
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

2005 ���������� ò 3 (514)

��� 517.988

�.�.���������, �.�. ���������, �.�.���������

�� ������������� ���������������� ��������� �
����������� �������������� �������-�����������

����������� � �����������

�¢¥¤¥­¨¥. �à¨ ¯¥à¥å®¤¥ ª ­¥«¨­¥©­ë¬ § ¤ ç ¬ ¢®§­¨ª îâ ¯à¨­æ¨¯¨ «ì­® ­¥à §à¥è¨¬ë¥
âàã¤­®áâ¨, á¢ï§ ­­ë¥ á ­¥¢®§¬®¦­®áâìî ª®àà¥ªâ­®£® ®¯à¥¤¥«¥­¨ï ¯à®¨§¢¥¤¥­¨ï ®¡®¡é¥­­ëå
äã­ªæ¨©. �­®£¨¬¨  ¢â®à ¬¨ ¯à¥¤«®¦¥­ë à §«¨ç­ë¥ á¯®á®¡ë âà ªâ®¢ª¨ à¥è¥­¨© ­¥ª®â®àëå
ª« áá®¢ ­¥«¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. � á®¦ «¥­¨î, à §­ë¥ âà ªâ®¢ª¨ ®¤­®£® ¨
â®£® ¦¥ ­¥«¨­¥©­®£® ãà ¢­¥­¨ï ¯à¨¢®¤ïâ ª à §«¨ç­ë¬ à¥è¥­¨ï¬ ¨ ¯à¥¤¯®ç¥áâì âã ¨«¨ ¨­ãî
¨­â¥à¯à¥â æ¨î ¬®¦­® â®«ìª® á ¯®¬®éìî ª ª¨å-«¨¡® á®®¡à ¦¥­¨©, ¨á¯®«ì§ã¥¬ëå ¯à¨ ¬®¤¥-
«¨à®¢ ­¨¨ à¥è ¥¬®© ¯à ªâ¨ç¥áª®© § ¤ ç¨ ¤ ­­ë¬ ãà ¢­¥­¨¥¬. � ¤ ­­®© áâ âì¥ ®£à ­¨ç¨¬áï
¨§ãç¥­¨¥¬ á«¥¤ãîé¥£® ­¥«¨­¥©­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï:

_x(t) = f(t; x(t)) _L(t); (1)

£¤¥ _L(t) | ®¡®¡é¥­­ ï ¯à®¨§¢®¤­ ï äã­ªæ¨¨ ®£à ­¨ç¥­­®© ¢ à¨ æ¨¨. � áá¬®âà¨¬ ­¥ª®â®àë¥
¯®¤å®¤ë ª ®¯à¥¤¥«¥­¨î à¥è¥­¨© ¤ ­­®£® ãà ¢­¥­¨ï. �¥à¢ë© ¯®¤å®¤ á¢ï§ ­ á ¯®¯ëâª ¬¨ ä®à-
¬ «¨§ æ¨¨ â ª®© § ¤ ç¨ ¢ à ¬ª å â¥®à¨¨ ®¡®¡é¥­­ëå äã­ªæ¨© ¨ ã¯¨à ¥âáï ¢ ¯à®¡«¥¬ã ã¬­®-
¦¥­¨ï à §àë¢­ëå äã­ªæ¨© ­  ®¡®¡é¥­­ë¥, ª®â®à ï ¢®§­¨ª ¥â ¢ ¢ëà ¦¥­¨¨ f(t; x(t)) _L(t). �
([1], £«. 1, x 8, á. 41) ¢¢®¤¨âáï ®¯à¥¤¥«¥­¨¥ ã¬­®¦¥­¨ï, ª®â®à®¥ ¤«ï £« ¤ª¨å äã­ªæ¨© á®¢¯ ¤ ¥â á
ª« áá¨ç¥áª®© ä®à¬ã«®© ¤«ï ¯à®¨§¢®¤­®© á«®¦­®© äã­ªæ¨¨. � [2]{[4] ¢ à ¬ª å á¥ª¢¥­æ¨ «ì­®£®
¯®¤å®¤  â¥®à¨¨ ®¡®¡é¥­­ëå äã­ªæ¨© ¢¢®¤¨âáï ®¯à¥¤¥«¥­¨¥ ¯à®¨§¢¥¤¥­¨ï à §àë¢­®© äã­ªæ¨¨
­  ®¡®¡é¥­­ãî,   § â¥¬ ¨é¥âáï à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï. �¥è¥­¨ï, ¯®­¨¬ ¥¬ë¥
¢ á¬ëá«¥ à ¡®â [2]{[4], ®â«¨ç îâáï ®â à¥è¥­¨©, à áá¬ âà¨¢ ¥¬ëå ¢ [1]. �â®à®© ¯®¤å®¤ ¯à¥¤¯®-
« £ ¥â ä®à¬ «ì­ë© ¯¥à¥å®¤ ª ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î

x(t) = x0 +
Z t

t0

f(�; x(�))dL(�);

