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� ç¨á«¥  ¨¡®«¥¥ ¨áá«¥¤®¢ ëå á¨áâ¥¬ äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©  -
å®¤ïâáï «¨¥©ë¥ á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ì®-à §®áâëå ãà ¢¥¨© (�� ���), ª®£¤  § ¯ §-
¤ë¢ ¨¥ ¯®áâ®ï® ([1]{[5]). �® ¬®£¨å à ¡®â å ¢ ª ç¥áâ¢¥ ®á®¢®© à áá¬ âà¨¢ « áì  ç «ì ï
§ ¤ ç , ª®£¤     ç «ì®¬ ¬®¦¥áâ¢¥ â¥¬ ¨«¨ ¨ë¬ á¯®á®¡®¬ § ¤ ¢ « áì  ç «ì ï äãªæ¨ï.
�«ï �� ��� ¡ë«® ¯®ª § ®, çâ® § ¤ ¨¥  ç «ì®© äãªæ¨¨ £ à â¨à®¢ «® áãé¥áâ¢®¢ ¨¥
¥¤¨áâ¢¥®£® à¥è¥¨ï ª ª ¢ ¯®«®¦¨â¥«ì®¬  ¯à ¢«¥¨¨ ®á¨ ¥§ ¢¨á¨¬®© ¯¥à¥¬¥®©, â ª
¨ ¢ ®âà¨æ â¥«ì®¬. � àï¤¥ á«ãç ¥¢ ¢®§¨ª «  ¥®¡å®¤¨¬®áâì  ©â¨ à¥è¥¨¥, ã¤®¢«¥â¢®àïî-
é¥¥ ¥ª®â®àë¬ ¤®¯®«¨â¥«ìë¬ ( ¯à., ªà ¥¢ë¬) ãá«®¢¨ï¬. �§ãç¥¨î ¢®¯à®á®¢ à §à¥è¨¬®áâ¨
ªà ¥¢ëå § ¤ ç ¤«ï à §«¨çëå â¨¯®¢ äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¯®á¢ïé¥®
§ ç¨â¥«ì®¥ ª®«¨ç¥áâ¢® à ¡®â (á¬. ¡¨¡«¨®£à ä¨î ¢ [5]).

� ¯®á«¥¤¥¥ ¢à¥¬ï ¢ ¥ª®â®àëå ¯à¨ª« ¤ëå ®¡« áâïå  ãª¨ áä®à¬¨à®¢ « áì § ¤ ç  ¤«ï
�� ���, á¢ï§  ï á ¨áá«¥¤®¢ ¨ï¬¨  ç «ì®© äãªæ¨¨ [6]. � §®¢¥¬ ¥¥ ®¡à â®©  ç «ì®©
§ ¤ ç¥© ¤«ï �� ���. �  ä®à¬ã«¨àã¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:  ©â¨ ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï
 ç «ì®©  ¡á®«îâ® ¥¯à¥àë¢®© äãªæ¨¨ â ª®©, çâ® ¯®à®¦¤ ¥¬®¥ ¥î à¥è¥¨¥  ç «ì®©
§ ¤ ç¨ ã¤®¢«¥â¢®àï¥â ¤®¯®«¨â¥«ìë¬ ¨§¢¥áâë¬ ãá«®¢¨ï¬,  «®¦¥ë¬   à¥è¥¨¥ ¨ (¨«¨)
¥£® ¯à®¨§¢®¤ë¥. � àï¤¥ à ¡®â ( ¯à., [7], [8], [5])   «®£¨ç ï § ¤ ç  ¤«ï ®¯à¥¤¥«¥ëå ªà ¥¢ëå
ãá«®¢¨© ä®à¬ã«¨àã¥âáï ª ª § ¤ ç  ã¯à ¢«¥¨ï.

�áá«¥¤®¢ ¨î ®¡à â®©  ç «ì®© § ¤ ç¨ ¤«ï «¨¥©ëå á¨áâ¥¬ ¤¨ää¥à¥æ¨ «ì®-à §®áâ-
ëå ãà ¢¥¨© ¯®á¢ïé¥  ¤  ï áâ âìï.

1. �®áâ ®¢ª  § ¤ ç¨

� áá¬®âà¨¬  ç «ìãî § ¤ çã ¤«ï «¨¥©®© á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ì®-à §®áâëå ãà ¢-
¥¨© § ¯ §¤ë¢ îé¥£® â¨¯ 

_x(t) = A(t)x(t� 1) +B(t)x(t) + f(t); t 2 J = [0; T ]; (1)

x(t) = g(t); t 2 J0 = [�1; 0]; (2)

£¤¥ x(t) : J0 [ J ! Rn; A(t); B(t) : J ! Rn�n; g(t) : J0 ! Rn; f(t) : J ! Rn.
�«¥¤ãï [3], ¢¢¥¤¥¬

�¯à¥¤¥«¥¨¥ 1. �¥é¥áâ¢¥ ï ¬ âà¨æ  A(t) = faij(t)g, i = 1; n, j = 1;m, ¯à¨ ¤«¥¦¨â
ª« ááã Ck   J� = [t1; t2] (¡ã¤¥¬ ¯¨á âì A(t) 2 Ck[J�]), ¥á«¨ äãªæ¨¨ faij(t)g, i = 1; n, j = 1;m,
¯à¨ ¤«¥¦ â ª« ááã Ck   (t1; t2) ¨ ¨¬¥îâ ¢ â®çª å t1 ¨ t2 á®®â¢¥âáâ¢¥® «¥¢ë¥ ¨ ¯à ¢ë¥
¯à®¨§¢®¤ë¥ ¯®àï¤ª  k ¨ ¥á«¨ äãªæ¨¨ a

(k)
ij (t), ®¯à¥¤¥«¥ë¥ â ª¨¬ ®¡à §®¬   t1 � t � t2,

¥¯à¥àë¢ë á¯à ¢  ¢ â®çª¥ t1 ¨ á«¥¢  ¢ â®çª¥ t2.

� ¡®â  ¢ë¯®«¥  ¯à¨ ç áâ¨ç®© ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥-

¤®¢ ¨©, £à â ò 03-01-00203.
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� ãç¥â®¬ ¤ ®£® ®¯à¥¤¥«¥¨ï ¯®¤ à¥è¥¨¥¬ § ¤ ç¨ (1), (2) ¯®¨¬ ¥âáï äãªæ¨ï x(t) 2
C1[J ], ã¤®¢«¥â¢®àïîé ï «¨¥©®© á¨áâ¥¬¥ ¤¨ää¥à¥æ¨ «ì®-à §®áâëå ãà ¢¥¨© ¢ (1) ¨ á®-
¢¯ ¤ îé ï á  ç «ì®© äãªæ¨¥© g(t) 2 C0[J0]   J0 [4].

�áâ ®¢«¥¨¥ ãá«®¢¨© áãé¥áâ¢®¢ ¨ï ¨ á¯®á®¡®¢  å®¦¤¥¨ï ¥¤¨áâ¢¥®£®  ¡á®«îâ® ¥-
¯à¥àë¢®£® à¥è¥¨ï x(t) ¯® § ¤ ®©  ç «ì®© äãªæ¨¨ g(t) á®áâ ¢«ï¥â ¯àï¬ãî  ç «ìãî
§ ¤ çã ¤«ï «¨¥©®© á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ì®-à §®áâëå ãà ¢¥¨© (1), (2).

