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�¢¥¤¥­¨¥

�áá«¥¤ã¥âáï äã­ªæ¨ï V = V (�), ¢ëà ¦ îé ï ®¡ê¥¬ ¬­®¦¥áâ¢ 

�� = fx 2 R
n : f(x) < �g;

¢ ª®â®à®¬ §­ ç¥­¨ï § ¤ ­­®£® ¯®«¨­®¬  f ¬¥­ìè¥ �. �á­®¢­®© à¥§ã«ìâ â £« á¨â, çâ® ¤«ï í««¨-
¯â¨ç¥áª®£® ¯®«¨­®¬  f äã­ªæ¨ï V (�) à §« £ ¥âáï ¢ àï¤ �®à ­ {�î¨§®, áå®¤ïé¨©áï ¤«ï ¤®áâ -
â®ç­® ¡®«ìè¨å �,   ª®íää¨æ¨¥­â ¯à¨ £« ¢­®¬ ç«¥­¥ àï¤ , ®¯à¥¤¥«ïîé¨©  á¨¬¯â®â¨ªã äã­ªæ¨¨
®¡ê¥¬  ­  ¡¥áª®­¥ç­®áâ¨, ¢ëà ¦ ¥âáï ¨­â¥£à «®¬ ¯® ¯à®áâà ­áâ¢ã Rn ®â à æ¨®­ «ì­®© äã­ª-
æ¨¨. �®ª § ­®, çâ® ¢ ®¡é¥¬ á«ãç ¥ (¯à¨ ®âáãâáâ¢¨¨ á¢®©áâ¢  í««¨¯â¨ç­®áâ¨) ¤«ï ¢ëç¨á«¥­¨ï
äã­ªæ¨¨ ®¡ê¥¬ , ªà®¬¥ ¯à®æ¥¤ãàë ¨­â¥£à¨à®¢ ­¨ï, âà¥¡ã¥âáï ¤®¯®«­¨â¥«ì­ ï ®¯¥à æ¨ï ¯à¥-
¤¥«ì­®£® ¯¥à¥å®¤ . �à¨¢¥¤¥­ë ¯à¨¬¥àë ¢ëç¨á«¥­¨ï ®¡ê¥¬®¢ ä¨£ãà ��.

1. �¡é¨¥ ä®à¬ã«ë

�¥çì ¨¤¥â ® ä®à¬ã« å ¤«ï ¢ëç¨á«¥­¨ï ®¡ê¥¬®¢ ä¨£ãà ¢¨¤ 

�� = fx 2 R
n : f(x) < �g

¢ ¯à®áâà ­áâ¢¥ Rn , £¤¥ f(x) = f(x1; : : : ; xn) | ¬­®£®ç«¥­ ®â n ¯¥à¥¬¥­­ëå á ¢¥é¥áâ¢¥­­ë¬¨
ª®íää¨æ¨¥­â ¬¨. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® áâ¥¯¥­ì f ç¥â­ ï ¨ f(x) > 0 ¢ Rn . � íâ®¬ á«ãç ¥ ¤«ï
®¡ê¥¬  �� ¨¬¥¥¬

V (��) =
Z

f(x)<�

dx =
Z

0<f(x)<�

dx1 ^ � � � ^ dxn: (1)

�® â¥®à¥¬¥ �ã¡¨­¨ ¨­â¥£à « (1) ¬®¦­® á¢¥áâ¨ ª ¯®¢â®à­®¬ã, ¢ ª®â®à®¬ á­ ç «  ¨­â¥£à¨àã¥¬
¢¤®«ì £¨¯¥à¯®¢¥àå­®áâ¥© ãà®¢­ï ff(x) = tg,   § â¥¬ ¯® ®áâ ¢è¥©áï ¯¥à¥¬¥­­®© t. �«ï íâ®£®
¢­ ç «¥ ¢®á¯®«ì§ã¥¬áï ®ç¥¢¨¤­ë¬ à ¢¥­áâ¢®¬Z

0<f(x)<�

dx1 ^ dx2 � � � ^ dxn =
Z

0<f(x)<�

dx1 ^ � � � ^ dxn�1 ^ f 0xndxn
f 0xn

:

�à®¬¥ â®£®, § ¬¥â¨¬, çâ®

dx1 ^ � � � ^ dxn�1 ^ f 0xndxn = dx1 ^ � � � ^ dxn�1 ^ df:
�¥¯¥àì á¤¥« ¥¬ § ¬¥­ã ¯¥à¥¬¥­­ëå x1 = x1; : : : ; xn�1 = xn�1, f(x) = t, ¢ à¥§ã«ìâ â¥ ª®â®à®©
¯®«ãç ¥¬ dx = dx0

f 0

xn

^dt, £¤¥ x0 = (x1; : : : ; xn�1),   dx0 = dx1^� � �^dxn�1. �®à¬  dx0=f 0xn ­ §ë¢ ¥âáï
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ä®à¬®© �¥«ìä ­¤ -�¥à¥ ¨ ®¡®§­ ç ¥âáï dx=df ([1], á. 146). � ª¨¬ ®¡à §®¬, ¨¬¥¥¬

V (��) =
Z

0<f(x)<�

dx1 ^ dx2 � � � ^ dxn =
Z

0<f(x)<�

dx0

f 0xn
^ df =

�Z
0

dt

Z
f(x)=t

dx

df
: (2)

�¡®§­ ç¨¢ ç¥à¥§ '(t) ¢­ãâà¥­­¨© ¨­â¥£à « ¢ (2), ¯®«ãç¨¬ á«¥¤ãîéãî «¥¬¬ã.

�¥¬¬  1. �¡ê¥¬ ¬­®¦¥áâ¢  �� ¢ëà ¦ ¥âáï ä®à¬ã«®© V (��) =
�R
0

'(t)dt, £¤¥ '(t) =R
f(x)=t

dx
df
.

� ¬¥â¨¬, çâ® dx=df = res(dx=(f � t)), £¤¥ res | ®¯¥à æ¨ï ¢§ïâ¨ï ä®à¬ë-¢ëç¥â  �¥à¥. �
à ¡®â å [2], [3] ¡ë«  ¤®ª § ­  ä®à¬ã« Z

f(x)=t

res
�

dx

f � t

�
=

1
2�i

�I+(t)� I�(t)�;
£¤¥ t { ­¥ªà¨â¨ç¥áª®¥ §­ ç¥­¨¥ ¯®«¨­®¬  f áâ¥¯¥­¨ 2q > n,  

I�(t) = lim
"!0

Z
Rn

dx

f(x)� t� i"
:

�® â¥®à¥¬¥ � à¤  ¯®çâ¨ ¢á¥ §­ ç¥­¨ï t ­¥ªà¨â¨ç¥áª¨¥ ¤«ï f , ¯®íâ®¬ã ¨§ «¥¬¬ë 1 á«¥¤ã¥â

�¥¬¬  2. �¡ê¥¬ ¬­®¦¥áâ¢  �� ¢ëà ¦ ¥âáï ä®à¬ã«®©

V (��) =
1
2�i

�Z
0

lim
"!0

� Z
Rn

dx

f(x)� t� i"
�
Z
Rn

dx

f(x)� t+ i"

�
dt:

2. �«ãç © ®¤­®à®¤­®£® í««¨¯â¨ç¥áª®£® ¯®«¨­®¬ 

�ã¤¥¬ à áá¬ âà¨¢ âì á«ãç ©, ª®£¤  f | ®¤­®à®¤­ë© í««¨¯â¨ç¥áª¨© ¬­®£®ç«¥­ áâ¥¯¥­¨ 2q
¨ � = R2q, £¤¥ R | ­®¢ë© ¯ à ¬¥âà.

�¤­®à®¤­®áâì ®§­ ç ¥â f(�x) = �2qf(x),   í««¨¯â¨ç­®áâì | f(x) = 0 «¨èì ¯à¨ x = 0.
� ¯®¬­¨¬, çâ® ¯à¥¤¯®« £ ¥¬ f(x) > 0 ¤«ï ¢á¥å x 2 R

n .

