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� áá¬®âà¥­¨¥ ®¯¥à â®à®¢ áã¯¥à¯®§¨æ¨¨ ¢ ¯à®áâà ­áâ¢ å �®¡®«¥¢  á¢ï§ ­® á ®¡®¡é¥­¨¥¬ § -
¤ ç¨ �.�. �¥è¥â­ïª  ®¡ ®¯¨á ­¨¨ ¢á¥å ¨§®¬®àä¨§¬®¢ '� ®¤­®à®¤­ëå ¯à®áâà ­áâ¢ �®¡®«¥¢  L1

n,
¯®à®¦¤¥­­ëå ª¢ §¨ª®­ä®à¬­ë¬¨ ®â®¡à ¦¥­¨ï¬¨ ' ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢  R

n ¯® ¯à ¢¨«ã
'�(u) = u �', ¯®áâ ¢«¥­­®© ¢ 1968 £. ­  ¯¥à¢®¬ �®­¥æª®¬ ª®««®ª¢¨ã¬¥ ¯® â¥®à¨¨ ®â®¡à ¦¥­¨©.
� [1] ¯®ª § ­®, çâ® â ª®¢ë¬¨ ï¢«ïîâáï áâàãªâãà­ë¥ ¨§®¬®àä¨§¬ë ¯à®áâà ­áâ¢ L1

n ¨ â®«ìª®
®­¨. �à¥¤«®¦¥­­ë© ¢ [1] ¯®¤å®¤ ª § ¤ ç¥ �¥è¥â­ïª  ¥áâ¥áâ¢¥­­® à áá¬ âà¨¢ âì ¢ ª®­â¥ªáâ¥
¯à¥¤è¥áâ¢ãîé¨å íâ®¬ã à¥§ã«ìâ â®¢ ([2], á. 419{420). � â¥®à¥¬ å � ­ å , �â®ã­ , �©«¥­¡¥à£ ,
�à¥­á  ¨ �¥««¨, �ìî¨â , �¥«ìä ­¤  ¨ �®«¬®£®à®¢  ¯®«ãç¥­ë ãá«®¢¨ï ­  à §«¨ç­ë¥ áâàãªâã-
àë ¯à®áâà ­áâ¢  ­¥¯à¥àë¢­ëå äã­ªæ¨© C(S), ¨§®¬®àä¨§¬ ª®â®àëå ®¯à¥¤¥«ï¥â â®¯®«®£¨ç¥áª®¥
¯à®áâà ­áâ¢® S á â®ç­®áâìî ¤® £®¬¥®¬®àä¨§¬ . �â¬¥â¨¬ §¤¥áì à¥§ã«ìâ â �â®ã­ , á®£« á­® ª®-
â®à®¬ã C(S) ª ª áâàãªâãà­® ã¯®àï¤®ç¥­­ ï £àã¯¯  ®¯à¥¤¥«ï¥â S. � ¤àã£®© áâ®à®­ë, �.� ª ¨
[3] ¨ �.�ìî¨á [4] ãáâ ­®¢¨«¨, çâ® ¨§®¬®àä­®áâì  «£¥¡à �®©¤¥­  à ¢­®á¨«ì­  ª¢ §¨ª®­ä®à¬­®©
íª¢¨¢ «¥­â­®áâ¨ ®¡« áâ¥© ®¯à¥¤¥«¥­¨ï. �ë¤¥«ïï â¥¯¥àì ¢ ®¤­®à®¤­®¬ ¯à®áâà ­áâ¢¥ �®¡®«¥¢ 
L1
n ¤¢¥ áâàãªâãàë: ¢¥ªâ®à­®© à¥è¥âª¨ ¨ ¯®«ã­®à¬¨à®¢ ­­®£® ¯à®áâà ­áâ¢  | ¯®«ãç¨¬ á¨âã -

æ¨î, ¢  «£¥¡à ¨ç¥áª®¬ á¬ëá«¥ ¡«¨§ªãî ª à ¡®â¥ �â®ã­ ,   ¢ ¬¥âà¨ç¥áª®¬ | ª à ¡®â¥ � ª ¨.
� ª®© ¢§£«ï¤ ­  § ¤ çã ï¢«ï¥âáï ­ ¨¡®«¥¥ ¥áâ¥áâ¢¥­­ë¬, â. ª. ¢á¥ ¥é¥ ¤ ¥â ¢®§¬®¦­®áâì ¢®á-
áâ ­®¢¨âì ®â®¡à ¦¥­¨¥, ­¥á¬®âàï ­  ¬¨­¨¬ã¬ \¬ â¥à¨ « " ¤«ï ¥£® ­ å®¦¤¥­¨ï, ¤®ª § âì ¥£®
­¥¯à¥àë¢­®áâì ¨ ãáâ ­®¢¨âì ¥£® ¬¥âà¨ç¥áª¨¥ á¢®©áâ¢ .

� à ¬ª å ­ ©¤¥­­®£® ¢ [1] ¯®¤å®¤  ª ¯à®¡«¥¬¥ �¥è¥â­ïª  ¢®§­¨ª ¥â á«¥¤ãîé ï § ¤ ç :
ª ª¨¥ ¬¥âà¨ç¥áª¨¥ ¨  ­ «¨â¨ç¥áª¨¥ á¢®©áâ¢  ¨¬¥¥â ¨§¬¥à¨¬®¥ ®â®¡à ¦¥­¨¥ ', ¨­¤ãæ¨àãîé¥¥
¨§®¬®àä¨§¬ '� ¯® ¯à ¢¨«ã '�(f) = f � ', f 2 L1

n? � àì¨àãï äã­ªæ¨®­ «ì­®¥ ¯à®áâà ­áâ¢® L
1
n,

¬ë ª ¦¤ë© à § ¯à¨å®¤¨¬ ª ­®¢®© § ¤ ç¥: ¯à®áâà ­áâ¢  �®¡®«¥¢  W 1
p , p > n, à áá¬®âà¥­ë ¢ [5],

®¤­®à®¤­ë¥ ¯à®áâà ­áâ¢  �¥á®¢  blp(R
n), n > 1, lp = n, | ¢ [6] ¯à¨ p = n+1 ¨ ¢ [7] ¯à¨ p > n+1,

¯à®áâà ­áâ¢  �®¡®«¥¢  W 1
p , n � 1 < p < n, | ¢ [8], ¯à®áâà ­áâ¢  �®¡®«¥¢  W 1

p , 1 � p < n (¨
¯à®áâà ­áâ¢  ¯®â¥­æ¨ «®¢) | ¢ [9], âà¥å¨­¤¥ªá­ë¥ èª «ë ¯à®áâà ­áâ¢ �¨ª®«ìáª®£®{�¥á®¢  ¨
�¨§®àª¨­ {�à¨¡¥«ï (¨ ¨å  ­¨§®âà®¯­ë¥  ­ «®£¨) | ¢ [10]. � [11] ª § ¤ ç¥ § ¬¥­ë ¯¥à¥¬¥­­®© ¢
¯à®áâà ­áâ¢ å �®¡®«¥¢  ¯à¨¬¥­¥­  â¥®à¨ï ¬ã«ìâ¨¯«¨ª â®à®¢. �ë¢®¤ ¨§ [5]{[10] á®áâ®¨â ¢ â®¬,
çâ® ¨§®¬®àä­®áâì ®¯¥à â®à  '� ¢«¥ç¥â (¢ § ¢¨á¨¬®áâ¨ ®â á®®â­®è¥­¨ï ¬¥¦¤ã ¯®ª § â¥«ï¬¨
£« ¤ª®áâ¨, áã¬¬¨àã¥¬®áâ¨ ¨ à §¬¥à­®áâìî) á¢®©áâ¢a ®â®¡à ¦¥­¨ï ¡ëâì ª¢ §¨ª®­ä®à¬­ë¬ ¨«¨
ª¢ §¨¨§®¬¥âà¨ç¥áª¨¬ ¢ ¬¥âà¨ª¥ ®¡« áâ¨ ®¯à¥¤¥«¥­¨ï,  ¤¥ª¢ â­®© £¥®¬¥âà¨¨ äã­ªæ¨®­ «ì­®£®
¯à®áâà ­áâ¢ .

�­ «¨â¨ç¥áª¨¥ ¨ ¬¥âà¨ç¥áª¨¥ á¢®©áâ¢  £®¬¥®¬®àä¨§¬®¢, ¨­¤ãæ¨àãîé¨å ®£à ­¨ç¥­­ë¥ ®¯¥-
à â®àë ¯à®áâà ­áâ¢ �®¡®«¥¢  L1

p, ¨§ãç «¨áì ¢ [12]{[18]. � [16]{[18] ¯®«ãç¥­®  ­ «¨â¨ç¥áª®¥
®¯¨á ­¨¥ â ª¨å £®¬¥®¬®àä¨§¬®¢ ¡¥§ ª ª¨å-«¨¡®  ¯à¨®à­ëå ¯à¥¤¯®«®¦¥­¨©. �®¬¥®¬®àä¨§¬
' : D ! D0 ¬¥¦¤ã ®¡« áâï¬¨ D ¨ D0 ¢ R

n , n � 2, ¨­¤ãæ¨àã¥â ®£à ­¨ç¥­­ë© ®¯¥à â®à

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ç áâ¨ç­®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©, �®-

¢¥â  £®áã¤ àáâ¢¥­­®© ¯®¤¤¥à¦ª¨ ¢¥¤ãé¨å ­ ãç­ëå èª®« ¨ INTAS-10170.
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'� : L1
p(D

0)! L1
p(D), p 2 [1;1), ¯® ¯à ¢¨«ã '�(f) = f�' â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®â®¡à ¦¥-

­¨¥ ' ¯à¨­ ¤«¥¦¨â W 1
1;loc(D) ¨ jD'(x)j

p � KpjdetD'(x)j ¯®çâ¨ ¢áî¤ã ¢ D. � ¬¥â¨¬, çâ® ¯à¨
p = n íâ®â ª« áá ®â®¡à ¦¥­¨© á®¢¯ ¤ ¥â á ª« áá®¬ ª¢ §¨ª®­ä®à¬­ëå ®â®¡à ¦¥­¨©,   ¯à¨ p = 1
â ª¨¥ ®â®¡à ¦¥­¨ï ­ §¢ ­ë �.�.� §ì¥© ¢ [12] áã¡ à¥ «ì­ë¬¨. �§¢¥áâ­® â ª¦¥, çâ® ª¢ §¨ª®­-
ä®à¬­®¥ ®â®¡à ¦¥­¨¥ ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥­® ç¥à¥§ ¬¥âà¨ç¥áª¨¥ â¥à¬¨­ë ª ª £®¬¥®¬®àä¨§¬,
®¡« ¤ îé¨© ®£à ­¨ç¥­­ë¬ ¨áª ¦¥­¨¥¬ (á¬. [19]{[21]). �­ «®£ ¬¥âà¨ç¥áª®£® ®¯à¥¤¥«¥­¨ï ¯à¨
p 6= n ¤«ï £®¬¥®¬®àä¨§¬®¢, ¨­¤ãæ¨àãîé¨å ®£à ­¨ç¥­­ë© ®¯¥à â®à '� : L1

p(D
0) ! L1

p(D) ¯à¨
n � 1 < p < 1 ¡ë« ¯®«ãç¥­ ¢ [22]. � [23] ¨§ãç «áï ª« áá £®¬¥®¬®àä¨§¬®¢, ¨­¤ãæ¨àãîé¨å
®£à ­¨ç¥­­ë© ®¯¥à â®à '� : L1

p(D
0) ! L1

q(D) ¯à¨ 1 � q < p < 1. �à¨ n � 1 < q < p = n íâ®â
ª« áá £®¬¥®¬®àä¨§¬®¢ á®¢¯ ¤ ¥â á ª« áá®¬ ª¢ §¨ª®­ä®à¬­ëå ¢ áà¥¤­¥¬ ®â®¡à ¦¥­¨©, ª®â®àë¥
¯à¨ ­¥ª®â®àëå  ­ «¨â¨ç¥áª¨å ®£à ­¨ç¥­¨ïå ¨§ãç «¨áì àï¤®¬  ¢â®à®¢ (­ ¯à., [24]). �¥ª®â®àë¥
¯à¨¬¥­¥­¨ï ª¢ §¨ª®­ä®à¬­ëå ¢ áà¥¤­¥¬ ®â®¡à ¦¥­¨© ª â¥®à¨¨ ¢«®¦¥­¨© äã­ªæ¨© ª« áá®¢
�®¡®«¥¢  ¨¬¥îâáï ¢ [25].

� ¯®á«¥¤­¥¥ ¢à¥¬ï ¨­â¥­á¨¢­® à §¢¨¢ ¥âáï â¥®à¨ï ®â®¡à ¦¥­¨© á ¨­â¥£à¨àã¥¬ë¬ ¨áª ¦¥-
­¨¥¬, ®¡®¡é îé ï â¥®à¨î ®â®¡à ¦¥­¨© á ®£à ­¨ç¥­­ë¬ ¨áª ¦¥­¨¥¬ (á¬. [26], £¤¥ ¯à¨¢¥¤¥­ 
¡¨¡«¨®£à ä¨ï ¯® íâ®¬ã ¢®¯à®áã).

�á­®¢ë â¥®à¨¨ (p; q)-ª¢ §¨ª®­ä®à¬­ëå £®¬¥®¬®àä¨§¬®¢, ï¢«ïîé¨åáï ¥áâ¥áâ¢¥­­ë¬ ®¡®¡-
é¥­¨¥¬ ª¢ §¨ª®­ä®à¬­ëå ®â®¡à ¦¥­¨©, § «®¦¥­ë ¢ [27].

�¥§ã«ìâ âë ¤ ­­®© à ¡®âë ¬®¦­® à áá¬ âà¨¢ âì ª ª ¥áâ¥áâ¢¥­­®¥ à §¢¨â¨¥ à¥§ã«ìâ â®¢ à -
¡®âë [27]. �¨¯¨ç­ ï § ¤ ç  x 1 á®áâ®¨â ¢ â®¬, çâ®¡ë ­ ©â¨  ­ «¨â¨ç¥áª¨¥ ãá«®¢¨ï ­  ®â®¡à ¦¥-
­¨¥ ', ª®â®à®¥ ¢ ®â«¨ç¨¥ ®â [27] ­¥ ¯à¥¤¯®« £ ¥âáï £®¬¥®¬®àä­ë¬, â ª¨¥, çâ® ' ¨­¤ãæ¨àã¥â ¯®
¯à ¢¨«ã § ¬¥­ë ¯¥à¥¬¥­­®© ®£à ­¨ç¥­­ë© ®¯¥à â®à '� ¯à®áâà ­áâ¢ �®¡®«¥¢ . �¥§ã«ìâ âë ¯¥à-
¢®£® ¯ à £à ä  à §¢¨¢ îâ á®®â¢¥âáâ¢ãîé¨¥ à¥§ã«ìâ âë, ¯®«ãç¥­­ë¥ ¢ [7], [18] ¤«ï ¯à®áâà ­áâ¢
�®¡®«¥¢  á ®¤¨­ ª®¢®© áâ¥¯¥­ìî áã¬¬¨àã¥¬®áâ¨. � x 2 ãáâ ­®¢«¥­ë ãá«®¢¨ï, ¯à¨ ¢ë¯®«­¥­¨¨
ª®â®àëå ®â®¡à ¦¥­¨¥, ¨­¤ãæ¨àãîé¥¥ ®£à ­¨ç¥­­ë© ®¯¥à â®à ¯à®áâà ­áâ¢ �®¡®«¥¢ , ®¡« ¤ ¥â
N�1-á¢®©áâ¢®¬. � x 3 ¤«ï £®¬¥®¬®àä­ëå ®â®¡à ¦¥­¨©, ¨­¤ãæ¨àãîé¨å ®£à ­¨ç¥­­ë© ®¯¥à â®à
¯à®áâà ­áâ¢ �®¡®«¥¢ , ¯®«ãç¥­ë ãá«®¢¨ï «®ª «¨§ æ¨¨ ­®à¬ë.

1. �­ «¨â¨ç¥áª¨¥ å à ªâ¥à¨áâ¨ª¨ ª« áá®¢ ®â®¡à ¦¥­¨©

�ãáâì D ¨ D0 | ®âªàëâë¥ ¬­®¦¥áâ¢  ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥ Rn , n � 1. � áá¬®âà¨¬
§ ¤ çã ® áã¯¥à¯®§¨æ¨¨ ®â®¡à ¦¥­¨ï ' : D ! D0 á äã­ªæ¨ï¬¨ ¨§ ¯à®áâà ­áâ¢ L1

p(D
0), 1 � p � 1.

� ¯®¬­¨¬, çâ® ¯à®áâà ­áâ¢® �®¡®«¥¢ W 1
q (D), 1 � q � 1, á®áâ®¨â ¨§ «®ª «ì­®-áã¬¬¨àã¥¬ëå

äã­ªæ¨©, ¨¬¥îé¨å ¯¥à¢ë¥ ®¡®¡é¥­­ë¥ ¯à®¨§¢®¤­ë¥, ¨ â ª¨å, çâ® ª®­¥ç­  ¢¥«¨ç¨­ 

kf j W 1
q (D)k = kf j Lq(D)k+ krf j Lq(D)k; £¤¥ rf =

�
@f

@x1
; : : : ;

@f

@xn

�
:

�à®áâà ­áâ¢® �®¡®«¥¢  L1
q(D) à áá¬ âà¨¢ ¥âáï á ¯®«ã­®à¬®© kf j L

1
q(D)k = krf j Lq(D)k.

�ã­ªæ¨ï f : D ! R  ¡á®«îâ­® ­¥¯à¥àë¢­  ­  ¯àï¬®© l, ¨¬¥îé¥© ­¥¯ãáâ®¥ ¯¥à¥á¥ç¥­¨¥ á D,
¥á«¨ ®­   ¡á®«îâ­® ­¥¯à¥àë¢­  ­  «î¡®¬ ®âà¥§ª¥ íâ®© ¯àï¬®©, § ª«îç¥­­®¬ ¢ D. �ã­ªæ¨ï f :
D ! R ¯à¨­ ¤«¥¦¨â ª« ááã ACL(D) ( ¡á®«îâ­® ­¥¯à¥àë¢­  ­  ¯®çâ¨ ¢á¥å ¯àï¬ëå), ¥á«¨ ®­ 
 ¡á®«îâ­® ­¥¯à¥àë¢­  ­  ¯®çâ¨ ¢á¥å ¯àï¬ëå, ¯ à ««¥«ì­ëå «î¡®© ª®®à¤¨­ â­®© ®á¨. �â¬¥â¨¬,
çâ® f ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã �®¡®«¥¢  L1

1(D) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  f «®ª «ì­®-
áã¬¬¨àã¥¬  ¨ ¥¥ ¬®¦­® ¨§¬¥­¨âì ­  ¬­®¦¥áâ¢¥ ­ã«¥¢®© ¬¥àë â ª, çâ® ¨§¬¥­¥­­ ï äã­ªæ¨ï
¯à¨­ ¤«¥¦¨â ACL(D) ¨ ¥¥ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ @f

@xi
(x), i = 1; : : : ; n, áãé¥áâ¢ãîé¨¥ ¯®çâ¨ ¢áî¤ã,

áã¬¬¨àã¥¬ë ¢ D. � ¬¥â¨¬, çâ® ¯¥à¢ë¥ ®¡®¡é¥­­ë¥ ¯à®¨§¢®¤­ë¥ äã­ªæ¨¨ f á®¢¯ ¤ îâ ¯®çâ¨
¢áî¤ã á ®¡ëç­ë¬¨ ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ (­ ¯à., [12]).