¢ ª®â®à®¬ ¨­â¥£à « ¯®­¨¬ ¥âáï ¢ á¬ëá«¥ �¥¡¥£ {�â¨«âì¥á , �¥àà®­ {�â¨«âì¥á  ¨ â. ¤. [5]{[7].
�¤­ ª® ¯à¨ â ª®¬ â®«ª®¢ ­¨¨ áª çª¨ à¥è¥­¨ï ¡ã¤ãâ § ¢¨á¥âì ®â ®¯à¥¤¥«¥­¨ï ¨­â¥£à¨àã¥¬®©
äã­ªæ¨¨ ¢ â®çª å à §àë¢  äã­ªæ¨¨ L(t), çâ® ï¢«ï¥âáï ­¥¤®áâ âª®¬ ¤ ­­®£® ¯®¤å®¤ . �à¥â¨©
¯®¤å®¤ ¢®áå®¤¨â ª à ¡®â¥ [8] ¨ ®¯¨à ¥âáï ­  ¨¤¥î  ¯¯à®ªá¨¬ æ¨¨ ¨áª®¬®£® à¥è¥­¨ï ãà ¢­¥­¨ï
(1) ª« áá¨ç¥áª¨¬¨, ¯®à®¦¤¥­­ë¬¨ £« ¤ª¨¬¨ ¯à¨¡«¨¦¥­¨ï¬¨ äã­ªæ¨¨ L(t). � ([1], £«. 4, á. 143)
¯à¨ à áá¬®âà¥­¨¨ â ª®£® ¯®¤å®¤  ¯à¨å®¤ïâ ª á«¥¤ãîé¥¬ã ãà ¢­¥­¨î:

x(t) = x0 +
Z t

t0

f(�; x(�))dLc(�) +

+
X
�i<t

S(�i; x(�i � 0);�L(�i)) + S(�p; x(�p � 0);�L(�p))�(t� �p);

£¤¥ Lc(t) | ­¥¯à¥àë¢­ ï á®áâ ¢«ïîé ï äã­ªæ¨¨ L(t), �i | â®çª¨ à §àë¢  äã­ªæ¨¨ L(t),
�L(�i) = Ld(�i + 0) � Ld(�i � 0) | ¢¥«¨ç¨­  áª çª , �(t) | äã­ªæ¨ï ¥¤¨­¨ç­®£® áª çª ,  
äã­ªæ¨ï S(�i; x(�i � 0);�L(�i)) ®¯à¥¤¥«¥­  á¯¥æ¨ «ì­ë¬ ®¡à §®¬. �â¬¥â¨¬, çâ® à¥è¥­¨ï, ¯®-
«ãç¥­­ë¥ ¢ [1] á ¯®¬®éìî ¯¥à¢®£® ¨ ¯®á«¥¤­¥£® ¯®¤å®¤®¢, á®¢¯ ¤ îâ.
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� ¤ ­­®© à ¡®â¥ ¨á¯®«ì§®¢ ­¨¥ ¥¤¨­®© áå¥¬ë  ¯¯à®ªá¨¬ æ¨¨ ¯®§¢®«¨«® ®å¢ â¨âì à¥è¥­¨ï,
¯®«ãç îé¨¥áï ¢ à¥§ã«ìâ â¥ â®«ª®¢ ­¨ï ãà ¢­¥­¨ï (1) á ¯®¬®éìî íâ¨å âà¥å ¯®¤å®¤®¢. �®¤®¡-
­ë© á¯®á®¡  ¯¯à®ªá¨¬ æ¨¨ á ãá¯¥å®¬ ¯à¨¬¥­ï¥âáï ¢ â¥®à¨¨ áâ®å áâ¨ç¥áª¨å ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨© ¤«ï ¨áá«¥¤®¢ ­¨ï ª ª ãà ¢­¥­¨© ¢ á¬ëá«¥ �â®, â ª ¨ ¢ á¬ëá«¥ �âà â®­®¢¨ç  [9], [10].

1. �á­®¢­ë¥ à¥§ã«ìâ âë. � áá¬®âà¨¬ á«¥¤ãîéãî § ¤ çã �®è¨ ­  ®âà¥§ª¥ T = [0; a] � R:

_X(t) = f(X(t)) _L(t);

X(0) = x0;
(2)

£¤¥ f | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï,   L(t) | äã­ªæ¨ï ®£à ­¨ç¥­­®© ¢ à¨ æ¨¨ ­  ®âà¥§ª¥ T . �¥§
áãé¥áâ¢¥­­®£® ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¡ã¤¥¬ áç¨â âì, çâ® äã­ªæ¨ï L(t) ­¥¯à¥àë¢­  á¯à ¢ ,
L(0) = 0 ¨ L(a� 0) = L(a).

� ¤ ç¥ (2) ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ á«¥¤ãîéãî ª®­¥ç­®-à §­®áâ­ãî § ¤ çã á ®áà¥¤­¥­¨¥¬:

Xn(t+ hn)�Xn(t) = fn(Xn(t))[Ln(t+ hn)� Ln(t)];

Xn(t)j[0;hn) = Xn0(t):
(3)

�¤¥áì Ln(t) = (L � �n)(t) =
1=nR
0

L(t+ s)�n(s)ds, fn = f � �n, �n(t) = n�(nt), �(t) 2 C1(R), �(t) � 0,

supp � � [0; 1],
1R
0

�(s)ds = 1.

