
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

2003 ���������� ò 11 (498)

��� 514.752

�.�. ����������

���������� ����� ARG-���������� ������������ ���
������� ����������� ����������

�¡ì¥ªâ®¬ ¨áá«¥¤®¢ ­¨ï ï¢«ïîâáï ¯®¢¥àå­®áâ¨ F ¯®«®¦¨â¥«ì­®© £ ãáá®¢®© ªà¨¢¨§­ë á ªà -
¥¬ @F âà¥å¬¥à­®£® ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢  E3, ¨¬¥îé¨¥ á¢ï§­®áâì (m+ 1), m � 0. �ãáâì
¢ ¯àï¬®ã£®«ì­®© ¤¥ª àâ®¢®© á¨áâ¥¬¥ ª®®à¤¨­ â Oxyz ¯®¢¥àå­®áâì F , à á¯®« £ ïáì ¢ë¯ãª«®-
áâìî ¢­¨§, ®¤­®§­ ç­® ¯à®¥ªâ¨àã¥âáï ­  ¯«®áª®áâì Oxy ¢ ®¡« áâì D ¨ § ¤ ¥âáï ãà ¢­¥­¨¥¬
z = f(x; y), (x; y) 2 D, f 2 C3;�(D), 0 < � < 1, D = D + @D, £¤¥ @D | £à ­¨æ  ®¡« áâ¨ D,
@D 2 C2;�. �à¨ á¤¥« ­­ëå ¯à¥¤¯®«®¦¥­¨ïå ¡ã¤¥¬ £®¢®à¨âì, çâ® ¯®¢¥àå­®áâì F ã¤®¢«¥â¢®àï¥â
ãá«®¢¨ï¬ à¥£ã«ïà­®áâ¨.

� áá¬®âà¨¬ ¡¥áª®­¥ç­® ¬ «ë¥ ARG-¤¥ä®à¬ æ¨¨ ¯®¢¥àå­®áâ¨ F : r = r(x; y), (x; y) 2 D, c
§ ¤ ­­ë¬ ª®íää¨æ¨¥­â®¬ à¥ªãàà¥­â­®áâ¨ �, å à ªâ¥à¨§ãîé¨¥áï á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

1) áä¥à¨ç¥áª¨© (¨«¨ £ ãáá®¢) ®¡à § ¯®¢¥àå­®áâ¨ ¯®â®ç¥ç­® áâ æ¨®­ à¥­, â. ¥. ¢ à¨ æ¨ï �n
¥¤¨­¨ç­®£® ¢¥ªâ®à  ­®à¬ «¨ n ¯®¢¥àå­®áâ¨ F à ¢­  ­ã«î;

2) ¢ à¨ æ¨ï �(d�) í«¥¬¥­â  ¯«®é ¤¨ d� ¢ «î¡®© â®çª¥ ¯®¢¥àå­®áâ¨ ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã

�(d�) = 2�H(U; n)d� + gd�; (1)

£¤¥ U | ¯®«¥ á¬¥é¥­¨© â®ç¥ª ¯®¢¥àå­®áâ¨ ¯à¨ ¥¥ ¤¥ä®à¬ æ¨¨, H | áà¥¤­ïï ªà¨¢¨§­  ¯®¢¥àå-
­®áâ¨ F , g | § ¤ ­­ ï äã­ªæ¨ï ª« áá  C2;�, 0 < � < 1, � | § ¤ ­­®¥ ç¨á«®.

�§ [1] ¨§¢¥áâ­®, çâ® ARG-¤¥ä®à¬ æ¨¨ ®¯¨áë¢ îâáï ãà ¢­¥­¨¥¬

[ry; Ux] + (2�H(U; n) + g)[rx; ry] = [rx; Uy] ­  F: (2)

�®£« á­® [2] ¯à¨ ®¯¨áë¢ ¥¬ëå ¢ëè¥ ãá«®¢¨ïå ¯®¢¥àå­®áâì F ¤®¯ãáª ¥â ¡¥áª®­¥ç­® ¬ «ë¥
ARG-¤¥ä®à¬ æ¨¨ ¢ (1) ¯à¨ � = 0, g = 0 á ¡®«ìè¨¬ ¯à®¨§¢®«®¬. �¥«ìî ¤ ­­®© à ¡®âë ï¢«ï¥âáï
¢ë¤¥«¥­¨¥ ª« áá  ¢­¥è­¨å á¢ï§¥©, ­ « £ ¥¬ëå ­  ¯®¢¥¤¥­¨¥ ¯®¢¥àå­®áâ¨ ¯à¨ ¥¥ ¤¥ä®à¬ æ¨¨,
ª®£¤  ¯®¢¥àå­®áâì ¤®¯ãáª ¥â ¥¤¨­áâ¢¥­­ãî ¡¥áª®­¥ç­® ¬ «ãî ¤¥ä®à¬ æ¨î («¨¡® ¬­®¦¥áâ¢®
¡¥áª®­¥ç­® ¬ «ëå ¤¥ä®à¬ æ¨©, § ¢¨áïé¨å ®â ª®­¥ç­®£® ç¨á«  ¯ à ¬¥âà®¢), á®¢¬¥áâ¨¬ãî á § -
¤ ­­®© ¢­¥è­¥© á¢ï§ìî.

