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�¥â®¤ ¨­â¥£à¨àãîé¨å ¬ âà¨æ (���) ãá¯¥è­® ¯à¨¬¥­ï¥âáï ¤«ï à¥è¥­¨ï á¨áâ¥¬ ®¡ëª­®-
¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ¢®§­¨ª îé¨å ¢ à §«¨ç­ëå ®¡« áâïå áâà®¨â¥«ì­®© ¬¥-
å ­¨ª¨ (á¬., ­ ¯à., [1]{[4]). �¨áªà¥â­ë©  ­ «®£ ªà ¥¢®© § ¤ ç¨ ¢ íâ®¬ ¬¥â®¤¥ ¯®«ãç ¥âáï ¯ãâ¥¬
á¢¥¤¥­¨ï ¥¥ ª ¨­â¥£à «ì­®¬ã á®®â­®è¥­¨î, á®¤¥à¦ é¥¬ã ¯à®áâ¥©è¨¥ ®¯¥à â®àë â¨¯  �®«ìâ¥à-
à  ®â­®á¨â¥«ì­® ¯à®¨§¢®¤­ëå ¨áª®¬®£® à¥è¥­¨ï ¨ ¯®á«¥¤ãîé¥©  ¯¯à®ªá¨¬ æ¨¨ íâ®£® á®®â­®-
è¥­¨ï ¯à¨ ¯®¬®é¨ ¬¥â®¤  ª®««®ª æ¨¨. �à¨ íâ®¬ ¢®§­¨ª îâ â ª ­ §ë¢ ¥¬ë¥ ¨­â¥£à¨àãîé¨¥
âà¥ã£®«ì­ë¥ ¬ âà¨æë, á®®â¢¥âáâ¢ãîé¨¥ ®¯¥à â®à ¬ â¨¯  �®«ìâ¥àà . � ¦­®© ¯®«®¦¨â¥«ì­®©
®á®¡¥­­®áâìî ��� ï¢«ï¥âáï â®, çâ® ª®­áâàã¨à®¢ ­¨¥ à §à¥è îé¥© á¨áâ¥¬ë «¨­¥©­ëå  «£¥-
¡à ¨ç¥áª¨å ãà ¢­¥­¨© ¨ ¯®á«¥¤ãîé¥¥ ¢®ááâ ­®¢«¥­¨¥ ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï ¢ ã§« å á¥âª¨
¢ë¯®«­ï¥âáï ¯à¨ ¯®¬®é¨ í«¥¬¥­â à­ëå ¨ ®¤­®â¨¯­ëå ®¯¥à æ¨© á íâ¨¬¨ ¬ âà¨æ ¬¨.

�«¥¤ã¥â, ®¤­ ª®, ®â¬¥â¨âì, çâ® á¨áâ¥¬  «¨­¥©­ëå ãà ¢­¥­¨© ��� ¯à¨ à¥è¥­¨¨ § ¤ ç¨ á á -
¬®á®¯àï¦¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ®¯¥à â®à®¬, ¢®®¡é¥ £®¢®àï, ®ª §ë¢ ¥âáï ­¥á¨¬¬¥âà¨ç­®©.
�â® ®¡áâ®ïâ¥«ìáâ¢® ®á®¡¥­­® ­¥¯à¨ïâ­® ¯à¨ à¥è¥­¨¨ á¯¥ªâà «ì­ëå § ¤ ç.

� à ¡®â¥ [5] ãª § ­ á¯®á®¡ à á¯à¥¤¥«¥­¨ï ã§«®¢ ª®««®ª æ¨¨, ®¡¥á¯¥ç¨¢ îé¨© á¨¬¬¥âà¨î
¬ âà¨æë á¨áâ¥¬ë ���. � ¬ ¦¥ ­  ¯à¨¬¥à¥ á ¬®á®¯àï¦¥­­®£® ãà ¢­¥­¨ï ç¥â¢¥àâ®£® ¯®àï¤ª 
¯à®¢¥¤¥­® ¯®¤à®¡­®¥ ¨áá«¥¤®¢ ­¨¥ ãáâ®©ç¨¢®áâ¨ ¨ â®ç­®áâ¨ ¯à¥¤« £ ¥¬®£® ¢ à¨ ­â  ���. �
ç áâ­®áâ¨, ¯®ª § ­®, çâ® ®¡ãá«®¢«¥­­®áâì ¬ âà¨æë á¨áâ¥¬ë ­¥ ãåã¤è ¥âáï á à®áâ®¬ ç¨á«  ã§-
«®¢ ª®««®ª æ¨¨, ¨ ¬¥â®¤ ¨¬¥¥â íªá¯®­¥­æ¨ «ì­ãî ®æ¥­ªã â®ç­®áâ¨, â. ¥. ¬®¦¥â ¡ëâì ®â­¥á¥­ ª
­¥­ áëé ¥¬ë¬  «£®à¨â¬ ¬ [6].

