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� áá¬ âà¨¢ îâáï ¯¥à¨®¤¨ç¥áª ï ªà ¥¢ ï ¨ ­ ç «ì­ ï § ¤ ç¨ ¤«ï á¨­£ã«ïà­®-¢®§¬ãé¥­­®©
á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. � ¨á¯®«ì§®¢ ­¨¥¬ ¯®¤å®¤®¢ [1]{[4] ¤®-
ª § ­® áãé¥áâ¢®¢ ­¨¥ à¥è¥­¨© íâ¨å § ¤ ç, ¡«¨§ª¨å  ­ «®£¨ç­ë¬ à¥è¥­¨ï¬ á®®â¢¥âáâ¢ãîé¥©
¢ëà®¦¤¥­­®© á¨áâ¥¬ë.

� áá¬®âà¨¬ á¨áâ¥¬ã ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

_u = U(t; u; v); _v = hV0(t; u; v) + V1(t; u; v): (1)

�¤¥áì â®çª®© ®¡®§­ ç¥­® ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® t 2 R1; u 2 Rn, v 2 Rm; U , V0, V1 | ¢¥ªâ®à-
äã­ªæ¨¨ á®®â¢¥âáâ¢ãîé¥© à §¬¥à­®áâ¨; h | ¯®«®¦¨â¥«ì­ë© ¡®«ìè®© ¯ à ¬¥âà.

� àï¤ã á á¨áâ¥¬®© (1) à áá¬®âà¨¬ á¨áâ¥¬ã

_u = U(t; u; v); V0(t; u; v) = 0; (2)

®â¢¥ç îéãî á¨áâ¥¬¥ (1) ¯à¨ h =1. �à¥¤¯®«®¦¨¬, çâ® ¯à¨ ¢á¥å t, u, v ¢ë¯®«­¥­ë á®®â­®è¥­¨ï

rang
�
@V0
@v

�
= l � m; rang

�
@V0
@v

;
@V0
@u

�
= m: (3)

�«ï ®¯à¥¤¥«¥­­®áâ¨ ¯à¥¤¯®«®¦¨¬, çâ® ­¥¢ëà®¦¤¥­­ë¬¨ ¯à¨ ¢á¥å u ¨ v ï¢«ïîâáï ¬ âà¨æë�
@Vi0
@vj

�
(i; j = m� l + 1; : : : ;m) ¨

�
@V 0

i

@uj

�
(i = 1; : : : ;m� l; j = n�m+ l + 1; : : : ; n).

�¢¥¤¥¬ ¢¥ªâ®àë x = (xT1 ; : : : ; x
T
4 )

T , x1 = (u1; : : : ; un�m+l)T , x2 = (un�m+l+1; : : : ; un)T , x3 =
(v1; : : : ; vm�l)T , x4 = (vm�l+1; : : : ; vm)T ¨ á®®â¢¥âáâ¢ãîé¨¥ ¨¬ ¢¥ªâ®à-äã­ªæ¨¨ X0 = (0; 0;
X0T

3 ;X0T
4 )T ¨ X = (XT

1 ; : : : ;X
T
4 )

T ¨ ¯¥à¥¯¨è¥¬ á¨áâ¥¬ë (1) ¨ (2) ¢ ¢¨¤¥

_x = hX0(t; x) +X(t; x); (10)

_xi = Xi(t; x) (i = 1; 2); X0(t; x) = 0: (20)

�à¥¤¯®«®¦¨¬, çâ® ¤«ï á¨áâ¥¬ë (10) ¢ë¯®«­¥­ë á«¥¤ãîé¨¥ ãá«®¢¨ï.

1�. �«ï ¢á¥å t 2 R1, x1 2 D(1), x3 2 D(3), £¤¥D(1) ¨D(3) | ®âªàëâë¥ ®¡« áâ¨ ¢ Rn�m+l ¨ ¢ Rm�l

á®®â¢¥âáâ¢¥­­®, ¢â®à®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (20) ¨¬¥¥â ¨§®«¨à®¢ ­­®¥ à¥è¥­¨¥ x2 = x02(t; x1; x3),
x4 = x04(t; x1; x3).

2�. �à ¢­¥­¨¥ ®â­®á¨â¥«ì­® x3, ¯®«ãç¥­­®¥ ¯®á«¥ ¯®¤áâ ­®¢ª¨ äã­ªæ¨© x02 ¨ x04 ¢ ¯¥à¢®¥
ãà ¢­¥­¨¥ (20) ¯à¨ i = 2, ¯à¨ ¢á¥å t 2 R1, x1 2 D(1) ¨¬¥¥â ¨§®«¨à®¢ ­­®¥ à¥è¥­¨¥ x3 = x03(t; x1).

3�. � ®¡« áâ¨ ft 2 R1; x1 2 D(1); kxi � x0i k � � (i = 2; 3; 4)g äã­ªæ¨¨ X0 ¨ X à ¢­®¬¥à­®
­¥¯à¥àë¢­ë ¨ ®£à ­¨ç¥­ë ¢¬¥áâ¥ á® ¢á¥¬¨ á¢®¨¬¨ ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨.

4�. �®¡áâ¢¥­­ë¥ §­ ç¥­¨ï �j(t; x1; x02; x
0
3; x

0
4), �k(t; x1; x

0
2; x

0
3; x

0
4) (j = 1; : : : ; l; k = 1; : : : ; 2(m�l))

¬ âà¨æ

�
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;
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¤«ï ¢á¥å §­ ç¥­¨© t 2 R1, x1 2 D(1) ®â«¨ç­ë ®â ­ã«ï.