�ãáâì t | ¯à®¨§¢®«ì­ ï ä¨ªá¨à®¢ ­­ ï â®çª  ¨§ ®âà¥§ª  T . �®£¤  t ¬®¦­® ¯à¥¤áâ ¢¨âì ¢
¢¨¤¥ t = �t +mthn, £¤¥ �t 2 [0; hn), mt 2 N. �¥á«®¦­® ¢¨¤¥âì, çâ® à¥è¥­¨¥ á¨áâ¥¬ë (3) ¬®¦­®
§ ¯¨á âì ¢ ¢¨¤¥

Xn(t) = Xn0(�t) +
mt�1X
k=0

fn(Xn(�t + khn))[Ln(�t + (k + 1)hn)� Ln(�t + khn)]:

�¥®à¥¬  1. �ãáâì f 2 C1
B(R). �®£¤  ¯à¨ n ! 1, hn ! 0 â ª, çâ® hn = o(1=n) ¤«ï ¢á¥å

t 2 T , à¥è¥­¨¥ Xn(t) § ¤ ç¨ �®è¨ (3) áå®¤¨âáï ª Y (L(t)), £¤¥ Y (v) | à¥è¥­¨¥ ãà ¢­¥­¨ï

Y (v) = x0 +
Z v

0
f(Y (u))du; (4)

¥á«¨ ¤«ï «î¡®£® t 2 T ¢ë¯®«­ï¥âáï jXn0(�t)� x0j ! 0.

� ¬¥ç ­¨¥ 1. �¥¯®áà¥¤áâ¢¥­­®© ¯®¤áâ ­®¢ª®© ¬®¦­® ã¡¥¤¨âìáï, çâ® äã­ªæ¨ï Y (L(t)) ï¢«ï-
¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï

x(t) = x0 +
Z t

t0

f(x(�))dLc(�) +
X
�i�t

S(x(�i � 0);�L(�i));

£¤¥ S(x; u)='(1; x; u)�'(0; x; u),   '(t; x; u) ­ å®¤¨âáï ¨§ ãà ¢­¥­¨ï '(t; x; u)=x+u
tR
0

f('(s; x; u))ds.

� ª¨¬ ®¡à §®¬, â¥®à¥¬  1 ¯®ª §ë¢ ¥â, çâ® ¯à¨ n!1, hn ! 0 â ª, çâ® hn = o(1=n), ¯à¥¤¥«ì-
­ ï äã­ªæ¨ï à¥è¥­¨© § ¤ ç¨ �®è¨ (3) á®¢¯ ¤ ¥â á  ¯¯à®ªá¨¬¨àã¥¬ë¬ à¥è¥­¨¥¬ ¨§ [1] § ¤ ç¨
(2).

�¥®à¥¬  2. �ãáâì f 2 C1
B(R). �®£¤  ¯à¨ n ! 1, hn ! 0 â ª, çâ® 1=n = o(hn), ¤«ï ¢á¥å

t 2 T à¥è¥­¨¥ Xn(t) § ¤ ç¨ �®è¨ (3) áå®¤¨âáï ª à¥è¥­¨î ãà ¢­¥­¨ï

X(t) = x0 +
Z t+

0

f(X(s� 0))dL(s); (5)

¥á«¨ ¤«ï «î¡®£® t 2 T ¢ë¯®«­ï¥âáï jXn0(�t)� x0j ! 0.
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� ¬¥ç ­¨¥ 2. � ­­ ï â¥®à¥¬  ãáâ ­ ¢«¨¢ ¥â, çâ® ¯à¥¤¥« à¥è¥­¨© § ¤ ç¨ �®è¨ (3) ï¢«ï-
¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (2), âà ªâã¥¬®£® ª ª ¨­â¥£à «ì­®¥ ¢ ¤ãå¥ à ¡®â [5]{[7].

2. �®ª § â¥«ìáâ¢® ®á­®¢­ëå à¥§ã«ìâ â®¢.

�¥¬¬  1. �ãáâì ¤«ï «î¡®£® n á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

Zn+1 � A+
nX

k=1

Ak +
nX

k=1

BkZk; (6)

£¤¥ A, Ak, Bk | ­¥ª®â®àë¥ ¯®«®¦¨â¥«ì­ë¥ ª®­áâ ­âë ¨ Zk > 0; k = 0; n. �®£¤  ¢¥à­® ­¥à -

¢¥­áâ¢®

Zn+1 �

�
A+

nX
k=1

Ak

�
exp

� nX
k=1

Bk

�
:

�®ª § â¥«ìáâ¢®. �®á«¥¤®¢ â¥«ì­® ¯à¨¬¥­ïï ­¥à ¢¥­áâ¢® (6), ¯®«ãç ¥¬

Zn+1 � A+
nX

k=1

Ak +
n�1X
k=1

BkZk +BnZn � A+
nX

k=1

Ak +Bn

�
A+

n�1X
k=1

Ak +

+
n�1X
k=1

BkZk

�
+

n�1X
k=1

BkZk = A+
nX

k=1

Ak +Bn

�
A+

n�1X
k=1

Ak

�
+ (Bn + 1)

n�1X
k=1

BkZk �

� � � � A+
nX

k=1

Ak +Bn

�
A+

n�1X
k=1

Ak

�
+Bn�1(Bn + 1)

�
A+

n�2X
k=1

Ak

�
+ � � �

+B1(1 +B2(1 + � � � + (1 +Bn�1(1 +Bn)))) �
�
A+

nX
k=1

Ak

� nY
k=1

(1 +Bn):

�à®«®£ à¨ä¬¨àã¥¬ íâ® ­¥à ¢¥­áâ¢®

lnZn+1 � ln
�
A+

nX
k=1

Ak

�
+

nX
k=1

ln(1 +Bn) � ln
�
A+

nX
k=1

Ak

�
+

nX
k=1

Bn:

�âáî¤  ¨ ¢ëâ¥ª ¥â ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë.