� ¤ ­­®© áâ âì¥, ­¥¯®áà¥¤áâ¢¥­­® ¯à¨¬ëª îé¥© ª [5], ¯à¥¤« £ ¥âáï ¥áâ¥áâ¢¥­­®¥ ®¡®¡é¥­¨¥
���, á®áâ®ïé¥¥ ¢ â®¬, çâ® ®¡« áâì ¨­â¥£à¨à®¢ ­¨ï á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨© à §¡¨¢ ¥âáï ­  ­¥¯¥à¥á¥ª îé¨¥áï ç áâ¨, ¨­â¥£à «ì­®¥ á®®â­®è¥­¨¥ ��� § ¯¨áë¢ -
¥âáï ­¥§ ¢¨á¨¬® ­  ª ¦¤®© ¨§ íâ¨å ç áâ¥©, ¢ â®çª å à §¡¨¥­¨ï áâ ¢ïâáï ¥áâ¥áâ¢¥­­ë¥ ãá«®¢¨ï
á®¯àï¦¥­¨ï, ¢ëà ¦ îé¨¥ ­¥¯à¥àë¢­®áâì ¨áª®¬ëå äã­ªæ¨© ¨ \¯®â®ª®¢". � â¥¬ ¢ë¯®«­ï¥âáï
 ¯¯à®ªá¨¬ æ¨ï íâ¨å á®®â­®è¥­¨© á ¨á¯®«ì§®¢ ­¨¥¬ ¬¥â®¤  ª®««®ª æ¨¨ ¯® ª ¦¤®© ¯®¤®¡« áâ¨
­  á¥âª¥ ã§«®¢, á¢ï§ ­­®© á ­ã«ï¬¨ ¯®«¨­®¬®¢ �¥¦ ­¤à . �®ª § ­®, çâ® ¢®§­¨ª îé ï ¯à¨
íâ®¬ á¨áâ¥¬  «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ¬®¦¥â ¡ëâì ¨­â¥à¯à¥â¨à®¢ ­  ª ª á¨áâ¥-
¬  ¬¥â®¤  ª®­¥ç­ëå í«¥¬¥­â®¢ á ç¨á«¥­­ë¬ ¨­â¥£à¨à®¢ ­¨¥¬ ¯® ä®à¬ã«¥ � ãáá . �â® ¤ ¥â
¢®§¬®¦­®áâì ¨áá«¥¤®¢ âì à §à¥è¨¬®áâì ¯à¥¤« £ ¥¬®£® ¬¥â®¤  ¨ ¯®«ãç¨âì ®æ¥­ª¨ â®ç­®áâ¨ ¢
â¥à¬¨­ å ­ ¨«ãçè¨å ¯à¨¡«¨¦¥­¨© ¯à®¨§¢®¤­®© â®ç­®£® à¥è¥­¨ï, "¯®â®ª®¢" ¨ ¯à ¢®© ç áâ¨
 «£¥¡à ¨ç¥áª¨¬¨ ¯®«¨­®¬ ¬¨, ¨§ ª®â®àëå ¯à¨ á®®â¢¥âáâ¢ãîé¥© £« ¤ª®áâ¨ ¨áå®¤­ëå ¤ ­­ëå
¢ëâ¥ª îâ â¨¯¨ç­ë¥ ¤«ï h{p ¢ à¨ ­â  ¬¥â®¤  ª®­¥ç­ëå í«¥¬¥­â®¢ ®æ¥­ª¨, ¢ëà ¦ îé¨¥ § ¢¨-
á¨¬®áâì ¯®£à¥è­®áâ¨ ®â è £®¢ á¥âª¨ ¨ ¯®àï¤ª  ¯®«¨­®¬®¢, ¨á¯®«ì§ã¥¬ëå ¢ ¬¥â®¤¥ ª®««®ª æ¨¨.
�â¬¥â¨¬, çâ® ¯à¨ íâ®¬ à¥ «¨§ã¥âáï íªá¯®­¥­æ¨ «ì­ ï § ¢¨á¨¬®áâì ¯®£à¥è­®áâ¨ ®â ¯®àï¤ª 
¯®«¨­®¬ . � íâ®¬ á¬ëá«¥ à áá¬ âà¨¢ ¥¬ë¥ ¢ áâ âì¥ ¬¥â®¤ë ¬®¦­® ®â­¥áâ¨ ª ­¥­ áëé ¥¬ë¬
 «£®à¨â¬ ¬.
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1. �®áâ ­®¢ª  § ¤ ç¨. �®áâà®¥­¨¥ á¥â®ç­®©  ¯¯à®ªá¨¬ æ¨¨

� áá¬ âà¨¢ ¥âáï ¯¥à¢ ï ªà ¥¢ ï § ¤ ç  ¤«ï á ¬®á®¯àï¦¥­­®© á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª 

� (pu0 + au)0 + bu0 + qu = f; 0 < x < 1; (1)

u(0) = u(1) = 0: (2)

�¤¥áì u = u(x) = (u1(x); : : : ; un(x))T 2 Rn | ¢¥ªâ®à-äã­ªæ¨ï, ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï |
ª¢ ¤à â­ë¥ ¬ âà¨æë â ª¨¥, çâ® p; a 2 C(1)(0; 1), b; q; f 2 C(0; 1),

p = p(x) = pT (x) � c0E; c0 > 0; a = a(x) = bT (x); q = q(x) = qT (x) � 0; (3)

E | ¥¤¨­¨ç­ ï ¬ âà¨æ .
�¢¥¤¥¬ ­  ®âà¥§ª¥ [0; 1] á¥âªã ! = f0 = x0 < x1 < � � � < xN = 1g. �à®¨­â¥£à¨àã¥¬ ãà ¢­¥­¨¥

(1) ¯® ®âà¥§ªã [x; xi], xi�1 < x < xi. �®«ãç¨¬

pw(x) + au(x) +
Z xi

x

bw(�)d�+
Z xi

x

qu(�)d� + ci =
Z xi

x

f(�)d�;

£¤¥ w(x) = u0(x), ci = �(pw + au)(xi). �á­®, çâ®

u(x) =
Z x

xi�1

w(�)d� + ui�1:

�¤¥áì ¨ ¤ «¥¥ ui = u(xi). �«¥¤®¢ â¥«ì­®, ¤«ï i = 1; 2; : : : ; N ¨¬¥¥¬

pw(x) + a

�Z x

xi�1

w(�)d� + ui�1

�
+
Z xi

x
bw(�)d�+

+
Z xi

x

q

�Z �

xi�1

w(s)ds+ ui�1

�
d� + ci =

Z xi

x

f(�)d�: (4)

�á¯®«ì§ã¥¬ ¨­â¥£à «ì­ë¥ á®®â­®è¥­¨ï (4) ¤«ï ¯®áâà®¥­¨ï ¯à¨¡«¨¦¥­­®£® ¬¥â®¤  à¥è¥­¨ï
§ ¤ ç¨ (1), (2). �à¨á®¥¤¨­¨¬ ª ãà ¢­¥­¨ï¬ (4) ®ç¥¢¨¤­ë¥ à ¢¥­áâ¢ 

Z xi

xi�1

w(x)dx = ui � ui�1; (5)

ãá«®¢¨ï á®¯àï¦¥­¨ï

pw(xi � 0) + au(xi � 0) = pw(xi + 0) + au(xi + 0); i = 1; 2; : : : ; N � 1; (6)

¨ £à ­¨ç­ë¥ ãá«®¢¨ï

u0 = uN = 0: (7)

�  ãà ¢­¥­¨ï (4){(7) ¬®¦­® á¬®âà¥âì ª ª ­  á¨áâ¥¬ã ãà ¢­¥­¨© ¤«ï ®¯à¥¤¥«¥­¨ï §­ ç¥­¨©
w(x), x 2 ei = [xi�1; xi], i = 1; 2; : : : ; N , ¨ ui, i = 0; 1; : : : ; N . �à ¢­¥­¨ï (4), (5) ¯®§¢®«ïîâ
¨áª«îç¨âì äã­ªæ¨î w [5], ¯®á«¥ ç¥£® á¨áâ¥¬ã ãà ¢­¥­¨© (6), (7) ¬®¦­® âà ªâ®¢ âì ª ª â®ç­ãî
à §­®áâ­ãî áå¥¬ã [7], [8] ¤«ï § ¤ ç¨ (1), (2).

� «ì­¥©è¥¥ ¯®á¢ïé¥­®  ¯¯à®ªá¨¬ æ¨¨ á¨áâ¥¬ë (4){(7) á¥â®ç­®© á¨áâ¥¬®©.
�®«®¦¨¬

 i
0(x) = (xi � x)=hi;  i

1(x) = (x� xi�1)=hi; hi = xi � xi�1
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¨ ®¯à¥¤¥«¨¬ ¬ âà¨æë ¡ §¨á­ëå äã­ªæ¨© 	i
0 =  i

0E, 	
i
1 =  i

1E. �á¯®«ì§ãï ä®à¬ã«ã ¨­â¥£à¨à®-
¢ ­¨ï ¯® ç áâï¬ ¨ ãà ¢­¥­¨¥ (1), ­¥âàã¤­® ¯à®¢¥à¨âì, çâ®

pw(xi � 0) + au(xi � 0) =
Z xi

xi�1

�
(	i

1)
0

�
pw + a

�Z x

xi�1

w(�)d� + ui�1

��
+

+	i
1

�
bw + q

�Z x

xi�1

w(�)d� + ui�1

���
dx�

Z xi

xi�1

	i
1fdx � Qi

1; (8)

� pw(xi + 0)� au(xi + 0) =
Z xi+1

xi

�
(	i+1

0 )0
�
pw + a

�Z x

xi

w(�)d� + ui

��
+

+	i+1
0

�
bw + q

�Z x

xi

w(�)d� + ui

���
dx�

Z xi+1

xi

	i+1
0 fdx � Qi+1

0 ; (9)

â. ¥. ãá«®¢¨ï (6) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

Qi
1 +Qi+1

0 = 0; i = 1; 2; : : : ; N � 1: (10)

�¢¥¤¥¬ ­  ª ¦¤®¬ ®âà¥§ª¥ ei á¥âªã !i = fxi1 < xi2 < � � � < xinig, ®¡à §®¢ ­­ãî ã§« ¬¨
ª¢ ¤à âãà­®© ä®à¬ã«ë � ãáá  ­  ei. �ãáâì v(x) | ­¥¯à¥àë¢­ ï ­  ei äã­ªæ¨ï. �®«®¦¨¬

vI(x) =
niX
k=1

v(xik)l
i
k(x);

£¤¥ lik(x) | ¡ §¨á­ë¥ äã­ªæ¨¨� £à ­¦  (vI(x) | ¨­â¥à¯®«ïæ¨®­­ë© ¯®«¨­®¬ áâ¥¯¥­¨ ni�1 ¤«ï
äã­ªæ¨¨ v). � ª ¦¤ë¬ ®âà¥§ª®¬ ei á¢ï¦¥¬ ®¯¥à â®àë I ih ¨ I

i
h
�, ¤¥©áâ¢ãîé¨¥ ­  ­¥¯à¥àë¢­ë¥

äã­ªæ¨¨ ¯® ¯à ¢¨«ã I ihv = I iviI , I
i
h
� = I i

�
viI , £¤¥

I iv(x) =
Z x

xi�1

v(�)d�; I i
�
v(x) =

Z xi

x

v(�)d�; x 2 ei:

�ãáâì Hh | «¨­¥©­®¥ ¯à®áâà ­áâ¢® ¢¥ªâ®à-äã­ªæ¨© wh(x) = (wh
1 (x); : : : ; w

h
n(x))

T , ®¯à¥¤¥-
«¥­­ëå ­  ®âà¥§ª¥ [0; 1] ¨ â ª¨å, çâ® vhjei 2 Pni ¤«ï ª ¦¤®£® ®âà¥§ª  ei, £¤¥ Pni | ¬­®¦¥áâ¢®
¯®«¨­®¬®¢ áâ¥¯¥­¨ ­¥ ¢ëè¥ ni. �®«®¦¨¬

si(w) =
niX
k=1

dikw(x
i
k); si(w; �) = si(w � �); (11)

£¤¥ \�" | áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢¥ªâ®à®¢ ¢ Rn, dik | ª®íää¨æ¨¥­âë ª¢ ¤à âãà­®© ä®à¬ã«ë
� ãáá  ­  ®âà¥§ª¥ ei.