�®¤áâ ¢«ïï äã­ªæ¨¨ x02, x
0
3 ¨ x04 ¢ ¯¥à¢®¥ ãà ¢­¥­¨¥ (2

0) ¯à¨ i = 1, ¯®«ãç¨¬

_x1 = X0
1 (t; x1); X0

1 = X1(t; x1; x
0
2; x

0
3; x

0
4): (4)

1. �á¨¬¯â®â¨ª  ¯¥à¨®¤¨ç¥áª¨å à¥è¥­¨©. �¢â®­®¬­ë¥ á¨áâ¥¬ë. �à¥¤¯®«®¦¨¬, çâ® ¯à ¢ë¥
ç áâ¨ ãà ¢­¥­¨© (1) ­¥ § ¢¨áïâ ®â t. �á«®¢¨ï 1�{4� ¤®¯®«­¨¬ á«¥¤ãîé¨¬¨.

5�. �à ¢­¥­¨ï (10) ¤®¯ãáª îâ ¯¥à¢ë© ¨­â¥£à «

�(x; h) = h�0(x1) + �1(x) = const :

6�. �¨áâ¥¬  (4) ¨¬¥¥â ¤¢ãå¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¯¥à¨®¤¨ç¥áª¨å à¥è¥­¨© x1 = '
(0)
1 (t+

t0; c) á ¯¥à¨®¤®¬ T (c) = 2�
!(c)

, £¤¥ c ¨ t0 | áª «ïà­ë¥ ¯ à ¬¥âàë, «¥¦ é¨¥ ¢ ¨­â¥à¢ « å c01 < c <

c02, �1 < t0 < +1; !(c) 2 R1; ¯à¨ c 2 [c1; c2] 2 (c01; c
0
2) ¢ë¯®«­¥­ë á®®â­®è¥­¨ï

!(c) > 0;
d!(c)
dc

6= 0; '
(0)
1 (t+ T (c); c) = '

(0)
1 (t; c);

@'(0)1 (t+ t0; c)
@c

6� 0;
@'(0)1 (t+ t0; c)

@t
6� 0;

@�0('
(0)
1 (t+ t0; c))
@x1

� #0(t+ t0; c) 6� 0;

á®®â¢¥âáâ¢ãîé ï á¨áâ¥¬  ãà ¢­¥­¨© ¢ ¢ à¨ æ¨ïå ¯à¨ c 2 [c1; c2] ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ (á â®ç­®-
áâìî ¤® ¯®áâ®ï­­®£® ¬­®¦¨â¥«ï) ­¥âà¨¢¨ «ì­®¥ T (c)-¯¥à¨®¤¨ç¥áª®¥ à¥è¥­¨¥ � = _'(0)1 (t+ t0; c).

�¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¯®«®¦¨¬ t0 = 0. �¡®§­ ç¨¬ '(0)i = x0i ('
(0)
1 ) (i = 2; 3; 4), '(k) =

('(k)T1 ; : : : ; '
(k)T
4 )T (k = 0; 1; : : : ). �ã¤¥¬ ¨áª âì T (c)-¯¥à¨®¤¨ç¥áª¨¥ à¥è¥­¨ï á¨áâ¥¬ë (10) x(t; c; h),

®¯à¥¤¥«¥­­ë¥ ¤«ï §­ ç¥­¨© c, h ¨§ ­¥ª®â®à®£® ­¥®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  I(c; h) � [c1; c2] �
(0;+1) ¨ ¯¥à¥å®¤ïé¨¥ ¯à¨ h! +1 ¢ äã­ªæ¨î '(0)(t; c).

� áá¬®âà¨¬ á¨áâ¥¬ã

_x1 = X�

1 (x1; h
�1); xi = X�

i (x1; h
�1);

X�

j =
1X
k=0

h�kX
(k)
j (x1) (i = 2; 3; 4; j = 1; : : : ; 4);

(5)

¯à ¢ë¥ ç áâ¨ ª®â®à®© | ä®à¬ «ì­ë¥ àï¤ë. �«ï ®¯à¥¤¥«¥­¨ï X(k)
j ¯®¤áâ ¢¨¬ íâ¨ àï¤ë ¢ á¨áâ¥-

¬ã (10) ¨, ¯à¨à ¢­¨¢ ï ª®íää¨æ¨¥­âë ¯à¨ ®¤¨­ ª®¢ëå áâ¥¯¥­ïå h ¢ «¥¢®© ¨ ¯à ¢®© ¥¥ ç áâïå,
¯®«ãç¨¬ æ¥¯®çªã à¥ªãàà¥­â­ëå á®®â­®è¥­¨©, ¨¬¥îéãî ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© 1�{4� ¥¤¨­-
áâ¢¥­­®¥ à¥è¥­¨¥ ®â­®á¨â¥«ì­® íâ¨å äã­ªæ¨©.