�­¥è­îî á¢ï§ì ®¯à¥¤¥«¨¬ ª ª ãá«®¢¨¥ ®¡®¡é¥­­®£® áª®«ì¦¥­¨ï, § ¯¨áë¢ ¥¬®¥ ¢ ¢¨¤¥

(U; l) = h ­  @F; (3)

£¤¥ l| § ¤ ­­®¥ ¢¥ªâ®à­®¥ ¯®«¥, jlj 6= 0, h| § ¤ ­­ ï äã­ªæ¨ï ¢¤®«ì @F ª« áá  C1;�, 0 < � < 1.
�¯¨á ­¨¥ ¢­¥è­¨å á¢ï§¥© ¢ ®â­®è¥­¨¨ ¯®¢¥¤¥­¨ï ¯®¢¥àå­®áâ¨ F ¯à¨ ARG-¤¥ä®à¬ æ¨¨ ¯à®-

¢®¤¨âáï ¯ãâ¥¬ à áá¬®âà¥­¨ï á¥¬¥©áâ¢  ¢­¥è­¨å á¢ï§¥© á § ¤ ­­ë¬ ¢¥ªâ®à­ë¬ ¯®«¥¬ ¢¨¤ 
l = � + 
n, l 2 C1;�, 0 < � < 1, £¤¥ � | ¥¤¨­¨ç­ë© ¢¥ªâ®à ¢­¥è­¥© ­®à¬ «¨ ®¡« áâ¨ D ¢
¯«®áª®áâ¨ Oxy, 
 | § ¤ ­­ ï äã­ªæ¨ï ª« áá  C1;�, 0 < � < 1.

� ª ¨ ¢ [3], ¢­¥è­îî á¢ï§ì (3) ¡ã¤¥¬ ­ §ë¢ âì ª®àà¥ªâ­®© ¢ ®â­®è¥­¨¨ ¡¥áª®­¥ç­® ¬ «ëå
ARG-¤¥ä®à¬ æ¨© á § ¤ ­­ë¬ ª®íää¨æ¨¥­â®¬ à¥ªãàà¥­â­®áâ¨ � ¢ ª« áá¥ à¥£ã«ïà­®áâ¨ C1;�,
¥á«¨ ¯®¢¥àå­®áâì F ¢á¥£¤  ¤®¯ãáª ¥â ¥¤¨­áâ¢¥­­ãî ¡¥áª®­¥ç­® ¬ «ãî ARG-¤¥ä®à¬ æ¨î á ¯®-
«¥¬ á¬¥é¥­¨ï U , á®¢¬¥áâ¨¬ãî á ¢­¥è­¥© á¢ï§ìî (3) ¤«ï «î¡®© äã­ªæ¨¨ h, ¯à¨ íâ®¬ ¬ «®¬ã
¨§¬¥­¥­¨î äã­ªæ¨¨ h ¢ ª« áá¥ C1;� á®®â¢¥âáâ¢ã¥â ¬ «®¥ ¨§¬¥­¥­¨¥ ¯®«ï U ¢ â®¬ ¦¥ ª« áá¥
à¥£ã«ïà­®áâ¨.
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� íâ®© à ¡®â¥ ¡ã¤ãâ ¤ ­ë ­¥ª®â®àë¥ ªà¨â¥à¨¨ ª®àà¥ªâ­®áâ¨ ¢­¥è­¥© á¢ï§¨ (3).
� [1], [4] ¡ë«® ¯®ª § ­®, çâ® ¯à¨ U = f�; �; �g ®â­®á¨â¥«ì­® �, �, � ãà ¢­¥­¨¥ (2) § ¯¨áë¢ ¥âáï

¢ ¢¨¤¥

(�x + �xfy � �yfx)
q
1 + f 2x + f 2y = 2�H(�fx + �fy � �)fx � gfx;

(�y � �xfy + �yfx)
q
1 + fx + fy + 2�H(�fx + �fy � �)fy � gfy;

(�x + �y)
q
1 + fx + fy = 2�H(�fx + �fy � �)� g

¢ D; (4)

  ãá«®¢¨¥ (U; l) = h ¨¬¥¥â ¢¨¤

�l1 + �l2 + �l3 = h ­  @D; (5)

£¤¥ l = fl1; l2; l3g.
�¢¥¤ï äã­ªæ¨î ! = � � p� � q�, § ¤ çã (4), (5) ¯à¨¢¥¤¥¬ ª ¢¨¤ã

2X
i;j=1

@

@xi

�
aij

@!

@xj

�
+ �b! = g ¢ D;

a
@!