�â®¡à ¦¥­¨¥ ' : D ! D0 ¯à¨­ ¤«¥¦¨â ª« ááã ACL(D), ¥á«¨ ¥£® ª®®à¤¨­ â­ë¥ äã­ªæ¨¨
'j ¬®¦­® ¨§¬¥­¨âì ­  ¬­®¦¥áâ¢¥ ­ã«¥¢®© ¬¥àë â ª, çâ®¡ë ®­¨ ¯à¨­ ¤«¥¦ «¨ ACL(D), j =
1; : : : ; n. �â®¡à ¦¥­¨¥ ' : D ! D0 ¯à¨­ ¤«¥¦¨â ª« ááã W 1

q;loc(D), ¥á«¨ ®­® ¯à¨­ ¤«¥¦¨â ª« ááã
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ACL(D) ¨ ¥£® ª®®à¤¨­ â­ë¥ äã­ªæ¨¨ 'j ¯à¨­ ¤«¥¦ â W 1
q (V ) ¤«ï ¢áïª®© ª®¬¯ ªâ­®© ®¡« áâ¨

V � D, j = 1; : : : ; n.
�á«¨ ®â®¡à ¦¥­¨¥ ' : D ! D0 ¯à¨­ ¤«¥¦¨â ª« ááã ACL(D), â® ¤«ï ¯®çâ¨ ¢á¥å â®ç¥ª ®â-

ªàëâ®£® ¬­®¦¥áâ¢  D ®¯à¥¤¥«¥­ë ä®à¬ «ì­ ï ¬ âà¨æ  �ª®¡¨ D'(x) =
�
@'i
@xj

(x)
�
, i; j = 1; : : : ; n,

¨ ¥¥ ïª®¡¨ ­ J(x; ') = detD'(x). �®à¬  jD'(x)j ¬ âà¨æë ¥áâì ­®à¬  «¨­¥©­®£® ®¯¥à â®à ,
®¯à¥¤¥«ï¥¬®£® íâ®© ¬ âà¨æ¥©, ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥ Rn .

�ã¤¥¬ £®¢®à¨âì, çâ® ®â®¡à ¦¥­¨¥ ' : D ! D0 ¯®à®¦¤ ¥â ®£à ­¨ç¥­­ë© ®¯¥à â®à ¢«®¦¥­¨ï

'� : L1
p(D

0) ! L1
q(D), 1 � q � p � 1, ¯® ¯à ¢¨«ã áã¯¥à¯®§¨æ¨¨ '�f = f � ', ¥á«¨ áãé¥áâ¢ã¥â

¯®áâ®ï­­ ï K <1 â ª ï, çâ®

k'�f j L1
q(D)k � Kkf j L1

p(D
0)k ¤«ï «î¡®© äã­ªæ¨¨ f 2 L1

p(D
0):

�­ «®£¨ç­® ®¯à¥¤¥«ï¥âáï ®£à ­¨ç¥­­ë© ®¯¥à â®à ¢«®¦¥­¨ï ¢ ¯à®áâà ­áâ¢ å �¥¡¥£  ¨ ¯à®-
áâà ­áâ¢ å �®¡®«¥¢  á ®á­®¢­®© ­®à¬®©.

�à¨ ®¯¨á ­¨¨ ®â®¡à ¦¥­¨©, ¯®à®¦¤ îé¨å ¯® ¯à ¢¨«ã áã¯¥à¯®§¨æ¨¨ ®£à ­¨ç¥­­ë¥ ®¯¥à -
â®àë ¢«®¦¥­¨ï ¯à®áâà ­áâ¢ �®¡®«¥¢ , ¢ ¦­ãî à®«ì ¨£à îâ äã­ªæ¨¨, ®¯à¥¤¥«¥­­ë¥ ­  á¨áâ¥¬¥
®âªàëâëå ¯®¤¬­®¦¥áâ¢ ®âªàëâ®£® ¬­®¦¥áâ¢  D.

� ¯®¬­¨¬, çâ® ®â®¡à ¦¥­¨¥ �, ®¯à¥¤¥«¥­­®¥ ­  ®âªàëâëå ¯®¤¬­®¦¥áâ¢ å ¨§ D ¨ ¯à¨­¨¬ -
îé¥¥ ­¥®âà¨æ â¥«ì­ë¥ §­ ç¥­¨ï, ­ §ë¢ ¥âáï ª®­¥ç­® #-ª¢ §¨ ¤¤¨â¨¢­®© äã­ªæ¨¥© ¬­®¦¥áâ¢ 
[28], ¥á«¨

1) ¤«ï ¢áïª®© â®çª¨ x 2 D áãé¥áâ¢ã¥â �, 0 < � < dist(x; @D), â ª®¥, çâ® 0 � �(B(x; �)) <1
(§¤¥áì ¨ ¤ «¥¥ B(x; �) = fy 2 Rn : jy � xj < �g);

2) ¤«ï ¢áïª®£® ª®­¥ç­®£® ­ ¡®à  Ui � U � D, i = 1; 2; : : : ; k, ¯®¯ à­® ­¥¯¥à¥á¥ª îé¨åáï

®âªàëâëå ¬­®¦¥áâ¢ ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®
kP
i=1

�(Ui) � #�(U).

�ç¥¢¨¤­®, ­¥à ¢¥­áâ¢® ¢® ¢â®à®¬ ãá«®¢¨¨ íâ®£® ®¯à¥¤¥«¥­¨ï ¬®¦­® à á¯à®áâà ­¨âì ­  áç¥â-
­ãî á®¢®ªã¯­®áâì ¯®¯ à­® ­¥¯¥à¥á¥ª îé¨åáï ®âªàëâëå ¬­®¦¥áâ¢ ¨§ D, â ª çâ® ª®­¥ç­® #-
ª¢ §¨ ¤¤¨â¨¢­ ï äã­ªæ¨ï ¬­®¦¥áâ¢  ï¢«ï¥âáï â ª¦¥ ¨ áç¥â­® #-ª¢ §¨ ¤¤¨â¨¢­®©.

�á«¨ ¢¬¥áâ® ¢â®à®£® ãá«®¢¨ï ¯à¥¤¯®«®¦¨âì, çâ® ¤«ï ¢áïª®£® ª®­¥ç­®£® ­ ¡®à  Ui � D,
i = 1; 2; : : : ; k, ¯®¯ à­® ­¥¯¥à¥á¥ª îé¨åáï ®âªàëâëå ¬­®¦¥áâ¢ ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

kX
i=1

�(Ui) = �
� k[
i=1

Ui

�
;

â® â ª ï äã­ªæ¨ï ¬­®¦¥áâ¢  ­ §ë¢ ¥âáï ª®­¥ç­®- ¤¤¨â¨¢­®©. �á«¨ à ¢¥­áâ¢® ¢ íâ®¬ ãá«®¢¨¨
¬®¦­® à á¯à®áâà ­¨âì ­  áç¥â­ãî á®¢®ªã¯­®áâì ¯®¯ à­® ­¥¯¥à¥á¥ª îé¨åáï ®âªàëâëå ¬­®-
¦¥áâ¢ ¨§ D, â® â ªãî äã­ªæ¨î ¬­®¦¥áâ¢  ¡ã¤¥¬ ­ §ë¢ âì áç¥â­®- ¤¤¨â¨¢­®©.

�â®¡à ¦¥­¨¥ �, ®¯à¥¤¥«¥­­®¥ ­  ®âªàëâëå ¯®¤¬­®¦¥áâ¢ å ¨§ D ¨ ¯à¨­¨¬ îé¥¥ ­¥®âà¨æ -
â¥«ì­ë¥ §­ ç¥­¨ï, ­ §ë¢ ¥âáï ¬®­®â®­­®© äã­ªæ¨¥© ¬­®¦¥áâ¢  [28], ¥á«¨ �(U1) � �(U2) ¯à¨
ãá«®¢¨¨, çâ® U1 � U2 � D | ®âªàëâë¥ ¬­®¦¥áâ¢ .

Bepå­ïï ¨ ­¨¦­ïï ¯à®¨§¢®¤­ë¥ ª ¦¤®© ¨§ ¢ëè¥ ®¯à¥¤¥«¥­­ëå (ª¢ §¨) ¤¤¨â¨¢­ëå äã­ªæ¨©
¬­®¦¥áâ¢ , § ¤ ­­ëå ­  ®âªàëâëå ¬­®¦¥áâ¢ å ¨§ D, ®¯à¥¤¥«ïîâáï á«¥¤ãîé¨¬ ®¡à §®¬:

�0(x) = lim
h!0

sup
�<h

�(B�)
jB�j

¨ �0(x) = lim
h!0

inf
�<h

�(B�)
jB�j

;

£¤¥ â®ç­ ï ¢¥àå­ïï ¨ ­¨¦­ïï £à ­¨ ¡¥àãâáï ¯® ¢á¥¬ è à ¬ B� = B(y; �) 3 x, B� � D, à ¤¨ãá
� ª®â®àëå ¬¥­ìè¥ h. � ¬¥â¨¬, çâ® ¢¥àå­ïï ¯à®¨§¢®¤­ ï �0(x) ¨ ­¨¦­ïï ¯à®¨§¢®¤­ ï �0(x)
ï¢«ïîâáï ¡®à¥«¥¢áª¨¬¨ äã­ªæ¨ï¬¨ [28].

�ä®à¬ã«¨àã¥¬ ¢ ­ã¦­®© ­ ¬ ä®à¬¥ à¥§ã«ìâ â ¨§ [28].

�à¥¤«®¦¥­¨¥ 1 ([28]). �ãáâì ª®­¥ç­® #-ª¢ §¨ ¤¤¨â¨¢­ ï äã­ªæ¨ï ¬­®¦¥áâ¢  � ®¯à¥¤¥-

«¥­  ­  ®âªàëâëå ¯®¤¬­®¦¥áâ¢ å ®âªàëâ®£® ¬­®¦¥áâ¢  D � R
n . �®£¤ 

13



a) ¤«ï «î¡®£® ®âªàëâ®£® ¬­®¦¥áâ¢  U � D á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®Z
U

�0(x) dx � #�(U);

¡) ¤«ï ¯®çâ¨ ¢á¥å â®ç¥ª x 2 D ¢¥àå­ïï ¯à®¨§¢®¤­ ï ª®­¥ç­  ¨

�0(x) � #�0(x):

�á«¨ # = 1, â® ¤«ï ¯®çâ¨ ¢á¥å â®ç¥ª x 2 D áãé¥áâ¢ã¥â ª®­¥ç­ ï ¯à®¨§¢®¤­ ï

lim
�!0; B�3x

�(B�)
jB�j

= �0(x):

�¥®âà¨æ â¥«ì­ ï äã­ªæ¨ï �, ®¯à¥¤¥«¥­­ ï ­  ­¥ª®â®à®© á®¢®ªã¯­®áâ¨ ¨§¬¥à¨¬ëå ¬­®-
¦¥áâ¢ ¨§ ®âªàëâ®£® ¬­®¦¥áâ¢  D ¨ ¯à¨­¨¬ îé ï ª®­¥ç­ë¥ §­ ç¥­¨ï, ­ §ë¢ ¥âáï  ¡á®«îâ­®

­¥¯à¥àë¢­®©, ¥á«¨ ¤«ï «î¡®£® ç¨á«  " > 0 ­ ©¤¥âáï ç¨á«® � > 0 â ª®¥, çâ® �(A) < " ¤«ï ¢áïª®£®
¨§¬¥à¨¬®£® ¬­®¦¥áâ¢  A � D ¨§ ®¡« áâ¨ ®¯à¥¤¥«¥­¨ï, ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨î jAj < �.

� ¯®¬­¨¬, çâ® £®¬¥®¬®àä¨§¬ ' ®âªàëâëå ¬­®¦¥áâ¢ D ¨ D0 ­ §ë¢ ¥âáï (p; q)-ª¢ §¨ª®­-
ä®à¬­ë¬ [27], ¥á«¨ ¢ë¯®«­¥­® ®¤­® ¨§ á«¥¤ãîé¨å íª¢¨¢ «¥­â­ëå ãâ¢¥à¦¤¥­¨©:

1) ®â®¡à ¦¥­¨¥ ' ¨­¤ãæ¨àã¥â ®£à ­¨ç¥­­ë© ®¯¥à â®à ¢«®¦¥­¨ï

'� : L1
p(D

0)! L1
q(D); 1 � q � p <1;

¯® ¯à ¢¨«ã '�(f) = f � ';
2) ®â®¡à ¦¥­¨¥ ' ¯à¨­ ¤«¥¦¨â W 1

1;loc(D) ¨ ª®­¥ç­  ¢¥«¨ç¨­ 

Kp;q(D) = kKp(�) j L{(D)k;

£¤¥ Kp(x) = inffk : jD'j(x) � kjJ(x; ')j1=p; x 2 Dg,   ç¨á«® { ®¯à¥¤¥«ï¥âáï ¨§ á®®â­®è¥­¨ï
1={ = 1=q � 1=p ¯à¨ q < p ¨ { = 1 ¯à¨ q = p, ¯à¨ç¥¬ ­®à¬  ®¯¥à â®à  '� : L1

p(D
0) ! L1

q(D)
íª¢¨¢ «¥­â­  Kp;q(D).

�à¨ p 2 (1;1) ãâ¢¥à¦¤¥­¨ï 1, 2 íª¢¨¢ «¥­â­ë ãâ¢¥à¦¤¥­¨î
3) ¤«ï «î¡®£® ª®­¤¥­á â®à  (F0; F1) � D0 á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

capp('
�1(F0); '

�1(F1);D) � Kp capp(F0; F1;D
0) ¯à¨ 1 < q = p <1

¨

cap1=qq ('�1(F0); '�1(F1);D) � �(D0 n (F0 [ F1))
1
{ cap1=pp (F0; F1;D0) ¯à¨ 1 < q < p <1;

£¤¥ � | ®£à ­¨ç¥­­ ï ¬®­®â®­­ ï áç¥â­®- ¤¤¨â¨¢­ ï äã­ªæ¨ï, ®¯à¥¤¥«¥­­ ï ­  ®âªàëâëå
¯®¤¬­®¦¥áâ¢ å ®âªàëâ®£® ¬­®¦¥áâ¢  D0.

�à¨ p 2 (n� 1;1) ãâ¢¥à¦¤¥­¨ï 1, 2, 3 íª¢¨¢ «¥­â­ë ãâ¢¥à¦¤¥­¨î
4) áãé¥áâ¢ãîâ ¯®áâ®ï­­ ï K < 1 ¨ ¯à¨ q < p ®£à ­¨ç¥­­ ï ¬®­®â®­­ ï  ¡á®«îâ­® ­¥¯à¥-

àë¢­ ï áç¥â­®- ¤¤¨â¨¢­ ï äã­ªæ¨ï 	, ®¯à¥¤¥«¥­­ ï ­  ®âªàëâëå ¯®¤¬­®¦¥áâ¢ å ®âªàëâ®£®
¬­®¦¥áâ¢  D, â ª¨¥, çâ®

lim
r!0

Lp
'(x; r)r

n�p

j'(B(x; �r))j

��
	(B(x; �r))
jB(x; r)j

� p�q
q

� K

¤«ï ¢á¥å â®ç¥ª x 2 D (¯à¨ p = q §­ ¬¥­ â¥«ì íâ®£® ¢ëà ¦¥­¨ï, áâ®ïé¨© ¯®¤ ª®á®© «¨­¨¥©,
à ¢¥­ 1). �¤¥áì L'(x; r) = max

jx�yj=r
j'(x) � '(y)j ¯à¨ ãá«®¢¨¨, çâ® r < dist(x; @D), � > 1 | ä¨ªá¨-

à®¢ ­­®¥ ç¨á«®.
�®­ïâ¨¥ (p; q)-ª¢ §¨ª®­ä®à¬­®£® ®â®¡à ¦¥­¨ï ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ®¡®¡é ¥â ¯®­ïâ¨¥ ª¢ -

§¨ª®­ä®à¬­®£® ®â®¡à ¦¥­¨ï (¯à¨ p = q = n � 2 ¤ ­­®¥ ®¯à¥¤¥«¥­¨¥ á®¢¯ ¤ ¥â á ®¯à¥¤¥«¥­¨¥¬
ª¢ §¨ª®­ä®à¬­®£® ®â®¡à ¦¥­¨ï), ¨ (p; q)-ª¢ §¨ª®­ä®à¬­ë¥ ®â®¡à ¦¥­¨ï ¯à¥¤áâ ¢«ïîâ ¯à¨¬¥à
â®¯®«®£¨ç¥áª¨å ®â®¡à ¦¥­¨© á ¨­â¥£à¨àã¥¬ë¬ ¨áª ¦¥­¨¥¬ [26].
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� áá¬®âà¨¬ â¥¯¥àì áã¯¥à¯®§¨æ¨î äã­ªæ¨©, ¯à¨­ ¤«¥¦ é¨å ¯à®áâà ­áâ¢ã �®¡®«¥¢  L1
p(D

0),
á ®â®¡à ¦¥­¨¥¬ ' : D ! D0, D ¨ D0 | ®âªàëâë¥ ¬­®¦¥áâ¢  ¢ Rn .

�à¥¤«®¦¥­¨¥ 2. �ãáâì ®â®¡à ¦¥­¨¥ ' : D ! D0 ®¡« ¤ ¥â á¢®©áâ¢®¬, çâ® ¤«ï ¢áïª®©

äã­ªæ¨¨ f 2 L1
p(D

0), 1 � p � 1, áã¯¥à¯®§¨æ¨ï '�f = f � ' 2 ACL(D). �®£¤  ®â®¡à ¦¥­¨¥ '
¯à¨­ ¤«¥¦¨â ACL(D).