�ëà ¦¥­¨¥

	(x1; h) = h�1�(x1;X
�

2 ; : : : ;X
�

4 ; h) =
1X
k=0

h�k	(k)(x1) (6)

ï¢«ï¥âáï ä®à¬ «ì­ë¬ ¯¥à¢ë¬ ¨­â¥£à «®¬ íâ®© á¨áâ¥¬ë.
�®à¬ «ì­®¥ T (c)-¯¥à¨®¤¨ç¥áª®¥ à¥è¥­¨¥ á¨áâ¥¬ë (5) x1 = '1(t; c; h�1), ¯¥à¥å®¤ïé¥¥ ¯à¨

h! +1 ¢ äã­ªæ¨î '
(0)
1 (t; c), ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ àï¤ 

'1(t; c; h�1) =
1X
k=0

h�k'1k(t; c): (7)
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�®¤áâ ¢«ïï íâ®â àï¤ ¢ ¯¥à¢®¥ ãà ¢­¥­¨¥ (5) ¨ ¯à¨à ¢­¨¢ ï ª®íää¨æ¨¥­âë ¯à¨ ®¤¨­ ª®¢ëå áâ¥-
¯¥­ïå h ¢ «¥¢®© ¨ ¯à ¢®© ¥£® ç áâïå, ¯®«ãç¨¬ æ¥¯®çªã «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
á T -¯¥à¨®¤¨ç¥áª¨¬¨ ª®íää¨æ¨¥­â ¬¨

_'1k = A(t; c)'1k + fk(t; c) (k = 1; 2; : : : ); '1 0 = '
(0)
1 ; (8)

A(t; c) =
@X

(0)
1 ('1 0(t; c))

@x1
:

�ã¤¥¬ à §ëáª¨¢ âì à¥è¥­¨ï ãà ¢­¥­¨© íâ®© æ¥¯®çª¨, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬

'1k(0; c) = '1k(T (c); c);
Z T (c)

0
_'T
1 0(t; c)'1k(t; c)dt = 0 (k = 1; 2; : : : ): (9)

� áá¬®âà¨¬ äã­ªæ¨î

'�1k(t; c) =
Z T (c)

0

G(t; s; c)fk(s; c)ds;

£¤¥ G(t; s; c) | ®¡®¡é¥­­ ï äã­ªæ¨ï �à¨­  ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à , § ¤ ­­®£® ¢ëà ¦¥-
­¨¥¬ _'1k �A(t; c)'1k ¨ ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ (9). �á«¨Z T (c)

0

#0(t; c)fk(t; c)dt = 0; (10)

â® íâ  äã­ªæ¨ï ï¢«ï¥âáï à¥è¥­¨¥¬ ªà ¥¢®© § ¤ ç¨ (8), (9).
�®¤áâ ¢¨¢ à¥è¥­¨¥ (7) ¢ ¢ëà ¦¥­¨¥ (6) ¨ ¯®«®¦¨¢ ¢ ¯®«­®© ¯à®¨§¢®¤­®© íâ®£® ¢ëà ¦¥­¨ï

¢ á¨«ã á¨áâ¥¬ë (5) '1k = 0 (k = 1; 2; : : : ), ¯®«ãç¨¬ à ¢¥­áâ¢ 

@	(0)

@x1
fk(t) + Fk(t) = 0;

£¤¥ Fk(t) | T (c)-¯¥à¨®¤¨ç¥áª ï äã­ªæ¨ï. � ãç¥â®¬ íâ¨å à ¢¥­áâ¢ «¥£ª® ¤®ª §ë¢ ¥âáï á¯à ¢¥¤-
«¨¢®áâì á®®â­®è¥­¨© (10).

�¡®§­ ç¨¬

'
(p)
1 (t; c; h�1) =

pX
k=0

h�k'�1k(t; c);

'
(p)
i (t; c; h�1) =

pX
k=0

h�kX
(k)
i ('(p)1 ) (i = 2; 3; 4):

�¥®à¥¬  1. �ãáâì ¤«ï á¨áâ¥¬ (10) ¨ (20) ¢ë¯®«­¥­ë ãá«®¢¨ï 1�{6� ¨ ®¡« áâ¨ D(1) ¨ D(3)

­¥®£à ­¨ç¥­ë. �®£¤  ¤«ï ¢áïª®£® c 2 [c1; c2] áãé¥áâ¢ãîâ â ª¨¥ ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥

C ¨ H, çâ® ¯à¨ ¢á¥å h � H ªà®¬¥, ¡ëâì ¬®¦¥â, áç¥â­®£® ¬­®¦¥áâ¢  §­ ç¥­¨© h = hs(c)
(s = 1; 2; : : : ) á¨áâ¥¬  (10) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ T (c)-¯¥à¨®¤¨ç¥áª®¥ à¥è¥­¨¥ x(t; c; h), ã¤®¢«¥-
â¢®àïîé¥¥ ãá«®¢¨î

kx(t; c; h) � '(p)(t; c; h�1)k � Ch�p�1: (11)

�®ª § â¥«ìáâ¢®. � á¨áâ¥¬¥ (10) á¤¥« ¥¬ § ¬¥­ã ¯¥à¥¬¥­­ëå x = '(p)(t; h�1) + !, ! =
(!T

1 ; : : : ; !
T
4 )

T . �®«ãç¥­­ãî á¨áâ¥¬ã § ¯¨è¥¬ ¢ ¢¨¤¥

_!i =
4X

j=1

Aij(t; c)!j + h�p�1f0i(t; c; h�1) + F0i(t; c; !; h�1) (i = 1; 2);

_!i =
4X

j=1

[hA0
ij(t; c) +Aij(t; c)]!j + h�pf0i(t; c; h

�1) + F0i(t; c; !; h) (i = 3; 4):

(12)
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�¤¥áì Aij =
@Xi('

(0))
@xj

, A0
kj =

@X0
k('

(0))

@xj
(i; j = 1; : : : ; 4; k = 3; 4). �«ï äã­ªæ¨© f0i, F0i (i = 1; : : : ; 4)

¯à¨ !; h�1 ! 0 á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

kf0ik = O(1); kF0jk = O(h�1k!k+ k!k2);
kF0kk = O(h�1k!k+ hk!k2) (i = 1; : : : ; 4; j = 1; 2; k = 3; 4):