@�
� 
!p

1 + p2 + q2
= h ­  @D;

(6)

£¤¥ x1 = x, x2 = y, p = fx, q = fy, b = 2H(1 + p2 + q2)�
1

2 , a11 = t

rt�s2
, a12 = a21 = �s

rt�s2
,

a22 = r

rt�s2
, r = fxx, s = fxy, t = fyy, a =

h 2P
i=1

(ai1�+ ai2�)
i 1
2

, a > 0, � = f�; �g, � = f 1
a
(a11�+a12�);

1
a
(a21�+a22�)g| ª®­®à¬ «ì ¢ ¯«®áª®áâ¨ Oxy ¢¤®«ì £à ­¨æë @D ®¡« áâ¨ D ãà ¢­¥­¨ï (2). �à¨

íâ®¬ ¯® ¨§¢¥áâ­®© äã­ªæ¨¨ ! 2 C2;�(D), 0 < � < 1, ¯®«¥ U ¢®ááâ ­ ¢«¨¢ ¥âáï ¯® ä®à¬ã« ¬

� =
t!x � s!y

rt� s2
; � =

s!x � r!y

rt� s2
; � = ! +

sq � tp

rt� s2
!x +

sp� rq

rt� s2
!y: (7)

�¥®à¥¬  1. �ãáâì (m + 1)-á¢ï§­ ï ¯®¢¥àå­®áâì F ¯®«®¦¨â¥«ì­®© £ ãáá®¢®© ªà¨¢¨§­ë,

K � k0 > 0, k0 = const, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬ à¥£ã«ïà­®áâ¨, ¯®¤¢¥à£­ãâ  ¡¥áª®­¥ç­®

¬ «ë¬ ARG-¤¥ä®à¬ æ¨ï¬ á § ¤ ­­ë¬ ª®íää¨æ¨¥­â®¬ à¥ªãàà¥­â­®áâ¨ � < 0, ¨ ­  ªà î @F

¯®¤ç¨­¥­  ¢­¥è­¥© á¢ï§¨ ®¡®¡é¥­­®£® áª®«ì¦¥­¨ï (3). �®£¤  ¥á«¨ l = � + 
n, 
 | § ¤ ­­ ï

äã­ªæ¨ï ª« áá  C1;�, 0 < � < 1; 
 � 0, â® ¢­¥è­ïï á¢ï§ì (3) ¢ ®â­®è¥­¨¨ ¡¥áª®­¥ç­® ¬ -

«ëå ARG-¤¥ä®à¬ æ¨© ï¢«ï¥âáï ª®àà¥ªâ­®© ¢ ª« áá¥ C1;�(D), D = D + @D. �¬¥­­®, ¥á«¨ U i

(i = 1; 2) áãâì ¯®«ï á¬¥é¥­¨© ¯®¢¥àå­®áâ¨ F , ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬ ®¡®¡é¥­­®£® áª®«ì-

¦¥­¨ï (U i; l) = hi, £¤¥ hi | § ¤ ­­ ï äã­ªæ¨ï ª« áá  C1;�(@D), â® ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

kU 1 � U 2kC1;� � Ckh1 � h2kC1;� ; (8)

£¤¥ C = const.

�®ª § â¥«ìáâ¢®. � ¤ çã (6) § ¯¨è¥¬ ¢ ®¯¥à â®à­®¬ ¢¨¤¥

L! = g ¢ D;

B! = h ­  @D;
(9)

£¤¥ L! =
2P

i;j=1

@

@xi
(aij @!

@xj
) + �b!, B! = a@!

@�
� 
!p

1+p2+q2
.

�«ï «¨­¥©­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  L ¢ë¯®«­¥­ë ãá«®¢¨ï
1. a11 > 0;
2. j a11 a12

a21 a22 j = 1
rt�s2

� a0 > 0, a0 = const;
3. a12 = a21.
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� á¨«ã ãá«®¢¨© 1{3 ®¯¥à â®à L ï¢«ï¥âáï ¤¨ää¥à¥­æ¨ «ì­ë¬ ®¯¥à â®à®¬ í««¨¯â¨ç¥áª®£® â¨-
¯ . �®£¤  á®£« á­® [5] ¤«ï § ¤ ç¨ (9) á ª®íää¨æ¨¥­â ¬¨ aij 2 C1;�(D), b 2 C1;�(@D) ¨ äã­ªæ¨ï¬¨

 2 C1;�(@D), � 2 C1;�(@D), g 2 C0;�(D), h 2 C1;�(@D) ¨¬¥¥â ¬¥áâ® â¥®à¥¬  áãé¥áâ¢®¢ ­¨ï ¨
¥¤¨­áâ¢¥­­®áâ¨. � ª¨¬ ®¡à §®¬, ¤«ï § ¤ ­­ëå äã­ªæ¨© g ¨ h § ¤ ç  (9) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥
à¥è¥­¨¥ ! 2 C2;�, 0 < � < 1; ¯à¨ íâ®¬ á¯à ¢¥¤«¨¢  ®æ¥­ª 

k!kC2;�(D) � C(kgkC0;�(D) + khkC1;�(@D)); (10)

£¤¥ C | ª®­áâ ­â , ­¥ § ¢¨áïé ï ®â äã­ªæ¨¨ !,   ®¯à¥¤¥«ï¥¬ ï «¨èì @D ¨ ª®íää¨æ¨¥­â ¬¨
®¯¥à â®à®¢ L ¨ B. � ¤ «ì­¥©è¥¬ ¡ã¤ãâ ¨á¯®«ì§®¢ ­ë à §«¨ç­ë¥ ¯®áâ®ï­­ë¥, ­¥ ¢«¨ïîé¨¥ ­ 
å®¤ ¤®ª § â¥«ìáâ¢ , ¨ ¯®â®¬ã ¢á¥£¤  ®¡®§­ ç¥­­ë¥ ç¥à¥§ �.