�¡®§­ ç¨¬ S2Ln(t) =
mtP
k=1

[Ln(�t + khn)� Ln(�t + (k � 1)hn)]2.

�¥¬¬  2. �ãáâì L(t) | äã­ªæ¨ï ®£à ­¨ç¥­­®© ¢ à¨ æ¨¨. �®£¤  S2Ln(t)!0 ¤«ï ¢á¥å t 2 T ,
¥á«¨ n!1, hn ! 0 ¨ hn = o(1=n).

�®ª § â¥«ìáâ¢®. �à¥¤áâ ¢¨¬ L(t) ¢ ¢¨¤¥

L(t) = Lc(t) + Ld(t); (7)

£¤¥ Lc(�) ¨ Ld(�) | ­¥¯à¥àë¢­ ï ¨ à §àë¢­ ï ç áâ¨ L(�) á®®â¢¥âáâ¢¥­­®.
� ª ª ª L(�) | äã­ªæ¨ï ®£à ­¨ç¥­­®© ¢ à¨ æ¨¨, â®

S2Ln(t) � max
1�k�mt

jLn(�t + khn)� Ln(�t + (k � 1)hn)j
mtX
k=1

jLn(�t + khn)� Ln(�t + (k � 1)hn)j �

� var
t2T

L(t) max
1�k�mt

jLn(�t + khn)� Ln(�t + (k � 1)hn)j:
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� áá¬®âà¨¬ ¯à¨à é¥­¨¥ äã­ªæ¨¨ Ln. �á¯®«ì§ãï ¢¨¤ Ln ¨ �n, ¯à¥¤áâ ¢«¥­¨¥ (7), ¨¬¥¥¬

jLn(�t + khn)� Ln(�t + (k � 1)hn)j =

=
���� Z 1=n

0
[L(�t + khn + s)� L(�t + (k � 1)hn + s)]�n(s)ds

���� � max
0�s�1=n

jLc(�t + khn + s)�

�Lc(�t + (k � 1)hn + s)j+
���� Z 1=n

0
[Ld(�t + khn + s)� Ld(�t + (k � 1)hn + s)]�n(s)ds

���� �
� max

t1;t22T
jt1�t2j�1=n

jLc(t1)� Lc(t2)j+
���� Z 1=n

0
[Ld(�t + khn + s)� Ld(�t + (k � 1)hn + s)]�n(s)ds

����:
�¥à¢®¥ á« £ ¥¬®¥ áâà¥¬¨âáï ª ­ã«î ¯à¨ n!1 ¢ á¨«ã à ¢­®¬¥à­®© ­¥¯à¥àë¢­®áâ¨ Lc(�) ­ 

®âà¥§ª¥ T .
� áá¬®âà¨¬ ¢â®à®¥ á« £ ¥¬®¥. � ª ª ª äã­ªæ¨ï L(�) ¨¬¥¥â ­¥ ¡®«¥¥ ç¥¬ áç¥â­®¥ ç¨á«® â®ç¥ª

à §àë¢  ¨ ¥¥ ¢ à¨ æ¨ï ª®­¥ç­ , â®
1P
i=1

j�L(�i)j < +1. �âáî¤  ¤«ï «î¡®£® " > 0 áãé¥áâ¢ã¥â

n0 2 N â ª®¥, çâ®
1P

i=n0

j�L(�i)j < ":

�à¥¤áâ ¢¨¬ Ld(�) ¢ ¢¨¤¥

Ld(t) = Ld;�n0(t) + Ld;<n0(t); (8)

£¤¥ Ld;�n0(�) ¨ Ld;<n0(�) á®¤¥à¦ â â®çª¨ à §àë¢®¢ �i á ­®¬¥à ¬¨, ¡�®«ìè¨¬¨ «¨¡® à ¢­ë¬¨ n0,
â. ¥. i � n0, ¨ ¬¥­ìè¨¬¨ n0, â. ¥. i < n0, á®®â¢¥âáâ¢¥­­®. �®£¤ , ãç¨âë¢ ï, çâ® hn < 1=n ¨ è ¯®çª¨
�n áâ ­¤ àâ­ë¥, ¤«ï ¤®áâ â®ç­® ¡®«ìè¨å n ¨ ¬ «ëå h ¨¬¥¥¬���� Z 1=n

0

[Ld(�t + khn + s)� Ld(�t + (k � 1)hn + s)]�n(s)ds
���� � ���� Z 1=n

0

[Ld;�n0(�t + khn + s)�

�Ld;�n0(�t + (k � 1)hn + s)]�n(s)ds
����+ ���� Z 1=n

0

[Ld;<n0(�t + khn + s)� Ld;<n0(�t + (k � 1)hn +

+s)]�n(s)ds
���� � 1X

i=n0

j�Ld(�i)j
���� Z 1=n

0
�n(s)ds

����+ ���� n0�1X
i=1

Z �i��t�(i�1)hn

�i��t�ihn

�Ld(�i)�n(s)ds
���� �

�
1X

i=n0

j�Ld(�i)j+ var
t2T

L(t)
n0�1X
i=1

nhn � "+ var
t2T

L(t)
n0�1X
i=1

nhn:

�¡ê¥¤¨­ïï ¢á¥ ¢ëè¥¨§«®¦¥­­®¥, ¢ á¨«ã ¯à®¨§¢®«ì­®áâ¨ " ¯®«ãç ¥¬ âà¥¡ã¥¬®¥.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �¥è¥­¨¥ á¨áâ¥¬ë (2) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