� á¨«ã á®®â­®è¥­¨© (3) áãé¥áâ¢ã¥â ¤¥©áâ¢¨â¥«ì­ ï ­¥¯à¥àë¢­ ï ­¥¢ëà®¦¤¥­­ ï T (c)-¯¥à¨®¤¨-
ç¥áª ï ¬ âà¨æ  S(t) â ª ï, çâ® S�1A0S = diag(0; A00

44), £¤¥ A
0 = (A0

ij)i;j=3;4, A
00

44 | ­¥¢ëà®¦¤¥­­ ï
l � l-¬ âà¨æ . �ã¤¥¬ áç¨â âì, çâ® ¢ (12) á¤¥« ­  § ¬¥­  ¯¥à¥¬¥­­®© (!T

3 ; !
T
4 ) ! (!T

3 ; !
T
4 )S

T , ¨
¬ âà¨æë A33, A34 ¨ A43 ­ã«¥¢ë¥.

�«¥¤ãîé¥¥ «¨­¥©­®¥ ¯à¥®¡à §®¢ ­¨¥ á ®¯à¥¤¥«¨â¥«¥¬, à ¢­ë¬ ¥¤¨­¨æ¥, ¢ë¯®«­ï¥âáï ¢ ç¥-
âëà¥ íâ ¯ , ®â¢¥ç îé¨å á®®â¢¥âáâ¢¥­­® §­ ç¥­¨ï¬ i = 4; 2; 1; 3. �â® ¯à¥®¡à §®¢ ­¨¥ ¬®¦­®
§ ¯¨á âì ¢ ¢¨¤¥

!i !
4X

j=1

[P 0
ij(t; c) + h�1Pij(t; c)]!j + h�p�1Qi(t; c):

�¥­ã«¥¢ë¥ ¬ âà¨æë P 0
ij , Pij ¨ ¢¥ªâ®àë Qi íâ®£® ¯à¥®¡à §®¢ ­¨ï ¢ëç¨á«ïîâáï ¯® ä®à¬ã« ¬

P 0
ii = Ei (i = 1; : : : ; 4); P 0

12 = A
(1)
13 (A

(2)
23 )

�1;

P 0
21 = �(A0

32)
�1A0

31; P 0
31 = �(A(2)

23 )
�1A

(2)
21 ;

P 0
4j = (A00

44)
�1A4j (j = 1; 2);

P13 = (A(1)
12 +A

(2)
11 P

0
12 � P 0

12A
(2)
22 )(A

0
32)

�1;

P14 = A
(1)
14 (A

00

44)
�1; P21 = �(A0

32)
�1A

(3)
31 ;

P23 = �(A0
32)

�1A
(1)
33 ; P24 = (A(1)

24 � P 0
21A

(1)
14 )(A

00

44)
�1;

P31 = A
(2)
34 (A

00

44)
�1; P43 = �(A00

44)
�1A43;

P4j = (A00

44)
�1(A4j +A44(A

00

44)
�1A4j) (j = 1; 2);

Q2 = �(A0
32)

�1f0 3; Q4 = �(A00

44)
�1f0 4;

£¤¥

A
(1)
ij = Aij +Ai4P

0
4j (i = 1; 2; 3 j = 1; : : : ; 4);

A
(2)
i1 = A

(1)
i1 +A

(1)
i2 P

0
2 1 (i = 1; 3);

A
(2)
2 1 = A

(1)
2 1 +A

(1)
2 2P

0
2 1 � _P 0

2 1 � P 0
2 1(A

(1)
1 1 +A

(1)
1 2P

0
2 1)� P2 3(A0

3 1 +A0
3 2P

0
2 1);

A
(2)
2 2 = A

(1)
2 2 � P 0

2 1A
(1)
1 2 � P2 3A

0
3 2; A

(2)
2 3 = A

(1)
2 3 � P 0

2 1A
(1)
1 3 ;

A(2)
2 4 = A(1)

2 4 � P2 4A
00

4 4 � P 0
2 1A

(1)
1 4 ; A(2)

3 4 = A(1)
3 4 +A0

3 2P2 4;

A
(3)
1 1 = A

(2)
1 1 � P 0

1 2A
(2)
2 1 ; A

(3)
3 1 = A

(2)
3 1 � _P 0

3 1 � P 0
3 1A

(3)
1 1 :

(� á¨«ã ¯à¥¤¯®«®¦¥­¨© 1�{4� ¬ âà¨æë (A00

4 4)
�1, (A0

3 2)
�1, (A(2)

2 3 )
�1 áãé¥áâ¢ãîâ ¯à¨ ¢á¥å t 2 [0; T ].)