�¥®à¥¬  1. �á«¨ f | ®¤­®à®¤­ë© í««¨¯â¨ç¥áª¨© ¬­®£®ç«¥­ áâ¥¯¥­¨ 2q > n, â®

V (�R2q) = kRn; (3)

£¤¥

k =
2q
n�

sin�
�
1� n

2q

�Z
Rn

dx

f(x) + 1
: (4)

�®ª § â¥«ìáâ¢®. �¢¨¤ã ®¤­®à®¤­®áâ¨ ¯®«¨­®¬  f  ­ «¨â¨ç¥áª¨© í«¥¬¥­â

I(t) =
Z
Rn

dx

f(x) + t
;

§ ¤ ­­ë© ¢ ®ªà¥áâ­®áâ¨ â®çª¨ t = 1 á¢®¨¬ §­ ç¥­¨¥¬ I(1), ®¯à¥¤¥«ï¥â ¬­®£®§­ ç­ãî äã­ªæ¨î
I(1)t n2q�1 [2]. �®íâ®¬ã ¤«ï

I�(t) = lim
"!0

Z
Rn

dx

f(x)� t� i"
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á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

I+(t)� I�(t) = t
n
2q
�1(I+(1)� I�(1)) = t

n
2q
�12i sin

�
�

�
1� n

2q

�� Z
Rn

dx

f(x) + 1
=

= 2i sin
�
�

�
1� n

2q

�� Z
Rn

dx

f(x) + t
:

�®£¤  á®£« á­® (1) ¨ «¥¬¬¥ 1 ¨¬¥¥¬Z
0<f(x)<�

dx =

�Z
0

dt

Z
f(x)=t

res
dx

f � t
=

1
�
sin

�
�

�
1� n

2q

�� Z
Rn

dx

f(x) + 1

�Z
0

t
n
2q
�1dt = k

2q
p
tn
����
0
= k 2q

p
�n:

�ç¨âë¢ ï, çâ® � = R2q, ¯à¨¤¥¬ ª ä®à¬ã«¥ (3), £¤¥ ª®íää¨æ¨¥­â k ¢ëç¨á«ï¥âáï ¯® ä®à¬ã-
«¥ (4).

� ª¨¬ ®¡à §®¬, ¤«ï ¢ëç¨á«¥­¨ï ®¡ê¥¬  (1) ¢ á«ãç ¥ ®¤­®à®¤­®£® í««¨¯â¨ç¥áª®£® ¬­®£®ç«¥-
­  f ¤®áâ â®ç­® ¢ëç¨á«¨âì ª®­áâ ­âã k ¯® ä®à¬ã«¥ (4), ª®â®à ï ¯à¥¤áâ ¢«ï¥âáï ¨­â¥£à «®¬ ¯®
¢á¥¬ã ¯à®áâà ­áâ¢ã Rn .

3. �«ãç © ®¡é¥£® í««¨¯â¨ç¥áª®£® ¯®«¨­®¬ 

� ¯®¬­¨¬, çâ® ¯®«¨­®¬ f(x) ­ §ë¢ ¥âáï í««¨¯â¨ç¥áª¨¬, ¥á«¨ ¥£® áâ àè ï ®¤­®à®¤­ ï á®-
áâ ¢«ïîé ï Q(x) ®¡à é ¥âáï ¢ ­ã«ì «¨èì ¯à¨ x = 0.

�¥®à¥¬  2. �ãáâì f(x) = P (x)+Q(x) | í««¨¯â¨ç¥áª¨© ¬­®£®ç«¥­, £¤¥ Q(x) | ­¥®âà¨æ -

â¥«ì­ë© ®¤­®à®¤­ë© ¬­®£®ç«¥­ áâ àè¥© áâ¥¯¥­¨ 2q,   P (x) | ¬­®£®ç«¥­, áâ¥¯¥­ì ª®â®à®£®

¬¥­ìè¥ 2q. �®£¤ 
V (�R2q) = kRn + o (Rn);

£¤¥

k =
2q
n�

sin
�
�

�
1� n

2q

�� Z
Rn

dx

Q(x) + 1
; (5)

  ¢¥«¨ç¨­  o (Rn) ¯à¥¤áâ ¢«ï¥â á®¡®© àï¤ �®à ­ , áå®¤ïé¨©áï ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å R.

