®áâ¨. �®ª ¦¥¬, ª ª íâ® ¤¥« ¥âáï ¤«ï ­¥ª®â®àëå ª« áá®¢
� ¢ì¥àë:

1) (TGF;TGF)() bS(X;Y ) = 0;
2) (AF;TGF)() bS(hX; Y ) = 0;
3) (AF;F)() h bS(X;Y ) = 0;
4) (AF;AF)() bS(hX; vY ) = 0;
5) (F2;F2) () bS(X;Y ) = �(X)Y � �(Y )X;
6) (TGF;F2) () bS(X;Y ) = �(X)vY � �(Y )vX,

£¤¥ �(X) | ­¥ª®â®à®¥ ª®¢¥ªâ®à­®¥ ¯®«¥ ­  M .

3. �®­æ¨àªã«ïà­ë¥ ¯®«ï ­  ¬­®£®®¡à §¨ïå á ¢¯®«­¥ ¨¤¥¬¯®â¥­â­®©

¯á¥¢¤®á¢ï§­®áâìî

�®­æ¨àªã«ïà­ë¥ ¯®«ï ¨£à îâ ¢ ¦­ãî à®«ì ¢ à §«¨ç­ëå à §¤¥« å â¥®à¨© £¥®¤¥§¨ç¥áª¨å
®â®¡à ¦¥­¨©, ¯à®¥ªâ¨¢­ëå ¨ ª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨© ¨ ¢ íâ®© á¢ï§¨ ¨§ãç «¨áì ¬­®£¨¬¨
¬ â¥¬ â¨ª ¬¨ [7]{[11].

1. �¯à¥¤¥«¥­¨¥ 7. �¥ªâ®à­®¥ ¯®«¥ � ­  ¯à®áâà ­áâ¢¥ V r
n ¡ã¤¥¬ ­ §ë¢ âì ª®­æ¨àªã«ïà­ë¬,

¥á«¨ ®­® ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

a) v� = 0; b) rX� = � � hX (25)

¯à¨ ­¥ª®â®à®¬ áª «ïà­®¬ ¯®«¥ �. �ã¤¥¬ £®¢®à¨âì, çâ® ª®­æ¨àªã«ïà­®¥ ¯®«¥ ®â­®á¨âáï ª ®á­®¢-
­®¬ã â¨¯ã, ¥á«¨ � 6= 0, ¨ | ª ¨áª«îç¨â¥«ì­®¬ã â¨¯ã ¢ ¯à®â¨¢­®¬ á«ãç ¥.

�§ ®¯à¥¤¥«¥­¨ï á«¥¤ã¥â rvX� = 0, â. ¥. ª®­æ¨àªã«ïà­®¥ ¯®«¥ ¯ à ««¥«ì­® ¢¤®«ì ¢¥àâ¨ª «ì-
­ëå ªà¨¢ëå. �ç¥¢¨¤­® â ª¦¥, çâ® ¢ á«ãç ¥ h = id ¯à¨å®¤¨¬ ª ª« áá¨ç¥áª®¬ã ®¯à¥¤¥«¥­¨î
ª®­æ¨àªã«ïà­®£® ¢¥ªâ®à­®£® ¯®«ï ­  ¯á¥¢¤®à¨¬ ­®¢®¬ ¯à®áâà ­áâ¢¥.

�á«®¢¨ï ¨­â¥£à¨àã¥¬®áâ¨ ãà ¢­¥­¨© (25 b), § ¯¨á ­­ë¥ ¢ ä®à¬¥ â®¦¥áâ¢  �¨çç¨, ¢ á¨«ã (2)
¨¬¥îâ ¢¨¤

R(X;Y )� = X(�) � hY � Y (�) � hX + � � S(X;Y ): (26)

�âáî¤  á«¥¤ã¥â

Ric(�;X) = r �X(�)� hX(�) + � � s(X); (27)

62



£¤¥ s(Y ) = tr(X ! S(X;Y )). �®« £ ï ¢ íâ¨å á®®â­®è¥­¨ïå X := hX, ¯®«ãç ¥¬

Ric(�; X) = (r � 1)hX(�)� � � s(hX): (28)

� ª¨¬ ®¡à §®¬, ¨§ (27), (28) ¢ëâ¥ª ¥â, çâ®

X(�) =
1

(r � 1)
(Ric(�; hX) + � � s(hX))�

1
r
(Ric(�; vX) + � � s(vX)): (29)

�®¢®ªã¯­®áâì ãà ¢­¥­¨© (25), (29) ­®á¨â § ¬ª­ãâë© å à ªâ¥à ¨, à áá¬®âà¥­­ ï ¢ «®ª «ì­ëå ª®-
®à¤¨­ â å, ¯à¥¤áâ ¢«ï¥â á®¡®© á¨áâ¥¬ã «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢ ä®à¬¥ �®è¨
®â­®á¨â¥«ì­® ­¥¨§¢¥áâ­ëå äã­ªæ¨© �i ¨ �. �á«®¢¨ï ¨­â¥£à¨àã¥¬®áâ¨ íâ¨å ãà ¢­¥­¨© ¨ ¨å ¤¨ä-
ä¥à¥­æ¨ «ì­ë¥ ¯à®¤®«¦¥­¨ï ï¢«ïîâáï «¨­¥©­ë¬¨ ®¤­®à®¤­ë¬¨  «£¥¡à ¨ç¥áª¨¬¨ ãà ¢­¥­¨ï-
¬¨. �¨­¥©­®¥ ¯à®áâà ­áâ¢® à¥è¥­¨© ãà ¢­¥­¨© (25), (29) ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ Con(V r

n ). �§
áª § ­­®£® ¢ëè¥ á«¥¤ã¥â, çâ® dimCon(V r

n ) � r+1. �­ «¨§ ãá«®¢¨© ¨­â¥£à¨àã¥¬®áâ¨ ãà ¢­¥­¨©
(25), (29) ¯®¤®¡­® â®¬ã, ª ª íâ® ¤¥« «®áì ¢ ([8], c. 137), ¯à¨¢®¤¨â ª á«¥¤ãîé¨¬ ãâ¢¥à¦¤¥­¨ï¬.