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ä¨­¨â­ë¥ äã­ªæ¨¨ �N 2 C1
0 (Rn), N 2 N, à ¢­ë¥ ¥¤¨­¨æ¥ ­ 

ª®¬¯ ªâ­®¬ ¬­®¦¥áâ¢¥ B(0; N). �«ï «î¡®© ª®®à¤¨­ â­®© äã­ªæ¨¨ yj : D0 ! R, j = 1; : : : ; n,
¯à®¨§¢¥¤¥­¨¥ �N(y) � yj 2 L1

p(D
0). �®£¤  äã­ªæ¨¨ '�(�Nyj)(x) = �N('(x))'j(x) ¯à¨­ ¤«¥¦ â

ª« ááã L1
q(D) � ACL(D).

�¨ªá¨àã¥¬ ¯à®¨§¢®«ì­® ª®®à¤¨­ â­ãî ®áì ¨ à áá¬®âà¨¬ á¥¬¥©áâ¢® LN , á®áâ®ïé¥¥ ¨§ ¢á¥å
¯àï¬ëå l, ¯ à ««¥«ì­ëå ¢ë¡à ­­®© ª®®à¤¨­ â­®© ®á¨ ¨ â ª¨å, çâ® ­  ª ¦¤®© ¯àï¬®© l 2 LN

äã­ªæ¨ï '�(�Nyj), N 2 N,  ¡á®«îâ­® ­¥¯à¥àë¢­ . � ª ª ª ¬­®¦¥áâ¢® f'�(�Nyj)gN2N áç¥â­®¥, â®

¯à®¥ªæ¨ï ¢¤®«ì ¢ë¡à ­­®© ®á¨ ¬­®¦¥áâ¢  L =
1T
N=1

LN ­  ¯®¤¯à®áâà ­áâ¢® Rn�1 ¨¬¥¥â ¯®«­ãî

(n� 1)-¬¥à­ãî ¬¥àã �¥¡¥£ .
�¥¯¥àì ¯®ª ¦¥¬, çâ® ®â®¡à ¦¥­¨¥ '  ¡á®«îâ­® ­¥¯à¥àë¢­® ­  «î¡®© ¯àï¬®© l 2 L. �à¥¦¤¥

¢á¥£® § ¬¥â¨¬, çâ® â. ª. �N(y) � yj = yj ¤«ï y 2 B(0; N) ¨ äã­ªæ¨¨ '�(�Nyj)(x) ­¥¯à¥àë¢­ë ­ 
¯àï¬®© l, â® ¬­®¦¥áâ¢® '�1(B(0; N)) \ l ®âªàëâ® ­  ¯àï¬®© l. �  ¯àï¬®© l ¢ë¡¥à¥¬ «î¡ë¥
â®çª¨ x1; x2 � D â ª, çâ®¡ë ®âà¥§®ª [x1; x2] � D. � ª ª ª ¬­®¦¥áâ¢® '�1(B(0; N))\ l ®âªàëâ® ­ 

¯àï¬®© l, ¨ [x1; x2] �
1S
N=1

'�1(B(0; N)), â® ­ ©¤¥âáï ­®¬¥à N1 â ª®©, çâ® [x1; x2] � '�1(B(0; N1)).

�«¥¤®¢ â¥«ì­®, '  ¡á®«îâ­® ­¥¯à¥àë¢­® ­  [x1; x2], â. ª.

'j[x1;x2] = ('�(�N1
y1)j[x1;x2]; : : : ; '

�(�N1
yn)j[x1;x2]);

  äã­ªæ¨¨ '�(�N1
yj) 2 ACL([x1; x2]), j = 1; : : : ; n.

� á«¥¤ãîé¥¬ ãâ¢¥à¦¤¥­¨¨ ®¯¨áë¢ ¥âáï á¢®©áâ¢®  ¤¤¨â¨¢­®áâ¨ ­®à¬ë ®¯¥à â®à  áã¯¥à¯®-
§¨æ¨¨, áã¦¥­­®£® ­  ä¨­¨â­ë¥ äã­ªæ¨¨.

�¥¬¬  1. �ãáâì ®â®¡à ¦¥­¨¥ ' : D ! D0 ¯®à®¦¤ ¥â ®£à ­¨ç¥­­ë© ®¯¥à â®à ¢«®¦¥­¨ï

'� : L1
p(D

0)! L1
q(D); 1 � q < p � 1:

�®£¤ 

�(A0) = sup
f2

�

L1
p(A

0)

�
k'�f j L1

q(D)k

kf j
�

L1
p(A0)k

��
; £¤¥ � =

(
pq
p�q

¯à¨ p <1;

q ¯à¨ p =1;

ï¢«ï¥âáï ®£à ­¨ç¥­­®© ¬®­®â®­­®© áç¥â­®- ¤¤¨â¨¢­®© äã­ªæ¨¥©, ®¯à¥¤¥«¥­­®© ­  ®âªàëâëå

®£à ­¨ç¥­­ëå ¬­®¦¥áâ¢ å A0 � D0.

�®ª § â¥«ìáâ¢®. �ç¥¢¨¤­®, �(A0
1) � �(A0

2), ¥á«¨ A0
1 � A0

2.

�ãáâì A0
i, i 2 N, | ®âªàëâë¥ ¯®¯ à­® ­¥¯¥à¥á¥ª îé¨¥áï ¬­®¦¥áâ¢  ¢ D0, A0

0 =
1S
i=1

A0
i.

� áá¬®âà¨¬ â ªãî äã­ªæ¨î fi 2
�

L1
p(A

0
i), çâ®¡ë ®¤­®¢à¥¬¥­­® ¢ë¯®«­ï«¨áì ãá«®¢¨ï k'�fi j

L1
q(D)k �

�
�(A0

i)(1�
"
2i
)
� 1
� kfi j

�

L1
p(A

0
i)k ¨ kfi j

�

L1
p(A

0
i)k

p = �(A0
i)(1�

"
2i
) ¯à¨ p <1 (kfi j

�

L1
p(A

0
i)k = 1

¯à¨ p =1), " 2 (0; 1). �®« £ ï fN =
NP
i=1

fi ¨ ¯à¨¬¥­ïï ­¥à ¢¥­áâ¢® ��¥«ì¤¥à  ¯à¨ 1 � q < p � 1
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(á«ãç © à ¢¥­áâ¢ ), ¯®«ãç¨¬

k'�fN j L1
q(D)k �

� NX
i=1

�
�(A0

i)
�
1�

"

2i

�� q
�

kfi j
�

L1
p(A

0
i)k

q

�1=q

=

=
� NX

i=1

�(A0
i)
�
1�

"

2i

�� 1
�




fN ��� �L1

p

� N[
i=1

A0
i

�



 � � NX
i=1

�(A0
i)� "�(A0

0)
� 1

�




fN ��� �L1

p

� N[
i=1

A0
i

�



;
â. ª. ¬­®¦¥áâ¢ , ­  ª®â®àëå äã­ªæ¨¨ r'�fi ®â«¨ç­ë ®â ­ã«ï, ­¥ ¯¥à¥á¥ª îâáï. �âáî¤  á«¥¤ã¥â

�(A0
0)

1
� � sup

k'�fN j L1
q(D)k



fN ��� �L1

p

� NS
i=1

A0
i

�



 �
� NX

i=1

�(A0
i)� "�(A0

0)
� 1

�

;

£¤¥ â®ç­ ï ¢¥àå­ïï £à ­ì ¡¥à¥âáï ¯® ¢á¥¬ äã­ªæ¨ï¬ fN 2
�

L1
p

� NS
i=1

A0
i

�
ãª § ­­®£® ¢ëè¥ ¢¨¤ .

� ª ª ª N ¨ " ¯à®¨§¢®«ì­ë, â®
1X
i=1

�(A0
i) � �

� 1[
i=1

A0
i

�
:

�¯à ¢¥¤«¨¢®áâì ®¡à â­®£® ­¥à ¢¥­áâ¢  ¯à®¢¥àï¥âáï ­¥¯®áà¥¤áâ¢¥­­®.

�â®¡à ¦¥­¨¥ ' : D ! D0 ®¡« ¤ ¥â N -á¢®©áâ¢®¬ �ã§¨­ , ¥á«¨ ®¡à § ¢áïª®£® ¬­®¦¥áâ¢ 
­ã«¥¢®© ¬¥àë ¥áâì ¬­®¦¥áâ¢® ¬¥àë ­ã«ì.

�«ï ¤®ª § â¥«ìáâ¢  á«¥¤ãîé¥© â¥®à¥¬ë ­ ¬ ¯®­ ¤®¡¨âáï

�à¥¤«®¦¥­¨¥ 3 ([29], á«¥¤áâ¢¨¥ 5.1). �à¥¤¯®«®¦¨¬, çâ® ®â®¡à ¦¥­¨¥ ' : A ! R
n , A �

R
n | ¨§¬¥à¨¬®¥ ¬­®¦¥áâ¢®, ¨¬¥¥â  ¯¯à®ªá¨¬ â¨¢­ë¥ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ ­  ¬­®¦¥-

áâ¢¥ A. �®£¤  áãé¥áâ¢ã¥â ¬­®¦¥áâ¢® �' � A ­ã«¥¢®© ¬¥àë â ª®¥, çâ® ¤«ï «î¡®© ­¥®âà¨-

æ â¥«ì­®© ¨§¬¥à¨¬®© äã­ªæ¨¨ u : A! R á¯à ¢¥¤«¨¢  á«¥¤ãîé ï ä®à¬ã«  § ¬¥­ë ¯¥à¥¬¥­­®©

¢ ¨­â¥£à «¥ �¥¡¥£ : Z
A

u(x)jJ(x; ')j dx =
Z
Rn

� X
x2'�1(y)\(An�')

u(x)
�
dy: (1)

�á«¨ ' ®¡« ¤ ¥â N -á¢®©áâ¢®¬ �ã§¨­ , â® �' = ;.

� ¬¥â¨¬, çâ® ¢áïª®¥ ®â®¡à ¦¥­¨¥ ' 2 W 1
q;loc(D) ®¡« ¤ ¥â N -á¢®©áâ¢®¬ �ã§¨­  ¯à¨ q > n

(­ ¯à., [29]).
�â®¡à ¦¥­¨¥ ' : D ! D0 ª« áá  ACL(D) ¨¬¥¥â ª®­¥ç­®¥ ¨áª ¦¥­¨¥, ¥á«¨ D'(x) = 0 ¯®çâ¨

¢áî¤ã ­  ¬­®¦¥áâ¢¥ Z = fx 2 D : J(x; ') = 0g.
�«ï ®â®¡à ¦¥­¨ï ' : D ! D0 ª« áá  ACL(D) ®¯à¥¤¥«¨¬ äã­ªæ¨î

D0 3 y 7! Hq(y) =

8>>><>>>:
� P

x2'�1(y)n�';
J(x;')6=0

jD'jq(x)

jJ(x;')j

� 1
q

;

0; ¥á«¨ fx 2 '�1(y) n �' : J(x; ') 6= 0g = ;:

(2)

(�¤¥áì ¨ ¤ «¥¥ �' � D | ¬­®¦¥áâ¢® ¨§ ¯à¥¤«®¦¥­¨ï 3.)
�¢¥ äã­ªæ¨¨ f : D0 ! R ¨ g : D0 ! R ­ §ë¢ îâáï íª¢¨¢ «¥­â­ë¬¨ (f � g), ¥á«¨ �f(x) �

g(x) � �f(x) ¤«ï ¢á¥å x 2 D0, 0 < � � � <1 | ¯®áâ®ï­­ë¥ ç¨á« .
�«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥ áä®à¬ã«¨à®¢ ­® ¢ [30] ¤«ï ®£à ­¨ç¥­­®© ®¡« áâ¨ D0 (¯à¨ p = q

¢ íª¢¨¢ «¥­â­®© ä®à¬¥ ®­® ãáâ ­®¢«¥­® ¢ [7], [18]). �«ï £®¬¥®¬®àä­®£® ®â®¡à ¦¥­¨ï ' ®­®
¤®ª § ­® ¢ [16]{[18] ¯à¨ p = q ¨ ¢ [23] ¯à¨ q < p.
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�¥®à¥¬  1. �â®¡à ¦¥­¨¥ ' : D ! D0 ¯®à®¦¤ ¥â ®£à ­¨ç¥­­ë© ®¯¥à â®à ¢«®¦¥­¨ï

'� : L1
p(D

0)! L1
q(D); 1 � q � p <1;

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ' ¯à¨­ ¤«¥¦¨â ACL(D), ¨¬¥¥â ª®­¥ç­®¥ ¨áª ¦¥­¨¥, ¨

Hq(�) 2 L{(D0); £¤¥ { =

(
pq
p�q

¯à¨ q < p <1;

1 ¯à¨ q = p <1:

�®à¬  ®¯¥à â®à  '� : L1
p(D

0)! L1
q(D) íª¢¨¢ «¥­â­  Hp;q(D0) = kHq(�) j L{(D0)k:

�p;qHp;q(D
0) � k'�k � Hp;q(D

0);

£¤¥ �p;q | ¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï.

�à®¬¥ â®£®, ¥á«¨ V � D | ®âªàëâ®¥ ¬­®¦¥áâ¢® ¨ '(V ) á®¤¥à¦¨âáï ¢ ®âªàëâ®¬ ¬­®-

¦¥áâ¢¥ W , â® ®¯¥à â®à

'�V : L1
p(W )! L1

q(V ); '�V (f) = f � 'jV ; 1 � q � p <1;

â ª¦¥ ®£à ­¨ç¥­, ¨ k'�V k � kHq(�) j L{(W )k.

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¯à¨ q < p ¯®­ ¤®¡¨âáï ¯à¥¤áâ ¢«ïîé ï ­¥§ ¢¨á¨¬ë© ¨­â¥à¥á

�¥®à¥¬  2. �â®¡à ¦¥­¨¥ ' : D ! D0 ¯®à®¦¤ ¥â ®£à ­¨ç¥­­ë© ®¯¥à â®à ¢«®¦¥­¨ï '� :
L1
p(D

0)! L1
q(D), 1 � q < p <1, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ' ¯à¨­ ¤«¥¦¨â ACL(D), ¨¬¥¥â

ª®­¥ç­®¥ ¨áª ¦¥­¨¥ ¨ áãé¥áâ¢ã¥â ®£à ­¨ç¥­­ ï ¬®­®â®­­ ï áç¥â­®- ¤¤¨â¨¢­ ï äã­ªæ¨ï �,
®¯à¥¤¥«¥­­ ï ­  ®âªàëâëå ®£à ­¨ç¥­­ëå ¯®¤¬­®¦¥áâ¢ å ¨§ D0, â ª ï, çâ® ¢ë¯®«­ïîâáï

á®®â­®è¥­¨ï

�{p;qH
{

q (y) � �0(y) � H{

q (y)

¤«ï ¯®çâ¨ ¢á¥å y 2 D0, 1={ = 1=q � 1=p, £¤e �p;q | ¯®áâ®ï­­ ï ¨§ â¥®à¥¬ë 1.

�«ï ¤®ª § â¥«ìáâ¢  íâ¨å â¥®à¥¬ ¯®âà¥¡ã¥âáï ®æ¥­ª  §­ ç¥­¨© ¬®­®â®­­®© áç¥â­®- ¤¤¨â¨¢­®©
äã­ªæ¨¨ ç¥à¥§ ªà â­®áâì ¯®ªàëâ¨ï.

� ¯®¬®éìî â¥®à¥¬ë �¥§¨ª®¢¨ç  [31] ¤®ª §ë¢ ¥âáï

�¥¬¬  2. �«ï ¢áïª®£® ®âªàëâ®£® ¬­®¦¥áâ¢  U � R
n , U 6= R

n , áãé¥áâ¢ã¥â áç¥â­®¥ á¥-

¬¥©áâ¢® è à®¢ B = fBjg â ª®¥, çâ®

1)
S
j
Bj = U ;

2) ¥á«¨ Bj = Bj(xj ; rj) 2 B, â® dist(xj ; @U) = 12rj ;
3) á¥¬¥©áâ¢  B = fBjg ¨ 2B = f2Bjg, £¤¥ á¨¬¢®« 2B ®¡®§­ ç ¥â è à ã¤¢®¥­­®£® à ¤¨ãá  á

æ¥­âà®¬ ¢ â®© ¦¥ â®çª¥, ®¡à §ãîâ ª®­¥ç­®ªà â­®¥ ¯®ªàëâ¨¥ ¬­®¦¥áâ¢  U ;
4) ¥á«¨ 2Bj = Bj(xj ; 2rj), j = 1; 2, | ¯¥à¥á¥ª îé¨¥áï è àë, â® 5

7
r1 � r2 �

7
5
r1;

5) á¥¬¥©áâ¢® f2Bjg ¬®¦­® à §¡¨âì ­  ª®­¥ç­®¥ ç¨á«®, § ¢¨áïé¥¥ â®«ìª® ®â à §¬¥à­®áâ¨

n, ­ ¡®à®¢ â ª, çâ® ¢­ãâà¨ ª ¦¤®£® ­ ¡®à  è àë ­¥ ¯¥à¥á¥ª îâáï.