� ¬¥ç ­¨¥. �¡ê¥¬ V (��), £¤¥ � = R2q, ª ª äã­ªæ¨ï ¯ à ¬¥âà  � à §« £ ¥âáï ¯à¨ ¤®áâ -
â®ç­® ¡®«ìè¨å � ¢ àï¤ �®à ­ {�î¨§® ¯® ¤à®¡­ë¬ áâ¥¯¥­ï¬ �

k
2q .

�®ª § â¥«ìáâ¢®. �à¥¤áâ ¢¨¬ f(x) áã¬¬®© ®¤­®à®¤­ëå ¬­®£®ç«¥­®¢

f(x) = P0 + P1(x) + � � � + P2q(x);

£¤¥ P2q(x) = Q(x). �®£« á­® (1) ¤®ª § â¥«ìáâ¢® á¢®¤¨âáï ª ¢ëç¨á«¥­¨î ¨­â¥£à « Z
P0+P1(x)+���+P2q(x)<R2q

dx:

�«ï íâ®£® ¢®á¯®«ì§ã¥¬áï áä¥à¨ç¥áª®© § ¬¥­®© ª®®à¤¨­ â, ¯®«®¦¨¢ x = x(r; ') = x(r; '1; :::; 'n�1),
¨«¨ ¯®ª®®à¤¨­ â­®

xj = r�j('1; : : : ; 'n�1); j = 1; : : : ; n; (6)

£¤¥ �j | ¬­®£®ç«¥­ ®â âà¨£®­®¬¥âà¨ç¥áª¨å äã­ªæ¨© (âà¨£®­®¬¥âà¨ç¥áª¨© ¬­®£®ç«¥­), r > 0,
  0 6 '1 6 �; : : : ; 0 6 'n�2 6 �, 0 6 'n�1 6 2� ([4], c. 401).

18



�¡®§­ ç¨¬ ç¥à¥§ D = [0; �] � � � � � [0; �] � [0; 2�] ®¡« áâì ¨§¬¥­¥­¨ï ã£«®¢ëå ¯ à ¬¥âà®¢. �
à¥§ã«ìâ â¥ â ª®© § ¬¥­ë ¯¥à¥¬¥­­ëå f ¯¥à¥©¤¥â ¢

f(x(r; ')) = P0 + r eP1(') + r2 eP2(') + � � �+ r2q eP2q(');

£¤¥ ePj(') | âà¨£®­®¬¥âà¨ç¥áª¨¥ ¬­®£®ç«¥­ë.
� ¬¥â¨¬, çâ® ¢ á¨«ã í««¨¯â¨ç­®áâ¨ à áá¬ âà¨¢ ¥¬®£® ¯®«¨­®¬  eP2q(') 6= 0 ¯à¨ «î¡®¬ ' 2 D,

  â. ª. D | ª®¬¯ ªâ ¨ eP2q(') | ­¥¯à¥àë¢­ ï äã­ªæ¨ï, â® eP2q(') > c > 0.
�«ï ¨áá«¥¤®¢ ­¨ï à¥è¥­¨ï r = r(R;') ãà ¢­¥­¨ï f(x(r; ')) = R2q ¡ã¤¥¬ ¯®«ì§®¢ âìáï ¤¨ -

£à ¬¬®© �ìîâ®­ , ¯®§¢®«ïîé¥©  «£¥¡à ¨ç¥áªãî äã­ªæ¨î, ®¯à¥¤¥«¥­­ãî ãà ¢­¥­¨¥¬

f(z; w) = a0(z) + a1(z)w + � � �+ an(z)wn = 0;

£¤¥ ª®íää¨æ¨¥­âë

ak(z) = ck0z
�k + ck1z

�k+
1

q + � � � (ck0 6= 0; q 2 N);

à §« £ âì ¢ áå®¤ïé¨©áï àï¤ ¯® áâ¥¯¥­ï¬ z: �z� + �0z�
0

+ � � � ([5], á. 235). �¨ £à ¬¬  �ìîâ®­ 
¯à¨á¯®á®¡«¥­  ¤«ï ®âëáª ­¨ï ¬ «ëå §­ ç¥­¨© à¥è¥­¨ï ¢¡«¨§¨ ¬ «ëå §­ ç¥­¨©  à£ã¬¥­â .
�®íâ®¬ã ®¡®§­ ç¨¬ u = 1

r
, v = 1

R
. � à¥§ã«ìâ â¥ ãª § ­­®¥ ãà ¢­¥­¨¥ § ¯¨è¥âáï ¢ ¢¨¤¥

P0v
2qu2q + eP1(')v

2qu2q�1 + � � � + eP2q(')v
2q � u2q = 0: (7)