Xn(t) = Xn0(�t) +
mt�1X
k=0

fn(Xn(�t + khn))[Ln(�t + (k + 1)hn)� Ln(�t + khn)]:

�®£¤ , ¨á¯®«ì§ãï ¢¨¤ Y (u) ¨§ (4), ¨¬¥¥¬

jXn(t)� Y (Ln(t))j =
����Xn0(�t) +

mt�1X
k=0

fn(Xn(�t + khn))[Ln(�t + (k + 1)hn)�

�Ln(�t + khn)]� x0 �

Z Ln(t)

0
f(Y (s))ds

���� � jXn0(�t)� x0j+
���� Z Ln(�t)

0
f(Y (s))ds

����+
+
����mt�1X
k=0

�
fn(Xn(�t + khn))� f(Xn(�t + khn))

�
[Ln(�t + (k + 1)hn)�
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�Ln(�t + khn)]
����+ ����mt�1X

k=0

�
f(Xn(�t + khn))� f(Y (Ln(�t + khn))

�
[Ln(�t + (k + 1)hn)�

�Ln(�t + khn)]
����+ ����mt�1X

k=0

Z Ln(�t+(k+1)hn)

Ln(�t+khn)

[f(Y (Ln(�t + khn)))� f(Y (s))] ds
���� =

= I1(t) + I2(t) + I3(t) + I4(t) + I5(t):

�ãáâì M = max
x2R

jf(x)j, M1 = max
x2R

jf 0(x)j. � ª ª ª f 2 C1
B(R), â® MM1 <1. �®£¤ 

I2(t) �M jLn(�t)j:

�á¯®«ì§ãï â¥®à¥¬ã � £à ­¦  ® ª®­¥ç­ëå ¯à¨à é¥­¨ïå, ®£à ­¨ç¥­­®áâì ¢ à¨ æ¨¨ äã­ªæ¨¨
L, ¯à¥¤áâ ¢«¥­¨ï Ln ¨ fn, ¯®«ãç¨¬ á«¥¤ãîé¨¥ ®æ¥­ª¨:

I3(t) �
����mt�1X
k=0

�
fn(Xn(�t+khn))�f(Xn(�t+khn))

�
[Ln(�t+(k+1)hn)�Ln(�t+khn)]

���� �M1 var
t2T

L(t)=n:

� ª¨¬ ¦¥ ®¡à §®¬ ¯®«ãç ¥¬

I4(t) =
����mt�1X
k=0

�
f(Xn(�t + khn))� f(Y (Ln(�t + khn)))

�
[Ln(�t + (k + 1)hn)�

�Ln(�t + khn)]
���� �M1

mt�1X
k=0

jXn(�t + khn)� Y (Ln(�t + khn))jjLn(�t + (k + 1)hn)� Ln(�t + khn)j:

�§ ¢¨¤  ãà ¢­¥­¨ï (4) ¨ â¥®à¥¬ë � £à ­¦  ® ª®­¥ç­ëå ¯à¨à é¥­¨ïå ¯®«ãç¨¬

I5(t) =
����mt�1X
k=0

Z Ln(�t+(k+1)hn)

Ln(�t+khn)

[f(Y (Ln(�t + khn))) � f(Y (s))]ds
���� �

�MM1

mt�1X
k=0

���� Z Ln(�t+(k+1)hn)

Ln(�t+khn)
jLn(�t + khn)� sjds

���� = MM1

2

mt�1X
k=0

[Ln(�t + (k + 1)hn)� Ln(�t + khn)]
2:

�ç¨âë¢ ï ¢á¥ ¯à¥¤ë¤ãé¨¥ ­¥à ¢¥­áâ¢ , ¨¬¥¥¬

jXn(t)� Y (Ln(t))j � jXn0(�t)� x0j+M jLn(�t)j+M1 var
t2T

L(t)=n+M1

mt�1X
k=0

jXn(�t + khn)� Y (Ln(�t +

+khn))j jLn(�t + (k + 1)hn)� Ln(�t + khn)j+
MM1

2

mt�1X
k=0

[Ln(�t + (k + 1)hn)� Ln(�t + khn)]2:

�à¨¬¥­ïï ª ¯®á«¥¤­¥¬ã ­¥à ¢¥­áâ¢ã «¥¬¬ã 1, ¯®«ãç¨¬

jXn(t)� Y (Ln(t))j �
�
jXn0(�t)� x0j+M jLn(�t)j+M1 var

t2T
L(t)=n+

+
MM1

2

mt�1X
k=0

[Ln(�t + (k + 1)hn)� Ln(�t + khn)]
2

�
exp

�
M1 var

t2T
L(t)

�
:

�áâà¥¬«ïï ¢ íâ®¬ ­¥à ¢¥­áâ¢¥ n ! 1, hn ! 0, â ª çâ® hn = o(1=n), ¨§ «¥¬¬ë 2 ¯®«ãç¨¬
ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �à ¢­¥­¨¥ (5) íª¢¨¢ «¥­â­® ãà ¢­¥­¨î

X(t) = x0 +
Z t

0

f(X(s)) dLc(s) +
X
�i�t

f(X(�i � 0))�Ld(�i);

