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A GENERALIZATION OF THE DRESSLER THEOREM

Yu. Yu. Goryunov

In 1970 Dressler obtained an elementary proof of the following bound for the Euler’s ¢-function:

Y 1= %x(l + o(1)).
p(n)<z

Nicolas, Balasard, and Smati refined this result by means of Bateman’s analytical method (see
[1]). In the present article we generalize Dressler’s result for the case of an arbitrary multiplicative
function without any use of the analytical method. Indeed, we prove the following

Theorem. Let f(n), |f(n)| <1, be a multiplicative function. If the series
Z 1- f(p)
» D
converges, then there is valid the bound

Ni(z)= Y f(n)=Azz(l+o0(1)),

¢(n)<w

Af:H<1+L§:f(pt))(1——).

p—1 p

where

The proof of Theorem follows from the

Lemma. Let f(n) (|f(n)| < 1) be a multiplicative function. Then for any y such that logy >
Viogz and (logz)/logy — oo there holds the bound

Ni(e)= Y fl) D f(na)+o(a),

o(n)<vz n2< oy

where n, means natural numbers whose prime divisors do not exceed y, or ny = 1, and ny, means
natural numbers, whose prime divisors exceed y, or ny, = 1.

Proof of Lemma. We have

N = ¥ s X fm+o( XX 1), O

p(n1) <V p(n2)< 70D Vz<gp(ni)<w W(n2)§¢(n1)

Write v = zexp((logz)/ylog2 + O(1/y)), then one can easily show that ¢(n,) < z yields n, < v.
Hence, the remainder in the right side of (1) is <

1 1 log x
) ) 2.

1
Va<e(n)<e nazv P12) O8Y Jz<o(n)<e

p(ny)
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