�®£« á­® ®¡é¥© â¥®à¨¨ ¤¨ £à ¬¬ë �ìîâ®­  à¥è¥­¨ï u(v; ') ¯®á«¥¤­¥£® ãà ¢­¥­¨ï ¬®¦­® ¯à¥¤-
áâ ¢¨âì àï¤ ¬¨ ¯® ¤à®¡­ë¬ áâ¥¯¥­ï¬ v, ª®íää¨æ¨¥­âë ª®â®àëå ¡ã¤ãâ äã­ªæ¨ï¬¨ ®â '. �¤­ ª®
¢ ­ è¥¬ á«ãç ¥ ¢á¥ à¥è¥­¨ï ¢¡«¨§¨ v = 0 ¡ã¤ãâ  ­ «¨â¨ç¥áª¨¬¨ ¯® v, áà¥¤¨ ª®â®àëå ­ á ¨­â¥-
à¥áãîâ ¯®«®¦¨â¥«ì­ë¥ à¥è¥­¨ï ¯à¨ v > 0. �«ï ãà ¢­¥­¨ï (7) ¤¨ £à ¬¬  �ìîâ®­  ¨¬¥¥â «¨èì
®¤­® à¥¡à® (á¬. à¨á. 1).

�¨á. 1.

�«¥¤®¢ â¥«ì­®, ¯¥à¢ë© ç«¥­ à §«®¦¥­¨ï u(v; ') ¢ àï¤ ¯® áâ¥¯¥­ï¬ v ¨¬¥¥â ¢¨¤ k1(')v, £¤¥ k1(')
ï¢«ï¥âáï ¤¥©áâ¢¨â¥«ì­ë¬ ª®à­¥¬ ãà ¢­¥­¨ïeP2q(') � k2q(') = 0:

� ª¨¬ ®¡à §®¬, k1(') =
� eP2q(')

� 1

2q |  à¨ä¬¥â¨ç¥áª®¥ §­ ç¥­¨¥ ª®à­ï.
�«ï ¯®«ãç¥­¨ï á«¥¤ãîé¥£® ç«¥­  à §«®¦¥­¨ï ¯à®¨§¢¥¤¥¬ ¯®¤áâ ­®¢ªã u(v; ') = k1(')v +

u1(v; ') ¢ (7), ¯®á«¥ ç¥£® ¯®«ãç¨¬ ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® ¯¥à¥¬¥­­ëå u1 ¨ v

P0v
2q(k1v + u1)2q + eP1(')v2q(k1v + u1)2q�1 + � � �+ eP2q(')v2q � (k1v + u1)2q = 0;

ª®â®à®¥ ¬®¦¥â ¡ëâì § ¯¨á ­® ¢ ¢¨¤¥

F (u1; v) + eP2q(')v2q � (k1v + u1)2q = 0;
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¯à¨ç¥¬ F ¯à¥¤áâ ¢«ï¥â á®¡®© ¬­®£®ç«¥­, ¨¬¥îé¨© áã¬¬ à­ãî áâ¥¯¥­ì ¯® u1 ¨ v, ¡�®«ìèãî 2q.
�®áª®«ìªã k2q1 = eP2q('), â® ¯®«ãç ¥¬eP2qv

2q � (k1v + u1)
2q = �l0u2q1 � l1k1vu

2q�1
1 � � � � � l2q�1(k1v)

2q�1u1;

£¤¥ lj = C2q�j
2q | ¡¨­®¬¨ «ì­ë¥ ª®íää¨æ¨¥­âë. � ¬¥â¨¬, çâ® ª®íää¨æ¨¥­â ¯à¨ v2q�1u1, à ¢­ë©