� à¥§ã«ìâ â¥ íâ®£® ¯à¥®¡à §®¢ ­¨ï á¨áâ¥¬  (12) ¯¥à¥å®¤¨â ¢ á¨áâ¥¬ã

_!1 = A
(3)
1 1!1 + h�p�1f1 1 + F1 1;

_!2 = A(3)
2 2!2 +A(2)

2 3!3 + h�p�1f1 2 + F1 2;

_!3 = [hA0
3 2 +A

(3)
3 2 ]!2 + h�p�1f1 3 + F1 3;

_!4 = [hA00

4 4 +A4 4]!4 + h�p�1f1 4 + F1 4;

(13)
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£¤¥ A(3)
i2 = A

(2)
i2 + A

(2)
i1 P

0
1 2 (i = 1; 2; 3), f1j = f1j(t; c; h�1), F1j = F1j(t; c; !; h) (j = 1; : : : ; 4). � ¯®«ã-

ç¥­­®© á¨áâ¥¬¥ á¤¥« ¥¬ ¯à¥®¡à §®¢ ­¨¥ !3 ! !3 � h�p�1(A(2)
2 3 )

�1f1 2, ¯®á«¥ ª®â®à®£® ¢® ¢â®à®¬
ãà ¢­¥­¨¨ (13) ¯à®¨§®©¤¥â § ¬¥­  h�p�1f1 2 ! h�p�2f 01 2, £¤¥ f

0

1 2(t; c; h
�1) | ­¥ª®â®à ï äã­ªæ¨ï,

¯à¨ h! +1 ã¤®¢«¥â¢®àïîé ï ®æ¥­ª¥ kf 01 2k = O(1).
�¢¥¤¥¬ ­®¢ãî ¯¥à¥¬¥­­ãî z = (zT1 ; z

T
2 ; z

T
3 )

T , z1 = !1, z2 = (
p
h!T

2 ; !
T
3 )

T , z3 = !4 ¨ § ¯¨è¥¬
á¨áâ¥¬ã (13) ¢ ¢¨¤¥

_z = A0(t; c; h)z + h�p�1f(t; c; h�1) + F (t; c; z; h); (14)

£¤¥

A0 = diag[A(3)
1 1 ;

p
hA00

2 2 +A0

2 2; hA
00

4 4 +A4 4];

A00

2 2 =

 
0 A

(0)
2 3

A2
2 3 0

!
; A0

2 2 =

 
0 A

(3)
2 2

0 0

!
:

�«ï äã­ªæ¨© f ¨ F ¯à¨ h�1; z ! 0 á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

kfk = O(1); kFk = O(h�1=2kzk + hkzk2):
�®¨áª T (c)-¯¥à¨®¤¨ç¥áª¨å à¥è¥­¨© á¨áâ¥¬ë (10), ¯¥à¥å®¤ïé¨å ¯à¨ h ! +1 ¢ äã­ªæ¨î '(0),
á¢®¤¨âáï ª ¯®¨áªã à¥è¥­¨© ªà ¥¢®© § ¤ ç¨

z(0) = z(T (c)) (15)

¤«ï ãà ¢­¥­¨ï (14), ¯¥à¥å®¤ïé¨å ¯à¨ h! +1 ¢ ­ã«ì.
�¡®§­ ç¨¬ ç¥à¥§ h = hs(c) (s = 1; 2; : : : ) ª®à­¨ ãà ¢­¥­¨©

mY
j=1

�
sh2
�
1
2

Z T

0
Re�0jdt

�
+ sin2

�
1
2

Z T

0
Im�0jdt

��
= 0;

2(m�l)Y
k=1

�
sh2
�
1
2

Z T

0
Re�0kdt

�
+ sin2

�
1
2

Z T

0
Im�0kdt

��
= 0;

(16)

£¤¥ �0j ¨ �
0

k | á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¬ âà¨æ hA00

4 4+A4 4 ¨
p
hA00

2 2+A
0

2 2. �­¨ ®â¢¥ç îâ à¥§®­ ­á ¬
¬¥¦¤ã ¬¥¤«¥­­ë¬¨ (á ç áâ®â®© 2�=T ) ¨ ¡ëáâàë¬¨ (á ç áâ®â ¬¨ � h ¨ � p

h) á®áâ ¢«ïîé¨¬¨
¨áª®¬ëå ¯¥à¨®¤¨ç¥áª¨å à¥è¥­¨©.

�«ï à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨ (14), (15) á ¯®¬®éìî á®®â¢¥âáâ¢ãîé¥© ®¡®¡é¥­­®© äã­ªæ¨¨
�à¨­ , ®¯à¥¤¥«¥­­®© ­  ¬­®¦¥áâ¢¥ f(t; s; h) : 0 � s � t � T; h � H; h 6= hsg, áâà®¨âáï ¨­â¥-
£à «ì­®¥ ãà ¢­¥­¨¥, à¥è¥­¨¥ ª®â®à®£® z�(t; c; h), ã¤®¢«¥â¢®àïîé¥¥ ­¥à ¢¥­áâ¢ã kz�k � Ch�p�1,
¢ á«ãç ¥ p > 0 ­ å®¤¨âáï ¬¥â®¤®¬ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨¦¥­¨©. �â® à¥è¥­¨¥ ã¤®¢«¥â¢®àï¥â
ªà ¥¢ë¬ ãá«®¢¨ï¬ (15) ¨ ãà ¢­¥­¨ï¬

_z�1 = A(3)
1 1 (t; c)z

�

1 + h�p�1f1(t; c; h�1) + F1(t; c; z�; h) � p�#T0 (t; c);

_z�2 = [
p
hA00

2 2(t; c) +A0

2 2(t; c)]z
�

2 + h�p�1f2(t; c; h
�1) + F2(t; c; z

�; h);

_z�3 = [hA00

4 4(t; c) +A4 4(t; c)]z�3 + h�p�1f3(t; c; h�1) + F3(t; c; z�; h);

£¤¥

p� =

Z T (c)

0
#0(t; c)[h

�p�1f1(t; c; h
�1) + F1(t; c; z

�; h)]dtZ T (c)

0
#0(t; c)#

T
0 (t; c)dt

:
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�®ª ¦¥¬ à ¢¥­áâ¢® p� = 0. � áá¬®âà¨¬ T (c)-¯¥à¨®¤¨ç¥áªãî äã­ªæ¨î ��(t; c; h) = �('(p)+z�; h).
�¬¥¥¬