£¤¥, ª ª ¨ à ­ìè¥, �i | â®çª¨ à §àë¢ ,   �Ld(�i) | ¢¥«¨ç¨­  áª çª  äã­ªæ¨¨ L(t).
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�à®¤¥« ¥¬ á«¥¤ãîé¨¥ ¯à¥®¡à §®¢ ­¨ï:

jXn(t)�X(t)j =
����Xn0(�t)� x0 +

mt�1X
k=0

fn(Xn(�t + khn))[Ln(�t + (k + 1)hn)�

�Ln(�t + khn)]�
Z t

0

f(X(s))dLc(s)�
X
�i�t

f(X(�i � 0))�Ld(�i)
���� �

� jXn0(�t)� x0j+
���� Z �t

0

f(X(s)) dLc(s)
����+ ����mt�1X

k=0

(fn(Xn(�t + khn))� f(Xn(�t +

+khn)))[Ln(�t + (k + 1)hn)� Ln(�t + khn)]
����+ ����mt�1X

k=0

(f(Xn(�t + khn))� f(X(�t +

+khn)))[Ln(�t + (k + 1)hn)� Ln(�t + khn)]
����+ ����mt�1X

k=0

f(X(�t + khn))[L
c
n(�t +

+(k + 1)hn)� Lc
n(�t + khn)]�

mt�1X
k=0

f(X(�t + khn))[Lc(�t + (k + 1)hn)� Lc(�t + khn)]
����+

+
����mt�1X
k=0

f(X(�t + khn))[Lc(�t + (k + 1)hn)� Lc(�t + khn)]�
Z t

�t

f(X(s)) dLc(s)
����+

+
����mt�1X
k=0

f(X(�t + khn))[L
d
n(�t + (k + 1)hn)� Ld

n(�t + khn)]�
X
�i�t

f(X(�i � 0))�Ld(�i)
���� =

= I1(t) + I2(t) + I3(t) + I4(t) + I5(t) + I6(t) + I7(t):

� ª ª ª f 2 C1
B(R) ¨ äã­ªæ¨ï L(t) ¨¬¥¥â ®£à ­¨ç¥­­ãî ¢ à¨ æ¨î, â® I2(t) � M var

t2[0;hn)
Lc(t).

�á¯®«ì§ãï ¯à¥¤áâ ¢«¥­¨¥ fn ¨ ®£à ­¨ç¥­­®áâì ¢ à¨ æ¨¨ Ln, ­ å®¤¨¬ ®æ¥­ªã

I3(t) � (M1=n)
mt�1X
k=0

jLn(�t + khn)� Ln(�t + (k + 1)hn)j �M1 var
t2T

L(t)=n:

�á¯®«ì§ãï â¥®à¥¬ã � £à ­¦  ® ª®­¥ç­ëå ¯à¨à é¥­¨ïå ¨ â®, çâ® f 2 C1
B(R), ¯®«ãç¨¬

I4(t) �M1

mt�1X
k=0

jXn(�t + khn)�X(�t + khn)jjLn(�t + (k + 1)hn)� Ln(�t + khn)j:

�«ï ®æ¥­ª¨ I5(t) à §®¡ì¥¬ áã¬¬ã ­  ¤¢¥, § â¥¬ ¢ ¯¥à¢®© á¤¥« ¥¬ § ¬¥­ã ¨­¤¥ªá®¢ áã¬¬¨à®¢ ­¨ï,
¯®á«¥ ç¥£® ¢®á¯®«ì§ã¥¬áï â¥®à¥¬®© � £à ­¦  ¨ ¢¨¤®¬ X(t):

I5(t) =
����mt�1X
k=0

f(X(�t + khn))[Lc
n(�t + (k + 1)hn)� Lc(�t + (k + 1)hn)]�

�
mt�1X
k=0

f(X(�t + khn))[Lc
n(�t + khn)� Lc(�t + khn)]

���� =
=
���� mtX
k=1

f(X(�t + (k � 1)hn))[L
c
n(�t + khn)� Lc(�t + khn)]�

mt�1X
k=0

f(X(�t + khn))[L
c
n(�t + khn)�

�Lc(�t + khn)]
���� = ����mt�1X

k=1

[f(X(�t + (k � 1)hn))� f(X(�t + khn))][L
c
n(�t +

+khn)� Lc(�t + khn)] + f(X(�t + (mt � 1)hn))(L
c
n(�t +mthn)� Lc(�t +mthn))�
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�f(X(�t))(Lc
n(�t)� Lc(�t))

���� �M1

mt�1X
k=1

var
t2[�t+khn;�t+khn+1=n]

Lc(t)jX(�t + (k � 1)hn)�

�X(�t + khn)j+M var
t2[�t+khn;�t+(k+1)hn]

Lc(t) +M var
t2[�t+mthn;�t+mthn+1=n]

Lc(t) �

�M1 var
t2T

X(t) max
t1;t22T

[t1;t2]�1=n

var
t2[t1;t2]

Lc(t) + 2M max
t1;t22T

[t1;t2]�1=n

var
t2[t1;t2]

Lc(t) �

�M1M var
t2T

L(t) max
t1;t22T

[t1;t2]�1=n

var
t2[t1;t2]

Lc(t) + 2M max
t1;t22T

[t1;t2]�1=n

var
t2[t1;t2]

Lc(t):

�§ á¢®©áâ¢ ¨­â¥£à «  �â¨«âì¥á  ¢ëâ¥ª ¥â ®æ¥­ª 

I6(t) =
Z t

�t

�
f
�
X(bs(s))�� f

�
X(s)