�k2q�11 l2q�1, ®â«¨ç¥­ ®â ­ã«ï, ¯®íâ®¬ã ¤¨ £à ¬¬  �ìîâ®­  ¢â®à®£® è £  ¡ã¤¥â ¨¬¥âì ¤¢  §¢¥­ ,
®¤­® ¨§ ª®â®àëå ­ ª«®­¥­® ¯®¤ ã£«®¬ 450 ¨ ¯®â®¬ã ­¥ ¢­®á¨â à¥è¥­¨©. �àã£®¥ ¦¥ §¢¥­® (á¬.
à¨á. 2) ¤ ¥â ¢á¥£® ®¤­® à¥è¥­¨¥, ¯à¨ç¥¬ ­¥à §¢¥â¢«¥­­®¥, â. ¥.  ­ «¨â¨ç¥áª®¥.

�¨á. 2.

�â®à®© ç«¥­ ¢ à §«®¦¥­¨¨ u ¡ã¤¥â k2(')v2, £¤¥ k2(') = eP2q�1(')=
�
2qk2q�21 (')

�
. � ª¨¬ ®¡à §®¬,

u(v; ') = k1(')v + k2(')v
2 + u2(v; '):

�à®¤®«¦ ï íâ®â ¯à®æ¥áá, ¯®«ãç¨¬, çâ® u à §« £ ¥âáï ¯® æ¥«ë¬ áâ¥¯¥­ï¬ v. � ¨¬¥­­®, ¨áå®¤ï ¨§
®¡é¥© â¥®à¨¨, ¤«ï ¯®«ãç¥­¨ï ª ¦¤®£® á«¥¤ãîé¥£® ç«¥­  à §«®¦¥­¨ï ¡ã¤¥¬ ¨¬¥âì ãà ¢­¥­¨¥

a0(v) + a1(v)ui + � � � + a2q�1(v)u
2q�1
i + a2q(v)u

2q
i = 0;

¢ ª®â®à®¬

a0(v) = c00v
p + c01v

p1 + : : : ¯à¨ 2q < p < p1 < � � � ;
ak(v) = ck0v

t + ck1v
t1 + : : : ¯à¨ 2q � k = t < t1 < � � �

�âáî¤ , ¢®§¢à é ïáì ª ¯¥à¥¬¥­­ë¬ r, R, ¯®«ãç ¥¬

1
r
= k1(')

1
R
+ k2(')

1
R2

+ � � �

�¥¯¥àì ã¦¥ «¥£ª® ¢¨¤¥âì, çâ® r = r(R;') ¤®¯ãáª ¥â à §«®¦¥­¨¥ ¢¨¤ 

r(R;') = b1(')R + b0(') +
b�1(')
R

+
b�2(')
R2

+
b�3(')
R3

+ � � � ;

áå®¤ïé¥¥áï ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å R, ¯à¨ç¥¬ b1(') = 1=
� eP2q(')

� 1

2q

.

�®§¢à é ïáì ª (1), ¡ã¤¥¬ ¨¬¥âì

V (�R2q ) =

�Z
0

�Z
0

� � �
2�Z
0

J (')d'
r(R;')Z
0

rn�1dr;

20



¯à¨ç¥¬ J (') = sinn�2 '1 sin
n�3 '2 � � � sin'n�2,   J (')rn�1 | ïª®¡¨ ­ ¯®«ïà­®£® ¯à¥®¡à §®¢ -

­¨ï (6). �­ãâà¥­­¨© ¨­â¥£à « ¯® r à ¢¥­

1
n
rn
���r(R;')
0

=
1
n

�
b1(')R + b0(') +

b�1(')
R

+ � � �
�n
:

�®íâ®¬ã

V (�R2q ) =mn(')R
n +mn�1(')R

n�1 +mn�2(')R
n�2 + � � � ; (8)

£¤¥ mn�j | ¨­â¥£à « ¯® ' 2 D ¢ëà ¦¥­¨©, ¯®«¨­®¬¨ «ì­® § ¢¨áïé¨å ®â b1('); b0('); b�1('); : : : ;
b�j+1('). � ç áâ­®áâ¨,

mn(') =
1
n

�Z
0

�Z
0

� � �
2�Z
0

J (')bn1 (')d':