�¥®à¥¬  2. �à®áâà ­áâ¢  V r
n , ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬

�(X;Y ) =M(Z;X; Y ) = 0; (30)

¨ â®«ìª® ®­¨ ¨¬¥îâ à §¬¥à­®áâì ¯à®áâà ­áâ¢  ª®­æ¨àªã«ïà­ëå ¢¥ªâ®à­ëå ¯®«¥© ®á­®¢­®£®

â¨¯ , à ¢­ãî r + 1, £¤¥

�(X;Y ) = S(X;Y )�
1
r
(s(vY )hX � s(vX)hY );

M(Z;X; Y ) = R(X;Y )Z +
1
r
(Ric(hZ; vX)hY �Ric(hZ; vY )hX):

�¥®à¥¬  3. �¨á«® «¨­¥©­® ­¥§ ¢¨á¨¬ëå ª®­æ¨àªã«ïà­ëå ¯®«¥© ®á­®¢­®£® â¨¯  ­  ¯®«ã-

à¨¬ ­®¢ëå ¯à®áâà ­áâ¢ å, ®â«¨ç­ëå ®â ¯à®áâà ­áâ¢, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ (30), ­¥
¯à¥¢ëè ¥â r � 1.

�¨¦¥ ¡ã¤eâ ¯®ª § ­®, çâ® ®æ¥­ª , ãª § ­­ ï ¢ â¥®à¥¬¥ 3, ï¢«ï¥âáï â®ç­®©.

2. �ãáâì � | ª®­æ¨àªã«ïà­®¥ ¢¥ªâ®à­®¥ ¯®«¥ ­  ¯®«ãà¨¬ ­®¢®¬ ¯à®áâà ­áâ¢¥ V r
n , �(X)

| á®¯àï¦¥­­®¥ ¥¬ã ®â­®á¨â¥«ì­® g ª®¢¥ªâ®à­®¥ ¯®«¥ (�(X) = g(X;�)), r | ¯á¥¢¤®á¢ï§­®áâì
�¥¢¨-�¨¢¨â , á®®â¢¥âáâ¢ãîé ï HR-áâàãªâãà¥ (g;h).

� ¬¥ç ­¨¥ 2. �®­æ¨àªã«ïà­®¥ ¢¥ªâ®à­®¥ ¯®«¥ ®á­®¢­®£® â¨¯  � ­  ¯®«ãà¨¬ ­®¢®¬ ¯à®-
áâà ­áâ¢¥ ­¥¨§®âà®¯­®. �¥©áâ¢¨â¥«ì­®, ¯ãáâì l = g(�;�), â®£¤  ¨§ á®®â­®è¥­¨© (25) ¢ëâ¥ª ¥â

X(l) = ��(X): (31)

�«¥¤®¢ â¥«ì­®, ¥á«¨ l = const, â® � = 0. � íâ® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® � | ª®­æ¨àªã«ïà­®¥ ¢¥ª-
â®à­®¥ ¯®«¥ ®á­®¢­®£® â¨¯ . �¤­ ª® vX(l) = 0, â. ¥. ¢¤®«ì ¢¥àâ¨ª «ì­ëå ªà¨¢ëå ¤«¨­  ¢¥ªâ®à 
� ¯®áâ®ï­­ , §­ ç¨â, l ï¢«ï¥âáï ¨­â¥£à «®¬ ¢¥àâ¨ª «ì­®£® à á¯à¥¤¥«¥­¨ï.

�®®â­®è¥­¨ï (26) ­  V r
n ¬®£ãâ ¡ëâì ¯¥à¥¯¨á ­ë ¢ íª¢¨¢ «¥­â­®© ä®à¬¥

R(Z;�; X; Y ) = g(Y;Z)X(�) � g(X;Z)Y (�) + �S(Z;X; Y ): (32)

�®« £ ï ¢ (32) Z = � ¨ ãç¨âë¢ ï (13 a), ­ å®¤¨¬

g(Y;�)X(�) � g(X;�)Y (�) + �S(�;X; Y ) = 0:
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�â¨ ãà ¢­¥­¨ï, ª ª «¥£ª® ¢¨¤¥âì, ¢ á¨«ã (10 b), (13 b) ¤«ï ª®­æ¨àªã«ïà­®£® ¯®«ï ®á­®¢­®£® â¨¯ 
à ¢­®á¨«ì­ë á«¥¤ãîé¨¬ âà¥¬ á®®â­®è¥­¨ï¬:

hX(�) � �(Y )� hY (�) � �(X) = 0; (33a)

�S(�; hX; vY ) = vY (�) � �(X); (33b)

S(�; vX; vY ) = 0: (33c)

�§ (33 a) ¢ëâ¥ª ¥â

hX(�) = K�(X); (34)

£¤¥ K | ­¥ª®â®à ï áª «ïà­ ï äã­ªæ¨ï.

2. �¯à¥¤¥«¥­¨¥ 8. �¥ªâ®à­®¥ ¯®«¥ B ­  M ­ §ë¢ ¥âáï ¨­ä¨­¨â¥§¨¬ «ì­®© á¨¬¬¥âà¨¥©

à á¯à¥¤¥«¥­¨ï D, ¥á«¨ [B;X] 2 D ¤«ï «î¡®£® X 2 D. �®¢®ªã¯­®áâì S(D) ¢á¥å ¨­ä¨­¨â¥§¨-
¬ «ì­ëå á¨¬¬¥âà¨© à á¯à¥¤¥«¥­¨ï D ï¢«ï¥âáï R- «£¥¡à®© �¨ ®â­®á¨â¥«ì­® ®¯¥à æ¨¨ ª®¬¬ã-
â¨à®¢ ­¨ï [12]. �á«¨ B 2 D \ S(D), â® B ­ §ë¢ ¥âáï å à ªâ¥à¨áâ¨ç¥áª®© ¨«¨ âà¨¢¨ «ì­®©

¨­ä¨­¨â¥§¨¬ «ì­®© á¨¬¬¥âà¨¥© à á¯à¥¤¥«¥­¨ï D. �®¢®ªã¯­®áâì Char(D) ¢á¥å å à ªâ¥à¨áâ¨-
ç¥áª¨å ¨­ä¨­¨â¥§¨¬ «ì­ëå á¨¬¬¥âà¨© à á¯à¥¤¥«¥­¨ï D ®¡à §ã¥â ¨¤¥ «  «£¥¡àë �¨ S(D) [12].