��
dLc(s) �

�M1

mt�1X
k=1

�
var

t2[�t+khn;�t+(k+1)hn]
X(t) var

t2[�t+khn;�t+(k+1)hn]
Lc(t)

�
�

�M1 max
t1;t22T

[t1;t2]�1=n

var
t2[t1;t2]

Lc(t) var
t2T

X(t) �MM1 var
t2T

L(t) max
t1;t22T

[t1;t2]�1=n

var
t2[t1;t2]

Lc(t);

£¤¥ bs(s) = �t + khn, s 2 [�t + khn; �t + (k + 1)hn). � áá¬®âà¨¬ I7(t). �á¯®«ì§ãï ¯à¥¤áâ ¢«¥­¨¥ (8),
¯®«ãç¨¬

I7(t) �
����mt�1X
k=0

f(X(�t + khn))[Ld;<n0
n (�t + khn)� Ld;<n0

n (�t + (k + 1)hn)]�

�
X
�i�t

f(X(�i � 0))�Ld;<n0(�i)
����+ ����mt�1X

k=0

f(X(�t + khn))[L
d;�n0
n (�t + khn)�

�Ld;�n0
n (�t + (k + 1)hn)]�

X
�i�t

f(X(�i � 0))�Ld;�n0(�i)
���� = I17 (t) + I27 (t):

� ª ª ª äã­ªæ¨ï Ld;<n0(t) ¨¬¥¥â n0 � 1 â®çªã à §àë¢  ­  ®âà¥§ª¥ T , â® áãé¥áâ¢ã¥â ª®­¥ç­®¥
ç¨á«® ­®¬¥à®¢ ki â ª¨å, çâ® �i 2 [�t+kihn; �t+(ki+1)hn], ¯à¨ç¥¬, ¥á«¨ hn < 1=2 min

1�i�n0�1
j�i+1��ij,

â® ki 6= kj ¯à¨ i 6= j. �®£¤ , ãç¨âë¢ ï, çâ® 1=n = o(hn), ¨¬¥¥¬
�i�(ki�1)hn��tR
�i�(ki+1)hn��t

�n(s)ds = 1. Oâáî¤ 

¢ëâ¥ª îâ á«¥¤ãîé¨¥ ¯à¥®¡à §®¢ ­¨ï, ¨á¯®«ì§ãîé¨¥ ¯à¥¤áâ ¢«¥­¨¥ Ln:

I17 (t) =
���� X
�i�t

�
f(X(�t + (ki � 1)hn))

Z �i�(ki�1)hn��t

�i�kihn��t

�n(s)ds+

+f(X(�t + kihn))
Z �i�kihn��t

�i�(ki+1)hn��t

�n(s)ds� f(X(�i � 0))
�
�Ld;<n0(�i)

���� �
� max

1�i�n0�1
j�Ld(�i)j

n0�1X
i=1

���� Z �i�(ki�1)hn��t

�i�kihn��t

�n(s)ds(f(X(�t + (ki � 1)hn))�

�f(X(�t + kihn))) + f(X(�t + kihn))� f(X(�i � 0))
���� � var

t2T
L(t)

� n0�1X
i=1

jf(X(�t + (ki � 1)hn)�

�f(X(�t + kihn))j+
n0�1X
i=1

jf(X(�t + kihn))� f(X(�i � 0))j
�
�

�M1 var
t2T

L(t)
� n0�1X

i=1

jX(�t + (ki � 1)hn)�X(�t + kihn)j+
n0�1X
i=1

jX(�t + kihn)�X(�i � 0)j
�
�
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�MM1 var
t2T

L(t)
� n0�1X

i=1

var
t2[�t+(ki�1)hn;�t+kihn]

L(t) +
n0�1X
i=1

var
t2[�t+kihn;�i)

L(t)
�
�

�MM1 var
t2T

L(t)
� n0�1X

i=1

var
t2[�i�2hn;�i]

Lc(t) + "

�
:

�®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ¢ëâ¥ª ¥â ¨§ â®£®, çâ® ¯®«ã¨­â¥à¢ «ë [�i � 2hn; �i) á®¤¥à¦ â [�t + (ki �
1)hn; �i) ¨ ­  ­¨å ¢ à¨ æ¨ï äã­ªæ¨¨ L(t) ®â«¨ç ¥âáï ®â ¢ à¨ æ¨¨ Lc(t) ­¥ ¡®«¥¥ ç¥¬ ­  ",

¯®íâ®¬ã
n0�1P
i=1

var
[�i�2hn;�i)

L(t) �
n0�1P
i=1

var
[�i�2hn;�i]

Lc(t) + ". �®«ãç¨¬

I27 (t) =
����mt�1X
k=0

f(X(�t + khn))[L
d;�n0(�t + khn)� Ld;�n0(�t + (k + 1)hn)]�

�
X
�i�t

f(X(�i � 0))�Ld;�n0(�i)
���� � 2M":

� ª¨¬ ®¡à §®¬,

jXn(t)�X(t)j � jXn0(�t)� x0j+M var
t2[0;hn)

Lc(t) +M1 var
t2T

L(t)=n+M1

mt�1X
k=0

jXn(�t + khn)�

�X(�t + khn)j jLn(�t + khn)� Ln(�t + (k + 1)hn)j+M1 max
t1;t22T

[t1;t2]�1=n

var
t2[t1;t2]