�®ª ¦¥¬, çâ® à¥è¥­¨¥ § ¤ ç¨ (9) ­¥¯à¥àë¢­® ¨§¬¥­ï¥âáï ¯à¨ ­¥¯à¥àë¢­®¬ ¨§¬¥­¥­¨¨ ¢¥-
«¨ç¨­ë h ¨§ ¯à ¢®© ç áâ¨ ªà ¥¢®£® ãá«®¢¨ï. �ãáâì ¯à¨ ­¥¯à¥àë¢­®¬ ¨§¬¥­¥­¨¨ h ¢¥«¨ç¨­ 
h = h1 ¯à¥®¡à §ã¥âáï ¢ ¢¥«¨ç¨­ã h2. �¡®§­ ç¨¢ à¥è¥­¨¥ § ¤ ç¨ (9) ¯à¨ h = h1 ç¥à¥§ !1,   ¯à¨
h = h2 | ç¥à¥§ !2, ¯®«ãç¨¬

L!1 = g ¢ D; L!2 = g ¢ D;

B!1 = h1 ­  @D; B!2 = h2 ­  @D:
(11)

�®£¤  ¨§ (11) ¯®«ãç ¥¬

L(!1 � !2) = 0 ¢ D;

B(!1 � !2) = h1 � h2 ­  @D:
(12)

� á¨«ã  ¯à¨®à­®© ®æ¥­ª¨ � ã¤¥à  (10) ¤«ï § ¤ ç¨ (12) ¨¬¥¥¬

k!1 � !2kC2;�(D) � Ckh1 � h2kC1;�(@D): (13)

�æ¥­ª  (13) ¡ã¤¥â ¨á¯®«ì§®¢ ­  ¤«ï ¤®ª § â¥«ìáâ¢  á¯à ¢¥¤«¨¢®áâ¨ ­¥à ¢¥­áâ¢  (8). �¬¥¥¬

kU 1 � U 2kC2;� � C(k�1 � �2kC1;� + k�1 � �2kC1;� + k�1 � �2kC1;�): (14)

�§ ä®à¬ã« (7) á«¥¤ã¥â

k�1 � �2kC1;� � C(k!1x � !2xkC1;� + k!1y � !2ykC1;�) � Ck!1 � !2kC2;� ;

k�1 � �2kC1;� � C(k!1x � !2xkC1;� + k!1y � !2ykC1;�) � Ck!1 � !2kC2;� ;

k�1 � �2kC1;� � C(k!1x � !2xkC1;� + k!1y + !2ykC1;� + k!1 � !2kC1;�) �
� Ck!1 � !2kC2;� :

�á¯®«ì§ãï (13), ­¥à ¢¥­áâ¢® (14) ¯à¥®¡à §ã¥¬ ª ¢¨¤ã

kU 1 � U 2kC1;� � Ck!1 � !2kC2;� � Ckh1 � h2kC1;� :

� ª¨¬ ®¡à §®¬, ¯®ª § ­®, çâ® ¢­¥è­ïï á¢ï§ì (3) ®â­®á¨â¥«ì­® ¡¥áª®­¥ç­® ¬ «ëå ARG-¤¥ä®à-
¬ æ¨© ¯à¨ � < 0 ¨ 
 � 0 ï¢«ï¥âáï ª®àà¥ªâ­®© á¢ï§ìî.

�§ãç¨¬ ¯®¢¥¤¥­¨¥ ¯®¢¥àå­®áâ¨ ¯à¨ ARG-¤¥ä®à¬ æ¨¨ ¨ ­ « £ ¥¬®¬ ãá«®¢¨¨ ®¡®¡é¥­­®£®
áª®«ì¦¥­¨ï ¢¤®«ì ªà ï, ®á¢®¡®¤¨¢è¨áì ®â âà¥¡®¢ ­¨ï 
 � 0. � íâ®© æ¥«ìî à áá¬®âà¨¬ á¥¬¥©-
áâ¢® ¢­¥è­¨å á¢ï§¥©, ª ¦¤®¥ ¨§ ª®â®àëå ¯®à®¦¤¥­® ¢¥ªâ®à­ë¬ ¯®«¥¬ ¨§ á¥¬¥©áâ¢  ¢¥ªâ®à­ëå
¯®«¥© l(�) = � + �
0n, £¤¥ 
0 | § ¤ ­­ ï ä¨ªá¨à®¢ ­­ ï äã­ªæ¨ï ª« áá  C1;�(@D), 0 < � < 1,

0 > 0, � | ç¨á«®¢®© ¯ à ¬¥âà, � 2 <. �®£¤  ¥á«¨ ¯ à ¬¥âà � ¨ äã­ªæ¨ï 
0 ¢ë¡à ­ë â ª, çâ®
�
0 � 0, â® ¤«ï § ¤ ç¨ (6) á 
 = �
0 ¡ã¤¥â á¯à ¢¥¤«¨¢ à¥§ã«ìâ â â¥®à¥¬ë 1. �áá«¥¤ã¥¬ á«ãç ©
�
0 > 0.
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�¥®à¥¬  2. �ãáâì F | ¯®¢¥àå­®áâì ¯®«®¦¨â¥«ì­®© £ ãáá®¢®© ªà¨¢¨§­ë, K � k0 > 0,
k0 = const, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬ à¥£ã«ïà­®áâ¨, ¯®¤¢¥à£­ãâ  ¡¥áª®­¥ç­® ¬ «ë¬ ARG-¤¥-