� ¬¥ç ­¨¥ 3. �¥ªâ®à­®¥ ¯®«¥ B ­  V r
n ï¢«ï¥âáï á¨¬¬¥âà¨¥© £®à¨§®­â «ì­®£® à á¯à¥¤¥«¥-

­¨ï H, â. ¥. ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

v[B; hY ] = 0; (35)

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  vLBh = 0, £¤¥ LB | ¯à®¨§¢®¤­ ï �¨ ¢ ­ ¯à ¢«¥­¨¨ ¢¥ªâ®à­®£® ¯®«ï
B. �¥©áâ¢¨â¥«ì­®, ¢ á¯à ¢¥¤«¨¢®áâ¨ íâ®£® ãâ¢¥à¦¤¥­¨ï «¥£ª® ã¡¥¤¨âìáï, à áá¬®âà¥¢ ¢ëà ¦¥­¨¥
¤«ï ¯à®¨§¢®¤­®© �¨ ¯à®¥ªâ®à  h

(LBh)(Y ) = v[B; hY ]� h[B; vY ]: (36)

�­ «®£¨ç­®, ¤«ï ¢¥àâ¨ª «ì­®£® à á¯à¥¤¥«¥­¨ï V ¨§ (36) á«¥¤ã¥â, çâ® B 2 S(V), â. ¥. ¢ë¯®«­ï-
¥âáï ãá«®¢¨¥ h[B; vY ] = 0, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  hLBh = 0.

�¯à¥¤¥«¥­¨¥ 9. �ã¤¥¬ £®¢®à¨âì, çâ® ¢¥ªâ®à­®¥ ¯®«¥ B § ¤ ¥â ¨­ä¨­¨â¥§¨¬ «ì­®¥ ª®­-

ä®à¬­®¥ ¯à¥®¡à §®¢ ­¨¥ ­  ¯à®áâà ­áâ¢¥ V r
n , ¥á«¨ LBg = � � g. �à¨ íâ®¬ á«ãç © � 6= 0 á®®â¢¥â-

áâ¢ã¥â ­¥âà¨¢¨ «ì­®¬ã ¨­ä¨­¨â¥§¨¬ «ì­®¬ã ª®­ä®à¬­®¬ã ¯à¥®¡à §®¢ ­¨î,   á«ãç © � = 0 |
âà¨¢¨ «ì­®¬ã ¨­ä¨­¨â¥§¨¬ «ì­®¬ã ª®­ä®à¬­®¬ã ¯à¥®¡à §®¢ ­¨î (¨­ä¨­¨â¥§¨¬ «ì­®© ¨§®-

¬¥âà¨¨).
�­ä¨­¨â¥§¨¬ «ì­®¥ ª®­ä®à¬­®¥ ¯à¥®¡à §®¢ ­¨¥ B ¡ã¤¥¬ ­ §ë¢ âì
¨­ä¨­¨â¥§¨¬ «ì­ë¬ ª®­ä®à¬­ë¬ ¤¢¨¦¥­¨¥¬ ¯à®áâà ­áâ¢  V r

n , ¥á«¨ LBh = 0,
¨­ä¨­¨â¥§¨¬ «ì­ë¬ ª®­ä®à¬­ë¬ SH-¤¢¨¦¥­¨¥¬ ¯à®áâà ­áâ¢  V r

n , ¥á«¨ vLBh = 0,
¨­ä¨­¨â¥§¨¬ «ì­ë¬ ª®­ä®à¬­ë¬ SV-¤¢¨¦¥­¨¥¬ ¯à®áâà ­áâ¢  V r

n , ¥á«¨ hLBh = 0.

�¯à¥¤¥«¥­¨¥ 10. �®­æ¨àªã«ïà­®¥ ¢¥ªâ®à­®¥ ¯®«¥ � ­  ¯à®áâà ­áâ¢¥ V r
n ¡ã¤¥¬ ­ §ë¢ âì

á¯¥æ¨ «ì­ë¬, ¥á«¨

a) hX(�) = Kf(X); b) hX(K) = 0; (37)

£®à¨§®­â «ì­® áå®¤ïé¨¬áï, ¥á«¨

hX(�) = 0; (38)

áå®¤ïé¨¬áï, ¥á«¨

X(�) = 0; (39)
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L-ª®­æ¨àªã«ïà­ë¬, ¥á«¨

vXhY (ln j�j) = v[vX; hY ](ln j�j); (40)

SV -ª®­æ¨àªã«ïà­ë¬, ¥á«¨ hL�h = 0,
SH-ª®­æ¨àªã«ïà­ë¬, ¥á«¨ vL�h = 0,
S-ª®­æ¨àªã«ïà­ë¬, ¥á«¨ L�h = 0,
P -ª®­æ¨àªã«ïà­ë¬, ¥á«¨

(r�)(v[hX;�]) = 0: (41)

� ¬¥ç ­¨¥ 4. �å®¤ïé¨¥áï ¨ á¯¥æ¨ «ì­ë¥ ª®­æ¨àªã«ïà­ë¥ ¯®«ï ®¡®¡é îâ ®¤­®¨¬¥­­ë¥
â¨¯ë ¯®«¥©, ¨§ãç ¢è¨¥áï ­  ¯á¥¢¤®à¨¬ ­®¢ëå ¯à®áâà ­áâ¢ å á®®â¢¥âáâ¢¥­­® ¢ [7] ¨ [10]. �áâ «ì-
­ë¥ â¨¯ë ª®­æ¨àªã«ïà­ëå ¯®«¥© ­¥ ¨¬¥îâ  ­ «®£®¢ ¢ à¥£ã«ïà­®¬ á«ãç ¥.