� ¤¨¬ â¥¯¥àì ®¯à¥¤¥«¥¨¥ ®¡à â®©  ç «ì®© § ¤ ç¨ ¤«ï «¨¥©®© á¨áâ¥¬ë ¤¨ää¥à¥æ¨-
 «ì®-à §®áâëå ãà ¢¥¨© (1). �ãáâì ¨§¢¥áâë § ç¥¨ï äãªæ¨¨ x(t) ¨ (¨«¨) ¥¥ ¯à®¨§¢®¤ëå
x(n)(t), n = 1; p, ¢ ¥ª®â®àëå ä¨ªá¨à®¢ ëå â®çª å t 2 J0 [ J .

x(t0i ) = x0i ; i = 1;m;

_x(t1j ) = x1j ; j = 1; l;

: : : : : : : : : : : : : : : : : : : : : : : :

x(p)(tpk) = x
p
k; k = 1; r:

(3)

� ¬¥ç ¨¥ 1. � ¤ «ì¥©è¥¬ ¡ã¤¥¬ áç¨â âì, çâ® ¢ ª®¥çëå ¯®á«¥¤®¢ â¥«ì®áâïå ft0i g
m
i=1,

ft1jg
l
j=1; : : : ; ft

p
kg

r
k=1 ¢ë¯®«ïîâáï ãá«®¢¨ï ã¯®àï¤®ç¥®áâ¨, â. ¥. tij < tij+1, i = 0; p. �à¨ íâ®¬

á«ãç ¨, ª®£¤  t� = t
�
� (� 6= �), ¥ ¨áª«îç îâáï.

�â¬¥â¨¬, çâ® ¢ § ¢¨á¨¬®áâ¨ ®â ª®ªà¥âëå § ç¥¨© â®ç¥ª tks ¤ ë¥ ãá«®¢¨ï ¬®£ãâ ¢ª«î-
ç âì, ¢ ç áâ®áâ¨,  ç «ìë¥,  ç «ì®-ªà ¥¢ë¥ ¨«¨ ªà ¥¢ë¥ ãá«®¢¨ï.

�¯à¥¤¥«¥¨¥ 2. � ¤ çã  å®¦¤¥¨ï ãá«®¢¨© áãé¥áâ¢®¢ ¨ï ¨ á¯®á®¡®¢ ¢ëç¨á«¥¨ï â -
ª®©  ç «ì®© äãªæ¨¨ g(t), t 2 J0, çâ® à¥è¥¨¥ x(t)  ç «ì®© § ¤ ç¨ (1), (2) ã¤®¢«¥â¢®àï-
¥â ãá«®¢¨ï¬ (3), ¡ã¤¥¬  §ë¢ âì ®¡à â®©  ç «ì®© § ¤ ç¥© ¤«ï ¤ ®© «¨¥©®© á¨áâ¥¬ë
¤¨ää¥à¥æ¨ «ì®-à §®áâëå ãà ¢¥¨©.

� á¢ï§¨ á ®¯à¥¤¥«¥¨¥¬ 2 á«¥¤ã¥â ¢ëïá¨âì: ¯à¨ ª ª¨å ãá«®¢¨ïå áãé¥áâ¢ã¥â â ª ï  ç «ì ï
äãªæ¨ï ¨ ª ª¨¬¨ á¢®©áâ¢ ¬¨ ®  ®¡« ¤ ¥â?

2. �á®¢ë¥ à¥§ã«ìâ âë

�¥à¥¯¨è¥¬ § ¤ çã (1), (2) á ãç¥â®¬ (3) ¢ ¢¨¤¥ ®¡à â®©  ç «ì®© § ¤ ç¨

_x(t) = A(t)x(t� 1) +B(t)x(t) + f(t); t 2 J = [0; T ]; (4)

x(t) = g(t); t 2 J0 = [�1; 0]; (5)

x(t0i ) = x0i ; i = 1;m; _x(t1j) = x1j ; j = 1; l; : : : ; x(p)(tpk) = x
p
i ; k = 1; r; (6)

tij 2 J0 [ J : i = 0; j = 1;m; i = 1; j = 1;m; : : : ; i = p; j = 1; r;

T = maxf1; t0m; t
1
l ; : : : ; t

p
rg: (7)

�à¥¤áâ ¢¨¬ ¯à®¬¥¦ãâ®ª J ¢ (4) á«¥¤ãîé¨¬ ®¡à §®¬:

J =
]T [+1[
n=1

Jn; Jn =

(
[n� 1; n]; n = 1; ]T [;

[ ]T [; T ]; n =]T [+1:
(8)

�¤¥áì ] � [ | æ¥« ï ç áâì ç¨á« .

�¯à¥¤¥«¥¨¥ 3. �¥è¥¨¥ x(t) § ¤ ç¨ (4){(6)   ®âà¥§ª¥ Jn ¡ã¤¥¬ ®¡®§ ç âì xn(t).

� «¥¥, ¨§ ¢á¥© á®¢®ªã¯®áâ¨ ä¨ªá¨à®¢ ëå â®ç¥ª, § ¤ ëå   ®á¨ t á®£« á® (6), ¢ë¤¥-
«¨¬ â¥, ª®â®àë¥ ¯à¨ ¤«¥¦ â ¥ª®â®à®¬ã ®âà¥§ªã Jm, ¨ ¯ãáâì �m |  ¨¡®«ìè¨© ¨§ ¢¥àå¨å
¨¤¥ªá®¢, ª®â®àë© ¢áâà¥ç ¥âáï áà¥¤¨ ®¡®§ ç¥¨©, ¯à¨ïâëå ¤«ï ¢ë¤¥«¥ëå â®ç¥ª.
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� ¤ «ì¥©è¥¬ ¡ã¤¥¬ à áá¬ âà¨¢ âì á«ãç ©, ª®£¤    à¥è¥¨¥ x(t)  ª« ¤ë¢ îâáï ¤®¯®«¨-
â¥«ìë¥ ãá«®¢¨ï

xm(t) 2 Csm [Jm]; sm � �m: (9)

�ãáâì ¢ (6) � |  ¨¡®«ìè¨© ¯®àï¤®ª ¯à®¨§¢®¤®© äãªæ¨¨ x(t) ¢ â®çª å t 2 J , â. ¥.

� = maxfi j tij 2 Jg; (10)

¨

�0 = maxfi j tij 2 J0g: (11)

�¥¬¬  1. �ãáâì ¤«ï § ¤ ç¨ (4){(6)

1. ¬ âà¨æë A(t), B(t) ¨ ¢¥ªâ®à f(t) ¯à¨ ¤«¥¦ â á ãç¥â®¬ (10) ª« ááã C0[J ], ¥á«¨

� = 0; 1, ¨ C��1[J ], ¥á«¨ � � 2;
2. � = max

s
f0; (s� 1�]ts1[)g, s = 0; �.

�®£¤  ª ¦¤ ï  ç «ì ï äãªæ¨ï g(t), ¯à¨ ¤«¥¦ é ï ª« ááã C�[J0], £¤¥ � � maxf�0; �g,
¯®à®¦¤ ¥â à¥è¥¨¥ x(t) â ª®¥, çâ®   ¢á¥å ¯à®¬¥¦ãâª å Jn, n = 1; ]T [+1, ®® ã¤®¢«¥â¢®àï¥â
âà¥¡ã¥¬ë¬ ¢ á¨«ã (6) ãá«®¢¨ï¬ ¤¨ää¥à¥æ¨àã¥¬®áâ¨.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬  ç «ìãî § ¤ çã (4), (5) ¨ ¯ãáâì ¥ª®â®à ï  ç «ì ï äãª-
æ¨ï g(t) ¯à¨ ¤«¥¦¨â ª« ááã Ck[J0]. � ãç¥â®¬ ãá«®¢¨ï 1 «¥¬¬ë ¨§ ¨§¢¥áâ®© â¥®à¥¬ë ® á£« -
¦¨¢ ¥¬®áâ¨ à¥è¥¨©  ç «ì®© § ¤ ç¨ ¯à¨ ¢®§à áâ ¨¨  à£ã¬¥â  ([1], á. 53) ¢ëâ¥ª ¥â

x(t) 2 Ck+1[J1]; x(t) 2 C
k+2[J2]; : : : ; x(t) 2 C

k+]T [+1[J]T [+1]:

�ãáâì ¤«ï ®¤®£® ¨§ ãá«®¢¨© ¢ (6) âà¥¡ã¥âáï áãé¥áâ¢®¢ ¨¥ ¯à®¨§¢®¤®© x(s)(ts1), £¤¥ â®ç-
ª  ts1 2 J]ts

1
[+1. �®áª®«ìªã x(s)(ts1) ¯à¨ ¤«¥¦¨â ®âà¥§ªã ]ts1[+1, â®  ç «ì ï äãªæ¨ï g(t) 2

Ck[J0]   íâ®¬ ®âà¥§ª¥ ¡ã¤¥â ¯®à®¦¤ âì à¥è¥¨¥ ex(t), ¯à¨ ¤«¥¦ é¥¥ ¥ ¨¦¥, ç¥¬ ª« ááã
Ck+]ts1[+1[J]ts

1
[+1]. �®£¤  ¥á«¨ k � maxf0; s�]ts1[�1g, â®  ç «ì ï äãªæ¨ï g(t) 2 Ck[J0] ¯®à®-

¦¤ ¥â à¥è¥¨¥ ex(t) 2 Cs[J]ts
1
[+1]. � â ª ª ª tsi < tsi+1, íâ® ®§ ç ¥â, çâ® ¤ ®¥ ãá«®¢¨¥ ¡ã¤¥â

¢ë¯®«ïâìáï ¯à¨ ¢á¥å tsi 2 J , i = 1; 2; : : : �à®¢®¤ï   «®£¨çë¥ ¢ëª« ¤ª¨ ¤«ï s = 1; 2; : : : ; � ¨
¯à¨¨¬ ï á®£« á® (11) ¨ ãá«®¢¨î 2 «¥¬¬ë k � maxf�0; �g, ¯à¨å®¤¨¬ ª ãâ¢¥à¦¤¥¨î «¥¬¬ë.

�«¥¤áâ¢¨¥ 1. �®áª®«ìªã ¢ á¨«ã ®¯à¥¤¥«¥¨ï 1 ¯à®¨§¢®¤ë¥ äãªæ¨¨ x(t) ¯à¨ æ¥«®ç¨á«¥-
ëå § ç¥¨ïå  à£ã¬¥â  t ®¤®áâ®à®¨¥, ¥á«¨ ¢  ç «ì®© â®çª¥ t = 0 ¨¬¥îâ ¬¥áâ® á®®â®-
è¥¨ï

g(s)(t)jt!0
�

= x(s)(t)jt!0+ ; s = 0;m;

â® ¯à¨ æ¥«®ç¨á«¥ëå § ç¥¨ïå  à£ã¬¥â  ¢ á¨«ã ã¯®¬ïãâ®© ¢ëè¥ â¥®à¥¬ë ® á£« ¦¨¢ ¨¨
à¥è¥¨© ¨ ãá«®¢¨ï 1 «¥¬¬ë ¢ëâ¥ª ¥â, çâ® à¥è¥¨¥ x(t) ¯à¨ t� =]t[, t 2 J , ¨¬¥¥â k = minfm+]t[; �g
¥¯à¥àë¢ëå ¯à®¨§¢®¤ëå.

�  ¥ª®â®à®¬ ¯à®¬¥¦ãâª¥ J 0 = [a; b] à áá¬®âà¨¬ á®¢®ªã¯®áâì ¢¥é¥áâ¢¥ëå ¬ âà¨æ Hi(t) :
J 0 ! Rn�n, i = 1; k.

�¯à¥¤¥«¥¨¥ 4. �¥é¥áâ¢¥ë¥ ¬ âà¨æë Hi(t), i = 1; k, ¡ã¤¥¬  §ë¢ âì «¨¥©® ¥§ ¢¨á¨-

¬ë¬¨, ¥á«¨ á®®â®è¥¨¥
kX
i=1

Hi(t)ci = � 8t 2 J 0;

£¤¥ � 2 Rn�n | ã«¥¢ ï ¬ âà¨æ ,   ci 2 R1 | ¥ª®â®àë¥ ¯®áâ®ïë¥, á¯à ¢¥¤«¨¢® â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  ci = 0, i = 1; k.
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� ¤ ¤¨¬ äãªæ¨î

x0(t) =
GX
u=1

	u
0(t)gu; t 2 J0: (12)

�¤¥áì 	u
0(t) : J0 ! Rn�n | ¥ª®â®àë¥ ¨§¢¥áâë¥ ¢¥é¥áâ¢¥ë¥ ¬ âà¨æë, gu | ¥¨§¢¥áâë¥

¯®áâ®ïë¥ ¢¥ªâ®àë.

�¯à¥¤¥«¥¨¥ 5. �¨¥©® ¥§ ¢¨á¨¬ë¥ ¬ âà¨æë 	u
0(t), u = 1; G, ª®â®àë¥ ¤«ï ¨áá«¥¤ã¥¬®©

§ ¤ ç¨ (4){(6) á ãç¥â®¬ «¥¬¬ë 1 ¢ë¡¨à îâáï ¨§ ª« áá  C�[J0], ¡ã¤¥¬  §ë¢ âì ®¯®àë¬¨ ¬ -

âà¨æ ¬¨ à¥è¥¨ï x(t).

� áá¬ âà¨¢ ï äãªæ¨î x0(t) ¢ ¢¨¤¥ (12) ª ª  ç «ìãî äãªæ¨î ¤«ï § ¤ ç¨ (4){(6),  ©¤¥¬
à¥è¥¨¥ íâ®© § ¤ ç¨   J1 = [0; 1].

�¥à¥¯¨è¥¬ (4){(6) á«¥¤ãîé¨¬ ®¡à §®¬:

_x(t) = B(t)x(t) +A(t)g(t� 1) + f(t); x(0) = x0; t 2 J1:

�®áª®«ìªã íâ¨ á®®â®è¥¨ï ¯à¥¤áâ ¢«ïîâ á®¡®© § ¤ çã �®è¨ ¤«ï «¨¥©®© á¨áâ¥¬ë ®¡ëª®-
¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©, à¥è¥¨¥ ¤ ®© § ¤ ç¨   J1 ¯à¥¤áâ ¢«ï¥âáï ä®à¬ã«®©
[3]

x(t) = X(t)x(0) +
Z t

0
C(t; s)[A(s)g(s � 1) + f(s)]ds; (13)

£¤¥ X(t) { äã¤ ¬¥â «ì ï ¬ âà¨æ  á¨áâ¥¬ë _x(t) = B(t)x(t),   C(t; s) = X(t)X�1(s) | ¬ âà¨æ 
�®è¨.

�ç¨âë¢ ï (12), ¯à¥®¡à §ã¥¬ á« £ ¥¬ë¥ ¢ ä®à¬ã«¥ (13)

X(t)x(0) = X(t)
GX
u=1

	u
0(0)gu;

Z t

0

C(t; s)[A(s)g(s � 1) + f(s)]ds =
Z t

0

C(t; s)A(s)
GX
u=1

	u
0(s� 1)guds+

Z t

0

C(t; s)f(s)ds =

=
GX
u=1

� Z t

0
C(t; s)A(s)	u

0(s� 1)ds
�
gu +

Z t

0
C(t; s)f(s)ds:

�®£¤  ¢ á¨«ã ®¯à¥¤¥«¥¨ï 3 ¨ íâ¨å á®®â®è¥¨© ¯à¥¤áâ ¢¨¬ (13) ¢ ¢¨¤¥

x1(t) = x(t) =
GX
u=1

	u
1(t)gu + f1(t); t 2 J1;

£¤¥

	u
1(t) = X(t)	u

0 (0) +
Z t

0

C(t; s)A(s)	u
0(s� 1)ds;

f1(t) =
Z t

0

C(t; s)f(s)ds:

�à®¤®«¦ ï â¥¯¥àì à¥è¥¨¥   «®£¨çë¬ ®¡à §®¬   J2, J3 ¨ â. ¤., ¤«ï JM = [M�1;M ] ¨¬¥¥¬

xM(t) =
GX
u=1

	u
M (t)gu + fM(t); t 2 JM : (14)
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�¤¥áì

	u
M(t) = X(t)	u

M�1(M � 1) +
Z t

M�1

C(t; s)A(s)	u
M�1(s� 1)ds;

fM(t) =
Z t

M�1

C(t; s)[fM�1(s) + f(s)]ds:

� ¬¥ç ¨¥ 2. � á®®â¢¥âáâ¢¨¨ á ®¯à¥¤¥«¥¨¥¬ 5 à¥è¥¨¥ xM(t) ¤¨ää¥à¥æ¨àã¥¬®   JM
á®£« á®¢ ®¥ á ãá«®¢¨ï¬¨ (6) ç¨á«® à §, â.¥.

x
(s)
M (t) =

GX
u=1

ds

dts
	u
M(t)gu + f

(s)
M (t):

�¥à¥å®¤¨¬ ª  å®¦¤¥¨î  ç «ì®© äãªæ¨¨ g(t). � ãç¥â®¬ ®¯à¥¤¥«¥¨ï 1 ¨ (12) ®¤¨ ¨§
¯®¤å®¤®¢ ª à¥è¥¨î ®¡à â®© § ¤ ç¨ (4){(6) ¬®¦¥â ¡ëâì áä®à¬ã«¨à®¢  á«¥¤ãîé¨¬ ®¡à §®¬:
¯à¨ ª ª¨å ãá«®¢¨ïå áãé¥áâ¢ã¥â ¯à¥¤áâ ¢«¥¨¥ g(t) ¢ ¢¨¤¥ (12) ¨ ª ª ®¯à¥¤¥«¨âì ¥¨§¢¥áâë¥
ª®íää¨æ¨¥âë gu?

�«ï íâ®© æ¥«¨ ¢®á¯®«ì§ã¥¬áï ãá«®¢¨ï¬¨ (6). �¢¥¤¥¬ äãªæ¨î

�(t) = 0 ¯à¨ t � 0; �(t) =

(
t; ¥á«¨ t =]t[;

]t[+1; ¥á«¨ t 6=]t[;
¯à¨ t > 0:

�®áª®«ìªã ª ¦¤ ï â®çª  tks 2 J�(tks ), á®£« á® (14) ¨ § ¬¥ç ¨î 2 ¨§ (6) ¯®«ãç ¥¬

x�(t0
i
)(t

0
i ) =

GX
n=1

	n
�(t0

i
)(t

0
i )gn + f�(t0

i
)(t

0
i ) = x0i ; i = 1;m;

_x�(t1
j
)(t

1
j ) =

GX
n=1

d

dt
	n
�(t1

j
)(t

1
j )gn + _f�(t1

j
)(t

1
j) = x1j ; j = 1; l;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

x
(p)
�(tp

k
)(t

p
k) =

GX
n=1

dp

dtp
	n
�(tp

k
)(t

p
k)gn + f

(p)
�(tp

k
)(t

p
k) = xpk; k = 1; r: (15)

� ¬¥ç ¨¥ 3. �¤¥áì ¨ ¤ «¥¥ ¯à¨ t < 0 äãªæ¨î f0(t) ¯®« £ ¥¬ à ¢®© ã«î.

�¡®§ ç ï

Ai s = 	s
�(t0

i
)(t

0
i ); i = 1;m; s = 1; G;

A(m+j)s =
d

dt
	s
�(t1

j
)(t

1
j ); j = 1; l; s = 1; G;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

A(m+l+���+k)s =
dp

dtp
	s
�(tp

k
)(t

p
k); k = 1; r; s = 1; G; (16)

Bi = x0i � f�(t0
i
)(t

0
i ); i = 1;m;

Bm+j = x1i �
_f�(t1

j
)(t

1
j); j = 1; l;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

Bm+j+���+k = x
p
k � f

(p)

�(tp
k
)(t

p
k); k = 1; r; (17)

¯¥à¥¯¨è¥¬ á®®â®è¥¨¥ (15) ¢ ¢¨¤¥ ¡«®ç®© «¨¥©®© á¨áâ¥¬ë  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© ®â-
®á¨â¥«ì® ¥¨§¢¥áâëå ¢¥ªâ®à®¢ gn:

Ag = B; (18)
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£¤¥ A = fAijg, i = 1;m+ l + � � �+ r, j = 1; G, | ¡«®ç ï ¬ âà¨æ ; g = fg1; g2; : : : ; gGg
T ¨

B = fB1; B2; : : : ; Bm+l+���+rg
T | ¢¥ªâ®àë, ¨¤¥ªá T ®§ ç ¥â âà á¯®¨à®¢ ¨¥. � ª¨¬ ®¡à §®¬,

à¥è¥¨¥ ®¡à â®©  ç «ì®© § ¤ ç¨ (4){(6) á¢¥«®áì ª ¥®¤®à®¤®© «¨¥©®© á¨áâ¥¬¥  «£¥¡à -
¨ç¥áª¨å ãà ¢¥¨©.

�¡®§ ç¨¬

Q = m+ l + � � � + r: (19)

�®£¤ , ¯®áª®«ìªã ¬ âà¨æë Aij 2 Rn�n,   gn 2 Rn, ¬ âà¨æ  A ¡ã¤¥â ¯àï¬®ã£®«ì®© à §¬¥à 
nQ� nG (ª¢ ¤à â®©, ¥á«¨ Q = G),   ¢¥ªâ®àë g ¨ B ¡ã¤ãâ ¨¬¥âì á®®â¢¥âáâ¢¥® à §¬¥àë nG ¨
nQ.

� «¨§ «¨¥©®© á¨áâ¥¬ë (18)  ç¥¬ á ¢ëïá¥¨ï ¢®¯à®á  ® á®¢¬¥áâ®áâ¨ á¨áâ¥¬ë. �ãáâì

A =

���������
A11 A12 � � � A1G B1

A21 A22 � � � A2G B2

...
...

. . .
...

...
AQ1 AQ2 � � � AQG BQ

���������
¡ã¤¥â à áè¨à¥®© ¬ âà¨æ¥© «¨¥©®© á¨áâ¥¬ë (18). �®£¤    ®á®¢ ¨¨ â¥®à¥¬ë �à®¥ª¥à {
� ¯¥«¨ á¨áâ¥¬  «¨¥©ëå ãà ¢¥¨© (18) â®£¤  ¨ â®«ìª® â®£¤  á®¢¬¥áâ , ª®£¤  à £ à áè¨-
à¥®© ¬ âà¨æë A à ¢¥ à £ã ¬ âà¨æë A.

�«¥¤áâ¢¨¥ 2. �á«¨ rankA > rankA, â® ®¡à â ï  ç «ì ï § ¤ ç  ¤«ï «¨¥©®© á¨áâ¥-
¬ë ¤¨ää¥à¥æ¨ «ì®-à §®áâëå ãà ¢¥¨© (4){(6) á ¢ë¡à ë¬¨ ¢ (12) ®¯®àë¬¨ ¬ âà¨æ ¬¨
	n

0 (t), n = 1; G, ¥à §à¥è¨¬ .

� ª®© á«ãç © ¬®¦¥â ¨¬¥âì ¬¥áâ®, ª®£¤  ç¨á«® «¨¥©® ¥§ ¢¨á¨¬ëå ®¯®àëå ¬ âà¨æ
	n

0 (t); t 2 J0, ¬¥ìè¥ ç¨á«  § ¤ ëå á®£« á® (6) ãá«®¢¨©. � ¤àã£®© áâ®à®ë, ¥á®¢¬¥áâ®áâì
«¨¥©®© á¨áâ¥¬ë ¬®¦¥â ¡ëâì ¢ë§¢   ¥ª®àà¥ªâë¬¨ ãá«®¢¨ï¬¨ (6),  ¯à¨¬¥à, ¥á«¨ ¢ ®¤®©
¨ â®© ¦¥ â®çª¥ § ¤ ë ¤¢  ¨«¨ ¡®«¥¥ § ç¥¨© à¥è¥¨ï x(t) ¨«¨ ¥£® ¯à®¨§¢®¤ëå.