�¥¬¬  3. �ãáâì ¬®­®â®­­ ï áç¥â­®- ¤¤¨â¨¢­ ï äã­ªæ¨ï � ®¯à¥¤¥«¥­  ­  ®âªàëâëå

¯®¤¬­®¦¥áâ¢ å ®âªàëâ®£® ¬­®¦¥áâ¢  D � R
n . �®£¤  ¤«ï ¢áïª®£® ®âªàëâ®£® ¬­®¦¥áâ¢ 

U � D, U 6= R
n , áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì è à®¢ fBjg â ª ï, çâ®

1) á¥¬¥©áâ¢  fBjg ¨ f2Bjg ®¡à §ãîâ ª®­¥ç­®ªà â­®¥ ¯®ªàëâ¨¥ ¬­®¦¥áâ¢  U ;

2)
1P
j=1

�(2Bj) � �n�(U), £¤¥ ¯®áâ®ï­­ ï �n § ¢¨á¨â â®«ìª® ®â à §¬¥à­®áâ¨ n.
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�®ª § â¥«ìáâ¢®. � á®®â¢¥âáâ¢¨¨ á «¥¬¬®© 2 ¯®áâà®¨¬ ¯®á«¥¤®¢ â¥«ì­®áâ¨ è à®¢ fBjg,
f2Bjg ¨ à §®¡ì¥¬ ¯®á«¥¤®¢ â¥«ì­®áâì f2Bjg ­  �n ¯®¤á¥¬¥©áâ¢ f2B1jg

1
j=1; : : : ; f2B�njg

1
j=1 â ª¨¬

®¡à §®¬, çâ® ¢­ãâà¨ ª ¦¤®£® ­ ¡®à  è àë ­¥ ¯¥à¥á¥ª îâáï, 2Bki \ 2Bkj = ;, ¥á«¨ i 6= j, k =
1; : : : ; �n. �«¥¤®¢ â¥«ì­®,

1X
j=1

�(2Bj) =
�nX
k=1

1X
j=1

�(2Bkj) �
�nX
k=1

�(U) = �n�(U): �

�®ª § â¥«ìáâ¢® â¥®à¥¬ 1 ¨ 2. �¥®¡å®¤¨¬®áâì. 1. �à¨­ ¤«¥¦­®áâì ®â®¡à ¦¥­¨ï '
ª« ááã ACL(D) á«¥¤ã¥â ¨§ ¯à¥¤«®¦¥­¨ï 2. �®ª ¦¥¬, çâ® ®â®¡à ¦¥­¨¥ ' ¨¬¥¥â ª®­¥ç­®¥ ¨á-

ª ¦¥­¨¥. �® «¥¬¬¥ 1 ¤«ï «î¡®© äã­ªæ¨¨ f 2
�

L1
p(A

0) ¯à¨ q � p ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

k'�f j L1
q(D)k � �(A0)1=�kf j

�

L1
p(A

0)k, £¤¥ A0 � D0 | ®âªàëâ®¥ ®£à ­¨ç¥­­®¥ ¯®¤¬­®¦¥áâ¢® (¯à¨
q = p ¯®« £ ¥¬ �(A)

1
� = k'�k). �¨ªá¨àã¥¬ áà¥§ªã � 2 C1

0 (Rn), à ¢­ãî ¥¤¨­¨æ¥ ­  B(0; 1) ¨ ­ã«î
¢­¥ è à  B(0; 2). �®¤áâ ¢«ïï ¢ íâ® ­¥à ¢¥­áâ¢® äã­ªæ¨¨ hj(z) = (z� y)j�(

z�y
r
), j = 1; : : : ; n, £¤¥

(z � y)j ®¡®§­ ç ¥â j-î ª®®à¤¨­ âã ¢¥ªâ®à  z � y, B(y; 2r) � D0, ¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã

� Z
'�1(B(y;r))

jD'jq(x) dx
�1=q

� C�(B(y; 2r))1=�jB(y; 2r)j1=p; (3)

£¤¥ C | ­¥ª®â®à ï ¯®áâ®ï­­ ï, § ¢¨áïé ï â®«ìª® ®â à §¬¥à­®áâ¨ n ¨ ¯®ª § â¥«ï p.
�ãáâì Z = fx 2 D j J(x; ') = 0g. �®ª ¦¥¬, çâ®Z

Z

jD'jq(x) dx = 0: (4)

�® ä®à¬ã«¥ (1) j'(Z n �')j = 0. �¨ªá¨àã¥¬ ç¨á«® " > 0 ¨ ®âªàëâ®¥ ¬­®¦¥áâ¢® U â ª¨¥, çâ®
U � '(Z n�') ¨ jU j < ". �ë¡¥à¥¬ á®£« á­® «¥¬¬¥ 2 ª®­¥ç­®ªà â­®¥ ¯®ªàëâ¨¥ fB(yi; ri)g ®âªàë-
â®£® ¬­®¦¥áâ¢  U è à ¬¨ â ª®¥, çâ® è àë B(yi; 2ri) � U , i 2 N, â ª¦¥ ®¡à §ãîâ ª®­¥ç­®ªà â-
­®¥ ¯®ªàëâ¨¥ ¬­®¦¥áâ¢  U , ªà â­®áâì M ¯®ªàëâ¨ï fB(yi; 2ri)g ­¥ § ¢¨á¨â ®â ¬­®¦¥áâ¢  U ¨P
i
jB(yi; 2ri)j < M". �®£¤ , ¯à¨¬¥­ïï ­¥à ¢¥­áâ¢® (3) ¨ «¥¬¬ã 3, ¢ë¢®¤¨¬

Z
Z

jD'jq(x) dx =
Z

Zn�'

jD'jq(x) dx �
1X
i=1

Z
'�1(B(yi;ri))

jD'jq(x) dx �

�

8>><>>:
Cpk'�kp

1P
i=1

jB(yi; 2ri)j � Cp
1k'

�kpjU j ¯à¨ q = p;

Cq
1P
i=1

�(B(yi; 2ri))
q
�

�
jB(yi; 2ri)j

� q
p � Cq

2�(U)
p�q
p jU j

q
p ¯à¨ q < p:

� ª ª ª �(U) � k'�k� <1 ¨ " > 0 | ¯à®¨§¢®«ì­®¥ ç¨á«®, â® (4) ¤®ª § ­®, ¨, c«¥¤®¢ â¥«ì­®,
jD'j = 0 ¯®çâ¨ ¢áî¤ã ­  ¬­®¦¥áâ¢¥ Z.

2. �¥à¥©¤¥¬ ª ®æ¥­ª¥ ­®à¬ë. �®¤áâ ¢«ïï ¢ ­¥à ¢¥­áâ¢® k'�f j L1
q(D)k � �(A0)1=�kf j

�

L1
p(A

0)k
äã­ªæ¨¨ hj(z) = (z � y)j�(

z�y
r
), j = 1; : : : ; n, B(y; 2r) � D0, ¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã

� Z
'�1(B(y;r))

jD'jq dx

�1=q

�

(
C�(B(y; 2r))1=�jB(y; r)j1=p ¯à¨ q < p;

Ck'�k � jB(y; r)j1=p ¯à¨ q = p;

£¤¥ C | ­¥ª®â®à ï ¯®áâ®ï­­ ï.
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�à¨ q = p ¯à¨¬¥­¨¬ ª «¥¢®© ç áâ¨ ¯®«ãç¥­­®© ®æ¥­ª¨ ä®à¬ã«ã (1). �®£¤  ¨§ â¥®à¥¬ë �¥¡¥£ 
® ¤¨ää¥à¥­æ¨à®¢ ­¨¨ ¨­â¥£à «  ¢ëâ¥ª ¥â, çâ®� X

x2'�1(y)n�';
J(x;')6=0

jD'jp(x)
jJ(x; ')j

� 1
p

� Ck'�k

¤«ï ¯®çâ¨ ¢á¥å y 2 D0 â ª¨å, çâ® '�1(y) n (�' [Z) 6= ;, ¨ J(x; ') 6= 0, ¥á«¨ x 2 '�1(y) n (�' [Z).
�âáî¤  ¢ëâ¥ª ¥â ®æ¥­ª 

Hp;p(D
0) = kHp(�) j L1(D

0)k � Ck'�k:

� á«ãç ¥ q < p ¯à¨¢¥¤¥¬ ¯®«ãç¥­­®¥ ­¥à ¢¥­áâ¢® ª ¢¨¤ãZ
'�1(B(y;r))

jD'jq(x) dx � eCq

�
�(B(y; 2r))
jB(y; 2r)j

� q
�

jB(y; r)j

¨ ¯à¨¬¥­¨¬ ª «¥¢®© ç áâ¨ íâ®£® á®®â­®è¥­¨ï ä®à¬ã«ã (1) § ¬¥­ë ¯¥à¥¬¥­­®©Z
'�1(B(y;r))

jD'jq(x) dx =
Z

'�1(B(y;r))nZ

jD'jq(x) dx =

=
Z

B(y;r)

X
x2'�1(y)n(�'[Z)

jD'jq(x)
jJ(x; ')j

dy � eCq

�
�(B(y; 2r))
jB(y; 2r)j

� q
�

jB(y; r)j:

�§ â¥®à¥¬ë �¥¡¥£  ® ¤¨ää¥à¥­æ¨à®¢ ­¨¨ ¨­â¥£à «  ¨ á¢®©áâ¢ ¯à®¨§¢®¤­®©  ¤¤¨â¨¢­®© äã­ª-
æ¨¨ ¬­®¦¥áâ¢  (¯à¥¤«®¦¥­¨¥ 1) ¢ëâ¥ª ¥â

H{

q (y) =
� X

x2'�1(y)n(�'[Z)

jD'jq(x)
jJ(x; ')j

� p
p�q

� eC{�0(y)

¤«ï ¯®çâ¨ ¢á¥å y 2 D0 â ª¨å, çâ® '�1(y) n (�' [ Z) 6= ;, £¤¥ Hq(�) ®¯à¥¤¥«¥­  ä®à¬ã«®© (2).
�­â¥£à¨àãï ¯®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ¯® ®£à ­¨ç¥­­®¬ã ®âªàëâ®¬ã ¬­®¦¥áâ¢ã V � D0, ¯®«ã-

ç¨¬

kHq(�) j L{(V )k
{ =

Z
V

� X
x2'�1(y)n(�'[Z)

jD'jq(x)
jJ(x; ')j

� p
p�q

dy �

� eC{

Z
V
�0(y) dy � eC{�(V ) � eC{k'�k{:

� ª ª ª ¢ë¡®à V � D0 ¯à®¨§¢®«¥­, â® kHq(�) j L{(D0)k � eCk'�k.
�®áâ â®ç­®áâì. �®ª ¦¥¬, çâ® ¤«ï «î¡®© äã­ªæ¨¨ f 2 L1

p(D
0) \C1(D0) ¢ë¯®«­ï¥âáï ­¥à -

¢¥­áâ¢® k'�f j L1
q(D)k � Hp;q(D0)kf j L1

p(D
0)k, q � p. � ª ª ª f �' ¯à¨­ ¤«¥¦¨â ª« ááã ACL(D),

â®

k'�f j L1
q(D)k �

�Z
DnZ

(jrf j('(x))jD'j(x))q dx
�1=q

�

�

�Z
D0

jrf jq(y)
� X

x2'�1(y); x=2�'[Z

jD'jq(x)
jJ(x; ')j

�
dy

� 1
q

:

�á¯®«ì§ãï ­¥à ¢¥­áâ¢® ��¥«ì¤¥à  ¯à¨ q < p, ¢ë¢®¤¨¬ ®æ¥­ªã

k'�f j L1
q(D)k �

�Z
D0

H{

q (y) dy
�1={�Z

D0

jrf jp(y) dy
�1=p

(5)
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(¯à¨ q = p «¥¢ë© á®¬­®¦¨â¥«ì à ¢¥­ Hp;p(D0)). �âáî¤  ¢ëâ¥ª ¥â ®æ¥­ª  ¤«ï ­®à¬ë

k'�k � Hp;q(D
0):

�â®¡ë ¯®«ãç¨âì ¯®â®ç¥ç­ãî ®æ¥­ªã â¥®à¥¬ë 2, § ¬¥â¨¬, çâ® ­¥à ¢¥­áâ¢® (5) á¯à ¢¥¤«¨¢®
¤«ï «î¡®£® ®âªàëâ®£® ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  A0 � D0 ¢¬¥áâ® D0 ¨ ¯à®¨§¢®«ì­®© äã­ªæ¨¨
f 2 C1

0 (A0). �®íâ®¬ã

�(A0) �
Z
A0

H{

q (y) dy

¤«ï «î¡®£® ®âªàëâ®£® ¬­®¦¥áâ¢  A0 � D0. �¨ää¥à¥­æ¨àãï «¥¢ãî ¨ ¯à ¢ãî ç áâ¨ íâ®£® ­¥à -
¢¥­áâ¢ , ¢ë¢®¤¨¬ �0(y) � H{

q (y) ¤«ï ¯®çâ¨ ¢á¥å y 2 D0.
�â®¡ë à á¯à®áâà ­¨âì (5) ­  ¢á¥ äã­ªæ¨¨ f 2 L1

p(D
0), 1 < q � p <1,  ¯¯à®ªá¨¬¨àã¥¬ f ¯®-

á«¥¤®¢ â¥«ì­®áâìî £« ¤ª¨å äã­ªæ¨© fn 2 L1
p(D

0) â ª, çâ®¡ë ®¤­®¢à¥¬¥­­® kf�fn j L
1
p(D

0)k ! 0
¨ (f�fn)! 0 ª¢ §¨¢áî¤ã ¢ D0 ¯à¨ n!1. �®áª®«ìªã ¯à®®¡à § '�1(S) ¬­®¦¥áâ¢  S � D0 ­ã«¥-
¢®© ¥¬ª®áâ¨ ¨¬¥¥â ­ã«¥¢ãî ¥¬ª®áâì, â® '�(fn)! '�(f) ª¢ §¨¢áî¤ã ¢ D (®¯à¥¤¥«¥­¨¥ ¨ á¢®©áâ¢ 
¥¬ª®áâ¨ á¬., ­ ¯à., ¢ [12]). �§ íâ®£® ­ ¡«î¤¥­¨ï ¢ëâ¥ª ¥â á«¥¤ãîé¨© ¢ë¢®¤: à á¯à®áâà ­¥­¨¥
¯® ­¥¯à¥àë¢­®áâ¨ ®¯¥à â®à  '� á ¯®¤¯à®áâà ­áâ¢  f 2 L1

p(D
0)\C1(D0) ­  f 2 L1

p(D
0) á®¢¯ ¤ ¥â

á ®¯¥à â®à®¬ ¯®¤áâ ­®¢ª¨ '�, '�(f) = f � '.
�á«¨ 1 = q < p, â® ¯à¨¥¬, ®¯¨á ­­ë© ¢ ¯à¥¤ë¤ãé¥¬ á«ãç ¥, ¯®§¢®«ï¥â à á¯à®áâà ­¨âì íâ®â

®¯¥à â®à ­  ¢á¥ äã­ªæ¨¨ à áá¬ âà¨¢ ¥¬®£® ª« áá  �®¡®«¥¢ , ¥¤¨­áâ¢¥­­®¥ ®â«¨ç¨¥ ¢ à ááã¦¤¥-
­¨ïå á®áâ®¨â ¢ â®¬, çâ® ¨§ ¯®á«¥¤®¢ â¥«ì­®áâ¨ '�(fn) ¯à¨ ãá«®¢¨¨, çâ® fn áå®¤¨âáï ª¢ §¨¢áî¤ã
¢ L1

p(D
0), ¬®¦­® ¨§¢«¥çì ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì, áå®¤ïéãîáï ¯®çâ¨ ¢áî¤ã ¢ D.

�á«¨ ¦¥ q = p = 1, â® ¢¬¥áâ® ¥¬ª®áâ­®© á«¥¤ã¥â ¨á¯®«ì§®¢ âì ¡®«¥¥ £àã¡ãî å à ªâ¥à¨áâ¨ªã
áå®¤¨¬®áâ¨; ¥á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì fn 2 L1

1(D
0) áå®¤¨âáï ª f 2 L1

1(D
0) ¢ L1

1(D
0), â® ­¥ª®â®à ï ¥¥

¯®¤¯®á«¥¤®¢ â¥«ì­®áâì áå®¤¨âáï ¯®çâ¨ ¢áî¤ã. �â®¡ë § ª®­ç¨âì ¤®ª § â¥«ìáâ¢®, ¤®áâ â®ç­® ¢®á-
¯®«ì§®¢ âìáï á«¥¤ãîé¨¬ á¢®©áâ¢®¬: ¯à®®¡à § ¬­®¦¥áâ¢  ­ã«¥¢®© ¬¥àë ¥áâì ¬­®¦¥áâ¢® ­ã«¥¢®©
¬¥àë ¯à¨ ®â®¡à ¦¥­¨¨ ' : D ! D0, ¨­¤ãæ¨àãîé¥¬ ®£à ­¨ç¥­­ë© ®¯¥à â®à '� : L1

1(D
0)! L1

1(D)
(á¬. ­¨¦¥ â¥®à¥¬ã 3).

�®ª § â¥«ìáâ¢® ¯®á«¥¤­¥£® ãâ¢¥à¦¤¥­¨ï ¢ëâ¥ª ¥â ¨§ ' 2 ACL(D) ¨ ®æ¥­ª¨ eHq(y) � Hq(y)
¤«ï y 2W , £¤¥

W 3 y 7! eHq(y) =

8>>><>>>:
� P

x2('�1(y)\V )n�';
J(x;')6=0

jD'jq(x)

jJ(x;')j

� 1
q

;

0; ¥á«¨ fx 2 '�1(y) n �' : J(x; ') 6= 0g = ;:

�®­®â®­­ãî äã­ªæ¨î ¬­®¦¥áâ¢  �, ®¯à¥¤¥«¥­­ãî ¯¥à¢®­ ç «ì­® «¨èì ­  ®âªàëâëå ¯®¤-
¬­®¦¥áâ¢ å ®âªàëâ®£® ¬­®¦¥áâ¢  D, à á¯à®áâà ­¨¬ ­  ¨§¬¥à¨¬ë¥ ¬­®¦¥áâ¢  A � D ¯® ä®à-
¬ã«¥ e�(A) = inf

U�A
�(U):

�ç¥¢¨¤­®, çâ® ãá«®¢¨¥ ¬®­®â®­­®áâ¨ ®¡¥á¯¥ç¨¢ ¥â à ¢¥­áâ¢® e�(U) = �(U) ¤«ï «î¡®£® ®âªàë-
â®£® ¬­®¦¥áâ¢  U � D. �

�«¥¤áâ¢¨¥ 1. �¤¤¨â¨¢­ ï äã­ªæ¨ï ¬­®¦¥áâ¢  ¨§ «¥¬¬ë 1 U 7! �(U), U � D0 | ®âªàëâ®¥
¬­®¦¥áâ¢®,  ¡á®«îâ­® ­¥¯à¥àë¢­ . �à®¬¥ â®£®, ee à á¯à®áâà ­¥­¨¥ e� ­  ¨§¬¥à¨¬ë¥ ¬­®¦¥áâ¢ 
â ª¦¥  ¡á®«îâ­® ­¥¯à¥àë¢­®.

�®ª § â¥«ìáâ¢®. �ç¥¢¨¤­®, çâ® ®æ¥­ª  (5) á¯à ¢¥¤«¨¢  ­¥ â®«ìª® ¤«ï ®âªàëâ®£® ¬­®¦¥-

áâ¢  D0, ­® ¨ ¤«ï «î¡®£® ®âªàëâ®£® ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  U � D0 ¨ äã­ªæ¨¨ f 2
�

L1
p(U).

�«¥¤®¢ â¥«ì­®,

k'�f j L1
q(D)k �

�Z
U

H{

q (y) dx
�1={

kf j
�

L1
p(U)k:
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�âáî¤  ¢ á¨«ã ­¥à ¢¥­áâ¢  �(U) � kHq(�) j L{(U)k{ ¯®«ãç ¥¬  ¡á®«îâ­ãî ­¥¯à¥àë¢­®áâì
äã­ªæ¨¨ � ¨, á«¥¤®¢ â¥«ì­®,  ¡á®«îâ­ãî ­¥¯à¥àë¢­®áâì ¥¥ ¯à®¤®«¦¥­¨ï e�.

