
ISSN 1066-369X, Russian Mathematics (Iz. VUZ), 2008, Vol. 52, No. 10, pp. 13–19. c© Allerton Press, Inc., 2008.
Original Russian Text c© O.V. Zubkov, 2008, published in Izvestiya Vysshikh Uchebnykh Zavedenii. Matematika, 2008, No. 10, pp. 17–24.

Construction of Noniterated Boolean Functions
in the Basis {&,∨,−} and Estimation of Their Number

O. V. Zubkov1*

1Irkutsk State Pedagogical University, ul. N. Naberezhnaya 6, Irkutsk, 664011 Russia
Received June 03, 2003; in final form, December 02, 2007

Abstract—In this paper we consider noniterated Boolean functions in the basis {&,∨,−}. We
obtain the canonical form of the formula for a noniterated function in this basis. We construct the
set of such formulas with respect to variables x1, . . . , xn and calculate the number of its elements.
Based on these results, we obtain the upper and lower bounds for the number of noniterated Boolean
functions of n variables in the basis under consideration.
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A formula Φ over a certain basis B is said to be noniterated, if each variable enters in it no more than
once. A Boolean function f is said to be noniterated in a basis B, if there exists a noniterated formula Φ
over B which represents the function f .

Since the noniterated representation has the least (in all senses) complexity, the number of functions
representable in a given basis B as noniterated ones is an important characteristic of this basis.
Therefore, the comparison of bases with respect to the number of noniterated functions in them is not
only of theoretical interest, but also of great applied importance in Microcircuit Engineering.

Some results are obtained in this direction. In [2] one tabulates the number of noniterated Boolean
functions in bases B0 = {&,∨,−} and B1 = {&,∨,⊕,−}; the number of arguments of these functions
does not exceed ten. This result was obtained by means of full enumeration. In papers [4] and [5]
one adduces recurrent formulas for the number of noniterated Boolean functions of n variables in the
same bases; these formulas allow one to calculate the mentioned number for sufficiently large n. For
example, this result allows one to formulate the following conjecture: The number of noniterated Boolean
functions considerably increase, when the basis B0 is supplemented by the weakly iterated (in it) function
⊕. This conjecture is proved in [1] (P. 64). On the other hand, due to the recurrent nature of the obtained
formulas we cannot estimate (even approximately) the number of noniterated Boolean functions of n
variables for arbitrary n. The recurrent dependencies in these formulas are nonlinear; one cannot reduce
them to a nonrecurrent form by the known methods.

In addition to the mentioned result, in paper [1] one describes a principally different method for
constructing canonical representations of noniterated Boolean functions in the basis B0. Based on this
method, one deduces a formula for the number of noniterated Boolean functions of n variables without
explicit recurrence. This formula has a complex structure; it does not allow one to obtain the desired
estimates directly.

In this paper we adduce the detailed substantiation of the method for constructing the set of canonical
representations for noniterated Boolean functions of variables x1, x2, . . . , xn in the basis B0. This
method enables one to find the desired upper and lower bounds with a similar structure. Note that
an explicit formula for the number of noniterated Boolean functions of n variables is not necessary for
obtaining the estimates.

*E-mail: oleg.zubkov@mail.ru.

13



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