�à¨¡«¨¦¥­­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (4){(7) ­ §®¢¥¬ âà®©ªã

(wh; ch; yh) 2 Hh � (Rn)N � (Rn)N+1;

ã¤®¢«¥â¢®àïîéãî á¨áâ¥¬¥ ãà ¢­¥­¨©

pwh + a(I ihw
h + yhi�1) + I ih

�
(bwh + q(I ihw

h + yhi�1)) + chi = I ih
�
f; x 2 !i; i = 1; 2; : : : ; N; (12)

si(wh) = yhi � yhi�1; i = 1; 2; : : : ; N; (13)

Qi
1;h +Qi+1

0;h = 0; i = 1; 2; : : : ; N � 1; (14)

yh0 = yhN = 0; (15)

£¤¥

Qi
�;h = si((	

i
�)

0(pwh + a(I ihw
h + yhi�1))) +

+ si(	
i
�(bw

h + q(I ihw
h + yhi�1)))� si(	

i
�f); � = 0; 1: (16)

�â¬¥â¨¬, çâ® ¯à¨ N = 1 íâ  á¨áâ¥¬  á®¢¯ ¤ ¥â á á¨áâ¥¬®© ���, ¨áá«¥¤®¢ ­­®© ¢ [5].
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2. �áá«¥¤®¢ ­¨¥ § ¤ ç¨ (12){(15)

�®ª ¦¥¬, çâ® § ¤ ç  (12){(15) íª¢¨¢ «¥­â­  ¬¥â®¤ã ª®­¥ç­ëå í«¥¬¥­â®¢ á « £à ­¦¥¢ë¬¨
í«¥¬¥­â ¬¨ ¨ ç¨á«¥­­ë¬ ¨­â¥£à¨à®¢ ­¨¥¬ ¯à¨ ¯®¬®é¨ ª¢ ¤à âãà­®© ä®à¬ã«ë � ãáá . �®£¤ 
à §à¥è¨¬®áâì § ¤ ç¨ (12){(15) ¨ ®æ¥­ª¨ â®ç­®áâ¨ ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï ¬®£ãâ ¡ëâì ¯®«ãç¥­ë
­  ®á­®¢¥ å®à®è® ¨§¢¥áâ­ëå à¥§ã«ìâ â®¢ ¬¥â®¤  ª®­¥ç­ëå í«¥¬¥­â®¢ (á¬., ­ ¯à., [9]).

�¬­®¦¨¬ ª ¦¤®¥ ¨§ ãà ¢­¥­¨© (14) áª «ïà­® ­  ¢¥ªâ®à �i 2 Rn ¨ ¯à®áã¬¬¨àã¥¬ ¯®«ãç¥­­ë¥
à ¢¥­áâ¢  ¯® ¢á¥¬ i = 1; 2 : : : ; N � 1. �®á«¥ £àã¯¯¨à®¢ª¨ á« £ ¥¬ëå ¯à¨ �0 = �N = 0 ¯®«ãç ¥¬

NX
i=1

fsi(pwh + a(I ihw
h + yhi�1); (	

i
0)
0�i�1 + (	i

1)
0�i) +

+ si(bwh + q(I ihw
h + yhi�1);	

i
0�i�1 +	i

1�i)g =
NX
i=1

si(f;	i
0�i�1 +	i

1�i): (17)

�¬­®¦¨¬ â¥¯¥àì à ¢¥­áâ¢® (12) ¢ ª ¦¤®© â®çª¥ xik 2 !i áª «ïà­® ­  e i(xik), £¤¥ e i | â ª ï
¢¥ªâ®à-äã­ªæ¨ï, çâ® ª ¦¤ ï ¥¥ ª®¬¯®­¥­â  | ¯®«¨­®¬ áâ¥¯¥­¨ ni � 1, ¨

si( e i) = 0: (18)

�à®áã¬¬¨àã¥¬ ¯®«ãç¥­­ë¥ à ¢¥­áâ¢  á ¢¥á®¬ dik ¯® ¢á¥¬ xik 2 !i,   § â¥¬ ¯® i = 1; 2; : : : ; N .
�¥§ã«ìâ â á«®¦¨¬ á (17). �á¯®«ì§ãï ¯®á«¥ íâ®£® á¢®©áâ¢® ¢§ ¨¬­®© á®¯àï¦¥­­®áâ¨ ®¯¥à â®à®¢
I ih ¨ I

i
h

� [5]
si(I ihw; v) = si(w; I ih

�
v);

¯®«ãç¨¬

NX
i=1

fsi(pwh + a(I ihw
h + yhi�1); (	

i
0)
0�i�1 + (	i

1)
0�i + e i)+

+ si(bw
h + q(I ihw

h + yhi�1);	
i
0�i�1 +	i

1�i + I ih
e i)g =

=
NX
i=1

si(f;	
i
0�i�1 +	i

1�i + I ih
e i): (19)

�á­®, çâ®

uhi (x) = I ihw
h + yhi�1 (20)