� áá¬®âà¨¬ â¥¯¥àì á«ãç ©, ª®£¤  «¨¥© ï á¨áâ¥¬  (18) á®¢¬¥áâ .

�¥®à¥¬  1. �ãáâì ¤«ï § ¤ ç¨ (4){(6) á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãá«®¢¨ï :

1. ¬ âà¨æë A(t), B(t) ¨ ¢¥ªâ®à f(t) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î 1 «¥¬¬ë 1;
2. ®¯®àë¥ ¬ âà¨æë 	n

0 (t), n = 1; G, ¢ (9) á ãç¥â®¬ «¥¬¬ë 1 ¯à¨ ¤«¥¦ â ª« ááã C�[J0];
3. «¨¥© ï á¨áâ¥¬  (18), ¯®à®¦¤¥ ï ¢ á¨«ã ãá«®¢¨© (6) à¥è¥¨¥¬ x(t), á®¢¬¥áâ  ¨,

á«¥¤®¢ â¥«ì®, ç¨á«® ®¯®àëå ¬ âà¨æ ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã G � 1
n
rankA.

�®£¤  ®¡à â ï  ç «ì ï § ¤ ç  (4){(6) à §à¥è¨¬  ¨ ¨¬¥¥â à¥è¥¨¥ ¢ ¢¨¤¥  ç «ì®©

äãªæ¨¨

g(t) =
GX
u=1

	u
0(t)gu; g(t) 2 C�[J0]: (20)

�à¨ íâ®¬ ç¨á«® à¥è¥¨© ¡¥áª®¥ç®, ¥á«¨ G > 1
n
rankA, ¨ ¯à¥¤áâ ¢«¥¨¥ à¥è¥¨ï ¢ ¢¨¤¥ (20)

¥¤¨áâ¢¥®, ¥á«¨ G = 1
n
rankA.

�®ª § â¥«ìáâ¢®. �à¨¨¬ ï ¢® ¢¨¬ ¨¥ (19), à áá¬®âà¨¬ ª®¥ç®¥ ¬®¦¥áâ¢® «¨¥©®
¥§ ¢¨á¨¬ëå ®¯®àëå ¬ âà¨æ f	n

0 (t)g
G
n=1, £¤¥ G � Q. �  ®á®¢ ¨¨ ãá«®¢¨© 1{3 â¥®à¥¬ë, «¥¬-

¬ë 1 ¨ § ¬¥ç ¨ï 1 ¢ á¨«ã ãá«®¢¨© (6) ¯®«ãç ¥¬ á®¢¬¥áâãî «¨¥©ãî á¨áâ¥¬ã  «£¥¡à ¨ç¥áª¨å
ãà ¢¥¨© (18) à §¬¥à  nQ� nG ®â®á¨â¥«ì® ¥¨§¢¥áâëå ¢¥ªâ®à®¢ gn.
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� áªàë¢ ï ¡«®ª¨ Aij ¬ âà¨æë A,   â ª¦¥ ¢¥ªâ®àë g ¨ B, ¯¥à¥¯¨è¥¬ (18) ¢ ¢¨¤¥

A =

���������
a11 a12 � � � a1G
a21 a22 � � � a2G
...

...
. . .

...
aQ1 aQ2 � � � aQG

���������

���������
g1
g2
...
gG

��������� =
���������
b1
b2
...
bG

��������� :
�¤¥áì G = nG, Q = nQ.

�¡®§ ç¨¬ à £ ¬ âà¨æë A ç¥à¥§R. �§¢¥áâ®, çâ® ¥á«¨R < Q, â® ¢ á¨áâ¥¬¥Q�R áâà®ª ï¢«ï-
îâáï «¨¥©® § ¢¨á¨¬ë¬¨. �®£¤  ¢ë¡¨à ¥¬ R «¨¥©® ¥§ ¢¨á¨¬ëå áâà®ª, ®áâ ¢«ï¥¬ ¢ á¨áâ¥¬¥
ãà ¢¥¨ï, ª®íää¨æ¨¥âë ª®â®àëå ¢®è«¨ ¢ ¢ë¡à ë¥ áâà®ª¨, ¨ ¢ «¥¢®© ç áâ¨ íâ¨å ãà ¢¥¨©
®áâ ¢«ï¥¬ â ª¨¥ R ¥¨§¢¥áâëå ª®íää¨æ¨¥â®¢ gn (¯ãáâì íâ® g1; g2; : : : ; gR), çâ® ®¯à¥¤¥«¨â¥«ì
ª®íää¨æ¨¥â®¢ ¯à¨ ¨å ®â«¨ç¥ ®â ã«ï,   ®áâ «ìë¥ ¥¨§¢¥áâë¥ ª®íää¨æ¨¥âë ®¡êï¢«ï¥¬
á¢®¡®¤ë¬¨ ¨ ¯¥à¥®á¨¬ ¢ ¯à ¢ë¥ ç áâ¨ ãà ¢¥¨©,8>>>><>>>>:

a11g1 + a12g2 + � � �+ a1RgR = b1 � a1(R+1)gR+1 � � � � � a1GgG;

a21g1 + a22g2 + � � �+ a2RgR = b2 � a2(R+1)gR+1 � � � � � a2GgG;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

aR1g1 + aR2g2 + � � �+ aRRgR = bR � aR(R+1)gR+1 � � � � � aRGgG:

(21)

� ª ª ª ¢ íâ®© á¨áâ¥¬¥ à £ ¬ âà¨æë à ¢¥ R, â®, ¯à¨¤ ¢ ï ¤«ï ª ¦¤®£® i ¥¨§¢¥áâë¬ ª®-
íää¨æ¨¥â ¬ giR+j , j = 1; G�R, ¯à®¨§¢®«ìë¥ ç¨á«®¢ë¥ § ç¥¨ï ¨ à §à¥è ï á¨áâ¥¬ã (21) ®â-
®á¨â¥«ì® ª®íää¨æ¨¥â®¢ gik, k = 1; R, ¯®«ãç ¥¬ á®£« á® (20) á®®â¢¥âáâ¢ãîé¥¥ à¥è¥¨¥ gi(t).
�âáî¤  ¢ëâ¥ª ¥â, çâ® ¬®¦¥áâ¢® à¥è¥¨© ®¡à â®©  ç «ì®© § ¤ ç¨ (4){(6) ¡¥áª®¥ç®. � ¤àã-
£®© áâ®à®ë, ¥á«¨ ¢ (18) ç¨á«® «¨¥©® ¥§ ¢¨á¨¬ëå ¬ âà¨æ 	n

0 (t) â ª®¢®, çâ® G = 1
n
rankA, â®

«¨¥© ï á¨áâ¥¬  (18) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥. �®£¤  ¯à¥¤áâ ¢«¥¨¥ à¥è¥¨ï g(t) ®¡à â®©
 ç «ì®© § ¤ ç¨ (4){(6) ¢ ¢¨¤¥ (20) ¡ã¤¥â ¥¤¨áâ¢¥ë¬.