Lc(t)M var
t2T

L(t) +

+2M max
t1;t22T

[t1;t2]�1=n

var
t2[t1;t2]

Lc(t) +MM1 max
t1;t22T

[t1;t2]�1=n

var
t2[t1;t2]

Lc(t) var
t2T

L(t) +

+MM1 var
t2T

L(t)
� n0�1X

i=1

var
t2[�i�2hn;�i]

Lc(t) + "

�
+ 2M":

�à¨¬¥­ïï «¥¬¬ã 1 ª ¯®á«¥¤­¥¬ã ­¥à ¢¥­áâ¢ã, ¯®«ãç¨¬

jXn(t)�X(t)j �
�
jXn0(�t)� x0j+M var

t2[0;hn)
Lc(t) +M1 var

t2T
L(t)=n+

+M1 max
t1;t22T

[t1;t2]�1=n

var
t2[t1;t2]

Lc(t)M var
t2T

L(t) + 2M max
t1;t22T

[t1;t2]�1=n

var
t2[t1;t2]

Lc(t) +

+MM1 max
t1;t22T

[t1;t2]�1=n

var
t2[t1;t2]

Lc(t) var
t2T

L(t) +MM1 var
t2T

L(t)
� n0�1X

i=1

var
t2[�i�2hn;�i]

Lc(t) + "

�
+

+2M"

�
exp

�
M1 var

t2T
L(t)

�
:

�áâà¥¬«ïï n ! 1, hn ! 0 â ª, çâ® 1=n = o(hn),   § â¥¬ " ! 0, ¨§ ­¥¯à¥àë¢­®áâ¨ Lc(t) ­ 
®âà¥§ª¥ T ,   §­ ç¨â, ¨ à ¢­®¬¥à­®© ­¥¯à¥àë¢­®áâ¨ ­  íâ®¬ ®âà¥§ª¥, ¯®«ãç¨¬ jXn(t)�X(t)j ! 0
¤«ï «î¡®£® t 2 T . �

� ¬¥ç ­¨¥ 3. �à ¢­¥­¨¥ (5) ¬®¦­® ¯¥à¥¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬:

x(t) = x0 +
Z t

t0

f(x(�)) dLc(�) +
X
�i�t

S(x(�i � 0);�L(�i));

£¤¥ S(x; u) = '(1; x; u) � '(0; x; u),   '(t; x; u) ­ å®¤¨âáï ¨§ ãà ¢­¥­¨ï

'(t; x; u) = x+ u

Z
[0;t)

f('(s; x; u)) d�(s);
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£¤¥ �(s) =

(
1; s > 0;

0; s � 0:

�§ § ¬¥ç ­¨© 1 ¨ 3 ¢ëâ¥ª ¥â, çâ® à¥è¥­¨¥ § ¤ ç¨ �®è¨ (2) ¬®¦­® â®«ª®¢ âì ª ª à¥è¥­¨¥
ãà ¢­¥­¨ï

x(t) = x0 +
Z t

t0

f(x(�)) dLc(�) +
X
�i�t

S(x(�i � 0);�L(�i)); (9)

£¤¥ S(x; u) = '(1; x; u) � '(0; x; u);   '(t; x; u) ­ å®¤¨âáï ¨§ ­¥ª®â®à®£® ¢á¯®¬®£ â¥«ì­®£® ¨­â¥-
£à «ì­®£® ãà ¢­¥­¨ï.

�á«¨ à áá¬®âà¥âì ¡®«¥¥ ®¡éãî ¯®á«¥¤®¢ â¥«ì­®áâì \è ¯®ç¥ª" �n, â® ¯à¥¤¥« à¥è¥­¨© § -
¤ ç¨ �®è¨ (3), ¥á«¨ ®­ áãé¥áâ¢ã¥â, ¡ã¤¥â â ª¦¥ ã¤®¢«¥â¢®àïâì ãà ¢­¥­¨î (9), ®¤­ ª® ¢á¯®-
¬®£ â¥«ì­ë¥ ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï ¤«ï ­ å®¦¤¥­¨ï äã­ªæ¨¨ '(t; x; u) ¡ã¤ãâ ®â«¨ç âìáï ®â
¯®«ãç¥­­ëå ¢ ¤ ­­®© à ¡®â¥. �à®¬¥ íâ®£®, ¤«ï ­¥ª®â®àëå ¯®á«¥¤®¢ â¥«ì­®áâ¥© �n ¯à¥¤¥« ¡ã-
¤¥â á®¢¯ ¤ âì á à¥è¥­¨ï¬¨ ãà ¢­¥­¨ï (2), ¯®­¨¬ ¥¬ë¬¨ ¢ á¬ëá«¥ à ¡®â [2]{[4]. � ¬¥â¨¬, çâ® ¢
á«ãç ¥, ª®£¤  äã­ªæ¨ï L(t) ­¥¯à¥àë¢­ , ¯à¥¤¥«ë à¥è¥­¨© ãà ¢­¥­¨ï (3), ¯à¨ ãá«®¢¨¨ ¨å áãé¥-
áâ¢®¢ ­¨ï, ¤«ï à §«¨ç­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥© "è ¯®ç¥ª" �n ¡ã¤ãâ á®¢¯ ¤ âì ¨ ã¤®¢«¥â¢®àïâì
ãà ¢­¥­¨î (9) ¡¥§ ¯®á«¥¤­¥£® á« £ ¥¬®£®.
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