¥áâì ¢¥ªâ®à-äã­ªæ¨ï, ª ¦¤ ï ª®¬¯®­¥­â  ª®â®à®© | ¯®«¨­®¬ áâ¥¯¥­¨ ni, ¯à¨­¨¬ îé ï ¢á«¥¤-
áâ¢¨¥ ãá«®¢¨ï (13) §­ ç¥­¨ï yhi�1, y

h
i ­  ª®­æ å ®âà¥§ª  ei,   �hi (x) = 	i

0�i�1 + 	i
1�i + I ih

e i |
¢¥ªâ®à-äã­ªæ¨ï, ª ¦¤ ï ª®¬¯®­¥­â  ª®â®à®© ¥áâì ¯®«¨­®¬ áâ¥¯¥­¨ ni, ¯à¨ç¥¬ ¢á«¥¤áâ¢¨e (18)
�hi (xi�1) = �i�1, �hi (xi) = �i. �á«¥¤áâ¢¨¥ ¯à®¨§¢®«ì­®áâ¨ �i, i = 1; 2; : : : ; N , à ¢¥­áâ¢® (19) ¬®¦­®
¨­â¥à¯à¥â¨à®¢ âì ª ª á¨áâ¥¬ã ãà ¢­¥­¨© ¬¥â®¤  ª®­¥ç­ëå í«¥¬¥­â®¢ á ç¨á«¥­­ë¬ ¨­â¥£à¨à®-
¢ ­¨¥¬ ¯à¨ ¯®¬®é¨ ª¢ ¤à âãà­®© ä®à¬ã«ë � ãáá  ¤«ï § ¤ ç¨ (1), (2)

NX
i=1

fsi(p(uhi )
0
+ auhi ; (�

h
i )

0
) + si(b(u

h
i )
0
+ quhi ; �

h
i )g =

NX
i=1

si(f; �
h
i ): (21)

�ãáâì

V 0 =
� �

W 1
2(0; 1)

�n
; kvk1 =

� nX
i=1

�kv0ik20 + kvik20
��1=2

; kvk20 =
Z 1

0

v2dx:

�¡®§­ ç¨¬ ç¥à¥§ Pni ¬­®¦¥áâ¢® ¯®«¨­®¬®¢ áâ¥¯¥­¨ ­¥ ¢ëè¥ ni. �¢¥¤¥¬ ¯à®áâà ­áâ¢® ª®­¥ç­ëå
í«¥¬¥­â®¢ V 0

h ª ª ¬­®¦¥áâ¢® ­¥¯à¥àë¢­ëå ¢¥ªâ®à-äã­ªæ¨© à §¬¥à­®áâ¨ n, ª ¦¤ ï ª®¬¯®­¥­â 
ª®â®àëå ï¢«ï¥âáï ¯®«¨­®¬®¬ áâ¥¯¥­¨ ­¥ ¢ëè¥ ni ­  ª ¦¤®¬ ¨§ í«¥¬¥­â®¢ ei,

V 0
h = fvh 2 V 0 : vhjei 2 Pnig
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¨ ®¯à¥¤¥«¥­­ë¥ á®®â¢¥âáâ¢¥­­® ­  V 0
h � V 0

h ¨ V 0
h ä®à¬ë

ah(uh; �h) =
NX
i=1

fsi(p(uh)0 + auh; (�h)0) + si(b(uh)0 + quh; �h)g;

fh(�
h) =

NX
i=1

si(f; �
h):

�®¦¤¥áâ¢® (21) â®£¤  § ¯¨è¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

uh 2 V 0
h : ah(u

h; �h) = fh(�
h) 8vh 2 V 0

h : (22)

�­â¥£à «ì­®¥ â®¦¤¥áâ¢®, á®®â¢¥âáâ¢ãîé¥¥ ¨áå®¤­®© § ¤ ç¥ (1), (2), § ¯¨è¥¬ ¢ ¢¨¤¥

u 2 V 0 : a(u; �) = f(�) 8v 2 V 0; (23)

£¤¥ ¤«ï u; v 2 V 0

a(u; �) = (pu0 + au; �0) + (bu0 + qu; �); f(�) = (f; �); (u; v) =
Z 1

0

u v dx:

�ãáâì ¤ «¥¥ u | à¥è¥­¨¥ § ¤ ç¨ (1), (2), uh | à¥è¥­¨¥ áå¥¬ë ��� á ç¨á«¥­­ë¬ ¨­â¥£à¨à®-
¢ ­¨¥¬ (22). �æ¥­¨¬ ¨å ¡«¨§®áâì.

� ­­ë¥ ¨áå®¤­®© § ¤ ç¨ ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì â ª¨¬¨, çâ®

p; a; b; q 2 C1(ei); (24)

u0; f;Q1 = pu0 + au; Q2 = bu0 + qu 2 Cri(ei); i = 1; : : : ; N; ri � 1; (25)

a(u; u) � �kuk21; � > 0; 8u 2 V 0: (26)

�  V 0
h ¢¢¥¤¥¬ äã­ªæ¨®­ « k � k1;h à ¢¥­áâ¢®¬

kuk21;h =
NX
i=1

�
si(u

0; u0) + si(u; u)
�
:

�¥âàã¤­® ¢¨¤¥âì, çâ® áãé¥áâ¢ãîâ ¯®áâ®ï­­ë¥ � ¨ �1 (�1 ­¥ § ¢¨á¨â ®â h) â ª¨¥, çâ®

ja(u; v)j � �kuk1kvk1 8u; v 2 V 0;

jah(u; v)j � �1kuk1;hkvk1 8u 2 V 0; 8v 2 V 0
h :

�æ¥­ª¨,  ­ «®£¨ç­ë¥ á®¤¥à¦ é¨¬áï ¢ á«¥¤ãîé¥© â¥®à¥¬¥, ¢ëâ¥ª îâ ¨§ ®æ¥­®ª â®ç­®áâ¨ ª¢ -
¤à âãàë � ãáá  ¨ å®à®è® ¨§¢¥áâ­ë ¢ â¥®à¨¨ ��� (á¬., ­ ¯à., [9], c. 446) ¯® ¯®¢®¤ã ¯¥à¢®©
®æ¥­ª¨).