ä®à¬ æ¨ï¬ á § ¤ ­­ë¬ ª®íää¨æ¨¥­â®¬ à¥ªãàà¥­â­®áâ¨ � < 0. �ãáâì, ¤ «¥¥, ¢¤®«ì ªà ï @F

§ ¤ ­® á¥¬¥©áâ¢® ¢¥ªâ®à­ëå ¯®«¥© l(�) = � + �
0n, £¤¥ 
0 | § ¤ ­­ ï ä¨ªá¨à®¢ ­­ ï äã­ªæ¨ï

ª« áá  C1;�(@D), 0 < � < 1, � | ç¨á«®¢®© ¯ à ¬¥âà, � 2 <, ¨ ¯®¢¥àå­®áâì F ­  ªà î @F

¯®¤ç¨­¥­  ãá«®¢¨î ®¡®¡é¥­­®£® áª®«ì¦¥­¨ï (U; l(�)) = h. �®£¤  ¥á«¨ 
0 > 0, â® áãé¥áâ¢ã¥â

áç¥â­®¥ ¬­®¦¥áâ¢® §­ ç¥­¨© f�kg1k=1, 0 < �1 � �2 � � � � � �k � � � � , �k !1 ¯à¨ k !1, â ª¨å,

çâ® ¯à¨ § ¤ ­­®¬ � 6= �k ¯®¢¥àå­®áâì F ¤®¯ãáª ¥â ¥¤¨­áâ¢¥­­ãî ¡¥áª®­¥ç­® ¬ «ãî ARG-¤¥-

ä®à¬ æ¨î ª« áá  C1;�, 0 < � < 1, ¤«ï «î¡®© äã­ªæ¨¨ h. �à¨ � = �k (k = 1; 2; : : :) ®¤­®à®¤­ ï
§ ¤ ç  (2), (3) (g � 0, h � 0) ¯à¨ l = l(�k) ¤®¯ãáª ¥â ª®­¥ç­®¥ ç¨á«® «¨­¥©­® ­¥§ ¢¨á¨¬ëå

¡¥áª®­¥ç­® ¬ «ëå ARG-¤¥ä®à¬ æ¨© ¢ ª« áá¥ C1;�, 0 < � < 1,   ­¥®¤­®à®¤­ ï § ¤ ç  à §à¥è¨¬ 

¯à¨ ¢ë¯®«­¥­¨¨ ª®­¥ç­®£® ç¨á«  ãá«®¢¨© à §à¥è¨¬®áâ¨, ­ « £ ¥¬ëå ­  äã­ªæ¨¨ g ¨ h.

�áá«¥¤ã¥¬ à §à¥è¨¬®áâì § ¤ ç¨ (6) ¯à¨ � < 0, 
 = �
0 > 0. � íâ®© æ¥«ìî § ¯¨è¥¬ ¥¥ ¢ ¢¨¤¥

L! = g ¢ D;

B! = h� ­  @D;
(15)

£¤¥ L! =
2P

i;j=1

@

@xi
(aij @!

@xj
) + �b!, B! = a@!

@�
, h� = h+ �
0!p

1+p2+q2
. � ¤ ç  (15) ®â­®á¨â¥«ì­® ¨áª®¬®©

äã­ªæ¨¨ ! ï¢«ï¥âáï á ¬®á®¯àï¦¥­­®© ¢ á¨«ã á ¬®á®¯àï¦¥­­®áâ¨ ®¯¥à â®à  L ¨ ¢¨¤  ªà ¥¢®£®
ãá«®¢¨ï. �­  íª¢¨¢ «¥­â­  ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î

!(x; y) =
ZZ
D

G(x; y; �; �)g(�; �)d� d� +
I
@D

G(x; y; '(�);  (�))h�(�)d�; (16)

£¤¥ G| äã­ªæ¨ï �à¨­  § ¤ ç¨ (15), d� | í«¥¬¥­â ¤«¨­ë ¤ã£¨ @D, ¯¥à¥¬¥­­ë¥ x; y ¯à¨­¨¬ îâ
¢á¥ §­ ç¥­¨ï ¨§ § ¬ª­ãâ®© ®¡« áâ¨ D, x = '(s), y =  (s), s 2 [s1; s2] | ãà ¢­¥­¨¥ £à ­¨æë @D.
�à¥®¡à §ã¥¬ ãà ¢­¥­¨¥ (16), ¨á¯®«ì§ãï ï¢­ë© ¢¨¤ äã­ªæ¨¨ h�:

!(x; y)� �

I
@D

G(x; y; '(�);  (�))�(�)!(�)d� = g�(x; y); (17)

£¤¥ (x; y) 2 D; !(�) � !('(�);  (�)); g�(x; y) =
RR
D

G(x; y; �; �) g(�; �)d� d�+
H
@D

G(x; y; '(�);  (�)) h(�)d�,

g�(x; y) | ¨§¢¥áâ­ ï äã­ªæ¨ï ¢ D; �(�) = 
0(�)p
1+p2+q2

, p = p('(�);  (�)), q = q('(�);  (�)).

�¤­®à®¤­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ (17) íª¢¨¢ «¥­â­® ªà ¥¢®© § ¤ çe

2X
i;j=1

@

@xi

�
aij

@!