�ãáâì ®â®¡à ¦¥­¨¥ ' : D ! D0 ¯®à®¦¤ ¥â ®£à ­¨ç¥­­ë© ®¯¥à â®à ¢«®¦¥­¨ï '� : L1
p(D

0) !
L1
q(D), 1 � q < p <1. �«ï «î¡®£® ®âªàëâ®£® ¬­®¦¥áâ¢ W � D0 ¨ äã­ªæ¨¨ f 2 L1

p(W )\C1(W )
áã¯¥à¯®§¨æ¨ï '�W f = f �' ®¯à¥¤¥«¥­  ­  ¬­®¦¥áâ¢¥ '�1(W ). �­®¦¥áâ¢® '�1(W ) ¬®¦¥â ¡ëâì ¨
­¥ ®âªàëâë¬, ­® ®­® ®¡« ¤ ¥â á«¥¤ãîé¨¬ á¢®©áâ¢®¬: ¤«ï ¯®çâ¨ ¢á¥å ¯àï¬ëå l ¯ à ««¥«ì­ëå
ª ª®©-­¨¡ã¤ì ª®®à¤¨­ â­®© ®á¨, ­ ¯à¨¬¥à xi, i = 1; : : : ; n, ¯¥à¥á¥ç¥­¨¥ '�1(W ) \ l | ®âªàëâ®¥
¬­®¦¥áâ¢® ­  ¯àï¬®© l, ¨ áã¯¥à¯®§¨æ¨ï '�f  ¡á®«îâ­® ­¥¯à¥àë¢­  ­  íâ®¬ ¯¥à¥á¥ç¥­¨¨. �«¥-
¤®¢ â¥«ì­®, ®¯à¥¤¥«¥­  ¯à®¨§¢®¤­ ï @'�W f

@xi
(x) ¤«ï ¯®çâ¨ ¢á¥å x 2 '�1(W ) \ l. � ª¨¬ ®¡à §®¬,

¤«ï ¯®çâ¨ ¢á¥å x 2 '�1(W ) ®¯à¥¤¥«¥­ £à ¤¨¥­â r('�W f)(x), ¨ ¯®«ã­®à¬ 

k'�W f j L1
q('

�1(W ))k def=
� Z
'�1(W )

jr'�W f jq(x) dx
� 1

q

:

�­ «®£¨ç­® á®®â­®è¥­¨î (5) ¯®«ãç¨¬ ®æ¥­ªã

k'�W f j L1
q('

�1(W ))k �
�Z

W

H{

q (y) dy
�1={�Z

W

jrf jp(y) dy
�1=p

;

¨§ ª®â®à®© ¢ëâ¥ª ¥â ®£à ­¨ç¥­­®áâì ®¯¥à â®à  '�W : L1
p(W )! L1

q('
�1(W )).

�¯à¥¤¥«¨¬ äã­ªæ¨î ¬­®¦¥áâ¢ W 7! [0;1) ­  ®âªàëâëå ¬­®¦¥áâ¢ åW � D0 ¯® á«¥¤ãîé¥©
ä®à¬ã«¥:

�(W ) = sup
f2L1

p(W )\C1(W )

�
k'�W f j L1

q('
�1(W ))k

kf j L1
p(W )k

�{
:

�§ â¥®à¥¬ 1 ¨ 2, á«¥¤áâ¢¨ï 1 ¨ ¯à¥¤«®¦¥­¨ï 1 ¯®«ãç¨¬

�«¥¤áâ¢¨¥ 2. �ãáâì D ¨ D0 | ®âªàëâë¥ ¬­®¦¥áâ¢  ¢ Rn . �â®¡à ¦¥­¨¥ ' : D ! D0 ¯®à®-
¦¤ ¥â ®£à ­¨ç¥­­ë© ®¯¥à â®à ¢«®¦¥­¨ï '� : L1

p(D
0) ! L1

q(D), 1 � q < p < 1, â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  ' ¯à¨­ ¤«¥¦¨â ACL(D), ¨¬¥¥â ª®­¥ç­®¥ ¨áª ¦¥­¨¥ ¨ áãé¥áâ¢ã¥â ®£à ­¨ç¥­­ ï
 ¡á®«îâ­® ­¥¯à¥àë¢­ ï áç¥â­® #-ª¢ §¨ ¤¤¨â¨¢­ ï äã­ªæ¨ï �, ®¯à¥¤¥«¥­­ ï ­  ®âªàëâëå ¬­®-
¦¥áâ¢ å W � D0, â ª ï, çâ® ¥¥ ¢¥àå­ïï ¯à®¨§¢®¤­ ï �0(x) íª¢¨¢ «¥­â­  H{

q (y):

�1H
{

q (y) � �0(y) � H{

q (y)

¤«ï ¯®çâ¨ ¢á¥å y 2 D0, £¤¥ �1 | ­¥ª®â®à ï ¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï.

�®à¬  ®¯¥à â®à  '�W íª¢¨¢ «¥­â­ 
� R
W

�0(y) dy
� 1
{

¤«ï «î¡®£® ®âªàëâ®£® ¬­®¦¥áâ¢ W � D0.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �á«¨ ®¯¥à â®à ¢«®¦¥­¨ï '� : L1
p(D

0) ! L1
q(D) ®£à ­¨-

ç¥­, â® ' 2 ACL(D) ¨ ¨¬¥¥â ª®­¥ç­®¥ ¨áª ¦¥­¨¥. � ª ¦¥, ª ª ¨ ¢ «¥¬¬¥ 1, ¤®ª §ë¢ ¥âáï, çâ®
äã­ªæ¨ï �, ®¯à¥¤¥«¥­­ ï ¯¥à¥¤ á«¥¤áâ¢¨¥¬, ï¢«ï¥âáï ®£à ­¨ç¥­­®© áç¥â­®- ¤¤¨â¨¢­®© äã­ª-
æ¨¥©, ®¯à¥¤¥«¥­­®© ­  ®âªàëâëå ¬­®¦¥áâ¢ å W � D0. �à®¬¥ â®£®, ¢ á¨«ã ®ç¥¢¨¤­®© ®æ¥­ª¨
�(W ) � �(W ) ¨ ¯®â®ç¥ç­®£® ­¥à ¢¥­áâ¢  �p;qH

{

q (y) � �0(y), ãáâ ­®¢«¥­­®£® ¢ ¤®ª § â¥«ìáâ¢¥
â¥®à¥¬ë 1, ¯®«ãç¨¬

�p;qH
{

p;q(W ) � �(W ) � �(W ) � H{

p;q(W ):

�âáî¤  ¢ëâ¥ª ¥â  ¡á®«îâ­ ï ­¥¯à¥àë¢­®áâì äã­ªæ¨¨ � ¨ ¯®â®ç¥ç­ ï ®æ¥­ª 

�{p;qH
{

q (y) � �0(y) � H{

q (y)

¤«ï ¯®çâ¨ ¢á¥å y 2 D0. � «¥¥, ¤«ï ¯à®¨§¢®«ì­®© á®¢®ªã¯­®áâ¨ ¯®¯ à­® ­¥¯¥à¥á¥ª îé¨åáï ®â-
ªàëâëå ¬­®¦¥áâ¢ Wi � A �W � D0 ¨¬¥¥¬

1X
i=1

�(Wi) �
1X
i=1

Z
Wi

H{

q (y) dy �
Z
W

H{

q (y) dy � #�(W );
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£¤¥ # � 1 | ­¥ª®â®à ï ¯®áâ®ï­­ ï. �«¥¤®¢ â¥«ì­®, � |  ¡á®«îâ­® ­¥¯à¥àë¢­ ï áç¥â­® #-
ª¢ §¨ ¤¤¨â¨¢­ ï äã­ªæ¨ï ¬­®¦¥áâ¢ .

�®áâ â®ç­®áâì. �á«¨ ¤ ­  äã­ªæ¨ï ¬­®¦¥áâ¢ , ®¡« ¤ îé ï ãª § ­­ë¬¨ ¢ ä®à¬ã«¨à®¢ª¥
á«¥¤áâ¢¨ï 2 á¢®©áâ¢ ¬¨, â® ¢ á¨«ã ¯à¥¤«®¦¥­¨ï 1

�1H
{

p;q(D
0) �

Z
D0

�0(y) dy � �(D0) <1:

�£à ­¨ç¥­­®áâì ®¯¥à â®à  '� : L1
p(D

0)! L1
q(D) ¢ëâ¥ª ¥â â¥¯¥àì ¨§ â¥®à¥¬ë 1. �§ ¯à¨¢¥¤¥­­ëå

¢ëè¥ ®æ¥­®ª ¢ëâ¥ª ¥â â ª¦¥ íª¢¨¢ «¥­â­®áâì ­®à¬ë ®¯¥à â®à  '�W : L1
p(W ) ! L1

q('
�1(W ))

¢ëà ¦¥­¨î
� R
W

�0(y) dy
� 1
{

¤«ï «î¡®£® ®âªàëâ®£® ¬­®¦¥áâ¢  W � D0.

�â®¡à ¦¥­¨¥ ' : D ! D0 ­ §ë¢ ¥âáï ¨§¬¥à¨¬ë¬, ¥á«¨ ¯à®®¡à § ¨§¬¥à¨¬®£® ¬­®¦¥áâ¢ 
¨§¬¥à¨¬.

�«ï ¨§¬¥à¨¬®£® ®â®¡à ¦¥­¨ï ' : D ! D0 ®¯à¥¤¥«¨¬ ®¡ê¥¬­ãî ¯à®¨§¢®¤­ãî \®¡à â­®£®
®â®¡à ¦¥­¨ï"

J'�1(y) = lim
r!0

j'�1(B(y; r))j
jB(y; r)j

; y 2 D0:

�â®¡à ¦¥­¨¥ ' : D ! D0 ®¡« ¤ ¥â N�1-á¢®©áâ¢®¬, ¥á«¨ ¯à®®¡à § ¢áïª®£® ¬­®¦¥áâ¢  ­ã«¥¢®©
¬¥àë ¥áâì ¬­®¦¥áâ¢® ¬¥àë ­ã«ì.

�§ ([28], â¥®à¥¬  4) ¨ ¯à¥¤«®¦¥­¨ï 1, ¨á¯®«ì§ãï ¬¥â®¤ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1, ¯®«ãç ¥¬

�à¥¤«®¦¥­¨¥ 4. �â®¡à ¦¥­¨¥ ' : A ! A0, ®¯à¥¤¥«¥­­®¥ ­  ¨§¬¥à¨¬®¬ ¬­®¦¥áâ¢¥

A � R
n ¨ ¨¬¥îé¥¥  ¯¯à®ªá¨¬ â¨¢­ë¥ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ ­  ¬­®¦¥áâ¢¥ A, ¯®à®¦¤ ¥â

®£à ­¨ç¥­­ë© ®¯¥à â®à ¢«®¦¥­¨ï

'� : Lr(A0)! Ls(A); 1 � s � r <1;

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ' ®¡« ¤ ¥â N�1-á¢®©áâ¢®¬, ¥£® ïª®¡¨ ­ J(x; ') ¯®çâ¨ ¢áî¤ã ®â-

«¨ç¥­ ®â ­ã«ï ¨ ®¡ê¥¬­ ï ¯à®¨§¢®¤­ ï

�
J'�1(y)

� 1
s =

� X
x2'�1(y)n�'

1
jJ(x; ')j

� 1
s

2 L�(A
0);

£¤¥ � = rs
r�s

¯à¨ s < r ¨ � =1 ¯à¨ s = r. �®à¬  ®¯¥à â®à  '� à ¢­  k(J'�1)
1
s j L�(A0)k.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ â®«ìª® ­¥¢ëà®¦¤¥­­®áâì ïª®¡¨ ­ .N�1-á¢®©áâ¢® ®â®¡à ¦¥­¨ï
' íª¢¨¢ «¥­â­® â®¬ã, çâ® ®¡à § ¬­®¦¥áâ¢  B � A, B \ �' = ;, ¯®«®¦¨â¥«ì­®© ¬¥àë ¥áâì
¬­®¦¥áâ¢® ¯®«®¦¨â¥«ì­®© ¬¥àë. �ãáâì Z = fx 2 A n �' j J(x; ') = 0g. �á«¨ jZj > 0, â®
j'(Z n �')j > 0. �¤­ ª® ¯® ä®à¬ã«¥ (1) j'(Z n �')j = 0. �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¯à¨¢®¤¨â ª
â®¬ã, çâ® jZj = 0.

�¡®§­ ç¨¬ á¨¬¢®«®¬ W 1
s;q(D), s 2 [1;1], ¯à®áâà ­áâ¢® äã­ªæ¨© ¨§ L1

q(D), ¨¬¥îé¨å ª®­¥ç-
­ãî ­®à¬ã kf j W 1

s;q(D)k = kf j Ls(D)k + krf j Lq(D)k.
�§ â¥®à¥¬ë 1 ¨ ¯à¥¤«®¦¥­¨ï 4 ¯®«ãç ¥âáï

�¥®à¥¬  3. �ãáâì ­¥¯®áâ®ï­­®¥ ®â®¡à ¦¥­¨¥ ' : D ! D0 ¯®à®¦¤ ¥â ®£à ­¨ç¥­­ë© ®¯¥-

à â®à ¢«®¦¥­¨ï

'� : L1
p(D

0)! L1
q(D); 1 � q � p < n:

�®£¤ 

1) ®¡ê¥¬­ ï ¯à®¨§¢®¤­ ï J'�1 \®¡à â­®£® ®â®¡à ¦¥­¨ï" ¯à¨­ ¤«¥¦¨â Lt(D0), £¤¥ t =
p

p�q
n�q
n
;
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2) ­  ¢áïª®¬ ¨§¬¥à¨¬®¬ ¬­®¦¥áâ¢¥ A0 � D0 ®â®¡à ¦¥­¨¥ ' ¯®à®¦¤ ¥â ¯® ¯à ¢¨«ã áã-

¯¥à¯®§¨æ¨¨ '�f = f � ' ®£à ­¨ç¥­­ë© ®¯¥à â®à ¢«®¦¥­¨ï

'� : Lr(A
0)! Ls('

�1(A0)); £¤¥
p(n� q)
q(n� p)

� r <1 ¨ s = r
q(n� p)
p(n� q)

;

3) ­®à¬  ®¯¥à â®à  '� ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨î

k'� : Lr(A0)! Ls('�1(A0))k � kHq(�) j L{(A0)k
pn

r(n�p) ;

4) ®â®¡à ¦¥­¨¥ ' ®¡« ¤ ¥â N�1-á¢®©áâ¢®¬, ¨ ¥£® ïª®¡¨ ­ J(x; ') ¯®çâ¨ ¢áî¤ã ®â«¨ç¥­

®â ­ã«ï ;
5) ®â®¡à ¦¥­¨¥ ' ­¥¯®áâ®ï­­® ­  ª ¦¤®© ª®¬¯®­¥­â¥ á¢ï§­®áâ¨ ®âªàëâ®£® ¬­®¦¥áâ¢ 

D;
6) ¥á«¨ r � p(n�q)

q(n�p)
, â® ®â®¡à ¦¥­¨¥ ' ¯®à®¦¤ ¥â ®£à ­¨ç¥­­ë© ®¯¥à â®à ¢«®¦¥­¨ï

'� : W 1
r;p(D

0)!W 1
s;q(D); £¤¥ s = r

q(n� p)
p(n� q)

:

� ç áâ­®áâ¨, ¥á«¨ ¬­®¦¥áâ¢® D ®£à ­¨ç¥­® ¯à¨ q < p < n, ¨ ®¯¥à â®à ¢«®¦¥­¨ï i :W 1
p (D

0)!
Lp�(D0) ®£à ­¨ç¥­, p� = pn

n�p
, â® ®â®¡à ¦¥­¨¥ ' ¯®à®¦¤ ¥â ®£à ­¨ç¥­­ë© ®¯¥à â®à ¢«®¦¥­¨ï

'� :W 1
p (D

0)!W 1
q (D).

�®ª § â¥«ìáâ¢®. �®£« á­® â¥®à¥¬e 1 äã­ªæ¨ï Hq(y), ®¯à¥¤¥«¥­­ ï ä®à¬ã«®© (2), ¯à¨­ ¤-
«¥¦¨â ¯à®áâà ­áâ¢ã L{(D0). �«ï ¯®çâ¨ ¢á¥å y 2 A0 � D0 ¨¬¥¥¬

Hq(y) =
� X

x2'�1(y)n�'

jD'jq(x)
jJ(x; ')j

� 1
q

=
� X

x2'�1(y)n�'

�
jD'jn(x)
J(x; ')j

� q
n 1
jJ(x; ')j1�

q
n

� 1
q

�

�

� X
x2'�1(y)n�'

1
jJ(x; ')j1�

q
n

� 1
q

�

� X
x2('�1(y)\A)n�'

1
jJ(x; ')j

� 1
q�

1
n

= J'�1(y)
1
q�

1
n

¢ á¨«ã ¯®â®ç¥ç­®£® á®®â­®è¥­¨ï jJ(x; ')j � jD'jn(x) ¨ ­¥à ¢¥­áâ¢  �¥­á¥­ . �âáî¤  ¯®«ãç¨¬

kJ'�1(�) j Lt(A
0)kt � kHq(�) j L{(A

0)k{ ¯à¨ q < p

¨

ess sup
y2A0

J'�1(y)
1
q�

1
n � ess sup

y2A0

Hq(y) ¯à¨ q = p:

�§ íâ¨å ®æ¥­®ª ®¡ê¥¬­®© ¯à®¨§¢®¤­®© \®¡à â­®£® ®â®¡à ¦¥­¨ï" ¨ ¯à¥¤«®¦¥­¨ï 4 ¯®«ãç¨¬, çâ®
®â®¡à ¦¥­¨¥ ' ¯®à®¦¤ ¥â ®£à ­¨ç¥­­ë© ®¯¥à â®à ¢«®¦¥­¨ï

'� : Lr(A
0)! Ls('

�1(A0)); £¤¥
p(n� q)
q(n� p)

� r <1;   s = r
q(n� p)
p(n� q)

:

�§ ¯à¥¤«®¦¥­¨ï 4 ¯®«ãç¨¬ N�1-á¢®©áâ¢® ®â®¡à ¦¥­¨ï ' ¨ ­¥¢ëà®¦¤¥­­®áâì ïª®¡¨ ­  ¯®çâ¨
¢áî¤ã.

� «¥¥ ¨§ á®®â­®è¥­¨©

k(J'�1(�))
1
s j L�(A

0)k� = kJ'�1(�) j Lt(A
0)


t � kHq(�) j L{(A

0)k{; q < p;

¯®«ãç ¥¬ ®æ¥­ªã ¤«ï ­®à¬ë ®¯¥à â®à  '� : Lr(D0)! Ls(D),

k'� : Lr(A
0)! Ls('

�1(A0))k � kHq(�) j L{(A
0)k

{

� = kHq(�) j L{(A
0)k

pn
r(n�p) ;

á¯à ¢¥¤«¨¢ãî ¨ ¯à¨ q = p.
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�ç¨âë¢ ï ¢ëè¥áª § ­­®¥, ¯®«ãç¨¬ ®£à ­¨ç¥­­®áâì ®¯¥à â®à  áã¯¥à¯®§¨æ¨¨ ¢ ¯à®áâà ­-
áâ¢ å �®¡®«¥¢  á ®á­®¢­®© ­®à¬®©.