�¥®à¥¬  1. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï (24). �®£¤  áãé¥áâ¢ã¥â â ª ï ¯®«®¦¨â¥«ì­ ï ¯®-

áâ®ï­­ ï c, ­¥ § ¢¨áïé ï ®â h, çâ®

ja(u; v) � ah(u; v)j � chkuk1kvk1 8u; v 2 V 0
h ;

£¤¥ h = max
i=1;:::;N

hi,

kvk1;h � kvk1 8v 2 V 0
h :

�®áª®«ìªã ¤«ï «î¡ëå v 2 V 0
h ¢ á¨«ã (26) ¨ â¥®à¥¬ë 1

ah(v; v) = a(v; v) + (ah(v; v) � a(v; v)) � �kvk21 � chkvk21;
â® ®âáî¤  á«¥¤ã¥â
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�¥®à¥¬  2. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï (24), (26). �®£¤  ¤«ï ¤®áâ â®ç­® ¬ «ëå h áãé¥áâ¢ã-
¥â â ª ï ¯®áâ®ï­­ ï �1 > 0, ­¥ § ¢¨áïé ï ®â h, çâ®

ah(u; u) � �1kuk21 8u 2 V 0
h :

�§ íâ®© â¥®à¥¬ë, ¢ ç áâ­®áâ¨, á«¥¤ã¥â ®¤­®§­ ç­ ï à §à¥è¨¬®áâì á¥â®ç­®© áå¥¬ë (22) ¯à¨
¤®áâ â®ç­® ¬ «ëå h.

�«¥¤ãîé ï â¥®à¥¬  ¤ ¥â ®æ¥­ªã ¯®£à¥è­®áâ¨ ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï ¢ â¥à¬¨­ å ¢¥«¨ç¨­
­ ¨«ãçè¥£® à ¢­®¬¥à­®£® ¯à¨¡«¨¦¥­¨ï äã­ªæ¨© u0; Q1, Q2, f ¯®«¨­®¬ ¬¨.

�¥®à¥¬  3. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï (24), (25). �®£¤ 

ku� uhk1 � (1 + ��11 �1)
" (u0) + 2 (" (Q1) + " (Q2) + " (f)) ; (27)

£¤¥

"(v) =
� NX

i=1

hi
�
Ei
ni
(v)

�2�1=2

; Ei
ni
(') = inf

v2Pni�1
j'� vj1;ei ;

¯®áâ®ï­­ë¥ �1 ¨ �1 ®¯à¥¤¥«¥­ë ¢ëè¥, 
 =
p
3=2.

�®ª § â¥«ìáâ¢®. � ª ¨§¢¥áâ­® (á¬., ­ ¯à., [9], c. 433), ¤«ï ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï, ®¯à¥-
¤¥«ï¥¬®£® á®®â­®è¥­¨¥¬ (23), á¯à ¢¥¤«¨¢  ®æ¥­ª  ¯®£à¥è­®áâ¨

ku� uhk1 � ku� vhk1 + ��11 (�1ku� vhk1;h +Ea(u) +Ef ) 8vh 2 V 0
h ; (28)

£¤¥

Ea(u) = sup
vh2V 0

h

ja(u; vh)� ah(u; vh)j
kvhk1 ;

Ef = sup
vh2V 0

h

jf(vh)� fh(vh)j
kvhk1 :

�æ¥­¨¬ ª ¦¤®¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ (28) ¢ ®â¤¥«ì­®áâ¨.

1. �¢¥¤¥¬ ®¡®§­ ç¥­¨ï w = u0, [w] =
1R
0

w dx. �á­®, çâ® u =
xR
0

(w � [w])dx. �ãáâì �h | ¯à®-

¨§¢®«ì­ ï äã­ªæ¨ï ¨§ Hh. �®«®¦¨¬ vh =
xR
0

(�h � [�h])dx. �¥âàã¤­® ¢¨¤¥âì, çâ® vh 2 V 0
h , ¨ ¯à¨

e = w � �h ¨¬¥¥¬Z 1

0

ju0 � v0hj2dx =
Z 1

0

je� [e]j2dx =
Z 1

0

jej2dx� 2[e]
Z 1

0

edx+ j[e]j2 �
Z 1

0

jej2dx;

£¤¥ j � j | ¤«¨­  ¢¥ªâ®à  ¢ Rn. � «¥¥,Z 1

0

ju� vhj2dx =
Z 1

0

����
Z x

0

(e(s)� [e])ds
����
2

dx �
Z 1

0

�
x

Z x

0

je(s)� [e]j2ds
�
dx � 1

2

Z 1

0

jej2dx:

�ë¡¨à ï �h â ª, çâ® jw � �hj1;ei = Ei
ni
(u0), i = 1; 2; : : : ; N , ¯®«ãç¨¬

ku� vhk1 � 
"(u0):

�®ç­® â ª¨¥ ¦¥ à ááã¦¤¥­¨ï á¯à ¢¥¤«¨¢ë, ®ç¥¢¨¤­®, ¥á«¨ § ¬¥­¨âì ¨­â¥£à «ë ¯® ®âà¥§ªã [0; 1]
­  á®áâ ¢­ãî ª¢ ¤à âãàã � ãáá . �®íâ®¬ã ku� vhk1;h � 
"(u0).