@xj

�
+ �b! = 0 ¢ D;

a
@!

@�
= ��! ­  @D:

(18)

�ã­ªæ¨î �à¨­  ­  ª®­âãà¥ @D § ¯¨è¥¬ ¢ ¢¨¤¥

G(s; �) � G('(s);  (s); '(�) (�)):

�®£¤ , ¯¥à¥å®¤ï ¢ ãà ¢­¥­¨¨ (17) ­  ª®­âãà @D, ¯®«ãç¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­®
¨áª®¬®© äã­ªæ¨¨ !(s)

!(s)� �

I
@D

K(s; �)!(�)d� = g�(s); (19)

£¤¥ K(s; �) = G(s; �)�(�), g�(s) | ¨§¢¥áâ­ ï äã­ªæ¨ï ­  @D.
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� å®¦¤¥­¨¥ äã­ªæ¨¨ !(x; y) ª ª à¥è¥­¨ï ãà ¢­¥­¨ï (18) ¢ ®¡« áâ¨ D ¯® § ¤ ­­®¬ã §­ ç¥-
­¨î !(s) � !0(s) ­  £à ­¨æ¥ @D âà¥¡ã¥â à¥è¥­¨ï ¯¥à¢®© ªà ¥¢®© § ¤ ç¨

L! = g ¢ D;

!(s) � !0(s) ­  @D:
(20)

� á¨«ã ãá«®¢¨ï � < 0 § ¤ ça �¨à¨å«¥ (20) ¢á¥£¤  ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥. �®£¤  ¨­-
â¥£à «ì­®¥ ãà ¢­¥­¨¥ (19) íª¢¨¢ «¥­â­® ãà ¢­¥­¨î (16), ¨ ¯®â®¬ã íª¢¨¢ «¥­â­® § ¤ ç¥ (4).
�§ãç¨¬ à §à¥è¨¬®áâì ãà ¢­¥­¨ï (19).

�§¢¥áâ­® [5], çâ® ¤«ï á ¬®á®¯àï¦¥­­®© § ¤ ç¨ äã­ªæ¨ï �à¨­  ï¢«ï¥âáï á¨¬¬¥âà¨ç¥áª®©,  
§­ ç¨â, äã­ªæ¨ï G(s; �) ï¢«ï¥âáï á¨¬¬¥âà¨ç¥áª®© äã­ªæ¨¥©.

�¤à® K(s; �) ãà ¢­¥­¨ï (19) ­¥ ï¢«ï¥âáï á¨¬¬¥âà¨ç¥áª¨¬, ­® ®­® á¨¬¬¥âà¨§ã¥¬®. �¥©áâ¢¨-
â¥«ì­®, ã¬­®¦¨¬ ®¡¥ ç áâ¨ ãà ¢­¥­¨ï (19) ­ 

p
�(s), £¤¥ �(s) > 0, ¨ ¢¢¥¤¥¬ ­®¢ãî ¨áª®¬ãî

äã­ªæ¨î e!(s) = p
�(s)!(s). �®£¤  ãà ¢­¥­¨¥ (19) ¯à¨¢®¤¨âáï ª «¨­¥©­®¬ã ¨­â¥£à «ì­®¬ã ãà ¢-

­¥­¨î ¢¨¤ 

e!(s)� �

I fK(s; �)e!(�)d� = eg�(s); (21)

£¤¥ ï¤à® fK(s; �) =
p
�(s)�(�)G(s; �) ï¢«ï¥âáï á¨¬¬¥âà¨ç¥áª¨¬ ï¤à®¬, eg�(s) = p

�(s)g�(s).
� á¨«ã â®£® çâ® ¥£® ï¤à® fK(s; �) ¯à¨ � = s ¨¬¥¥â «®£ à¨ä¬¨ç¥áªãî ®á®¡¥­­®áâì, ª ãà ¢-

­¥­¨î (21) ¯à¨¬¥­¨¬  ®¡é ï â¥®à¨ï ¨­â¥£à «ì­ëå ãà ¢­¥­¨©. �§¢¥áâ­® [6], çâ® ¨­â¥£à «ì­®¥
ãà ¢­¥­¨¥ á ¤¥©áâ¢¨â¥«ì­ë¬ á¨¬¬¥âà¨ç¥áª¨¬ ï¤à®¬ ¨¬¥¥â ¯® ªà ©­¥© ¬¥à¥ ®¤­® ª®­¥ç­®¥ á®¡-
áâ¢¥­­®¥ §­ ç¥­¨¥. �®ª ¦¥¬, çâ® áãé¥áâ¢ã¥â áç¥â­®¥ ¬­®¦¥áâ¢® á®¡áâ¢¥­­ëå §­ ç¥­¨© f�kg1k=1
ãà ¢­¥­¨ï (21).