�¥¯¥àì ®áâ «®áì § ¬¥â¨âì, çâ® ¨­â¥£à « Z
Rn

dx

Q(x) + 1

á ¯®¬®éìî áä¥à¨ç¥áª®© § ¬¥­ë ª®®à¤¨­ â ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥
�Z
0

�Z
0

� � �
2�Z
0

J (')
1Z
0

rn�1dr d'

r2qQ(x(r; ')) + 1
;

¨ ¯®áª®«ìªã b1(') = 1=
� eP2q(')

� 1

2q , «¥£ª® ¢¨¤¥âì, çâ® ª®íää¨æ¨¥­â ¯à¨ Rn ¢ à §«®¦¥­¨¨ (8)
à ¢¥­ k = m0(') ¢ ä®à¬¥ (5).

4. �à¨¬¥àë ¢ëç¨á«¥­¨© ®¡ê¥¬®¢ ä¨£ãà �� ¢ Rn

�à¨¬¥à 1. � áá¬®âà¨¬ ä¨£ãàã � ¢ Rn , ®£à ­¨ç¥­­ãî ¯®¢¥àå­®áâìî

fx 2 R
n : f(x) = R2qg;

£¤¥ f(x) = x2q1 + x2q2 + � � �+ x2qn . �®£« á­® ä®à¬ã«¥ (4)

k =
2q
n�

sin�
�
1� n

2q

�Z
Rn

dx

x2q1 + x2q2 � � �+ x2qn + 1
:

�®á«¥¤­¨© ¨­â¥£à « à ¢¥­ 1
qn
B
�
n
2q
; 1� n

2q

� [�( 1

2q
)]n

�( n
2q
)

([6], c. 9), £¤¥ � ¨ B | £ ¬¬ - ¨ ¡¥â -äã­ªæ¨¨

�©«¥à . �®£¤ 

k =
2

nqn�1

h
�( 1

2q
)
in

�( n
2q
)
:

C«¥¤®¢ â¥«ì­®, ¯® ä®à¬ã«¥ (3)

V (f(x) < R2q) =
2

nqn�1

h
�( 1

2q
)
in

�( n
2q
)
Rn:

�à¨¬¥à 2. � ©¤¥¬ ¯«®é ¤ì ä¨£ãàë ¢ R2 , ®£à ­¨ç¥­­®© ªà¨¢®©, ª®â®à ï § ¤ ¥âáï ãà ¢­¥-
­¨¥¬ x4 + x2y2 + y4 = R4. �«ï íâ®£® á«ãç ï ª®íää¨æ¨¥­â k ¢ (4) (¯à¨ n = q = 2) ¢ëà ¦ ¥âáï

¨­â¥£à «®¬ k = 2
�

R
R2

dx dy
x4+x2y2+y4+1

= F (�; 1
2
), £¤¥ F ( ; k) =

 R
0

d�p
1�k2 sin2 �

| í««¨¯â¨ç¥áª¨© ¨­â¥£à «

¯¥à¢®£® à®¤  (á¬. à ¢¥­áâ¢® 3.138.7 ¨§ [7]). �®£¤  ¯® ä®à¬ã«¥ (3)

V (f(x) < R4) = F (�; 1
2
)R4:
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�à¨¬¥à 3. � áá¬®âà¨¬ ä¨£ãàë �0 ¨ �00 ­  ¯«®áª®áâ¨, ®£à ­¨ç¥­­ë¥ ªà¨¢ë¬¨ x4+y4+x2 =
R4 ¨ x4 + y4 � x2 = R4 á®®â¢¥âáâ¢¥­­®.