2. �æ¥­ª  Ea(u). �«ï ¯®£à¥è­®áâ¨ ª¢ ¤à âãà­®© ä®à¬ã«ë � ãáá  ­  í«¥¬¥­â¥ ei ¢¢¥¤¥¬
®¡®§­ ç¥­¨¥ Ei('; v) =

R
ei

'v dx� si('; v). �®£¤ 

a(u; v) � ah(u; v) =
NX
i=1

(Ei(pu0 + au; v0) +Ei(bu0 + qu; v)) =
NX
i=1

(Ei(Q1; v
0) +Ei(Q2; v)) :
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�æ¥­¨¬ á« £ ¥¬®¥ ¢¨¤  Ei('; v), v 2 V 0
h . �¥âàã¤­® ã¡¥¤¨âìáï, çâ®

jEi('; v)j � 2
p
hik'k1;eikvk0;ei ;

¨ ¢ á¨«ã â®ç­®áâ¨ ª¢ ¤à âãàë � ãáá  Ei('; v) = 0 ¤«ï «î¡®£® ' 2 Pni�1. �®íâ®¬ã
jEi('; v)j � 2

p
hi inf

v2Pn�1
j'� vj1;eikvk0;ei = 2

p
hiE

i
ni
(')kvk0;ei :

�­ «®£¨ç­® jEi('; v0)j � 2
p
hiE

i
ni
(')kv0k0;ei . �«¥¤®¢ â¥«ì­®,

ja(u; v) � ah(u; v)j � 2
NX
i=1

p
hi
�
(Ei

ni
(Q1) +Ei

ni
(Q2))(kvk0;ei + kv0k0;ei)

� �
� 2

� NX
i=1

hi
�
(Ei

ni
(Q1))

2 + (Ei
ni
(Q2))

2
��1=2

kvk1 � 2 ("(Q1) + "(Q2)) kvk1;

®âªã¤  ¨ ¢ëâ¥ª ¥â ¨áª®¬ ï ®æ¥­ª  Ea(u) � 2 ("(Q1) + "(Q2)).
3. �æ¥­ª  Ef ¯à®¢®¤¨âáï  ­ «®£¨ç­® ¯à¥¤ë¤ãé¥¬ã ¨ ¨¬¥¥â ¢¨¤ Ef � 2"(f).
�®¡¨à ï â¥¯¥àì ¯®«ãç¥­­ë¥ ®æ¥­ª¨ ¢ ¯à ¢®© ç áâ¨ ­¥à ¢¥­áâ¢  (28), ¯®«ãç¨¬ (27).

�«¥¤áâ¢¨¥. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï (24), (25), ni � ri, i = 1; 2; : : : ; N . �®£¤ 

ku� uhk1 � c max
1�i�N

�
hi
ni

�ri

á ¯®áâ®ï­­®© c, ­¥ § ¢¨áïé¥© ®â hi ¨ ni.

�«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç­® ¨á¯®«ì§®¢ âì ¯à¨ ni � ri, i = 1; : : : ; N , å®à®è® ¨§¢¥áâ­ãî
®æ¥­ªã (á¬., ­ ¯à., [6], c. 162)

Ei
ni
(w) = inf

�h2Hhjei

jw � �hj1;ei � Kri

hrii
nrii

kwkri;1;ei ;

£¤¥ kwkr;1;ei = kw(r)k1;ei , Kri | ¯®áâ®ï­­ ï, § ¢¨áïé ï â®«ìª® ®â ri.

3. �®áâà®¥­¨¥ á¨áâ¥¬ë «¨­¥©­ëå ãà ¢­¥­¨© ¤«ï ®¯à¥¤¥«¥­¨ï y
h

(¬¥â®¤ áã¯¥àí«¥¬¥­â®¢)

�à¨ ¯à ªâ¨ç¥áª®¬ à¥è¥­¨¨ á¨áâ¥¬ë (12){(15) ¬®¦¥â ®ª § âìáï ¯®«¥§­ë¬ á¢¥áâ¨ ¥¥ ª á¨áâ¥¬¥
«¨­¥©­ëå ãà ¢­¥­¨© ®â­®á¨â¥«ì­® yh, â. ¥. ¨á¯®«ì§®¢ âì â¥å­¨ªã áã¯¥àí«¥¬¥­â®¢.

�¢¥¤¥¬ ¬ âà¨æë ¡ §¨á­ëå äã­ªæ¨© �i
0, �

i
1, ®¯à¥¤¥«¥­­ë¥ ª ª à¥è¥­¨ï § ¤ ç

p�i
0 + a(I ih�

i
0 +E) + I ih

�
(b�i

0 + q(I ih�
i
0 +E)) + C i

0 = 0; x 2 !i;
si(�i

0) = �E;
p�i

1 + aI ih�
i
1 + I ih

�
(b�i

1 + qI ih�
i
1) + C i

1 = 0; x 2 !i;
si(�i

1) = E;

£¤¥ C i
0, C

i
1 | ¯®áâ®ï­­ë¥ ¬ âà¨æë,   â ª¦¥ ¢¥ªâ®à-äã­ªæ¨¨ e'i, ®¯à¥¤¥«¥­­ë¥ ª ª à¥è¥­¨ï

§ ¤ ç

p e'i + aI ih e'i + I ih
�
(b e'i + qI ih e'i) + eci = I ih

�
f; x 2 !i;

si( e'i) = 0:

�¥âàã¤­® ¢¨¤¥âì, çâ®

wh = �i
0y

h
i�1 +�i

1y
h
i + e'i; x 2 !i; (29)