� ­ã¬¥àã¥¬ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï �k (k = 1; 2; : : :) â ª, çâ®¡ë ¨å ­®¬¥à  ¢®§à áâ «¨ ¯® ¬¥à¥
ã¢¥«¨ç¥­¨ï á®®â¢¥âáâ¢ãîé¨å §­ ç¥­¨© �k. � ª ª ª § ¤ ­­ ï äã­ªæ¨ï 
0 ï¢«ï¥âáï ¯®«®¦¨-
â¥«ì­®©, â® ¯à¨ � � 0 § ¤ ç  (6) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ¢ á¨«ã â¥®à¥¬ë 1. �®íâ®¬ã
á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï �k (k = 1; 2; : : :) ãà ¢­¥­¨ï (21) ¡ã¤ãâ ¯®«®¦¨â¥«ì­ë, â. ¥. ¬®¦­® áç¨â âì,
çâ® 0 < �1 � �2 � � � � � �k � � � � , ¯à¨ç¥¬ �k !1 ¯à¨ k !1. �¡¥¤¨¬áï, çâ® ¤«ï ãà ¢­¥­¨ï (21)
áãé¥áâ¢ã¥â áç¥â­®¥ ¬­®¦¥áâ¢® á®¡áâ¢¥­­ëå §­ ç¥­¨©.

�à¥¦¤¥ ¢á¥£®, ª ª ®â¬¥ç¥­® ¢ëè¥, á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï � = �k (k = 1; 2; : : :) ãà ¢­¥­¨ï (21)
¯®«®¦¨â¥«ì­ë. �â® ®§­ ç ¥â, çâ® fK(s; �) ¡ã¤¥â ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­®.

�®ª ¦¥¬, çâ® ®­® ¯®«­®¥, â. ¥. ãà ¢­¥­¨¥

Af �
I
@D

fK(s; �)f(�)d� = 0; (22)

£¤¥ f(s) | ¨áª®¬ ï äã­ªæ¨ï, ¨¬¥¥â â®«ìª® ­ã«¥¢®¥ à¥è¥­¨¥. �ãáâì f(s) | à¥è¥­¨¥ ãà ¢­¥­¨ï
Af = 0. �¡®§­ ç¨¬

z(x; y) =
I
@D

G(x; y; '(�);  (�))
q
�(�)f(�)d�; (23)

£¤¥ (x; y) 2 D. �®£¤  z(x; y) ¥áâì à¥è¥­¨¥ § ¤ ç¨
2X

i;j=1

@

@xi

�
aij

@z

@xj

�
+ �bz = 0 ¢ D;

@z

@�
=
q
�(s)f(s) ­  @D:

(24)
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�¥à¥©¤¥¬ ¢ ãà ¢­¥­¨¨ (23) ­  ª®­âãà @D. �®«ãç¨¬

z(s) =
I
@D

G(s; �)
q
�(�)f(�)d�: (25)

�¬­®¦¨¬ ¢ëà ¦¥­¨¥ (25) ­ 
p
�(s). �¬¥¥¬q

�(s)z(s) =
I
@D

G(s; �)
q
�(s)�(�)f(�)d�: (26)

� ª ª ª ¢ ­ è¨å ®¡®§­ ç¥­¨ïå fK(s; �) =
p
�(s)�(�)G(s; �), £¤¥ fK(s; �) | ï¤à® ãà ¢­¥­¨ï (21),

â® ãà ¢­¥­¨¥ (26) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥q
�(s)z(s) =

I
@D

fK(s; �)f(�)d�: (27)

�ã­ªæ¨ï f(s) ¥áâì à¥è¥­¨¥ ãà ¢­¥­¨ï Af = 0, â. ¥.I
@D

fK(s; �)f(�)d� = 0: (28)

�®£¤  ¨§ (27) á«¥¤ã¥â, çâ®
p
�(s)z(s) = 0, ¨ ¯®â®¬ã z(s) = 0 ­  £à ­¨æ¥ @D. �® â®£¤  z(x; y) ¢

®¡« áâ¨ D ­ å®¤¨âáï ª ª à¥è¥­¨¥ § ¤ ç¨ �¨à¨å«¥

2X
i;j=1

@

@xi

�
aij

@z

@xj

�
+ �bz = 0 ¢ D;

z = 0 ­  @D:

� ª ª ª �b < 0, â® § ¤ ç  (27) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ z(z; y) � 0, (x; y) 2 D. �®£¤ 
@z

@x
= @z

@y
� 0 ¢ D, ¨ ¯®â®¬ã @z

@�
= 0 ­  @D. � á¨«ã ªà ¥¢®£® ãá«®¢¨ï § ¤ ç¨ (24) ¨¬¥¥¬p

�(s)f(s) = 0 ­  @D, â. ¥. f(s) � 0 ­  @D. �ë ¯®ª § «¨, çâ® ãà ¢­¥­¨¥ (22) ¨¬¥¥â â®«ìª® ­ã«¥-
¢®¥ à¥è¥­¨¥,   §­ ç¨â, ï¤à® fK(s; �) ¯®«­®¥. �âáî¤  á«¥¤ã¥â, çâ® á¨áâ¥¬  á®¡áâ¢¥­­ëå äã­ªæ¨©
ï¤à  ¡¥áª®­¥ç­ .� ª¨¬ ®¡à §®¬, ãáâ ­®¢«¥­®, çâ® áãé¥áâ¢ã¥â áç¥â­®¥ ¬­®¦¥áâ¢® á®¡áâ¢¥­­ëå
§­ ç¥­¨© ãà ¢­¥­¨ï (21), ¯à¨ç¥¬ �k > 0 ¨ �k !1. �

�«¥¤áâ¢¨¥. �¥ªâ®à­®¥ ¯®«¥ l � n ¥áâì ¯à¥¤¥«ì­®¥ ¤«ï ¢á¥å ¢¥ªâ®à­ëå ¯®«¥© l(�k) =

 + �k
0n, �k
0 > 0, ¯à¨ k !1.