� ¬¥ç ­¨¥ 5. �®®â­®è¥­¨ï (36) á ãç¥â®¬ (1) ¨ (3) ¬®£ãâ ¡ëâì ¯à¥®¡à §®¢ ­ë ª ¢¨¤ã

(LhXh)(Y ) = v[hX; hY ] +rvY hX + S(hX; vY ): (42)

�§ ãá«®¢¨© (42) á«¥¤ã¥â, çâ® ª®­æ¨àªã«ïà­®¥ ¢¥ªâ®à­®¥ ¯®«¥ � ï¢«ï¥âáï SV -ª®­æ¨àªã«ïà­ë¬
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

S(�; vY ) = 0: (43)

�«ï SV -ª®­æ¨àªã«ïà­®£® ¯®«ï � ®á­®¢­®£® â¨¯  íâ¨ ãá«®¢¨ï ¢ á¨«ã (33 b) íª¢¨¢ «¥­â­ë â®¬ã,
çâ®

vX(�) = 0: (44)

� ¬¥ç ­¨¥ 6. �à®¨§¢®¤­ ï �¨ ¬¥âà¨ª¨ g ¢ á¨«ã (1) ¨ (3) § ¤ ¥âáï ¢ëà ¦¥­¨¥¬

(LhXg)(Y;Z) = g(rhXY;Z) + g(rhXZ; Y ) + S(Z; hX; Y ) + S(Y; hX;Z):

�âáî¤  ­  ®á­®¢ ­¨¨ (25 a), (43) § ª«îç ¥¬, çâ® ¤«ï V S-ª®­æ¨àªã«ïà­®£® ¯®«ï � á¯à ¢¥¤«¨¢ë
á®®â­®è¥­¨ï

(LhXg)(Y;Z) = 2� � g(Y;Z);

®âªã¤  á«¥¤ã¥â, çâ® SV -ª®­æ¨àªã«ïà­ë¥ ¯®«ï ®á­®¢­®£® â¨¯  ®¯à¥¤¥«ïîâ ­  V r
n ­¥ âà¨¢¨ «ì­ë¥

ª®­ä®à¬­ë¥ SV -¤¢¨¦¥­¨ï,   ¨áª«îç¨â¥«ì­®£® â¨¯  | ¨§®¬¥âà¨ç¥áª¨¥ SV -¤¢¨¦¥­¨ï. �¥âàã¤-
­® ã¡¥¤¨âìáï ¢ á¯à ¢¥¤«¨¢®áâ¨ ®¡à â­®£® ãâ¢¥à¦¤¥­¨ï: ¥á«¨ ª®­æ¨àªã«ïà­®¥ ¯®«¥ ®¯à¥¤¥«ï¥â
ª®­ä®à¬­®¥ ¯à¥®¡à §®¢ ­¨¥ ­  V r

n , â® ®­® ï¢«ï¥âáï SV -ª®­æ¨àªã«ïà­ë¬.

� ¬¥ç ­¨¥ 7. �®®â­®è¥­¨ï (35), (44), ¢ ç áâ­®áâ¨, ¯®ª §ë¢ îâ, çâ® SH-ª®­æ¨àªã«ïà­®¥
¨ SV -ª®­æ¨àªã«ïà­®¥ ¯®«ï ï¢«ïîâáï P -ª®­æ¨àªã«ïà­ë¬¨. �§ (38) ­  ®á­®¢ ­¨¨ (34) ¯®-
«ãç ¥¬ (r�)(v[hX; hY ]) = 0. �â® £®¢®à¨â ® â®¬, çâ® áå®¤ïé¥¥áï ¯®«¥ â ª¦¥ ï¢«ï¥âáï P -
ª®­æ¨àªã«ïà­ë¬.

3. �§¢¥áâ­® [10], çâ® ­ «¨ç¨¥ ¤¢ãå ¨ ¡®«¥¥ «¨­¥©­® ­¥§ ¢¨á¨¬ëå ª®­æ¨àªã«ïà­ëå ¯®«¥©
­  ¯á¥¢¤®à¨¬ ­®¢®¬ ¯à®áâà ­áâ¢¥ ¯à¨¢®¤¨â ª â®¬ã, çâ® «î¡®¥ ª®­æ¨àªã«ïà­®¥ ¯®«¥ ­  ­¥¬
ï¢«ï¥âáï á¯¥æ¨ «ì­ë¬. �®ª ¦¥¬, çâ® ¯®¤®¡­ë© ä ªâ ¨¬¥¥â ¬¥áâ® ¨ ¢ á¨­£ã«ïà­®¬ á«ãç ¥
¯à¨ ­¥ª®â®àëå ¤®¯®«­¨â¥«ì­ëå ®£à ­¨ç¥­¨ïå. �«ï íâ®£® ¤®ª ¦¥¬ ­¥áª®«ìª® ¢á¯®¬®£ â¥«ì­ëå
ãâ¢¥à¦¤¥­¨©.

�¥¬¬  1. �®­æ¨àªã«ïà­®¥ ¢¥ªâ®à­®¥ ¯®«¥ � ®á­®¢­®£® â¨¯ , ®â«¨ç­®¥ ®â £®à¨§®­â «ì­®

áå®¤ïé¥£®áï, ï¢«ï¥âáï L-ª®­æ¨àªã«ïà­ë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

�2 = Kf; (45)

£¤¥

vX(f) = 0; (46)
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  K | áª «ïà­ ï äã­ªæ¨ï, ãç áâ¢ãîé ï ¢ ãà ¢­¥­¨ïå (34).

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, ¤¨ää¥à¥­æ¨àãï (34) ¢ ­ ¯à ¢«¥­¨¨ vY ¨ ãç¨âë¢ ï (40),
¨¬¥¥¬ vY (ln jK=�2j) � �(X) = 0. �«¥¤®¢ â¥«ì­®, vX(ln jK=�2j) = 0. � íâ® ¢ á¢®î ®ç¥à¥¤ì ¯à¨-
¢®¤¨â ª (45), (46). �¡à â­®, ¯à®«®£ à¨ä¬¨à®¢ ¢ (45),   § â¥¬ ¯à®¤¨ää¥à¥­æ¨à®¢ ¢ ¯®«ãç¥­-
­®¥ á­ ç «  ¢ ­ ¯à ¢«¥­¨¨ vY ,   ¯®â®¬ ¢ ­ ¯à ¢«¥­¨¨ hX, ­  ®á­®¢ ­¨¨ (34) ¨ (46) ¯®«ãç¨¬
hXvY (ln j�j) = h[hX; vY ](ln j�j), çâ®, ª ª «¥£ª® ¢¨¤¥âì, à ¢­®á¨«ì­® (40).