Qi
�;h = si((�

i
�)

T (pwh + a(I ihw
h + yhi�1))) + si((e�i

�)
T (bwh + q(I ihw

h + yhi�1)))� si((e�i
�)

T f);
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� = 1; 2, £¤¥ e�i
1 = I ih�

i
1, e�i

0 = I ih�
i
0 + E, ¯à¨ç¥¬ ¤«ï ¤®ª § â¥«ìáâ¢  ¯®á«¥¤­¥£® à ¢¥­áâ¢ 

¤®áâ â®ç­® § ¬¥â¨âì, çâ®

si(((�
i
�)

T � (	i
�)

0)(pwh + a(I ihw
h + yhi�1))) +

+ si(((e�i
�)

T �	i
�)(bw

h + q(I ihw
h + yhi�1)))� si(((e�i

�)
T �	i

�)f) = 0;

¯®áª®«ìªã e�i
� �	i

� = I ih(�
i
� � (	i

�)
0);

  si(�i
�� (	i

�)
0) = 0 (á¬. â ª¦¥ (12)). �á¯®«ì§ã¥¬ ¯à¥¤áâ ¢«¥­¨¥ (29) ¤«ï ¯à¥®¡à §®¢ ­¨ï ¢ëà -

¦¥­¨© Qi
�;h. �¬¥¥¬

Qi
�;h = Ai

�;0y
h
i�1 +Ai

�;1y
h
i � fhi;� + eQi

�;h; � = 0; 1;

£¤¥

Ai
�;0 = si((�

i
�)

T (p�i
0 + ae�i

0)) + si((e�i
�)

T (b�i
0 + qe�i

0));

Ai
�;1 = si((�i

�)
T (p�i

1 + ae�i
1)) + si((e�i

�)
T (b�i

1 + qe�i
1));

fhi;� = si((e�i
�)

T f);

eQi
�;h = si((�i

�)
T (p e'i + aI ih e'i)) + si((e�i

�)
T (b e'i + qI ih e'i)):

�¥¯®áà¥¤áâ¢¥­­® ¨§ ®¯à¥¤¥«¥­¨ï ¬ âà¨æ �i
� ¨ ¢¥ªâ®à®¢ e'i ¢ëâ¥ª ¥â, çâ® eQi

�;h = 0 ¨, á«¥¤®¢ -
â¥«ì­®,

Qi
�;h = Ai

�;0y
h
i�1 +Ai

�;1y
h
i � fhi;�; � = 0; 1:

�â® ®§­ ç ¥â, çâ® á¨áâ¥¬  (14), (15) ¬®¦¥â ¡ëâì § ¯¨á ­  ¢ ¢¨¤¥ ¡«®ç­®-âà¥å¤¨ £®­ «ì­®© á¨-
áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©

Ayh = fh; (30)

£¤¥ ¬ âà¨æ  A ¨ ¢¥ªâ®à fh ¬®£ãâ ¡ëâì ¯®áâà®¥­ë ¯à¨ ¯®¬®é¨ áâ ­¤ àâ­®© ¯à®æ¥¤ãàë á¡®àª¨
¨§ ¬ âà¨æ �

Ai
00 Ai

01

Ai
10 Ai

11

�

¨ ¢¥ªâ®à®¢ fhi = (fhi;0, f
h
i;1), i = 1; 2; : : : ; N , á®®â¢¥âáâ¢¥­­® á ãç¥â®¬ £à ­¨ç­ëå ãá«®¢¨© (15).

�á«¥¤áâ¢¨¥ ãá«®¢¨© (3) ¨¬¥¥¬ Ai
�� = (Ai

��)
T , � = 1; 2, Ai

01 = (Ai
10)

T , ¯®íâ®¬ã ¬ âà¨æ  A á¨¬-
¬¥âà¨ç­ . �á«¨ ®¯¥à â®à § ¤ ç¨ (1), (2) ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­, â® ¨ ¬ âà¨æ  A, ¯® ªà ©­¥©
¬¥à¥ ¤«ï ¤®áâ â®ç­® ¬ «ëå hi, ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­  (á¬. â¥®à¥¬ã 2).

� ¬¥â¨¬, çâ® ¯à¨ ¯®áâà®¥­¨¨ ¬ âà¨æë A ¨ ¢¥ªâ®à  fh ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ¢ë¤¥«ïîâáï
¯ à ««¥«ì­ë¥ ¢¥â¢¨  «£®à¨â¬ , ­ ¯à¨¬¥à, á®®â¢¥âáâ¢ãîé¨¥ á¨áâ¥¬ë ãà ¢­¥­¨© ¤«ï �i

�, e'i à¥-
è îâáï ­¥§ ¢¨á¨¬® ¤«ï ª ¦¤®£® í«¥¬¥­â . � âà¨æë íâ¨å á¨áâ¥¬ «¥£ª® á¨¬¬¥âà¨§ãîâáï,   ¨å
®¡ãá«®¢«¥­­®áâì ­¥ § ¢¨á¨â ®â ç¨á«  ã§«®¢ ­  í«¥¬¥­â¥ [5].

�à¨ ­¥®¡å®¤¨¬®áâ¨ ¯à¨¡«¨¦¥­­ë¥ §­ ç¥­¨ï wh ¯à®¨§¢®¤­®© ¨áª®¬®£® à¥è¥­¨ï ¨ á ¬® ¯à¨-
¡«¨¦¥­­®¥ à¥è¥­¨¥ uh ¬®£ãâ ¡ëâì ¢ëç¨á«¥­ë ¢ ã§« å í«¥¬¥­â®¢ ¯® ä®à¬ã« ¬ (29), (20).
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