� ¬¥ç ­¨¥. � â¥®à¥¬ å 1, 2 ¨áª«îç¥­ á«ãç ©, ª®£¤  ª®íää¨æ¨¥­â à¥ªãàà¥­â­®áâ¨ � = 0.
�­ á¢®¤¨âáï ª ¨áá«¥¤®¢ ­¨î ¡¥áª®­¥ç­® ¬ «ëå AG-¤¥ä®à¬ æ¨© ¯®¢¥àå­®áâ¨ F .

�¥®à¥¬  3. �ãáâì F | ¯®¢¥àå­®áâì ¯®«®¦¨â¥«ì­®© £ ãáá®¢®© ªà¨¢¨§­ë, K � k0 > 0,
k0 = const, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬ à¥£ã«ïà­®áâ¨, | ¯®¤¢¥à£­ãâ  ¡¥áª®­¥ç­® ¬ «ë¬

AG-¤¥ä®à¬ æ¨ï¬. �ãáâì ¢¤®«ì ªà ï @F § ¤ ­® á¥¬¥©áâ¢® ¢¥ªâ®à­ëå ¯®«¥© l(�) = 
 + �
0n,

£¤¥ 
0 | § ¤ ­­ ï äã­ªæ¨ï ª« áá  C1;�(@D), 0 < � < 1, ¨ ¯®¢¥àå­®áâì F ­  ªà î @F ¯®¤ç¨­¥­ 

ãá«®¢¨î ®¡®¡é¥­­®£® áª®«ì¦¥­¨ï (U; l(�)) = h. �®£¤  ¥á«¨ 
0 > 0, â® áãé¥áâ¢ã¥â áç¥â­®¥ ¬­®-

¦¥áâ¢® §­ ç¥­¨© f�kg1k=1, 0 � �1 � �2 � � � � � �k � � � � , �k ! +1 ¯à¨ k !1, â ª¨å, çâ® ¯à¨

§ ¤ ­­®¬ � 6= �k ¯®¢¥àå­®áâì F ¤®¯ãáª ¥â ¥¤¨­áâ¢¥­­ãî ¡¥áª®­¥ç­® ¬ «ãî AG-¤¥ä®à¬ æ¨î

ª« áá  C1;�(@D), 0 < � < 1, ¯à¨ ãá«®¢¨¨ ®¡®¡é¥­­®£® áª®«ì¦¥­¨ï ¤«ï «î¡®© äã­ªæ¨¨ h. �à¨

� = �k (k = 1; 2; : : :) ®¤­®à®¤­ ï § ¤ ç  (2), (3) ¯à¨ l = l(�k) ¤®¯ãáª ¥â ª®­¥ç­®¥ ç¨á«® «¨­¥©­®

­¥§ ¢¨á¨¬ëå ¡¥áª®­¥ç­® ¬ «ëå AG-¤¥ä®à¬ æ¨© ¢ ª« áá¥ C1;�(@D), 0 < � < 1,   ­¥®¤­®à®¤-

­ ï § ¤ ç  à §à¥è¨¬  ¯à¨ ¢ë¯®«­¥­¨¨ ª®­¥ç­®£® ç¨á«  ãá«®¢¨© à §à¥è¨¬®áâ¨, ­ « £ ¥¬ëå ­ 

äã­ªæ¨¨ g ¨ h.
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�®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 2. �ãé¥áâ¢¥­­ë¬ ®â«¨-
ç¨¥¬ ¢ ¤®ª § â¥«ìáâ¢¥ ¡ã¤¥â ¢ë¡®à § ¤ ç¨ (15), ªà ¥¢®¥ ãá«®¢¨¥ ¢ ª®â®à®© § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

B1! = a@!
@�
+ 
0!p

1+p2+q2
= h�1, £¤¥ h

�

1 = h+ e�
0!p
1+p2+q2

; e� = 1 + �.

� ¬¥ç ­¨¥. �â¬¥â¨¬, çâ® ¯à¨ � = 0 ¢­¥è­ïï á¢ï§ì (U; l(�)) = h ¢ â¥®à¨¨ AG-¤¥ä®à¬ æ¨©
­¥ ï¢«ï¥âáï ª®àà¥ªâ­®©, ¢ â® ¢à¥¬ï ª ª ¢ â¥®à¨¨ ARG-¤¥ä®à¬ æ¨© á ª®íää¨æ¨¥­â®¬ à¥ªãà-
à¥­â­®áâ¨ � 6= 0 ¢­¥è­ïï á¢ï§ì ¢á¥£¤  ï¢«ï¥âáï ª®àà¥ªâ­®© ¯à¨ � = 0.

�¢â®à ¢ëà ¦ ¥â £«ã¡®ªãî ¡« £®¤ à­®áâì ¯à®ä¥áá®àã �.�.�®¬¥­ª® §  ¯®áâ ­®¢ªã § ¤ ç¨ ¨
­ ãç­®¥ àãª®¢®¤áâ¢® ¤ ­­®© à ¡®â®©.
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