0 =
Z T (c)

0

d��

dt
dt =

Z T (c)

0

�
@��

dt
+

3X
i=1

@��

@z�i
_z�i

�
dt: (17)

�®áª®«ìªã �� | ¯¥à¢ë© ¨­â¥£à « á¨áâ¥¬ë (14), â® ¨§ (17) ¯®«ãç¨¬

p�
Z T (c)

0

@��

@z�1
#T0 dt = 0: (18)

�à®¨§¢®¤­ãî @��

@z�1
¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

@��

@z�1
= #0 +

@��

1

@z�1
;

¯à¨ç¥¬ ¯à¨ ¤®áâ â®ç­® ¡®«ìè®¬ h, h 6= hs (s = 1; 2; : : : ) á¯à ¢¥¤«¨¢  ®æ¥­ª 



@��

1

@z�1





 = O(h�p�1):

�«ï â ª¨å h ¨­â¥£à « ¢ (18) ®â«¨ç¥­ ®â ­ã«ï, á«¥¤®¢ â¥«ì­®, p� = 0. �â® ®§­ ç ¥â, çâ® äã­ªæ¨ï
z�(t; c; h) ï¢«ï¥âáï à¥è¥­¨¥¬ ªà ¥¢®© § ¤ ç¨ (14), (15). �à®¤®«¦¨¢ ¥£® ­  ¢áî ç¨á«®¢ãî ¯àï-
¬ãî á ¯®¬®éìî ãá«®¢¨© T -¯¥à¨®¤¨ç­®áâ¨, ¯®«ãç¨¬ T (c)-¯¥à¨®¤¨ç¥áª®¥ à¥è¥­¨¥ íâ®© á¨áâ¥¬ë,
ª®â®à®¬ã ®â¢¥ç ¥â ¨áª®¬®¥ T (c)-¯¥à¨®¤¨ç¥áª®¥ à¥è¥­¨¥ á¨áâ¥¬ë (10), ã¤®¢«¥â¢®àïîé¥¥ ®æ¥­ª¥
(11).

(�¯à ¢¥¤«¨¢®áâì â¥®à¥¬ë ¢ á«ãç ¥ p = 0 á«¥¤ã¥â ¨§ ¯à®¢¥¤¥­­®£® ¤®ª § â¥«ìáâ¢  ¯à¨ p > 0
¨ ®æ¥­ª¨ k'(p) � '(0)k = O(h�1).)

� ¬¥ç ­¨¥. � ­¥ª®â®àëå á«ãç ïå ¢ëç¨á«¥­¨¥ ¢¥«¨ç¨­ �0j ¨ �0k ¢ ãà ¢­¥­¨ïå (16) ¬®¦­®
ã¯à®áâ¨âì. �ãáâì, ­ ¯à¨¬¥à, A00

4 4 = diag[�1; : : : ; �m], ¯à¨ç¥¬ �i 6= �j ¯à¨ i 6= j (i; j = 1; : : : ;m).
�«ï ã¯à®é¥­¨ï ¬ âà¨æë A4 4 = (aij) ¢ á¨áâ¥¬¥ (14) á¤¥« ¥¬ ¯à¥®¡à §®¢ ­¨¥ z3 ! [Em+h�1Q]z3,
£¤¥ Q = (qij), qij = aij(�j � �i)�1 (i 6= j), qii = 1 (i; j = 1; : : : ;m). � à¥§ã«ìâ â¥ ¬ âà¨æ  A4 4 ¡ã¤¥â
§ ¬¥­¥­  ¬ âà¨æ¥© A(1)

4 4 = A4 4 +QA00

4 4 �A00

4 4Q = diag[a11; : : : ; amm].

2. �á¨¬¯â®â¨ª  ¯¥à¨®¤¨ç¥áª¨å à¥è¥­¨©. �¥ ¢â®­®¬­ë¥ á¨áâ¥¬ë. � íâ®¬ ¯ã­ªâ¥ ¡ã¤¥¬
¯à¥¤¯®« £ âì, çâ® U , V0 ¨ V1 ¯¥à¨®¤¨ç¥áª¨ § ¢¨áïâ ®â t á ­ ¨¬¥­ìè¨¬ ¯¥à¨®¤®¬ T .

�á«®¢¨ï 1�{4� ¤®¯®«­¨¬ ãá«®¢¨¥¬

5�. �¨áâ¥¬  (20) ¨¬¥¥â T -¯¥à¨®¤¨ç¥áª®¥ à¥è¥­¨¥ x1 = '
(0)
1 (t) á ¬ã«ìâ¨¯«¨ª â®à ¬¨, ®â«¨ç-

­ë¬¨ ®â ¥¤¨­¨æë.

� ä¨ªá¨àã¥¬ ­¥ª®â®à®¥ æ¥«®¥ ­¥®âà¨æ â¥«ì­®¥ p ¨ à áá¬®âà¨¬ á¨áâ¥¬ã

_x1 = X
�(p)
1 (t; x1; h

�1); xi = X
�(p)
i (t; x1; h

�1);

X
�(p)
j =

pX
k=0

h�kX
(k)
j (t; x1) (i = 2; 3; 4; j = 1; : : : ; 4);

(19)

¯à ¢ë¥ ç áâ¨ ª®â®à®© ®¯à¥¤¥«ïîâáï â ª ¦¥, ª ª ¨ ¢ (5). �®£« á­® â¥®à¥¬¥ �ã ­ª à¥ áãé¥áâ¢ã¥â
â ª®¥ ç¨á«® H1 > 0, çâ® ¯à¨ ¢á¥å h > H1 ¯¥à¢®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (19) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥
T -¯¥à¨®¤¨ç¥áª®¥ à¥è¥­¨¥ '(p)1 (t; h�1), ¯¥à¥å®¤ïé¥¥ ¯à¨ h! +1 ¢ '(0)1 (t).