3. �à¨«®¦¥¨ï

� áá¬®âà¨¬ ®¡à âãî  ç «ìãî § ¤ çã ¤«ï áª «ïà®£® ¤¨ää¥à¥æ¨ «ì®-à §®áâ®£®
ãà ¢¥¨ï § ¯ §¤ë¢ îé¥£® â¨¯  á «¨¥©ë¬ ª®íää¨æ¨¥â®¬

_x(t) = (a0 + a1t)x(t� 1); t 2 J = [0; T ]; x(t) = g(t); t 2 J0 = [�1; 0]; (22)

¨ ãá«®¢¨ï¬¨

x(0) = x0; x(t1) = x1; x(t2) = x2; x(t3) = x3: (23)

�®£« á® ãá«®¢¨ï¬ â¥®à¥¬ë 1 ¢ë¡¨à ¥¬ «¨¥©® ¥§ ¢¨á¨¬ë¥ ®¯®àë¥ äãªæ¨¨1  i
0(t) = ti,

i = 0; 3, ¨ ¨é¥¬ à¥è¥¨¥ ®¡à â®© § ¤ ç¨ (22), (23) ¢ ¢¨¤¥

g(t) =
3X
i=0

 i
0(t)gi =

3X
i=0

git
i; t 2 J0: (24)

� ©¤¥¬ â¥¯¥àì à¥è¥¨¥ x(t), ¯®à®¦¤ ¥¬®¥ íâ®©  ç «ì®© äãªæ¨¥©. � á¨«ã ®¯à¥¤¥«¥¨ï 3,
ä®à¬ã« (8) ¨ (14) ¤«ï t 2 Jm ¨¬¥¥¬

xm(t) =
3X

i=0

 i
m(t)gi; (25)

1� áª «ïà®¬ á«ãç ¥ ®¯®àë¥ ¬ âà¨æë ¯à¥¤áâ ¢«ïîâ á®¡®© áª «ïàë¥ äãªæ¨¨. �®íâ®¬ã §¤¥áì ¢¬¥áâ®

â¥à¬¨  \®¯®àë¥ ¬ âà¨æë" ¡ã¤¥¬ ¨á¯®«ì§®¢ âì â¥à¬¨ \®¯®àë¥ äãªæ¨¨".
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£¤¥

 i
m(t) =  i

m�1(m� 1) +
Z t

m�1
(a0 + a1t) 

i
m�1(t� 1)dt: (26)

�§ ¯®á«¥¤¥© ä®à¬ã«ë ¢ëâ¥ª ¥â, çâ®  i
m(t) ¡ã¤¥â ¯®«¨®¬®¬ áâ¥¯¥¨ 2m+ i. �à¥¤áâ ¢¨¬ ¥£® ¢

¢¨¤¥

 i
m(t) =

2m+iX
n=0

 i
mnt

n: (27)

�®£¤ 

 i
m(t� 1) =

2m+iX
n=0

 i
mn(t� 1)n =

2m+iX
n=0

bimnt
n: (28)

�¤¥áì

bimn =
2m+i�nX
j=0

(�1)jCn
n+j 

i
mn+j ;

  Cn
n+j | ¡¨®¬¨ «ìë¥ ª®íää¨æ¨¥âë.
�ç¨âë¢ ï (28), ¯à¥®¡à §ã¥¬ ¨â¥£à « ¢ (26)

Z t

m�1

(a0 + a1t) i
m�1(t� 1)dt =

Z t

m�1

(a0 + a1t)
2(m�1)+iX

n=0

bi(m�1)nt
ndt =

Z t

m�1

� 2m+i�1X
n=0

Di
mnt

n

�
dt:

(29)

� íâ®¬ ¢ëà ¦¥¨¨ ¯à¨ i = 0

D0
10 = a0; D0

11 = a1; (30)

  ¯à¨ i � 1

Di
mn =

8>><>>:
a0b

i
(m�1)0; n = 0;

a0b
i
(m�1)n + a1b

i
(m�1)(n�1); n = 1; 2(m � 1) + i;

a1b
i
(m�1)(2(m�1)+i); n = 2m+ i� 1:

(31)

� ç¥¨¥ ¨â¥£à «  (29) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©Z t

m�1

� 2m+i�1X
n=0

Di
mnt

n

�
dt = �

2m+iX
n=1

(m� 1)n

n
Di
m(n�1) +

2m+iX
n=1

1
n
Di
m(n�1)t

n; m � 1:

�®¤áâ ¢«ïï ¯®«ãç¥®¥ ¢ëà ¦¥¨¥ ¢ (26), ¨¬¥¥¬

 i
m(t) =  i

m�1(m� 1)�
2m+iX
n=1

(m� 1)n

n
Di
m(n�1) +

2m+iX
n=1

1
n
Di
m(n�1)t

n:

�à ¢¨¢ ï íâ® á®®â®è¥¨¥ á (27), ¯®«ãç ¥¬, çâ® ¢ ¯®á«¥¤¥© ä®à¬ã«¥ ª®íää¨æ¨¥âë  i
mn

¯à¥¤áâ ¢«ïîâáï ¢ ¢¨¤¥

 i
mn =

8><>: 
i
m�1(m� 1)�

2m+iP
n=1

(m�1)n

n
Di
m(n�1); n = 0;

1
n
Di
m(n�1); n = 1; 2m + i:

(32)
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�â ª, á ãç¥â®¬ (7), (8) ¨ (25) ¤  ï ä®à¬ã«  ¯®§¢®«ï¥â ¯®á«¥¤®¢ â¥«ì® ¢ëç¨á«ïâì ¯®à®¦¤ -

¥¬®¥ à¥è¥¨¥ x(t)   J =
]T [+1S
n=1

Jn. �¥©áâ¢¨â¥«ì®, ¤«ï J1 = [0; 1] á®£« á® (32) ¨¬¥¥¬

 i
10 =  i

0(0);  i
1n =

1
n
Di

1(n�1); n = 1; 2 + i; i = 0; 3;

£¤¥ § ç¥¨¥ Di
1(n�1), i = 0; 3, ®¯à¥¤¥«ï¥âáï ¯® (30) ¨ (31). �®£¤  ¢ á®®â¢¥âáâ¢¨¨ á (32) ¢ëç¨á«ï-

îâáï äãªæ¨¨  i
1(t), i = 0; 3, ¨   ®á®¢ ¨¨ (25)  å®¤¨âáï ¯®à®¦¤ ¥¬®¥ à¥è¥¨¥

x1(t) =
3X
i=0

 i
1(t)gi; t 2 J1:

�âáî¤  ¤«ï t = 1 ¯®«ãç ¥¬ x1(1) =
3P

i=0
 i
1(1)gi. �¥à¥å®¤¨¬   á«¥¤ãîé¨© ®âà¥§®ª J2 = [1; 2].

�¤¥áì ¢ á®®â¢¥âáâ¢¨¨ á (32)

 i
2n =

8><>: 
i
1(1) �

4+iP
n=1

1
n
Di

2(n�1); n = 0;

1
n
Di

2(n�1); n = 1; 4 + i:

� «¥¥ ¯®¤®¡® ¢ëè¥ ®¯¨á ®¬ã ¢ëç¨á«ïîâáï äãªæ¨¨  i
2(t), i = 0; 3, ¨ ¯®à®¦¤ ¥¬®¥ à¥è¥¨¥

x2(t) ¤«ï t 2 J2. � ª¨¬ ¦¥ ®¡à §®¬ ¯®«ãç ¥¬ à¥è¥¨ï xn(t)   ¢á¥å ®âà¥§ª å Jn, n = 3; ]T [+1.
�¥à¥å®¤¨¬ ª ®¯à¥¤¥«¥¨î ¥¨§¢¥áâëå ª®íää¨æ¨¥â®¢ gn. �â¬¥â¨¬, çâ® ¢ á¨«ã (24) ¨ ¯¥à-

¢®£® ¨§ ãá«®¢¨© ¢ (23) g0 = x(0) = x0. �«ï â®ç¥ª t1, t2 ¨ t3 á®£« á® (23) ¨ (15) ¨¬¥¥¬

x�(ts)(ts) =
3X
i=0

 i
�(ts)

(ts)gi = xs; s = 1; 3:

�®áª®«ìªã ª®íää¨æ¨¥â g0 ¨§¢¥áâ¥, ¯¥à¥¯¨è¥¬ ¤ ®¥ á®®â®è¥¨¥ ¢ ¢¨¤¥ «¨¥©®© á¨áâ¥¬ë
(18) 8>><>>:

a11g1 + a12g2 + a13g3 = b1;

a21g1 + a22g2 + a23g3 = b2;

a31g1 + a32g2 + a33g3 = b3;

(33)

£¤¥ ¢ á®®â¢¥âáâ¢¨¨ á (16) ¨ (17)

aij =  
j

�(ti)
(ti); i; j = 1; 3; (34)

bi = xi �  0
�(ti)

(ti)x0; i = 1; 3: (35)

�á«¨ á¨áâ¥¬  (33) á®¢¬¥áâ , â®, à §à¥è ï ¥¥ ®â®á¨â¥«ì® ª®íää¨æ¨¥â®¢ g1, g2 ¨ g3,  å®¤¨¬
à¥è¥¨¥ ®¡à â®© § ¤ ç¨ (22), (23).