�§ â¥®à¥¬ë 3 ¢ëâ¥ª ¥â ãâ¢¥à¦¤¥­¨¥, ®¡®¡é îé¥¥ á®®â¢¥âáâ¢ãîé¨© à¥§ã«ìâ â ¨§ [18].

�«¥¤áâ¢¨¥ 3. Oâ®¡à ¦¥­¨¥ ' : D ! D0 ¯®à®¦¤ ¥â ®£à ­¨ç¥­­ë© ®¯¥à â®à ¢«®¦¥­¨ï '� :
W 1

p (D
0)!W 1

p (D), 1 � p < n, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­® ¯®à®¦¤ ¥â ®£à ­¨ç¥­­ë© ®¯¥à â®à
¢«®¦¥­¨ï '� : L1

p(D
0)! L1

p(D).

�®ª § â¥«ìáâ¢®. �®áâ â®ç­®áâì ¤®ª § ­  ¢ ¯à¥¤ë¤ãé¥¬ ãâ¢¥à¦¤¥­¨¨. �â®¡ë ãáâ ­®¢¨âì
­¥®¡å®¤¨¬®áâì, ­ ¤® ¤®ª § âì, çâ® ¢ë¯®«­ïîâáï ãá«®¢¨ï â¥®à¥¬ë 1, ¥á«¨ ®¯¥à â®à '� : W 1

p (D
0)!

W 1
p (D) ®£à ­¨ç¥­. �¢®©áâ¢® ACL ®â®¡à ¦¥­¨ï ' ¤®ª § ­® ¢ ¯à¥¤«®¦¥­¨¨ 2.
�¨ªá¨àã¥¬ áà¥§ªã � 2 C1

0 (R
n ), à ¢­ãî ¥¤¨­¨æ¥ ­  B(0; 1) ¨ ­ã«î ¢­¥ è à  B(0; 2). �®¤áâ -

¢¨¬ ¢ ­¥à ¢¥­áâ¢® kr'�(f) j Lp(D)k � k'�kkf jW 1
p (D

0)k ¢¬¥áâ® f äã­ªæ¨¨ hj(z) = (z�y)j�(
z�y
r
),

j = 1; : : : ; n, £¤¥ (z � y)j ®¡®§­ ç ¥â j-î ª®®à¤¨­ âã ¢¥ªâ®à  z � y, B(y; 2r) � D0. �®«ãç¨¬Z
'�1(B(y;r))

jD'jp(x) dx � Ck'�kpjB(y; 2r)j; r 2 (0; 1);

¯®áª®«ìªã khj j Lp(D0)kp = o(jB(y; 2r)j) à ¢­®¬¥à­® ¯® ¢á¥¬ è à ¬ B(y; 2r) � D0 ¨ r 2 (0; 1)
(§¤¥áì C | ­¥ª®â®à ï ¯®áâ®ï­­ ï, § ¢¨áïé ï â®«ìª® ®â à §¬¥à­®áâ¨ n ¨ ¯®ª § â¥«ï p). � «¥¥
â ª ¦¥, ª ª ¨ ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1, ­ ç¨­ ï á ä®à¬ã«ë (3), ¯®ª §ë¢ ¥âáï, çâ® ®â®¡à -
¦¥­¨¥ ' ¨¬¥¥â ª®­¥ç­®¥ ¨áª ¦¥­¨¥, ¨ á¯à ¢¥¤«¨¢  ®æ¥­ª � X

x2'�1(y)n�';
J(x;')6=0

jD'jp(x)
jJ(x; ')j

� 1
p

� Ck'�k

¤«ï ¯®çâ¨ ¢á¥å y 2 D0 â ª¨å, çâ® '�1(y) n (�' [Z) 6= ;, ¨ J(x; ') 6= 0, ¥á«¨ x 2 '�1(y) n (�' [Z).
�® â¥®à¥¬¥ 1 ®¯¥à â®à '� : L1

p(D
0)! L1

p(D) ®£à ­¨ç¥­.

2. �æ¥­ª¨ ¨áª ¦¥­¨ï ¬¥àë

� áá¬®âà¨¬ ¡®«¥¥ ¤¥â «ì­® ¢®¯à®áë, á¢ï§ ­­ë¥ á® á¢®©áâ¢ ¬¨ ¨áª ¦¥­¨ï ¬¥àë.

�¥®à¥¬  4. �á«¨ ®â®¡à ¦¥­¨¥ ' : D ! D0 ¯®à®¦¤ ¥â ®£à ­¨ç¥­­ë© ®¯¥à â®à ¢«®¦¥­¨ï

'� : L1
p(D

0)! L1
q(D); 1 � q � p � n;

â® ' ®¡« ¤ ¥â N�1-á¢®©áâ¢®¬.

�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥­¨¥ â¥®à¥¬ë ¯à¨ p < n ¤®ª § ­® ¢ â¥®à¥¬¥ 3. �¤¥áì ¬ë ¯à¨¢¥¤¥¬
¤àã£®¥ ¤®ª § â¥«ìáâ¢®, ¥¤¨­®¥ ¤«ï ¢á¥å ¯®ª § â¥«¥© p � n.

�® â¥®à¥¬¥ 1 ®â®¡à ¦¥­¨¥ ' 2 ACL(D), ¨ ¬®¦­® áç¨â âì, çâ® ®âªàëâ®¥ ¬­®¦¥áâ¢® D ®£à -
­¨ç¥­®. � «¥¥ à áá¬®âà¨¬ á«ãç © q < n; á«ãç © q = n á¢®¤¨âáï ª ¯à¥¤ë¤ãé¥¬ã, ¯®áª®«ìªã
¬­®¦¥áâ¢® D ®£à ­¨ç¥­­®¥.

�¨ªá¨àã¥¬ áà¥§ªã � 2 C1
0 (Rn), à ¢­ãî ¥¤¨­¨æ¥ ­  B(0; 1) ¨ ­ã«î ¢­¥ è à  B(0; 2). � 

®á­®¢ ­¨¨ «¥¬¬ë 1 ¨¬¥¥¬
k'�f j L1

q(D)k � C1�(2B)
1
� jBj

1
p�

1
n ;

£¤¥ B = B(y0; r) | â ª®© è à, çâ® B(y0; 2r) � D0, ¨ f(y) = �
�
y�y0
r

�
. (� á«ãç ¥ p = q ¯®« £ ¥¬

�(2B)
1
� = k'�k ¤«ï ¢á¥å è à®¢ B.) �®§ì¬¥¬ ¢ D0 ¯à®¨§¢®«ì­®¥ ¬­®¦¥áâ¢® E ­ã«¥¢®© ¬¥àë. �¥§

®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®¦­® áç¨â âì, çâ® ¬­®¦¥áâ¢® E ®£à ­¨ç¥­®. � ª ª ª ®â®¡à ¦¥­¨¥ '
¨¬¥¥â ª®­¥ç­®¥ ¨áª ¦¥­¨¥, â® '�1(E) 6= D (¢ ¯à®â¨¢­®¬ á«ãç ¥ J(x; ') = 0 ¨, á«¥¤®¢ â¥«ì­®,
D'(x) = 0, ®âªã¤  ¯®«ãç ¥¬, çâ® ' | ¯®áâ®ï­­®¥ ®â®¡à ¦¥­¨¥). �®íâ®¬ã ­ ©¤¥âáï ªã¡ Q � D
â ª®©, çâ® 2Q � D ¨ jQ n '�1(E)j > 0 (§¤¥áì 2Q | ªã¡ á â¥¬ ¦¥ æ¥­âà®¬, çâ® ¨ Q, á à¥¡à ¬¨,
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à áâï­ãâë¬¨ ¢ ¤¢  à §  áà ¢­¨â¥«ì­® á Q). �®áª®«ìªã ª®¬¯®­¥­âë ¤ ­­®£® ®â®¡à ¦¥­¨ï ¨§-
¬¥à¨¬ë, â® ¯® â¥®à¥¬¥ �ã§¨­  ­ ©¤¥âáï ª®¬¯ ªâ T � Q n '�1(E) ¯®«®¦¨â¥«ì­®© ¬¥àë â ª®©,
çâ® ' : T ! D0 ­¥¯à¥àë¢­®. �®£¤  ®¡à § '(T ) � D0 ª®¬¯ ªâ¥­ ¨ '(T ) \ E = ;. � áá¬®âà¨¬
¯à®¨§¢®«ì­®¥ ®âªàëâ®¥ ¬­®¦¥áâ¢® U � E, '(T ) \ U = ;, U � D0. �ãáâì fB(yi; ri)g | ­ ¡®à
è à®¢, ¢ë¡à ­­ë© á®£« á­® «¥¬¬¥ 2; fB(yi; ri)g ¨ fB(yi; 2ri)g ®¡à §ãîâ ¯®ªàëâ¨ï ¬­®¦¥áâ¢  U ,
¨ ªà â­®áâì ¯®ªàëâ¨ï fB(yi; 2ri)g ª®­¥ç­  (B(yi; 2ri) � U ¤«ï ¢á¥å i 2 N). �®£¤  ¤«ï äã­ªæ¨¨
fi,  áá®æ¨¨à®¢ ­­®© á è à®¬ B(yi; ri), ¨¬¥¥¬ '�fi = 1 ­  ¬­®¦¥áâ¢¥ '�1(B(yi; ri)) ¨ '�f = 0 ¢­¥
¬­®¦¥áâ¢  '�1(B(yi; 2ri)), ¢ ç áâ­®áâ¨, '�f = 0 ­  ¬­®¦¥áâ¢¥ T . �à®¬¥ â®£®, ¤«ï ­¥¥ á¯à ¢¥¤-
«¨¢  ®æ¥­ª 

k'�fi j L
1
q(2Q)k � k'�fi j L

1
q(D)k � C1�(B(yi; 2ri))

1
� jB(yi; ri)j

1
p�

1
n

(¯à¨ q = p ¯®« £ ¥¬ �(A)
1
� = k'�k). � á¨«ã ®¤­®£® ¨§ ¢ à¨ ­â®¢ ­¥à ¢¥­áâ¢  �ã ­ª à¥ (á¬.,

­ ¯à., [12]) á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®�Z
Q
jgjq

�

dx

� 1
q�

� C2l(Q)
n=q�

�Z
2Q
jrgjq dx

� 1
q

;

£¤¥ q� = qn=(n � q) ¯à¨ q < n, l(Q) | ¤«¨­  à¥¡à  ªã¡  Q,   g 2 W 1
q;loc(Q) | ¯à®¨§¢®«ì­ ï

äã­ªæ¨ï, à ¢­ ï ­ã«î ­  ¬­®¦¥áâ¢¥ T (§¤¥áì C2 | ¯®áâ®ï­­ ï, § ¢¨áïé ï ®â \à §¬¥à " ¬­®-
¦¥áâ¢  T ). �à¨¬¥­ïï ­¥à ¢¥­áâ¢® �ã ­ª à¥ ª äã­ªæ¨¨ '�fi ¢¬¥áâ® g ¨ ãç¨âë¢ ï ¤¢¥ ¯®á«¥¤­¨¥
®æ¥­ª¨, ¯®«ãç¨¬

j'�1(B(yi; ri)) \Qj
1
q�

1
n � C3�(B(yi; 2ri))

1
� jB(yi; ri)j

1
p�

1
n :

� ¯®¬®éìî ­¥à ¢¥­áâ¢  ��¥«ì¤¥à  ¢ë¢®¤¨¬ á®®â­®è¥­¨¥� 1X
i=1

j'�1(B(yi; ri)) \Qj
� 1

q�
1
n

� C3

� 1X
i=1

�(B(yi; 2ri))
� 1

r�
� 1X

i=1

jB(yi; ri)j
� 1

p�
1
n

:

�à¨¬¥­ïï «¥¬¬ã 3 ¤«ï ®æ¥­ª¨ §­ ç¥­¨© äã­ªæ¨¨ � ç¥à¥§ ªà â­®áâì ¯®ªàëâ¨ï, ¨¬¥¥¬

j'�1(E) \Qj
1
q�

1
n � C4�(U)

1
� jU j

1
p�

1
n :

�§ íâ®© ®æ¥­ª¨ (¨á¯®«ì§ãï á«¥¤áâ¢¨¥ 1 ¯à¨ p = n) ¢ á¨«ã ¯à®¨§¢®«  ¢ ¢ë¡®à¥ ®âªàëâ®£® ¬­®¦¥-
áâ¢  U ¯®«ãç¨¬, çâ® j'�1(E) \Qj = 0. � ª ª ª ¢ë¡®à ªã¡  Q � D ¯à®¨§¢®«¥­, â® j'�1(E)j = 0,
¨ ¯®íâ®¬ã ®â®¡à ¦¥­¨¥ ' ®¡« ¤ ¥â N�1-á¢®©áâ¢®¬.

�§ â¥®à¥¬ë 4 ¨ ä®à¬ã«ë § ¬¥­ë ¯¥à¥¬¥­­®© ¯®«ãç¨¬

�«¥¤áâ¢¨¥ 4. �ãáâì ®â®¡à ¦¥­¨¥ ' : D ! D0 ¯®à®¦¤ ¥â ®£à ­¨ç¥­­ë© ®¯¥à â®à ¢«®¦¥­¨ï

'� : L1
p(D

0)! L1
q(D); 1 � q � p � n:

�®£¤  ¥£® ïª®¡¨ ­ J(x; ') ¯®çâ¨ ¢áî¤ã ®â«¨ç¥­ ®â ­ã«ï.

�®ª § â¥«ìáâ¢®. �®£« á­® â¥®à¥¬¥ 4 ®â®¡à ¦¥­¨¥ ' ®¡« ¤ ¥â N�1-á¢®©áâ¢®¬. �â® íª¢¨¢ -
«¥­â­® â®¬ã, çâ® ®¡à § ¬­®¦¥áâ¢  A � D, A \ �' 6= ;, ¯®«®¦¨â¥«ì­®© ¬¥àë ¥áâì ¬­®¦¥áâ¢®
¯®«®¦¨â¥«ì­®© ¬¥àë. �ãáâì Z = fx 2 D n�' j J(x; ') = 0g. �á«¨ jZj > 0, â® j'(Z n�')j > 0. �¤-
­ ª® ¯® ä®à¬ã«¥ (1) j'(Z n�')j = 0. �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¯à¨¢®¤¨â ª â®¬ã, çâ® jZj = 0.

� á«¥¤ãîé¥¬ ãâ¢¥à¦¤¥­¨¨ ®¯¨áë¢ ¥âáï ¤®áâ â®ç­® è¨à®ª¨© ª« áá ®â®¡à ¦¥­¨©, ¯®à®¦¤ -
îé¨å ®â®¡à ¦¥­¨ï ª« áá®¢ �®¡®«¥¢ . � ¯®¬­¨¬, çâ®

Kp(x) = inffk : jD'j(x) � kjJ(x; ')j1=p; x 2 Dg:

�¥®à¥¬  5. �ãáâì ­¥¯®áâ®ï­­®¥ ­  ª ¦¤®© ª®¬¯®­¥­â¥ á¢ï§­®áâ¨ ®âªàëâ®£® ¬­®¦¥-

áâ¢  ®â®¡à ¦¥­¨¥ ' : D ! D0, £¤¥ D ¨ D0 | ®âªàëâë¥ ¬­®¦¥áâ¢  ¢ Rn ,

a) ¯à¨­ ¤«¥¦¨â ª« ááã ACL(D);
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b) ¨¬¥¥â ª®­¥ç­®¥ ¨áª ¦¥­¨¥;
c) äã­ªæ¨ï ªà â­®áâ¨ M(y; ';D) = #fx 2 '�1(y) n �'g 2 L1(D0);
d) ¢¥«¨ç¨­  Kp;q(D) = kKp(�) j L{(D)k ª®­¥ç­ , £¤¥ {�1 = 1=q � 1=p ¯à¨ q < p ¨ { =1 ¯à¨

q = p.

�®£¤ 

1) ®â®¡à ¦¥­¨¥ ' ¯®à®¦¤ ¥â ®£à ­¨ç¥­­ë© ®¯¥à â®à

'� : L1
p(D

0)! L1
q(D); 1 � q � p �1;

¯à¨ç¥¬ ¥£® ­®à¬  ­¥ ¯à¥¢®áå®¤¨â ¢¥«¨ç¨­ë

kM(y; ';D) j L1(D
0)k

1
pkKp(�) j L{(D)



; { 2 [1;1];

2) ¯à¨ 1 � q � p � n ®â®¡à ¦¥­¨¥ ' ®¡« ¤ ¥â N�1-á¢®©áâ¢®¬ �ã§¨­  ¨ ïª®¡¨ ­ J(x; ')
¯®çâ¨ ¢áî¤ã ®â«¨ç¥­ ®â ­ã«ï.

�à¨ q = p = n á¯à ¢¥¤«¨¢® ®¡à é¥­¨¥: ¥á«¨ ®â®¡à ¦¥­¨¥ ' : D ! D0 ¯®à®¦¤ ¥â

®£à ­¨ç¥­­ë© ®¯¥à â®à '� : L1
n(D

0) ! L1
n(D), â® ' ®¡« ¤ ¥â á¢®©áâ¢ ¬¨ a){c) ¨ ¢¥«¨ç¨­ 

Kn;n(D) = kKn(�) j L1(D)k ª®­¥ç­ . �«ï ­®à¬ë ®¯¥à â®à  '� : L1
n(D

0) ! L1
n(D) á¯à ¢¥¤«¨¢ 

®æ¥­ª  á­¨§ã

k'�k � kHn(�) j L1(D)


 � kM(y; ';D) j L1(D

0)k
1
n :

�®ª § â¥«ìáâ¢®. �à®¢¥à¨¬, çâ® ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 1. �«ï íâ®£® ­ ¤® ãáâ ­®¢¨âì
®£à ­¨ç¥­­®áâì ¢¥«¨ç¨­ë

Hp;q(D
0) = kHq(�) j L{(D

0)k;

£¤¥ äã­ªæ¨ï y 7! Hq(y) ®¯à¥¤¥«¥­  ä®à¬ã«®© (2),   ç¨á«® { ®¯à¥¤¥«¥­® ¢ ãá«®¢¨¨ â¥®à¥¬ë.
�à¨¢®¤¨¬ë¥ ­¨¦¥ ®æ¥­ª¨ á®®â¢¥âáâ¢ãîâ á«ãç î q < p. �à¨ q = p ®­¨ «¨èì ã¯à®é îâáï.