�¡®§­ ç¨¬ '
(p)
i (t; h�1) = X

�(p)
i ('(p)1 ; h�1) (i = 2; 3; 4). �à¨ á¤¥« ­­ëå ¯à¥¤¯®«®¦¥­¨ïå ¤«ï á¨-

áâ¥¬ë (10) â ª¦¥ á¯à ¢¥¤«¨¢  â¥®à¥¬  1, ¤®ª § â¥«ìáâ¢® ª®â®à®© ã¯à®é ¥âáï ¢á«¥¤áâ¢¨¥ § ¬¥­ë
®¡®¡é¥­­®© äã­ªæ¨¨ �à¨­  ­  ®¡ëç­ãî.

3. �á¨¬¯â®â¨ª  ­ ç «ì­®© § ¤ ç¨. �à¥¤¯®«®¦¨¬, çâ® ¤«ï ãà ¢­¥­¨© (10) ¯à¨ ¢á¥å t 2 I =
[0;+1) ¢ë¯®«­¥­ë ãá«®¢¨ï 1�{3�. �á«®¢¨¥ 4� § ¬¥­¨¬ á«¥¤ãîé¨¬.
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4�. �®¡áâ¢¥­­ë¥ §­ ç¥­¨ï �j(t; x1; x02; x
0
3; x

0
4), �k(t; x1; x

0
2; x

0
3; x

0
4) (j = 1; : : : ; l; k = 1; : : : ; 2(m�l))

¤«ï ¢á¥å §­ ç¥­¨© x1 2 D(1), t 2 I ¨¬¥îâ ­¥¯®«®¦¨â¥«ì­ë¥ ¢¥é¥áâ¢¥­­ë¥ ç áâ¨, ¯à¨ç¥¬ ¢ á«ãç ¥
­ã«¥¢®© ¢¥é¥áâ¢¥­­®© ç áâ¨ ¨¬ ®â¢¥ç îâ ¯à®áâë¥ í«¥¬¥­â à­ë¥ ¤¥«¨â¥«¨, ¨ ¨å ¬­¨¬ ï ç áâì
®â«¨ç­  ®â ­ã«ï.

�ãáâì x1 = '
(p)
1 (t; h�1) | ­¥ª®â®à®¥ à¥è¥­¨¥ ¯¥à¢®£® ãà ¢­¥­¨ï á¨áâ¥¬ë (19), ®¯à¥¤¥«¥­­®¥

¯à¨ t 2 I. �¡®§­ ç¨¬ '
(p)
i (t; h�1) = X

�(p)
i (t; '(p)1 ; h�1) (i = 2; 3; 4), �0 = 1

4
.

�¥®à¥¬  2. �ãáâì ¤«ï á¨áâ¥¬ë (1)0 ¢ë¯®«­¥­ë ãá«®¢¨ï 1�{4�, ¨ ®¡« áâ¨ D(1) ¨ D(3) ­¥-

®£à ­¨ç¥­ë. �®£¤  ¤«ï «î¡ëå ç¨á¥« B > 0 ¨ � 2 (0; �0) áãé¥áâ¢ãîâ â ª¨¥ ¯®«®¦¨â¥«ì­ë¥

¯®áâ®ï­­ë¥ C, H ¨ â ª ï ­¥¯à¥àë¢­ ï, ­¥®âà¨æ â¥«ì­ ï, ¬®­®â®­­® ¢®§à áâ îé ï, ­¥®£à -

­¨ç¥­­ ï ¯à¨ h ! +1 äã­ªæ¨ï �(h), çâ® ¯à¨ h � H ¢áïª®¥ à¥è¥­¨¥ á¨áâ¥¬ë (1)0 x(t; h) á

­ ç «ì­ë¬ ãá«®¢¨¥¬, ã¤®¢«¥â¢®àïîé¨¬ ­¥à ¢¥­áâ¢ã

p > 0 : kx(0; h) � '(p)(0; h�1)k � Bh�p�1;

p = 0 : kx1(0; h) � '
(0)
1 (0)k � Bh�2;

kx2(0; h) �X�(1)
2 (0; '(0)1 (0); h�1)k � Bh�2;

kxi(0; h) �X
�(1)
i (0; '(0)1 (0); h�1)k � Bh�3=2 (i = 3; 4);

(20)

®¯à¥¤¥«¥­® ­  ®âà¥§ª¥ 0 � t � �(h�) ¨ ã¤®¢«¥â¢®àï¥â ­  ­¥¬ ®æ¥­ª ¬

p > 0 : kxi(t; h) � '
(p)
i (t; h�1)k � Ch��p�1;

kxj(t; h) � '(p)j (t; h�1)k � Ch��p�1=2 (i = 1; 2; j = 3; 4);

p = 0 : kx(t; h) � '(0)(t)k � Ch��1:

(21)

�®ª § â¥«ìáâ¢®. �®¢â®àïï ¯à¥®¡à §®¢ ­¨ï ¯. 1, ¯à¨å®¤¨¬ ª ãà ¢­¥­¨î (13), ¢ ª®â®à®¬
äã­ªæ¨¨ f(t; h�1) ¨ F (t; z; h) ¯à¨ ¢á¥å t 2 I, kzk � �, h � H ã¤®¢«¥â¢®àïîâ ®æ¥­ª ¬

kfk � �0(t); kFk � �0(t)[h�1kzk + hkzk2];
£¤¥ �0(t) | ­¥ª®â®à ï äã­ªæ¨ï.