�à¨¬¥à 1. � áá¬®âà¨¬ á ç «  ¨§¢¥áâ®¥ ¤¨ää¥à¥æ¨ «ì®-à §®áâ®¥ ãà ¢¥¨¥, ª®£¤ 
¢ (22) a0 = 1,   a1 = 0, â. ¥.

_x(t) = x(t� 1); t 2 J = [0; 3]; x(t) = g(t); t 2 J0 = [�1; 0]; (36)

á ãá«®¢¨ï¬¨

x(0) = x0; x(t1) = x1; x(t2) = x2; x(t3) = x3: (37)

�®£« á® (32) ¨ (27) ®¯à¥¤¥«¨¬ äãªæ¨¨  i
n(t) ¨ ¨å § ç¥¨ï ¢ £à ¨çëå â®çª å. �¥§ã«ìâ âë

¢ëç¨á«¥¨© ¯à¨¢¥¤¥ë ¢ â ¡«. 1 ¨ 2.
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� ¡«¨æ  1

i  i
1(t)  i

1(1)  i
2(t)  i

2(2)

0 1 + t 2 3
2
+ t2

2
7
2

1 �t+ t2

2
� 1

2
� 7

6
+ 3

2
t� t2 + t3

6
� 5

6

2 t� t2 + t3

3
1
3

5
4
� 7

3
t+ 2t2 � 2

3
t3 + t4

12
7
12

3 �t+ 3
2
t2 � t3 + t4

4
� 1

4
� 31

20
+ 15

4
t� 4t2 + 2t3 � t4

2
+ t5

20
� 9

20

� ¡«¨æ  2

i  i
3(t)  i

3(3)

0 1
6
+ 2t� t2

2
+ t3

6
37
6

1 13
6
� 23

6
t+ 2t2 � t3

2
+ t4

24
� 35

24

2 � 197
60

+ 19
3
t� 13

3
t2 + 3

2
t3 � t4

4
+ t5

60
61
60

3 331
60
� 237

20
t+ 10t2 � 9

2
t3 + 9

8
t4 � 3

20
t5 + t6

120
� 47

60

�ãáâì ¨§¢¥áâë § ç¥¨ï à¥è¥¨ï x(t) ¢ â®çª å ti = i, i = 1; 3. �®£¤  á ãç¥â®¬ (34) ¨ (35)
¯¥à¥¯¨è¥¬ (33) ¢ ¢¨¤¥ 8>><>>:

 1
1(1)g1 +  2

1(1)g2 +  3
1(1)g3 = x1 �  0

1(1)x0;

 1
2(2)g1 +  2

2(2)g2 +  3
2(2)g3 = x2 �  0

2(2)x0;

 1
3(3)g1 +  2

3(3)g2 +  3
3(3)g3 = x3 �  0

3(3)x0:

(38)

�®¤áâ ¢«ïï áî¤  ¤ ë¥ ¨§ â ¡«. 1 ¨ 2, ¯à¨å®¤¨¬ ª «¨¥©®© á¨áâ¥¬¥8>><>>:
� 1

2
g1 + 1

3
g2 �

1
4
g3 = C1;

� 5
6
g1 + 7

12
g2 �

9
20
g3 = C2;

� 35
24
g1 + 61

60
g2 �

47
60
g3 = C3;

(39)

£¤¥ C1 = x1 � 2x0, C2 = x2 �
7
2
x0, C3 = x3 �

37
6
x0.

�®áª®«ìªã ®¯à¥¤¥«¨â¥«ì íâ®© á¨áâ¥¬ë detA = 1 ®â«¨ç¥ ®â ã«ï, rankA = rankA = 3 ¨
ç¨á«® «¨¥©® ¥§ ¢¨á¨¬ëå ®¯®àëå äãªæ¨©  0

n(t) à ¢® âà¥¬, § ¤ ç  (36), (37) ã¤®¢«¥â¢®àï¥â
ãá«®¢¨ï¬ â¥®à¥¬ë 1 ¨, á«¥¤®¢ â¥«ì®, ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥. � §à¥è ï (39) ®â®á¨â¥«ì®
¥¨§¢¥áâëå ª®íää¨æ¨¥â®¢ gn, ¯®«ãç ¥¬

g1 = 48x1 + 600x2 � 360x3 + 24x0;

g2 = 300x1 + 2340x2 � 1440x3 + 90x0;

g3 = 300x1 + 1920x2 � 1200x3 + 80x0:

� ª ª ª á®£« á® (23) ¨ (24) g0 = x0, ¤ ë¥ á®®â®è¥¨ï ®¤®§ ç® ®¯à¥¤¥«ïîâ  ç «ìãî

äãªæ¨î g(t) =
3P

n=0
gnt

n, ¯®à®¦¤ îéãî à¥è¥¨¥ x(t) § ¤ ç¨ (36), (37).

68



�«ãç © 1. �¥à¥¬áï ª «¨¥©®© á¨áâ¥¬¥ (39) ¨ à áá¬®âà¨¬ á«ãç ©, ª®£¤  ¢ (37)

x0 = 1; x1 = 2; x2 =
7
2
; x3 =

37
6
:

�à¨ íâ®¬ C1 = C2 = C3 = 0. �§ (39) ¢ëâ¥ª ¥â, çâ® ¥¤¨áâ¢¥ë¬ à¥è¥¨¥¬ §¤¥áì ¡ã¤¥â âà¨-
¢¨ «ì®¥ à¥è¥¨¥, â. ¥. g1 = g2 = g3 = 0. �®£¤  g(t) = g0 = x0 = 1. �â   ç «ì ï äãªæ¨ï
¯®à®¦¤ ¥â ¨§¢¥áâ®¥ à¥è¥¨¥  ç «ì®© § ¤ ç¨ (36), (37)

x1(t) = 1 + t; t 2 J1 = [0; 1];

x2(t) = 1 + t+
(t� 1)2

2
; t 2 J2 = [1; 2];

x3(t) = 1 + t+
(t� 1)2

2
+
(t� 2)3

6
; t 2 J3 = [2; 3]:

�à ä¨ª¨  ç «ì®© äãªæ¨¨ g(t) ¨ íâ®£® à¥è¥¨ï ¯à¨¢¥¤¥ë   à¨á. 1 ¨ ®¡®§ ç¥ë á¯«®è®©
«¨¨¥©.

�¨á. 1

�áá«¥¤ã¥¬ § ¢¨á¨¬®áâì  ç «ì®© äãªæ¨¨ ®â ¨§¬¥¥¨ï ®¤®£® ¨§ ¤ ëå,  ¯à¨¬¥à, x1.