�¥¬¬  2. �ãáâì � ¨ � { ¤¢  «¨­¥©­® ­¥§ ¢¨á¨¬ëå ª®­æ¨àªã«ïà­ëå ¯®«ï ®á­®¢­®£® â¨¯ 

­  V r
n , â®£¤ 

a) K = K; b) vX(ln j�j) = vX(ln j�j): (47)

�®ª § â¥«ìáâ¢®. �®« £ ï ¢ á®®â­®è¥­¨ïå (33 a), (33 b) X = � ¨ ãç¨âë¢ ï (34), ¯®«ãç ¥¬

a) (K �K)(�(X)�(Y )� �(Y )�(X)); b) (vX(ln j�j)� vX(ln j�j))g(�;�) = 0: (48)

�§ (48 a) ¢ á¨«ã «¨­¥©­®© ­¥§ ¢¨á¨¬®áâ¨ � ¨ � á«¥¤ã¥â (47 a). � ¨§ (48 b) ¢ëâ¥ª ¥â, çâ® «¨¡®
¨¬¥¥â ¬¥áâ® (47 b), «¨¡® g(�;�) = 0. �® ¯®á«¥¤­¥¥ ­¥¢®§¬®¦­®, â. ª. ¢ ¯à®â¨¢­®¬ á«ãç ¥, ¯à®-
¤¨ää¥à¥­æ¨à®¢ ¢ íâ¨ á®®â­®è¥­¨ï, ­  ®á­®¢ ­¨¨ (25) ¯®«ãç¨«¨ ¡ë ��(X) + ��(X) = 0,   íâ®
¯à®â¨¢®à¥ç¨â «¨­¥©­®© ­¥§ ¢¨á¨¬®áâ¨ � ¨ �.

�¥¯®áà¥¤áâ¢¥­­® ¨§ (47 a) ¨ (47 b) ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 2. �á«¨ ¯®«ãà¨¬ ­®¢® ¯à®áâà ­áâ¢® V r
n ¤®¯ãáª ¥â á¯¥æ¨ «ì­®¥ ª®­æ¨àªã«ïà­®¥

(á®®â¢¥âáâ¢¥­­® SV -ª®­æ¨àªã«ïà­®¥, L-ª®­æ¨àªã«ïà­®¥, £®à¨§®­â «ì­® áå®¤ïée¥áï, áå®¤ïée¥-
áï) ¢¥ªâ®à­®¥ ¯®«¥, â® «î¡®¥ ª®­æ¨àªã«ïà­®¥ ¢¥ªâ®à­®¥ ¯®«¥ ­  V r

n ï¢«ï¥âáï á¯¥æ¨ «ì­ë¬
(á®®â¢¥âáâ¢¥­­® SV -ª®­æ¨àªã«ïà­ë¬, L-ª®­æ¨àªã«ïà­ë¬, £®à¨§®­â «ì­® áå®¤ïé¨¬áï, áå®¤ï-
é¨¬áï).

�¥®à¥¬  4. �á«¨ V r
n ¤®¯ãáª ¥â ¤¢  «¨­¥©­® ­¥§ ¢¨á¨¬ëå ª®­æ¨àªã«ïà­ëå ¯®«ï � ¨ �

®á­®¢­®£® â¨¯ , â® ®­¨ ®¡  ï¢«ïîâáï L-ª®­æ¨àªã«ïà­ë¬¨.

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, ¤¨ää¥à¥­æ¨àãï (47 b) ¢ ­ ¯à ¢«¥­¨¨ hY ¨ ãç¨âë¢ ï
(34), ¯®«ãç¨¬ vX(ln jK=�2j) � �(Y ) = vX(ln jK=�2j) � �(Y ). �âáî¤  ¢ á¨«ã «¨­¥©­®© ­¥§ ¢¨á¨-
¬®áâ¨ � ¨ � ¨¬¥¥¬

a) vX(ln jK=�2j) = 0; b) vX(ln jK=�2j = 0:

�«¥¤®¢ â¥«ì­®, ­  ®á­®¢ ­¨¨ «¥¬¬ë 1 ¯®«ï � ¨ � ï¢«ïîâáï L-ª®­æ¨àªã«ïà­ë¬¨.

�¥®à¥¬  5. �á«¨ V r
n ¤®¯ãáª ¥â ¤¢  «¨­¥©­® ­¥§ ¢¨á¨¬ëå P -ª®­æ¨àªã«ïà­ëå ¯®«ï � ¨ �

®á­®¢­®£® â¨¯ , â® ®­¨ ®¡  ï¢«ïîâáï á¯¥æ¨ «ì­ë¬¨.

�®ª § â¥«ìáâ¢®. �§ ãá«®¢¨© ¨­â¥£à¨àã¥¬®áâ¨ ãà ¢­¥­¨© (33) á«¥¤ã¥â

(r�)(v[hX; hY ]) = hX(K) � �(Y )� hY (K) � �(X):

�®« £ ï ¢ íâ¨å á®®â­®è¥­¨ïå Y = �, ­  ®á­®¢ ­¨¨ (41) ¨¬¥¥¬

g(�;�) � hX(K)� �(K) � �(X) = 0: (49)

� ª ª ª � ­¥¨§®âà®¯­®, â® ¨§ (49) á«¥¤ã¥â

hX(K) = ��(X); (50)

£¤¥ � = �(K)

g(�;�)
. �­ «®£¨ç­ë¬ ®¡à §®¬ ¯®«ãç ¥¬

hX(K) = ��(X): (51)

� á¨«ã «¨­¥©­®© ­¥§ ¢¨á¨¬®áâ¨ � ¨ � ãá«®¢¨ï (50), (51) ¤ îâ � = � = 0. �«¥¤®¢ â¥«ì­®,
hX(K) = 0. � íâ® £®¢®à¨â ® â®¬, çâ® � ¨ � | á¯¥æ¨ «ì­ë¥ ª®­æ¨àªã«ïà­ë¥ ¯®«ï.
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�¥®à¥¬  6. �ãáâì V r
n ¤®¯ãáª ¥â m (> 1) «¨­¥©­® ­¥§ ¢¨á¨¬ëå P -ª®­æ¨àªã«ïà­ëå ¯®«¥©

®á­®¢­®£® â¨¯ 
1

�; : : : ;
m

�, â®£¤ 

1) hX(
�
� �

�
��Kg(

�

�;
�

�)) = 0 8�; � = 1; : : : ;m;
(52)

2) X(sign(K)

r
�

f �
�

f � g(
�

�;
�

�)) = 0 8�; � = 1; : : : ;m;
(53)

3) V r
n ¤®¯ãáª ¥â £àã¯¯ã ¨§®¬¥âà¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨©, ¯®àï¤®ª ª®â®à®© ­¥ ­¨¦¥, ç¥¬

m(m�1)

2
, ¨ £àã¯¯ã ª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨©, ¯®àï¤®ª ª®â®à®© ­¥ ­¨¦¥, ç¥¬

m(m+1)

2
.