�à¨¬¥­ïï ä®à¬ã«ã (1), ¯®«ãç¨¬ ®æ¥­ªã

kKp(�) j L{(D)k
{ =

Z
D

�
jD'jp(x)
jJ(x; ')j

� q
p�q

dx =

=
Z
DnZ

�
jD'jq(x)
jJ(x; ')j

� p
p�q

jJ(x; ')j dx =
Z
D0

X
x2'�1(y)n�'

�
jD'jq(x)
jJ(x; ')j

� p
p�q

dy;

£¤¥ ®¡®§­ ç¥­¨ï �' ¨ Z ¨¬¥îâ â®â ¦¥ á¬ëá«, çâ® ¨ à ­¥¥.
� ¤àã£®© áâ®à®­ë, ®ç¥¢¨¤­®, çâ® ¤«ï ¯®çâ¨ ¢á¥å y 2 D0 ¨¬¥¥¬� X

x2'�1(y)n�'

jD'jq(x)
jJ(x; ')j

� p
p�q

�M(y; ';D)
{

p

X
x2'�1(y)n�'

�
jD'jq(x)
jJ(x; ')j

� p
p�q

:

�§ ¯à¨¢¥¤¥­­ëå ®æ¥­®ª ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â

kHq(�) j L{(D0)k � kM(�; ';D) j L1(D0)k
1
p kKp(�) j L{(D)k; { 2 [1;1]:

�âáî¤  ¢¨¤­®, çâ® ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 1,   á«¥¤®¢ â¥«ì­®, ¨ â¥®à¥¬ë 4. � ª¨¬ ®¡à §®¬,
¨§ â¥®à¥¬ë 1 ¯®«ãç ¥¬ ¯¥à¢®¥ § ª«îç¥­¨¥ â¥®à¥¬ë 5,   ¨§ â¥®à¥¬ë 4 ¨ á«¥¤áâ¢¨ï 4 ¢ëâ¥ª îâ
N�1-á¢®©áâ¢® ¨ ­¥¢ëà®¦¤¥­­®áâì ïª®¡¨ ­  ¯®çâ¨ ¢áî¤ã.

�á«¨ â¥¯¥àì q = p = n ¨ ®â®¡à ¦¥­¨¥ ' : D ! D0 ¯®à®¦¤ ¥â ®£à ­¨ç¥­­ë© ®¯¥à â®à '� :
L1
n(D

0) ! L1
n(D), â® ¨§ â¥®à¥¬ë 1 ¢ëâ¥ª îâ á¢®©áâ¢  a), b) ¨ Hn;n(D0) = kHn(�) j L1(D0)k <1.

�âáî¤  ¯®«ãç¨¬ Kn;n(D) = kKn(�) j L1(D)k < 1, â. ª. Kn;n(D) � Hn;n(D0) ¢ á¨«ã ¯®â®ç¥ç­®£®
­¥à ¢¥­áâ¢ Kn(x) � Hn('(x)), á¯à ¢¥¤«¨¢®£® ¤«ï ¯®çâ¨ ¢á¥å x 2 Dn�', ¯®áª®«ìªã ¯® á«¥¤áâ¢¨î
4 ïª®¡¨ ­ J(x; ') ¯®çâ¨ ¢áî¤ã ®â«¨ç¥­ ®â ­ã«ï.

�â®¡ë ¤®ª § âì á¢®©áâ¢® c), § ¬¥â¨¬, çâ® jJ(x; ')j � jD'jn(x) ¯®çâ¨ ¢áî¤ã, ¨ ¯®íâ®¬ã

M(y; ';D)
1
n � Hn(y) � kHn(�) j L1(D0)k
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¤«ï ¯®çâ¨ ¢á¥å y 2 D0.

� â®¬ á«ãç ¥, ª®£¤  ®â®¡à ¦¥­¨¥ ' ã¤®¢«¥â¢®àï¥â ¤®¯®«­¨â¥«ì­ë¬ â®¯®«®£¨ç¥áª¨¬ âà¥¡®-
¢ ­¨ï¬, ¬®¦­® ¯®«ãç¨âì â®ç­ãî ®æ¥­ªã ¨áª ¦¥­¨ï ¬¥àë.

� ¯®¬­¨¬, çâ® ®â®¡à ¦¥­¨¥ ' : D ! D0 ­ §ë¢ ¥âáï á®¡áâ¢¥­­ë¬, ¥á«¨ ¯à®®¡à § ª®¬¯ ªâ-
­®£® ¬­®¦¥áâ¢  ¨§ D0 ª®¬¯ ªâ¥­ ¢ D.

�¥®à¥¬  6. �ãáâì ®â®¡à ¦¥­¨¥ ' : D ! D0 ¯®à®¦¤ ¥â ®£à ­¨ç¥­­ë© ®¯¥à â®à ¢«®¦¥­¨ï

'� : L1
p(D

0)! L1
q(D); 1 � q � p � n:

�®£¤  ¯à¨ p < n ¤«ï ¢áïª®£® ¨§¬¥à¨¬®£® ¬­®¦¥áâ¢  E � D0 ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

j'�1(E)j
1
q�

1
n � kHq(�) j L{(E)kjEj

1
p�

1
n :

�á«¨ ®â®¡à ¦¥­¨¥ ' : D ! D0 á®¡áâ¢¥­­®¥ ¨ ¯®à®¦¤ ¥â ®£à ­¨ç¥­­ë© ®¯¥à â®à ¢«®¦¥­¨ï

'� : L1
n(D

0)! L1
q(D), q < n, â®

j'�1(E)j
1
q�

1
n � kHq(�) j L{(E)k

¤«ï «î¡®£® ¨§¬¥à¨¬®£® ¬­®¦¥áâ¢  E � D0. �¤¥áì { = pq
p�q

, ¥á«¨ q < p, ¨ { =1, ¥á«¨ q = p.

�®ª § â¥«ìáâ¢®. � á«ãç ¥ p < n ¢®á¯®«ì§ã¥¬áï ¯. 2 â¥®à¥¬ë 3, ¯®« £ ï ¢ ­¥© r = np
n�p

, a
A0 = E. �®£¤  s = nq

n�q
¨ ¤«ï äã­ªæ¨¨ f = �E ¢ á¨«ã ®£à ­¨ç¥­­®áâ¨ ®¯¥à â®à  '� : Lr(E) !

Ls('�1(E)) ¨¬¥¥¬ j'�1(E)j
1
q�

1
n � kHq(�) j L{(E)k jEj

1
p�

1
n .

� á«ãç ¥ q < p = n ¯à¨¢¥¤¥¬ ­¥§ ¢¨á¨¬®¥ ¤®ª § â¥«ìáâ¢®. �¨ªá¨àã¥¬ áà¥§ªã � 2 C1
0 (Rn),

à ¢­ãî ¥¤¨­¨æ¥ ­  B(0; 1) ¨ ­ã«î ¢­¥ è à  B(0; 2). �  ®á­®¢ ­¨¨ «¥¬¬ë 1 ¨¬¥¥¬ (B = B(y0; r),
B(y0; 2r) � D0)

k'�f j L1
q(D)k � �(2B)

1
{ ;

£¤¥ f(y) = �
�
y�y0
r

�
. � ª ª ª ®â®¡à ¦¥­¨¥ ' á®¡áâ¢¥­­®¥, â® '�f 2

�

L1
q(D) ¨ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

�®¡®«¥¢ 

k'�f j Lq�(D)k � C1k'
�f j L1

q(D)k; £¤¥
1
q�

=
1
q
�
1
n

(á¬., ­ ¯à., [12]). �§ ãá«®¢¨© '�f = 1 ­  ¬­®¦¥áâ¢¥ '�1(B(y0; r)) ¨ '�f = 0 ¢­¥ ¬­®¦¥áâ¢ 
'�1(B(y0; 2r)) ¯®«ãç¨¬ ®æ¥­ªã

j'�1(B)j
1
q�

1
n � C2�(2B)

1
{ jBj:

�«ï ¨§¬¥à¨¬®£® ¬­®¦¥áâ¢  E � D0 ¢ë¡¥à¥¬ ç¨á«® " > 0 ¨ ®âªàëâ®¥ ¬­®¦¥áâ¢® U � E â ª,
çâ®¡ë jU j � jEj + ". � áá¬®âà¨¬ ­ ¡®à è à®¢ fB(yi; ri)g â ª®©, çâ® fB(yi; ri)g ¨ fB(yi; 2ri)g
®¡à §ãîâ ¯®ªàëâ¨ï ¬­®¦¥áâ¢  U , ªà â­®áâì ª®â®àëå ª®­¥ç­  ¨ ­¥ § ¢¨á¨â ®â ¢ë¡®à  ®âªàëâ®£®
¬­®¦¥áâ¢  U (B(yi; 2ri) � U ¤«ï ¢á¥å i 2 N). � ¯®¬®éìî ­¥à ¢¥­áâ¢  ��¥«ì¤¥à  ¢ë¢®¤¨¬� 1X

i=1

j'�1(B(yi; ri))j
� 1

q�
1
n

� C2

� 1X
i=1

Z
B(yi;2ri)

Hq(y)
{ dy

� 1
{

:

�âáî¤  ¨¬¥¥¬ j'�1(E)j
1
q�

1
n � CkHq(�) j L{(U)k ¢ á¨«ã â¥®à¥¬ë 1. � ª ª ª ç¨á«® " > 0 ¡ë«®

¢ë¡à ­® ¯à®¨§¢®«ì­®, â®, ¯¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ "! 0, ¯®«ãç¨¬

j'�1(E)j
1
q�

1
n � CkHq(�) j L{(E)k: �

� ¬¥ç ­¨¥. �à¥¡®¢ ­¨¥ ¤«ï ®â®¡à ¦¥­¨ï ' : D ! D0 ¡ëâì á®¡áâ¢¥­­ë¬ ¢ â¥®à¥¬¥ 6 ¯à¨
p = n ¢ë§¢ ­® ­¥ â®«ìª® ¯à¨¬¥­¥­¨¥¬ â¥®à¥¬ë ¢«®¦¥­¨ï, ­® ¨ áãé¥áâ¢®¬ ¤¥«  (á¬. [32]).
�áâ¥áâ¢¥­­®, çâ® ®æ¥­ª  â¥®à¥¬ë 6 ¡¥§ â®¯®«®£¨ç¥áª®£® ãá«®¢¨ï ­  ®â®¡à ¦¥­¨¥ á¯à ¢¥¤«¨¢ 
â ª¦¥ ¨ ¢ â¥å á«ãç ïå, ª®£¤  ­  ¬­®¦¥áâ¢¥ ®¯à¥¤¥«¥­¨ï ®â®¡à ¦¥­¨ï á¯à ¢¥¤«¨¢ë â ª¨¥ ¦¥
â¥®à¥¬ë ¢«®¦¥­¨ï, ª ª ¨ ¢ ¯à®áâà ­áâ¢¥ Rn .
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3. �®¯®«®£¨ç¥áª¨¥ ®â®¡à ¦¥­¨ï á ¨­â¥£à¨àã¥¬ë¬ ¨áª ¦¥­¨¥¬

� íâ®¬ ¯ã­ªâ¥ ¯®ª ¦¥¬, çâ® ¯à¨ £®¬¥®¬®àä­ëå ®â®¡à ¦¥­¨ïå ­®à¬  ®¯¥à â®à  ¢«®¦¥-
­¨ï  áá®æ¨¨àã¥âáï á® áç¥â­®-ª¢ §¨ ¤¤¨â¨¢­®© äã­ªæ¨¥© ¬­®¦¥áâ¢ , ®¯à¥¤¥«¥­­®© ­  ®âªàëâ®¬
¬­®¦¥áâ¢¥ D.

�«ï ®âªàëâ®£® ¬­®¦¥áâ¢  A � D � R
n ®¡®§­ ç¨¬ á¨¬¢®«®¬ 'A áã¦¥­¨¥ £®¬¥®¬®àä¨§¬ 

' : D ! D0 ­  ¬­®¦¥áâ¢® A, ¨ á¨¬¢®«®¬ '�A ®¯¥à â®à áã¯¥à¯®§¨æ¨¨ f � ', £¤¥ f 2 L1
p('(A)).

�¯à¥¤¥«¨¬ äã­ªæ¨î 	(A) ®âªàëâ®£® ¬­®¦¥áâ¢  A � D ¯® ¯à ¢¨«ã

	(A) = sup
f2L1

p('(A))

 
k'�f j L1

q(A)k

kf j L1
p('(A))k

!�

; £¤¥ � =

8>><>>:
pq
p�q

¯à¨ 1 � q < p <1;

q ¯à¨ 1 � q < p =1;

1 ¯à¨ 1 � q = p <1:

� ª¨¬ ®¡à §®¬, ¯® ®¯à¥¤¥«¥­¨î 	(A)
1
� = k'�Ak. �®àà¥ªâ­®áâì ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ 	 á«¥¤ã¥â

¨§ à ¡®â [27] ¨ [33], ¢ ª®â®àëå ¤®ª § ­  ®æ¥­ª 

	(A) �

8>>>><>>>>:

R
A

K�
p (x) dx ¯à¨ 1 � q < p <1;

ess sup
x2A

Kp(x) ¯à¨ 1 � q = p <1;R
A

jD'jq(x) dx ¯à¨ 1 � q < p =1;

£¤¥ ¢¥«¨ç¨­  Kp(x) ®¯à¥¤¥«¥­  ¯¥à¥¤ â¥®à¥¬®© 5. �§ íâ¨å ­¥à ¢¥­áâ¢ ¯®«ãç ¥¬, çâ® ¨§ ®£à ­¨-
ç¥­­®áâ¨ ®¯¥à â®à  ¢«®¦¥­¨ï

'� : L1
p(D

0)! L1
q(D); 1 � q � p � 1;

¢ëâ¥ª ¥â ®£à ­¨ç¥­­®áâì ®¯¥à â®à  ¢«®¦¥­¨ï

'�A : L1
p('(A)) ! L1

q(A); 1 � q � p � 1:

�«¥¤®¢ â¥«ì­®, ¯à¨ q < p äã­ªæ¨ï ¬­®¦¥áâ¢  	 ï¢«ï¥âáï ®£à ­¨ç¥­­®©  ¡á®«îâ­® ­¥¯à¥àë¢-
­®© äã­ªæ¨¥©, ®¯à¥¤¥«¥­­®© ­  ®âªàëâëå ¯®¤¬­®¦¥áâ¢ å ¨§ D.

�¥¬¬  4. �ãáâì £®¬¥®¬®àä¨§¬ ' : D ! D0 ¯®à®¦¤ ¥â ®£à ­¨ç¥­­ë© ®¯¥à â®à ¢«®¦¥­¨ï

'� : L1
p(D

0) ! L1
q(D), 1 � q < p � 1. �®£¤  äã­ªæ¨ï 	 ï¢«ï¥âáï ®£à ­¨ç¥­­®©  ¡á®«îâ­®

­¥¯à¥àë¢­®© áç¥â­®- ¤¤¨â¨¢­®© äã­ªæ¨¥©, ®¯à¥¤¥«¥­­®© ­  ®âªàëâëå ¬­®¦¥áâ¢ å ¨§ D.

�®ª § â¥«ìáâ¢®. �ãáâì Ai, i 2 N, | ®âªàëâë¥ ¯®¯ à­® ­¥¯¥à¥á¥ª îé¨¥áï ¬­®¦¥áâ¢ 

¢ D, A0
i = '(Ai), i = 0; 1; : : : , A0

0 =
1S
i=1

A0
i. � áá¬®âà¨¬ â ªãî äã­ªæ¨î fi 2 L1

p(A
0
i), çâ®-

¡ë ®¤­®¢à¥¬¥­­® ¢ë¯®«­ï«¨áì ãá«®¢¨ï k'�fi j L1
q(Ai)k �

�
	(A0

i)(1 �
"
2i
)
� 1
� kfi j L1

p(A
0
i)k ¨

kfi j L1
p(A

0
i)k

p = 	(A0
i)
�
1 � "

2i

�
¯à¨ p < 1 (kfi j L1

p(A
0
i)k = 1 ¯à¨ p = 1), " 2 (0; 1). �ãáâì

fN =
NP
i=1

fi. �®¢â®àïï ¤ «¥¥ à ááã¦¤¥­¨ï «¥¬¬ë 1, ¯®«ãç¨¬

	(A0
0)

1
� � sup





'�fN ���L1
q

� NS
i=1

Ai

�







fN ���L1
p

� NS
i=1

A0
i

�



 �

� NX
i=1

	(A0
i)� "	(A0

0)
� 1

�

;

£¤¥ â®ç­ ï ¢¥àå­ïï £à ­ì ¡¥à¥âáï ¯® ¢á¥¬ äã­ªæ¨ï¬ fN 2 L1
p

� NS
i=1

A0
i

�
ãª § ­­®£® ¢ëè¥ ¢¨¤ .

� ª ª ª N ¨ " ¯à®¨§¢®«ì­ë, â®
1X
i=1

	(A0
i) � 	

� 1[
i=1

A0
i

�
:
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�¯à ¢¥¤«¨¢®áâì ®¡à â­®£® ­¥à ¢¥­áâ¢  ¯à®¢¥àï¥âáï ­¥¯®áà¥¤áâ¢¥­­®.

�«¥¤ãîé ï â¥®à¥¬  ¤«ï «î¡®£® ®âªàëâ®£® ¬­®¦¥áâ¢  A � D ãâ®ç­ï¥â ®æ¥­ªã ­®à¬ë ®¯¥-
à â®à  ¢«®¦¥­¨ï

'�A : L1
p('(A)) ! L1

q(A); 1 � q � p � 1;

¯®«ãç¥­­ãî ¢ [27]; äã­ªæ¨ï ¬­®¦¥áâ¢  	 å®âì ¨ ­¥ ï¢«ï¥âáï ¬®­®â®­­®©, â¥¬ ­¥ ¬¥­¥¥

§ ª«îç¥­  ¬¥¦¤ã ¤¢ã¬ï ¬®­®â®­­ë¬¨ áç¥â­®- ¤¤¨â¨¢­ë¬¨ äã­ªæ¨ï¬¨ ¬­®¦¥áâ¢ .
�¯à¥¤¥«¨¬ äã­ªæ¨î �(A) ®âªàëâ®£® ¬­®¦¥áâ¢  A � D ¯® ¯à ¢¨«ã

�(A) = sup
f2

�

L1
p('(A))

0@ k'�f j L1
q(A)k

kf j
�

L1
p('(A))k

1A�

; £¤¥ � =

(
pq
p�q

¯à¨ 1 � q < p <1;

1 ¯à¨ 1 � q = p <1:

� ª ¦¥, ª ª ¨ ¢ «¥¬¬¥ 1, ¤®ª §ë¢ ¥âáï, çâ® � ï¢«ï¥âáï ®£à ­¨ç¥­­®© ¬®­®â®­­®© áç¥â­®-
 ¤¤¨â¨¢­®© äã­ªæ¨¥©, ®¯à¥¤¥«¥­­®© ­  ®âªàëâëå ®£à ­¨ç¥­­ëå ¬­®¦¥áâ¢ å A � D. �ç¥¢¨¤­®
�(A) � 	(A) ¨ �(A) � 	(B) ¤«ï «î¡®£® ®£à ­¨ç¥­­®£® ®âªàëâ®£® ¬­®¦¥áâ¢  A ¨ ¯à®¨§¢®«ì­®£®
®âªàëâ®£® ¬­®¦¥áâ¢  B á ãá«®¢¨¥¬ A � B � D.