�«ãç © 2. �®«®¦¨¬ ¢ (37)

x0 = 1; x1 = 2;1; x2 = 3;5; x3 = 6;16666:

�®£« á® (38) g1 = 4;8, g2 = g3 = 30 ¨

g(t) = 1 + 4;8t+ 30t2 + 30t3:

�®®â¢¥âáâ¢¥®, ¤«ï x(t)   J ¨¬¥¥¬

x1(t) = 1� 3;8t+ 17;4t2 � 20t3 + 7;5t4;

x2(t) = �13;1 + 49;7t� 64;3t2 + 40;8t3 � 12;5t4 + 1;5t5;

x3(t) = 77;5666 � 181;9t+ 179;1t2 � 92;2333t3 + 26;45t4 � 4t5 + 0;25t6:
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�à ä¨ª¨ g(t) ¨ x(t) ®¡®§ ç¥ë   à¨á. 1 ª®à®âª¨¬ ¯ãªâ¨à®¬.

�áá«¥¤ã¥¬ ®¡à âãî  ç «ìãî § ¤ çã á ãá«®¢¨ï¬¨,  «®¦¥ë¬¨ ¥ â®«ìª®   à¥è¥¨¥,
® ¨   ¥£® ¯à®¨§¢®¤ãî.

�à¨¬¥à 2. � áá¬®âà¨¬ § ¤ çã (36) á ãá«®¢¨ï¬¨ à ¢¥áâ¢  ¯à®¨§¢®¤ëå ¢ â®çª¥ t = 0 ã
 ç «ì®© äãªæ¨¨ ¨ ¯®à®¦¤ ¥¬®£® à¥è¥¨ï x(t). �«ï íâ®£® ¯¥à¥¯¨è¥¬ (36) ¢ ¢¨¤¥

_x(t) = x(t� 1); t 2 J = [0; 1]; x(t) = g(t); t 2 J0 = [�1; 0]; (40)

x(0) = x0 = 1; x(n)(0) = g(n)(0) ¯à¨ t = 0; n = 1; 3: (41)

� ª ¦¥, ª ª ¢ ¯à¥¤ë¤ãé¥¬ á«ãç ¥, ®â¬¥â¨¬, çâ® §¤¥áì äãªæ¨¨ x(t) ¨ g(t) ¨¬¥îâ ¯à®¨§¢®¤ë¥ ¤®
âà¥âì¥£® ¯®àï¤ª  ¢ª«îç¨â¥«ì®. �à¨ íâ®¬ á ãç¥â®¬ (24) g(0) = x0 = 1, g(n)(0) = n!gn, n = 1; 3,  
¯à®¨§¢®¤ë¥ x(n)1 (0) ¢ëç¨á«ïîâáï á®£« á® ä®à¬ã«e (15) ¨ â ¡«. 1. � ç¥¨ï ¤«ï ¤ ®© § ¤ ç¨
¯à®¨§¢®¤ëå äãªæ¨©  i

1(t), i = 0; 3, ¯à¨ t = 0, ®¯à¥¤¥«ïîé¨å x(n)1 (0), ¯à¨¢¥¤¥ë ¢ â ¡«. 3.

� ¡«¨æ  3

i d

dt
 i
1(0)

d2

dt2
 i
1(0)

d3

dt3
 i
1(0)

0 1 0 0

1 �1 1 0

2 1 �2 2

3 �1 3 �6

� «¥¥ ¨§ ãá«®¢¨© (41) ¯®«ãç ¥¬

d

dt
( 1

1(0)g1 +  2
1(0)g2 +  3

1(0)g3) = g1 �
d

dt
 0
1(0);

d2

dt2
( 1

1(0)g1 +  2
1(0)g2 +  3

1(0)g3) = 2g2 �
d2

dt2
 0
1(0);

d3

dt3
( 1

1(0)g1 +  2
1(0)g2 +  3

1(0)g3) = 6g3 �
d3

dt3
 0
1(0):

�®¤áâ ¢«ïï ¤ ë¥ ¨§ â ¡«. 3, ¯à¨å®¤¨¬ ª á«¥¤ãîé¥© «¨¥©®© á¨áâ¥¬¥ ®â®á¨â¥«ì® ¥¨§-
¢¥áâëå ª®íää¨æ¨¥â®¢ gn: 8>><>>:

�2g1 + g2 � g3 = �1;

g1 � 4g2 + 3g3 = 0;

g2 � 6g3 = 0:

� ª ª ª ®¯à¥¤¥«¨â¥«ì íâ®© á¨áâ¥¬ë detA = �45, ®  ®¤®§ ç® à §à¥è¨¬ :

g1 = 0;567567; g2 = 0;162162; g3 = 0;027027:

�®£¤  ¢ á¨«ã â¥®à¥¬ë 1 ®¡à â ï  ç «ì ï § ¤ ç  (40), (41) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ¢
¢¨¤¥ ¯®«¨®¬  âà¥âì¥© áâ¥¯¥¨

g(t) = 1 + 0;567567t + 0;162162t2 + 0;027027t3; (42)
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  ¯®à®¦¤ ¥¬®¥ íâ®©  ç «ì®© äãªæ¨¥© à¥è¥¨¥   ®á®¢ ¨¨ (25) ¨ â ¡«. 1 ¯à¥¤áâ ¢«ï¥âáï
ä®à¬ã«®©

x1(t) =
4X

n=0

x1nt
n = 1 + 0;567567t + 0;162162t2 + 0;027027t3 + 0;006757t4: (43)

�â¬¥â¨¬, çâ® x1n = gn, n = 0; 3.
�à ä¨ª¨ äãªæ¨© x1(t) ¨ g(t) ¯à¨¢¥¤¥ë   à¨á. 1 (¤«¨ë© ¯ãªâ¨à).

�áâ ®¢¨¬áï ¯®¤à®¡¥¥   à¥§ã«ìâ â å íâ®£® ¯à¨¬¥à . � ª ¨§¢¥áâ®,  ç «ì ï § ¤ ç 

_x(t) = x(t� 1); x(0) = x0 = 1; t 2 J1 = (�1;1);

¨¬¥¥â ç áâ®¥   «¨â¨ç¥áª®¥ à¥è¥¨¥, á®®â¢¥âáâ¢ãîé¥¥ ¢¥é¥áâ¢¥®¬ã ª®àî å à ªâ¥à¨áâ¨-
ç¥áª®£® ª¢ §¨¯®«¨®¬  k = e�k, ª®â®àë© ¯®«ãç ¥âáï ¯à¨ ¯®¤áâ ®¢ª¥ x(t) = x0e

kt ¢ ¨áå®¤®¥
ãà ¢¥¨¥. � ¤ ®¬ á«ãç ¥ k1 � 0;567143. �à¥¤áâ ¢¨¬ íâ® ¯à¨¡«¨¦¥®¥ ç áâ®¥ à¥è¥¨¥ ¢
¢¨¤¥ àï¤  � ª«®à¥ 

x(t) = e0;567143t =
1X
n=0

(0;567143)n

n!
tn =

= 1 + 0;567143t + 0;16082t2 + 0;03040t3 + 0;00431t4 +
1X
n=5

(0;567143)n

n!
tn:

�à ¢¥¨¥ ª®íää¨æ¨¥â®¢ ¤ ®£® àï¤  á ª®íää¨æ¨¥â ¬¨ ¢ ä®à¬ã« å (42) ¨ (43) ¯®§¢®«ï¥â
á¤¥« âì

�ë¢®¤. �ãªæ¨¨ g(t) ¨ x1(t), ®¯à¥¤¥«¥ë¥ á®®â¢¥âáâ¢¥® ä®à¬ã« ¬¨ (42), (43) ¨ ¯à®¤®«-
¦¥ë¥   JT = [�a; b], ¬®¦® à áá¬ âà¨¢ âì ª ª ¯à¨¡«¨¦¥¨ï ª ç áâ®¬ã   «¨â¨ç¥áª®¬ã
à¥è¥¨î § ¤ ç¨ (41)   JT .
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