�®ª § â¥«ìáâ¢®. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï ãâ¢¥à¦¤¥­¨ï, â®£¤  ­  ®á­®¢ ­¨¨ â¥®à¥¬ 4 ¨

5 ¯®«ï
1

�; : : : ;
m

� ï¢«ïîâáï á¯¥æ¨ «ì­ë¬¨ ¨ L-ª®­æ¨àªã«ïà­ë¬¨. �«¥¤®¢ â¥«ì­®,

a) hX(K) = 0; b) hX(
�
�) =

q
K

�

f 8�:

1) � á¯à ¢¥¤«¨¢®áâ¨ (52) «¥£ª® ã¡¥¤¨âìáï ¯ãâ¥¬ ¯àï¬ëå ¢ëç¨á«¥­¨© á ãç¥â®¬ (25), (37).

2) �®¤áâ ¢«ïï ¢ (52) ¢ëà ¦¥­¨ï ¤«ï
�
� ¨

�
� ¨ ãç¨âë¢ ï, çâ® äã­ªæ¨¨ sign(K)

r
�

f �
�

f � g(
�

�;
�

�)
¢ á¨«ã (25 b), (46) ï¢«ïîâáï ¨­â¥£à « ¬¨ ¢¥àâ¨ª «ì­®£® à á¯à¥¤¥«¥­¨ï, ¯à¨å®¤¨¬ ª (53).

3) � áá¬®âà¨¬ ¤¢  ¢®§¬®¦­ëå á«ãç ï.
1�. �á¥ ª®­æ¨àªã«ïà­ë¥ ¢¥ªâ®à­ë¥ ¯®«ï ­  V r

n ï¢«ïîâáï £®à¨§®­â «ì­® áå®¤ïé¨¬¨áï. �«¥-

¤®¢ â¥«ì­®, hX(
�
�) = 0 8�. �à¨­¨¬ ï íâ® ¢® ¢­¨¬ ­¨¥, ¨§ (47 b) ¯®«ãç ¥¬

�
� =

�

C�, £¤¥
�

C = const,

vX(�) = 0. �  ®á­®¢ ­¨¨ íâ¨å á®®â­®è¥­¨© «¥£ª® ã¡¥¤¨âìáï ¢ â®¬, çâ® ¢¥ªâ®à
�

C
�

� �
�

C
�

� ï¢«ï-
¥âáï ª®¢ à¨ ­â­® ¯®áâ®ï­­ë¬. �®íâ®¬ã ¡ §¨á ¯à®áâà ­áâ¢  Con(V r

n ) ¬®¦¥â ¡ëâì ¢ë¡à ­ â ª¨¬

®¡à §®¬, çâ®
1

� ¡ã¤¥â £®à¨§®­â «ì­® áå®¤ïé¨¬áï,  
2

�; : : : ;
m

�| ª®¢ à¨ ­â­® ¯®áâ®ï­­ë¬¨. �®£¤ 
ª ¦¤ë© ¨§ ¢¥ªâ®à®¢

��

X = (
1
�)�1(g(

1

�;
�

�) �
�

�� g(
1

�;
�

�) �
�

�); �; � = 1; : : : ;m; � 6= �;

®¯à¥¤¥«ï¥â ¨­ä¨­¨â¥§¨¬ «ì­®¥ ¨§®¬¥âà¨ç¥áª®¥ ¯à¥®¡à §®¢ ­¨¥ V r
n ,   ª ¦¤ë© ¨§ ¢¥ªâ®à®¢

�

X = (
1
�)�1

�

�; � = 1; : : : ;m;

®¯à¥¤¥«ï¥â ¨­ä¨­¨â¥§¨¬ «ì­®¥ ª®­ä®à¬­®¥ ¯à¥®¡à §®¢ ­¨¥ V r
n .

2�. �á¥ ª®­æ¨àªã«ïà­ë¥ ¢¥ªâ®à­ë¥ ¯®«ï ­  V r
n ­¥ ï¢«ïîâáï £®à¨§®­â «ì­® áå®¤ïé¨¬¨áï. �§

(37), (45) ¢ëâ¥ª ¥â, çâ®

X(

r
j
�

f j) =
q
jKj � g(

�

�;X) = 0:

�à¨­¨¬ ï íâ® ¢® ¢­¨¬ ­¨e, ­¥âàã¤­® ãáâ ­®¢¨âì, çâ® ª ¦¤ë© ¨§ ¢¥ªâ®à®¢

��

X =

r
j
�

f j �
�

��

r
j
�

f j �
�

� 8�; � = 1; : : : ;m; � 6= �;

®¯à¥¤¥«ï¥â ¨­ä¨­¨â¥§¨¬ «ì­®¥ ¨§®¬¥âà¨ç¥áª®¥ ¯à¥®¡à §®¢ ­¨¥ V r
n ,   ª ¦¤ë© ¨§ ¢¥ªâ®à®¢

�

X =
1p
jKj

�

�; � = 1; : : : ;m;

®¯à¥¤¥«ï¥â ¨­ä¨­¨â¥§¨¬ «ì­®¥ ª®­ä®à¬­®¥ ¯à¥®¡à §®¢ ­¨¥ V r
n .
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4. � ­®­¨ç¥áª ï ä®à¬  ¬¥âà¨ª¨ ¨ £®à¨§®­â «ì­®£® ¯à®¥ªâ®à 