�®£« á­® â¥®à¥¬¥ 3 £« ¢­ë© ç«¥­  á¨¬¯â®â¨ª¨ ¤«ï V (�0), V (�00) ¡ã¤¥â

�
�( 1

4
)
�2

2
p
�

R2, ¨ â®£¤ 

V (�0) =

�
�( 1

4
)
�2

2
p
�

R2 + o (R2); V (�00) =

�
�( 1

4
)
�2

2
p
�

R2 + o (R2):

�â®â à¥§ã«ìâ â ¬®¦­® ¯®«ãç¨âì, ­¥¯®áà¥¤áâ¢¥­­® ¢ëç¨á«¨¢ ¨­â¥£à «ë

I1 =
ZZ

x4+y4+x2<R4

dx dy; I2 =
ZZ

x4+y4�x2<R4

dx dy;

à ¢­ë¥ á®®â¢¥âáâ¢¥­­® V (�0), V (�00). �á¯®«ì§ã¥¬ ¯à¨ íâ®¬ ®¡®¡é¥­­ãî ¯®«ïà­ãî § ¬¥­ã ª®-
®à¤¨­ â x = r

p
cos', y = r

p
sin', £¤¥ 0 6 ' 6

�
2
. �®£¤  ¨­â¥£à « I1 ¬®¦­® ¯à¥¤áâ ¢¨âì ¢

¢¨¤¥ ¯®¢â®à­®£® ¨­â¥£à «  2
�=2R
0

d'p
cos' sin'

AR
0

r dr, £¤¥ A =

rp
cos2 '+4R4�cos'

2
. � ª¨¬ ®¡à §®¬, ¡ã-

¤¥¬ ¨¬¥âì

I1 = �1
2

�=2Z
0

cos'd'p
cos' sin'

+
1
2

�=2Z
0

s
cos2 '+ 4R4

cos' sin'
d':

�¥à¢ë© ¨­â¥£à « ¢ íâ®© áã¬¬¥ à ¢¥­ � �
2
p
2
. �â®à®¥ á« £ ¥¬®¥ ¬®¦­® ¯à¥¤áâ ¢¨âì á«¥¤ãîé¨¬

®¡à §®¬, ¯®« £ ï cos' = t,

R2

p
2

1Z
�1

(1� t2)�3=4
r
1 +

t+ 1
8R4

dt =
p
2R2

1Z
0

(1� t2)�3=4dt+

+
1

8R2 2
p
2

1Z
�1

(t+ 1)(1 � t2)�3=4dt� 1

82R6 8
p
2

1Z
�1

(t+ 1)2(1� t2)�3=4dt+ � � � +

+
(�1)n�1(2n� 3)!!p
2R4n�2(2n)!!8n

1Z
�1

(t+ 1)n(1� t2)�3=4dt+ � � �

¤«ï ¢á¥å t 2 (�8R4 � 1; 8R4 � 1). � ¬¥â¨¬, çâ® ª®íää¨æ¨¥­â ¯à¨ R2 ¢ â®ç­®áâ¨ à ¢¥­
2
�
sin �

2

R
Rn

dx dy
x4+y4+1

. �®§¢à é ïáì ª ¯¥à¢®­ ç «ì­®¬ã ¨­â¥£à «ã, ¯®«ãç¨¬

V (�0) = R2

�
�( 1

4
)
�2

2
p
�

� �
p
2

4
+

1

8R2 2
p
2

1Z
�1

(t+ 1)(1 � t2)�3=4dt+

+
1X
n=2

(�1)n�1 (2n� 3)!!

R4n�2(2n)!!8n
p
2

1Z
�1

(t+ 1)n(1� t2)�3=4dt:

�à®¢®¤ï  ­ «®£¨ç­ë¥ ¢ëç¨á«¥­¨ï ¤«ï ¨­â¥£à «  I2, ¡ã¤¥¬ ¨¬¥âì

V (�00) =
1
2

�=2Z
0

cos'd'p
cos' sin'

+
1
2

�=2Z
0

s
cos2 '+ 4R4

cos' sin'
d' = V (�0) +

�
p
2

2
:

�â ª, ¯«®é ¤¨ ä¨£ãà �0, �00 ®â«¨ç­ë ®â ¯«®é ¤¨ ä¨£ãàë �1, à áá¬®âà¥­­®© ¢ ¯à¨¬¥à¥ 1 ¯à¨
q = 2 ¨ n = 2, ­  ¡¥áª®­¥ç­® ¬ «ãî ¢¥«¨ç¨­ã ®â­®á¨â¥«ì­® R ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å R,  
á ¬¨ ®¡ê¥¬ë V (�0) ¨ V (�00) ®â«¨ç îâáï ­  ¯®áâ®ï­­ãî.
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