� ç «ì­ ï § ¤ ç  ¤«ï ãà ¢­¥­¨ï (13) § ¬¥­ï¥âáï íª¢¨¢ «¥­â­ë¬ ¨­â¥£à «ì­ë¬ ãà ¢­¥­¨-
¥¬, äã­¤ ¬¥­â «ì­ ï ¬ âà¨æ  ª®â®à®£® W (t; s; h) ¯à¨ ¢á¥å 0 � s < t < +1, h � H ã¤®¢«¥â¢®-
àï¥â ¢á«¥¤áâ¢¨¥ ãá«®¢¨ï 4� ­¥à ¢¥­áâ¢ã kW (t; s; h)k � �1(t), £¤¥ �1(t) | ­¥ª®â®à ï äã­ªæ¨ï.

�¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï, ã¤®¢«¥â¢®àïîé¥¥ ­¥à ¢¥­áâ¢ã (21), áâà®¨âáï ¬¥â®¤®¬ ¯®á«¥¤®-
¢ â¥«ì­ëå ¯à¨¡«¨¦¥­¨©. �¯¨è¥¬ ¯®áâà®¥­¨¥ äã­ªæ¨¨ �(t). �¡®§­ ç¨¬ ç¥à¥§ �(t) ®¯à¥¤¥«¥­-
­ãî ¯à¨ t 2 I ­¥¯à¥àë¢­ãî, ­¥®âà¨æ â¥«ì­ãî, ¬®­®â®­­® ¢®§à áâ îéãî, ­¥®£à ­¨ç¥­­ãî ¯à¨
t! +1 äã­ªæ¨î, ã¤®¢«¥â¢®àïîéãî ­¥à ¢¥­áâ¢ã � � t�0�1. �®£¤  � = ��1.

� ¬¥ç ­¨¥ 1. �á«¨ ¢ á¨áâ¥¬¥ (10) äã­ªæ¨ï V0 «¨­¥©­  ¯® v, â® ¯¥à¢®¥ ­¥à ¢¥­áâ¢® (20)
¬®¦­® ¨á¯®«ì§®¢ âì ¨ ¯à¨ p = 0.

� ¬¥ç ­¨¥ 2. �à¨ l = m ¢ á¨áâ¥¬¥ (10) ®âáãâáâ¢ãîâ ¯¥à¥¬¥­­ë¥ x2 ¨ x3. � íâ®¬ á«ãç ¥ ¢
â¥®à¥¬¥ 2 ¬®¦­® ¯®«®¦¨âì �0 = min[1; p=2],   ­¥à ¢¥­áâ¢  (21) § ¯¨á âì ¢ ¢¨¤¥

kx(t; h) � '(p)(t; h�1)k � Ch��p�1:

� ¬¥ç ­¨¥ 3. � áá¬®âà¨¬ á¨áâ¥¬ã

_u = U(t; u; v); _v = hV0(t; u; v;	(h)) + V1(t; u; v);

£¤¥ 	(h) | ­¥ª®â®à ï äã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ï ®æ¥­ª¥ 	(h) = o(h�1 lnh). �ãáâì ¤«ï íâ®©
á¨áâ¥¬ë ¢ë¯®«­¥­ë ãá«®¢¨ï 1�{3�. �á«®¢¨¥ 4� § ¯¨è¥¬ ¢ ¢¨¤¥
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4�. �®¡áâ¢¥­­ë¥ §­ ç¥­¨ï �j(t; x1; x02; x
0
3; x

0
4), �k(t; x1; x

0
2; x

0
3; x

0
4) (j = 1; : : : ; l; k = 1; : : : ; 2(m�l))

¤«ï ¢á¥å §­ ç¥­¨© x1 2 D(1), t 2 I ®â«¨ç­ë ®â ­ã«ï, ¨ ¨å ¢¥é¥áâ¢¥­­ë¥ ç áâ¨ ®£à ­¨ç¥­ë äã­ª-
æ¨¥© 	(h), ¯à¨ç¥¬ á®¡áâ¢¥­­ë¬ §­ ç¥­¨ï¬ á ­¥®âà¨æ â¥«ì­®© ¢¥é¥áâ¢¥­­®© ç áâìî ®â¢¥ç îâ
¯à®áâë¥ í«¥¬¥­â à­ë¥ ¤¥«¨â¥«¨.

�«ï à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬ë â ª¦¥ á¯à ¢¥¤«¨¢  â¥®à¥¬  2.
�æ¥­ª  ¤«ï ¬ âà¨æë W (t; s; h) ¨¬¥¥â ¢¨¤

kW (t; s; h)k � exp[�(t)h	(h)];

£¤¥ �(t) | ­¥ª®â®à ï äã­ªæ¨ï. � íâ®¬ á«ãç ¥ � = ��1
1 (�h	�1(h) lnh), £¤¥ �1(t) | ­¥ª®â®à ï

­¥¯à¥àë¢­ ï, ¬®­®â®­­® ¢®§à áâ îé ï, ­¥®âà¨æ â¥«ì­ ï, ­¥®£à ­¨ç¥­­ ï ¯à¨ h ! +1 äã­ª-
æ¨ï.
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