¯®«ãà¨¬ ­®¢ëå ¯à®áâà ­áâ¢, ¤®¯ãáª îé¨å SH-ª®­æ¨àªã«ïà­ë¥

¢¥ªâ®à­ë¥ ¯®«ï

1. �ãáâì �i ¨ �i | á®®â¢¥âáâ¢¥­­® ª®­âà®¢ à¨ ­â­ë¥ ¨ ª®¢ à¨ ­â­ë¥ ª®¬¯®­¥­âë SH-
ª®­æ¨àªã«ïà­®£® ¯®«ï ®á­®¢­®£® â¨¯  ¢ ­¥ª®â®à®© á¨áâ¥¬¥ ª®®à¤¨­ â (xi) ­  V r

n . �à¥¤¯®«®¦¨¬,
çâ® á¨áâ¥¬  ª®®à¤¨­ â ¢ë¡à ­  â ª¨¬ ®¡à §®¬, çâ®

a) x1 = g(�;�); b) x1 = u2; : : : ; xn = un;

£¤¥ u2; : : : ;un ï¢«ïîâáï äã­ªæ¨®­ «ì­® ­¥§ ¢¨á¨¬ë¬¨ à¥è¥­¨ï¬¨ ãà ¢­¥­¨ï �i@iu = 0. �®£¤ 
¢á«¥¤áâ¢¨¥ (10), (31) ¢ íâ®© á¨áâ¥¬¥ ª®®à¤¨­ â ª®¬¯®­¥­âë SH-ª®­æ¨àªã«ïà­®£® ¯®«ï, ¬¥âà¨-
ç¥áª®£® â¥­§®à  ¨ £®à¨§®­â «ì­®£® ¯à®¥ªâ®à  ¨¬¥îâ ¢¨¤

a) �i =
�1i
2�
; b) �i = 2� � �i1;

a) gij =
�
(4x1 � �2)�1 0

0 g��

�
; b) hij =

�
1 0
0 h��

�
;

£¤¥ �; � = 2; : : : ; n. � «®ª «ì­®© á¨áâ¥¬¥ ª®®à¤¨­ â ãà ¢­¥­¨ï (25 b) ¯à¨­¨¬ îâ á«¥¤ãîé¨© ¢¨¤:

@i�j � �tij�t = � � gij ; (54)

£¤¥, ª ª íâ® á«¥¤ã¥â ¨§ (12),

2�kij = gkt
�
@igjt + hlj@lgit � hlt@lgij + gtl@ih

l
j � gtj@ih

l
t + gli(@kh

l
t � @jh

k
t )
�
: (55)

�­â¥£à¨àãï ãà ¢­¥­¨ï (54), á ãç¥â®¬ (55) ¯®¤®¡­® â®¬ã, ª ª íâ® ¤¥« «®áì ¢ ([8], á.94), ¯à¨å®¤¨¬
ª á«¥¤ãîé¨¬ ãâ¢¥à¦¤¥­¨ï¬.

�¥®à¥¬  7. �®«ãà¨¬ ­®¢® ¯à®áâà ­áâ¢® V r
n ¤®¯ãáª ¥â S-ª®­æ¨àªã«ïà­®¥ ¯®«¥ ®á­®¢­®£®

â¨¯  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ­  ­¥¬ ¬®¦¥â ¡ëâì ¢ë¡à ­  á¨áâ¥¬  ª®®à¤¨­ â, ¢ ª®â®à®©

ª®¬¯®­¥­âë ¬¥âà¨ç¥áª®£® â¥­§®à  gij ¨ £®à¨§®­â «ì­®£® ¯à®¥ªâ®à  hij ¯à¨¢®¤ïâáï ª ¢¨¤ã

gij =
�
a 0
0 �(x1)eg��(x
)

�
; �; �; 
 = 2; : : : n; (56)

hij =
�
1 0
0 h��(x


)

�
; �; � = 2; : : : ; n;

£¤¥ (h��(x

); g��(x
)) | ª®¬¯®­¥­âë ­¥ª®â®à®© HR-áâàãªâãàë ¯®«ãà¨¬ ­®¢  ¯à®áâà ­áâ¢ 

V r�1
n�1 , a = �1.

�¥®à¥¬  8. �®«ãà¨¬ ­®¢® ¯à®áâà ­áâ¢® V r
n ¤®¯ãáª ¥â SH-ª®­æ¨àªã«ïà­®¥ ¯®«¥ ®á­®¢­®£®

â¨¯ , ­¥ ï¢«ïîé¥¥áï S-ª®­æ¨àªã«ïà­ë¬, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ­  ­¥¬ ¬®¦¥â ¡ëâì ¢ë-

¡à ­  á¨áâ¥¬  ª®®à¤¨­ â, ¢ ª®â®à®© ª®¬¯®­¥­âë ¬¥âà¨ç¥áª®£® â¥­§®à  gij ¨ £®à¨§®­â «ì­®£®
¯à®¥ªâ®à  hij ¯à¨¢®¤ïâáï ª ¢¨¤ã

hij =

0@1 0 0
0 hIJ hI�
0 0 0

1A ;

gij =

0@(4x1 � �2)�1 0 0
0 x1egIJ x1egIAhA�
0 x1egAJhA� x1egABhB� hA�

1A ;
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£¤¥ ¨­¤¥ªáë I, J , A, B ¨§¬¥­ïîâáï ®â 2 ¤® n � k; �, � | ®â n � k + 1 ¤® n;   �(6= 0) |
¯à®¨§¢®«ì­ ï äã­ªæ¨ï ®â x1; xn�k+1 : : : ; xn; egIJ , hI�, hIJ | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ ®â x2; : : : ; xn

â ª¨¥, çâ®

rk kgIJk = rk khIJk = r � 1;

gIJ = gJI = gIAh
A
J ;

a) hAJ h
I
A = hIJ ; b) hJAh

A
� = hJ�:

� ¬¥ç ­¨¥ 8. �â¬¥â¨¬, çâ® ª ¢¨¤ã (56) ¯à¨¢®¤¨âáï ¬¥âà¨ª  «î¡®£® ¯á¥¢¤®à¨¬ ­®¢  ¯à®-
áâà ­áâ¢ , ¤®¯ãáª îé¥£® ª®­æ¨àªã«ïà­®¥ ¯®«¥ ®á­®¢­®£® â¨¯  ([8], á. 95).