�¥®à¥¬  7. �ãáâì D ¨ D0 | ®âªàëâë¥ ¬­®¦¥áâ¢  ¢ R
n . �®¬¥®¬®àä¨§¬ ' : D ! D0

¯®à®¦¤ ¥â ®£à ­¨ç¥­­ë© ®¯¥à â®à ¢«®¦¥­¨ï '� : L1
p(D

0) ! L1
q(D), 1 � q � p < 1, â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  ®â®¡à ¦¥­¨¥ ' ¯à¨­ ¤«¥¦¨â W 1
q;loc(D), ¨¬¥¥â ª®­¥ç­®¥ ¨áª ¦¥­¨¥ ¨

Kp(�) 2 L{(D); £¤¥ { =

(
qp
p�q

; ¥á«¨ q < p;

1; ¥á«¨ q = p:

�¯¥à â®à '�A : L1
p('(A)) ! L1

q(A), A � D | ®âªàëâ®¥ ¬­®¦¥áâ¢®, ®£à ­¨ç¥­ ¨ ¥£® ­®à¬ 

ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨î


p;qKp;q(A) � k'�Ak � Kp;q(A); (6)

£¤¥ Kp;q(A) = kKp(�) j L{(D)k,   0 < 
p;q | ¯®áâ®ï­­ ï.

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 7 ¯à¨ q < p ¯®­ ¤®¡¨âáï ¯à¥¤áâ ¢«ïîé ï á ¬®áâ®ïâ¥«ì­ë©
¨­â¥à¥á

�¥®à¥¬  8. �ãáâì D ¨ D0 | ®âªàëâë¥ ¬­®¦¥áâ¢  ¢ R
n . �®¬¥®¬®àä¨§¬ ' : D ! D0

¯®à®¦¤ ¥â ®£à ­¨ç¥­­ë© ®¯¥à â®à ¢«®¦¥­¨ï '� : L1
p(D

0) ! L1
q(D), 1 � q < p < 1, â®£¤ 

¨ â®«ìª® â®£¤ , ª®£¤  ®â®¡à ¦¥­¨¥ ' ¯à¨­ ¤«¥¦¨â W 1
q;loc(D), ¨¬¥¥â ª®­¥ç­®¥ ¨áª ¦¥­¨¥ ¨

áãé¥áâ¢ã¥â ®£à ­¨ç¥­­ ï ¬®­®â®­­ ï áç¥â­®- ¤¤¨â¨¢­ ï äã­ªæ¨ï �, ®¯à¥¤¥«¥­­ ï ­  ®âªàë-
âëå ®£à ­¨ç¥­­ëå ¬­®¦¥áâ¢ å A � D, â ª ï, çâ® á¯à ¢¥¤«¨¢  íª¢¨¢ «¥­â­®áâì


{p;qK
{

p (x) � �0(x) � K{

p (x);

£¤¥ 
p;q | ¯®áâ®ï­­ ï ¨§ â¥®à¥¬ë 7.

�®ª § â¥«ìáâ¢® â¥®à¥¬ 7 ¨ 8. �¥®¡å®¤¨¬®áâì. �à¨­ ¤«¥¦­®áâì ®â®¡à ¦¥­¨ï ' ª« á-
áã W 1

q;loc(D) ¯à®¢¥àï¥âáï ¯®¤áâ ­®¢ª®© â¥áâ®¢ëå äã­ªæ¨©, ª®â®àë¥ ¯à¨¬¥­ï«¨áì ¯à¨ ¤®ª § -
â¥«ìáâ¢¥ ¯à¥¤«®¦¥­¨ï 2. �®ª ¦¥¬, çâ® ®â®¡à ¦¥­¨¥ ' ¨¬¥¥â ª®­¥ç­®¥ ¨áª ¦¥­¨¥. � ¬¥â¨¬,
çâ® íâ®â ä ªâ â ª ¦¥, ª ª ¨ ®æ¥­ª  ª®íää¨æ¨¥­â  ª¢ §¨ª®­ä®à¬­®áâ¨ ®â®¡à ¦¥­¨ï ' ç¥à¥§
¯à®¨§¢®¤­ãî äã­ªæ¨¨ ¬­®¦¥áâ¢ , § ¤ ­­®© ­  ¯®¤¬­®¦¥áâ¢ å ®âªàëâ®£® ¬­®¦¥áâ¢  D0, ¬®¦¥â
¡ëâì ¯®«ãç¥­ ª ª á«¥¤áâ¢¨¥ â¥®à¥¬ë 2, ¤®ª § ­­®© ¯à¨ ¡®«¥¥ ®¡é¨å ¯à¥¤¯®«®¦¥­¨ïå. �¤­ ª®
¬ë ¯à¨¢¥¤¥¬ §¤¥áì ­¥§ ¢¨á¨¬®¥ à ááã¦¤¥­¨¥.

� ª ¦¥, ª ª ¨ ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1, ¤«ï «î¡®© äã­ªæ¨¨ f 2
�

L1
p(A

0) ¯à¨ q � p
¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

k'�f j L1
q(D)k � �('�1(A0))1=�kf j

�

L1
p(A

0)k;
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£¤¥ A0 � D0 | ®âªàëâ®¥ ®£à ­¨ç¥­­®¥ ¯®¤¬­®¦¥áâ¢®. � «¥¥ ¯®« £ ¥¬ q < p (¯à¨ q = p ¢ëª« ¤ª¨
«¨èì ã¯à®é îâáï). �¨ªá¨àã¥¬ áà¥§ªã � 2 C1

0 (Rn), à ¢­ãî ¥¤¨­¨æ¥ ­  B(0; 1) ¨ ­ã«î ¢­¥ è à 
B(0; 2). �®¤áâ ¢«ïï ¢ íâ® ­¥à ¢¥­áâ¢® äã­ªæ¨¨ hj(z) = (z � y)j�(

z�y
r
), j = 1; : : : ; n, £¤¥ (z � y)j

®¡®§­ ç ¥â j-î ª®®à¤¨­ âã ¢¥ªâ®à  z � y, B(y; 2r) � D0, ¨¬¥¥¬� Z
'�1(B(y;r))

jD'jq(x) dx
�1=q

� C1�('�1(B(y; 2r)))1={ jB(y; r)j1=p;

£¤¥ C1 | ­¥ª®â®à ï ¯®áâ®ï­­ ï. �ãáâì B(x0; r) � D ¨ U = '(B(x0; r)). � áá¬®âà¨¬ ­ ¡®à
è à®¢ fB(yi; ri)g â ª®©, çâ® fB(yi; ri)g ¨ fB(yi; 2ri)g ®¡à §ãîâ ¯®ªàëâ¨¥ ¬­®¦¥áâ¢  U , ªà â­®áâì
ª®â®àëå ª®­¥ç­  ¨ ­¥ § ¢¨á¨â ®â ¢ë¡®à  ®âªàëâ®£® ¬­®¦¥áâ¢  U (B(yi; 2ri) � U ¤«ï ¢á¥å i 2 N).
�à¨¬¥­ïï ¯à¥¤ë¤ãé¥¥ ­¥à ¢¥­áâ¢® ª ª ¦¤®¬ã ¨§ è à®¢ fB(yi; 2ri)g, c ¯®¬®éìî ­¥à ¢¥­áâ¢ 
��¥«ì¤¥à  ¢ë¢®¤¨¬ á®®â­®è¥­¨¥� 1X

i=1

Z
'�1(B(yi;ri))

jD'jq(x) dx
� 1

q

� C2

� 1X
i=1

�('�1(B(yi; 2ri)))
� 1
{

� 1X
i=1

jB(yi; ri)j
� 1

p

:

� ¬¥â¨¬, çâ® äã­ªæ¨ï ¬­®¦¥áâ¢  A0 7! �('�1(A0)), A0 � D0 | ®âªàëâ®¥ ¬­®¦¥áâ¢®, ï¢«ï¥âáï
¬®­®â®­­®© ¨ áç¥â­®- ¤¤¨â¨¢­®©. �à¨¬¥­ïï ª ­¥© «¥¬¬ã 3, ¯®«ãç¨¬ ®æ¥­ªã ¤«ï áã¬¬ë §­ ç¥­¨©
�('�1(B(yi; 2ri))) ç¥à¥§ äã­ªæ¨î ªà â­®áâ¨

1X
i=1

�('�1(B(yi; 2ri))) � �n�
�
'�1

� 1[
i=1

B(yi; 2ri)
��
;

£¤¥ ¯®áâ®ï­­ ï �n § ¢¨á¨â â®«ìª® ®â à §¬¥à­®áâ¨ n [31]. �ç¨âë¢ ï, çâ® U = '(B(x0; r)) =
1S
i=1

B(yi; 2ri) =
1S
i=1

B(yi; ri), ¨¬¥¥¬

� Z
B(x0;r)

jD'jq(x) dx
� 1

q

� C3�(B(x0; r))
1
{ j'(B(x0; r))j

1
p :

�à¥®¡à §ã¥¬ íâ® ­¥à ¢¥­áâ¢® ª ¢¨¤ã�
1

jB(x0; r)j

Z
B(x0;r)

jD'jq(x) dx
�1=q

� C3

�
�(B(x0; r))
jB(x0; r)j

�1={�
j'(B(x0; r))j
jB(x0; r)j

�1=p

¨ ¯¥à¥©¤¥¬ ª ¯à¥¤¥«ã ¯à¨ r! 0. �®£¤ 

jD'j(x) � C3

(
�0(x)1={J'(x)1=p ¯à¨ q < p;

k'�DkJ'(x)
1=p ¯à¨ q = p:

� ª ª ª ®â®¡à ¦¥­¨¥ ' ¯à¨­ ¤«¥¦¨â W 1
1;loc(D), â® (­ ¯à., [29], [34]) áãé¥áâ¢ã¥â ¯®á«¥¤®¢ -

â¥«ì­®áâì § ¬ª­ãâëå ¬­®¦¥áâ¢ fAkg, Ak � Ak�1, â ª¨å, çâ® 'jAk
2 Lip(Ak) ¨ jD n

S
k
Akj = 0.

�âáî¤  ¯®«ãç¨¬, ¢ ç áâ­®áâ¨, çâ® J'(x) = J(x; ') ¤«ï ¯®çâ¨ ¢á¥å x 2 D ([29]), ¨, á«¥¤®¢ â¥«ì­®,
®â®¡à ¦¥­¨¥ ' ¨¬¥¥â ª®­¥ç­®¥ ¨áª ¦¥­¨¥. �à®¬¥ â®£®,

Kp(x) =
jD'j(x)

jJ(x; ')j1=p
� ck'�Dk ¤«ï ¯®çâ¨ ¢á¥å x 2 D ¯à¨ 1 � q = p <1 (7)

¨

K{

p (x) =
�

jD'j(x)
jJ(x; ')j1=p

�{
� c�0(x) ¤«ï ¯®çâ¨ ¢á¥å x 2 D ¯à¨ 1 � q < p <1: (8)
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�­â¥£à¨àãï (8) ¯® ®£à ­¨ç¥­­®¬ã ®âªàëâ®¬ã ¬­®¦¥áâ¢ã A � D ¨ ¯à¨¬¥­ïï ¯à¥¤«®¦¥­¨¥ 1,
¯®«ãç¨¬ ®æ¥­ªã ­®à¬ë ®¯¥à â®à  '�D á­¨§ãZ

A

�
jD'j(x)

jJ(x; ')j1=p

�{
dx � c

Z
A

�0(x) dx � c�(A) � c	(D): (9)

�®áâ â®ç­®áâì. �ãáâì A � D | ¯à®¨§¢®«ì­®¥ ®âªàëâ®¥ ¬­®¦¥áâ¢®,   A0 = '(A). �®ª ¦¥¬,
çâ® ¤«ï «î¡®© äã­ªæ¨¨ f 2 L1

p(A
0) \ C1(A0) ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® k'�f j L1

q(A)k � Kp;qkf j
L1
p(A

0)k, q � p. � ª ª ª f � ' ¯à¨­ ¤«¥¦¨â ª« ááã ACL(A), â®

k'�f j L1
q(A)k �

�Z
A

(jrf j('(x))jD'j)q dx
�1=q

=

=
�Z

AnZ

jrf jq('(x))jJ(x; ')jq=p
jD'jq

jJ(x; ')jq=p
dx

�1=q

:

�á¯®«ì§ãï ­¥à ¢¥­áâ¢® ��¥«ì¤¥à  ¯à¨ q � p, ¢ë¢®¤¨¬ ®æ¥­ªã

k'�f j L1
q(A)k �

�Z
AnZ

�
jD'j(x)

jJ(x; ')j1=p

�{
dx

�1={�Z
AnZ

jrf jp('(x))jJ(x; ')j dx
�1=p

(¯à¨ q = p «¥¢ë© á®¬­®¦¨â¥«ì à ¢¥­ Kp;p(A)). �à¨¬¥­ïï ª ¯à ¢®¬ã á®¬­®¦¨â¥«î ä®à¬ã«ã
(1), ¯®«ãç¨¬ ®æ¥­ªã ¤«ï ­®à¬ë k'�Ak � Kp;q(A). � á¯à®áâà ­¥­¨¥ ¯®«ãç¥­­®© ®æ¥­ª¨ ­  ¢á¥
äã­ªæ¨¨ f 2 L1

p(A
0) ¯à®¨áå®¤¨â ¯® áå¥¬¥ â¥®à¥¬ë 1.

�®®â­®è¥­¨¥ 	
1
{ (A) = k'�Ak � Kp;q(A) ¯à¨ q � p, â ª¨¬ ®¡à §®¬, ¤®ª § ­®. �âáî¤  ¢ á¨«ã

­¥à ¢¥­áâ¢  �(A) � 	(A) ¯®«ãç¨¬ ®æ¥­ªã á¢¥àåã ¤«ï ¯à®¨§¢®¤­®© �0(x) ¯à¨ q < p

�0(x) �
�

jD'j(x)
jJ(x; ')j1=p

�{
¤«ï ¯®çâ¨ ¢á¥å x 2 D ¢ á«ãç ¥ 1 � q < p <1:

�®áª®«ìªã ®¯¥à â®à '�A : L1
p('(A)) ! L1

q(A) ®£à ­¨ç¥­, â® ¨§ à ááã¦¤¥­¨© ¯¥à¢®© ç áâ¨
¤®ª § â¥«ìáâ¢ , ¯à¨¬¥­¥­­®© ª ®âªàëâ®¬ã ¬­®¦¥áâ¢ã A ¢¬¥áâ® D, ¯®«ãç ¥¬ ¤«ï ­¥£® ®æ¥­ªã
á­¨§ã; ¨§ (7) ¨¬¥¥¬

ess sup
x2A

jD'j(x)
jJ(x; ')j1=p

� Ck'�Ak ¢ á«ãç ¥ 1 � q = p <1;

  ¢ á¨«ã (9) ¨ ­¥à ¢¥­áâ¢  �(A) � 	(A) |Z
A

�
jD'j(x)

jJ(x; ')j1=p

�{
dx � c	(A)

¤«ï «î¡®£® ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  A � D. �á«¨ B � D|¯à®¨§¢®«ì­®¥ ®âªàëâ®¥ ¬­®¦¥áâ¢®,
â® ¤«ï ¯à®¨§¢®«ì­®© ¢®§à áâ îé¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨ Ai � Ai+1 � B ®£à ­¨ç¥­­ëå ®âªàëâëå

¬­®¦¥áâ¢ â ª¨å, çâ®
1S
i=1

Ai = B, ¨¬¥¥¬ K{

p;q(Ai) � c�(Ai) � c	(B). �¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨

i!1, ¯®«ãç ¥¬ ­¥®¡å®¤¨¬ãî ®æ¥­ªã.

�«¥¤áâ¢¨¥ 5. �ã­ªæ¨ï ¬­®¦¥áâ¢  	 ï¢«ï¥âáï ®£à ­¨ç¥­­®©  ¡á®«îâ­® ­¥¯à¥àë¢­®© áç¥â-
­® #-ª¢ §¨ ¤¤¨â¨¢­®© äã­ªæ¨¥© ¬­®¦¥áâ¢ , ®¯à¥¤¥«¥­­®© ­  ®âªàëâëå ¬­®¦¥áâ¢ å ¨§ D.

�®ª § â¥«ìáâ¢®. �«ï ¯à®¨§¢®«ì­®© á®¢®ªã¯­®áâ¨ ¯®¯ à­® ­¥¯¥à¥á¥ª îé¨åáï ®âªàëâëå
¬­®¦¥áâ¢ Ai � A � D ¨¬¥¥¬

1X
i=1

	(Ai) �
1X
i=1

Z
Ai

�
jD'j(x)

jJ(x; ')j1=p

�{
dx �

Z
A

�
jD'j(x)

jJ(x; ')j1=p

�{
dx � #	(A):

�âáî¤ , ¨§ â¥®à¥¬ 7 ¨ 8 ¨ ¯à¥¤«®¦¥­¨ï 1 ¯®«ãç¨¬
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�«¥¤áâ¢¨¥ 6. �ãáâì D ¨ D0 | ®âªàëâë¥ ¬­®¦¥áâ¢  ¢ Rn . �®¬¥®¬®àä¨§¬ ' : D ! D0 ¯®-
à®¦¤ ¥â ®£à ­¨ç¥­­ë© ®¯¥à â®à ¢«®¦¥­¨ï '� : L1

p(D
0)! L1

q(D), 1 � q < p <1, â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  áãé¥áâ¢ã¥â ®£à ­¨ç¥­­ ï  ¡á®«îâ­® ­¥¯à¥àë¢­ ï áç¥â­® #-ª¢ §¨ ¤¤¨â¨¢­ ï äã­ª-
æ¨ï 	, ®¯à¥¤¥«¥­­ ï ­  ®âªàëâëå ¬­®¦¥áâ¢ å A � D, ¯à¨ç¥¬ ¥¥ ¢¥àå­ïï ¯à®¨§¢®¤­ ï 	0(x)

íª¢¨¢ «¥­â­  K{

p (x) =
�

jD'(x)j

jJ(x;')j1=p

�{
:

�2K
{

p (x) � 	0(x) � K{

p (x)

¯®çâ¨ ¢áî¤ã ¢ D, £¤¥ �2 | ­¥ª®â®à ï ¯®áâ®ï­­ ï.
�®à¬  ®¯¥à â®à  '�A íª¢¨¢ «¥­â­ 

R
A

	0(x) dx ¤«ï «î¡®£® ®âªàëâ®£® ¬­®¦¥áâ¢  A � D.
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