�à¨¬¥à ¯®«ãà¨¬ ­®¢  ¯à®áâà ­áâ¢  V r
n , ¤®¯ãáª îé¥£® à®¢­® k «¨­¥©­® ­¥§ ¢¨á¨¬ëå ª®­-

æ¨àªã«ïà­ëå ¯®«¥©. �ãáâì ®á­®¢­ ï ¬¥âà¨ç¥áª ï ä®à¬  ¨ £®à¨§®­â «ì­ë© ¯à®¥ªâ®à íâ®£® ¯à®-
áâà ­áâ¢  ¢ ­¥ª®â®à®© á¨áâ¥¬¥ ª®®à¤¨­ â ¨¬¥îâ á®®â¢¥âáâ¢¥­­® ¢¨¤

ds2 = (dx1)2 + (x1)2((dx2)2 + � � �+ (dxk)2 +

+ exp(2xr+1)((dxk+1)2 + � � � + (dxr)2)); 2 � k � r � 1; (57)

hij =

 
�
~i
~j

0
0 0

!
; ei;ej = 1; : : : ; r: (58)

�ëç¨á«¨¢ ¢ íâ®© á¨áâ¥¬¥ ª®®à¤¨­ â ¯® ä®à¬ã«¥ (55) á ãç¥â®¬ (57), (58) ª®¬¯®­¥­âë ¯á¥¢¤®-
á¢ï§­®áâ¨ �¥¢¨-�¨¢¨â , ¯®«ãç ¥¬, çâ® ­¥­ã«¥¢ë¬¨ ¡ã¤ãâ «¨èì ¡«®ª¨

�î
ĵ1
=

�î
ĵ

x1
; �1

îĵ
= �x1gîĴ ; ���r+1 = ��� ;

bi;bj = 2; : : : ; r; �; � = k + 1; : : : ; r: (59)

� áá¬®âà¨¬ ¢ ¤ ­­®© á¨áâ¥¬¥ ª®®à¤¨­ â ª®¢¥ªâ®àë

1

�i = x1�1i ;
2

�i = x1�1i + �2i ; : : : ;
k

�i = x1�1i + �ki :

�¥¯®áà¥¤áâ¢¥­­®© ¯à®¢¥àª®© ­¥âàã¤­® ã¡¥¤¨âìáï, çâ® íâ¨ ª®¢¥ªâ®àë ã¤®¢«¥â¢®àïîâ á®®â­®è¥-
­¨ï¬ (39), á«¥¤®¢ â¥«ì­®, ï¢«ïîâáï áå®¤ïé¨¬¨áï ª®­æ¨àªã«ïà­ë¬¨ ¯®«ï¬¨ ®á­®¢­®£® â¨¯ .
�ç¥¢¨¤­®, ®­¨ «¨­¥©­® ­¥§ ¢¨á¨¬ë. �®ª ¦¥¬, çâ® ¤ ­­®¥ ¯à®áâà ­áâ¢® ­¥ ¤®¯ãáª ¥â ¤àã£¨å

ª®­æ¨àªã«ïà­ëå ¯®«¥©, «¨­¥©­® ­¥§ ¢¨á¨¬ëå á ¤ ­­ë¬¨. �à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥. �ãáâì
k+1

�i

| ª®¬¯®­¥­âë ª®­æ¨àªã«ïà­®£® ¯®«ï ®á­®¢­®£® â¨¯  «¨­¥©­® ­¥§ ¢¨á¨¬®£® á
1

�; : : : ;
k

�. � ª ª ª
1

�; : : : ;
k

� ï¢«ïîâáï áå®¤ïé¨¬¨áï, â®
k+1

� ­  ®á­®¢ ­¨¨ c«¥¤áâ¢¨ï 2 â ª¦¥ ï¢«ï¥âáï áå®¤ïé¨¬áï.
�®íâ®¬ã ­  ®á­®¢ ­¨¨ (43) ¨¬¥îâ ¬¥áâ® á®®â­®è¥­¨ï

St
ij

k+1

�t = 0:

�âáî¤  ¢ á¨«ã (59) ¢ëâ¥ª ¥â, çâ®

S�
�r+1

k+1

�� = ���r+1

k+1

�� =
k+1

�� = 0; �; � = k + 1; : : : ; r:

�«¥¤®¢ â¥«ì­®,
k+1

� ï¢«ï¥âáï «¨­¥©­®© ª®¬¡¨­ æ¨¥©
1

�; : : : ;
k

�, çâ® ¯à®â¨¢®à¥ç¨â ­ è¥¬ã ¯à¥¤-
¯®«®¦¥­¨î. �­ ç¨â, ¤ ­­®¥ ¯à®áâà ­áâ¢® ¤®¯ãáª ¥â à®¢­® k (� r � 1) «¨­¥©­® ­¥§ ¢¨á¨¬ëå
ª®­æ¨àªã«ïà­ëå ¯®«¥© ®á­®¢­®£® â¨¯ . �â®â ä ªâ ¯®ª §ë¢ ¥â, çâ® ®æ¥­ª , ¯®«ãç¥­­ ï ¢ â¥®à¥-
¬¥ 3 ¤«ï dimCon(V r

n ), ï¢«ï¥âáï â®ç­®©. � ­­ë© ¯à¨¬¥à ®á®¡¥­­® ¨­â¥à¥á¥­ â¥¬, çâ® ¤®ª §ë¢ ¥â
áãé¥áâ¢®¢ ­¨¥ ¯®«ãà¨¬ ­®¢ëå ¯à®áâà ­áâ¢, ¤®¯ãáª îé¨å r � 1 «¨­¥©­® ­¥§ ¢¨á¨¬ëå ª®­æ¨à-
ªã«ïà­ëå ¯®«¥© ®á­®¢­®£® â¨¯ . � à¥£ã«ïà­®¬ á«ãç ¥ (â. ¥. ¤«ï ¯á¥¢¤®à¨¬ ­®¢ëå ¬­®£®®¡à §¨©)
â ª¨å ¯à®áâà ­áâ¢ ­¥ áãé¥áâ¢ã¥â [9].
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