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� ®¡« áâ¨ D = fx0 < x < x1; y0 < y < y1g à áá¬®âà¨¬ ãà ¢­¥­¨¥

L(U) � Uxxy + aUxx + bUxy + cUx + dUy + eU = f; (1)

ç áâ­ë¥ á«ãç ¨ ª®â®à®£® ¢áâà¥ç îâáï ¯à¨ ¨§ãç¥­¨¨ ¯®£«®é¥­¨ï ¯®ç¢¥­­®© ¢« £¨ à áâ¥­¨ï¬¨
([1], c. 261). �ã¤¥¬ áç¨â âì, çâ® a; : : : ; f 2 C2+1(D), £¤¥ ª« áá Ck+l ®§­ ç ¥â áãé¥áâ¢®¢ ­¨¥ ¨
­¥¯à¥àë¢­®áâì ¢á¥å ¯à®¨§¢®¤­ëå @r+s=@xr@ys (r = 0; : : : ; k; s = 0; : : : ; l). � ¨¡®«¥¥ ¨áá«¥¤®¢ ­-
­®© ¤«ï (1) ï¢«ï¥âáï § ¤ ç  �ãàá  ®¡ ®âëáª ­¨¨ ¢ D à¥è¥­¨ï ¯® ãá«®¢¨ï¬, § ¤ ¢ ¥¬ë¬ ­ 
ç áâ¨ � £à ­¨æë ®¡« áâ¨, ®¡à §®¢ ­­®© ¯¥à¥á¥ª îé¨¬¨áï ¢ â®çª¥ (x0; y0) å à ªâ¥à¨áâ¨ª ¬¨
íâ®£® ãà ¢­¥­¨ï,

U(x0; y) = '(y); Ux(x0; y) = '1(y); y 2 p = [y0; y1]; '; '1 2 C
1(p);

U(x; y0) =  (x); x 2 q = [x0; x1];  2 C2(q):
(2)

�®®â­®è¥­¨ï (2) ¯à¥¤¯®« £ îâ, çâ® ®âëáª¨¢ ¥âáï à¥è¥­¨¥ ¨§ C2+1(D)\C1+0(D[p)\C0+0(D[q).
�§ íâ®£® ¦¥ ª« áá  â®£¤  ¡¥àãâáï ¨ ª®íää¨æ¨¥­âë ¢ (1). � [2]{[4] à¥è¥­¨¥ íâ®© § ¤ ç¨ (­ §ë-
¢ ¥¬®© ¥é¥ å à ªâ¥à¨áâ¨ç¥áª®©) áâà®¨âáï á ¯®¬®éìî äã­ªæ¨¨ �¨¬ ­  R, ª®â®à ï ¢¢®¤¨âáï
ª ª à¥è¥­¨¥ ­¥ª®â®à®© á¯¥æ¨ «ì­®© § ¤ ç¨ �ãàá , ¯à¨ç¥¬ £à ­¨ç­ë¥ ãá«®¢¨ï ãª § ­­®© á¯¥-
æ¨ «ì­®© § ¤ ç¨ ¤®«¦­ë ¡ëâì ¯®«ãç¥­ë á ¯®¬®éìî ®¯à¥¤¥«¥­­®© § ¤ ç¨ �®è¨. � ª®© á¯®á®¡
®¡¥á¯¥ç¨¢ ¥â áãé¥áâ¢®¢ ­¨¥ äã­ªæ¨¨ R, ­® ¢®¯à®á ® ¥¥ ï¢­®¬ ¯®áâà®¥­¨¨ ®áâ ¥âáï ®âªàëâë¬.
� ¤ ­­®© à ¡®â¥ ¯à¥¤« £ ¥âáï ¤àã£®© ¢ à¨ ­â ¢¢¥¤¥­¨ï äã­ªæ¨¨ �¨¬ ­ , ¯®§¢®«ïîé¨© ¢ àï-
¤¥ á«ãç ¥¢ § ¯¨á âì ¥¥ ¢ ª¢ ¤à âãà å. �à®¬¥ â®£®, ¨§ãç îâáï å à ªâ¥à¨áâ¨ç¥áª¨¥ § ¤ ç¨ á
­¥áª®«ìª® ¨­ë¬¨, ç¥¬ (2) £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨.

1. �à¥¤« £ ¥¬ë© §¤¥áì á¯®á®¡ ¢¢¥¤¥­¨ï äã­ªæ¨¨ �¨¬ ­  à §¢¨¢ «áï à ­¥¥ ¤«ï ¤àã£¨å ãà ¢-
­¥­¨© ¢ ([5], á. 24; [6], á. 63; [7]{[9])

�ã¤¥¬ ­ §ë¢ âì äã­ªæ¨¥© �¨¬ ­  ¤«ï (1) à¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï

v(x; y)�
Z y

�
a(x; �)v(x; �)d� �

Z x

�
[b(t; y) � (x� t)d(t; y)]v(t; y)dt +

+
Z x

�

Z y

�
[c(t; �)� (x� t)e(t; �)]v(t; �)d� dt = 1; (3)

ª®â®à®¥ áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­­® ([10], cc. 154, 164). � á«ãç ïå, ª®£¤  ­ã¦­® ¯®¤ç¥àª­ãâì § -
¢¨á¨¬®áâì v ­¥ â®«ìª® ®â (x; y), ­® ¨ ®â (�; �), ¡ã¤¥¬ ¥¥, ª ª ®¡ëç­®, ®¡®§­ ç âì R(x; y; �; �).

� ¬¥â¨¬, çâ® v ­¥ á®¢¯ ¤ ¥â á R ¨§ [2]{[4]. � ¯à¨¬¥à, §¤¥áì R(x; y;x; y) = 1,   ¢ ãª § ­­ëå
à ¡®â å R(x; y;x; y) = 0. � â® ¦¥ ¢à¥¬ï, v(x; y) ®áâ ¥âáï à¥è¥­¨¥¬ á®¯àï¦¥­­®£® ª (1) ãà ¢­¥­¨ï.

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï

M = Rx � bR; N = Ry � aR; P = Rxy � (aR)x � (bR)y + cR; Q = Rxx � (bR)x + dR; (4)
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£¤¥  à£ã¬¥­â ¬¨ ã a, b, c, d ï¢«ïîâáï (x; y),   ã R ¨ ¥¥ ¯à®¨§¢®¤­ëå | (x; y; �; �). �§ (3) «¥£ª®
ãá¬ âà¨¢ ¥âáï, çâ®

M(x; y;x; y) � N(x; y;x; y) � P (x; y;x; y) � Q(x; y;x; y) � 0: (5)

�¥¯®áà¥¤áâ¢¥­­®© ¯à®¢¥àª®© ¬®¦­® ã¡¥¤¨âìáï ¢ ¢ë¯®«­¥­¨¨ â®¦¤¥áâ¢ 

(UR)xxy = (MU)xy + (NU)xx � (PU)x � (QU)y +RL(U) + [U(aR)x + UyRx]x:

�®¬¥­ï¥¬ §¤¥áì à®«ï¬¨ ¯¥à¥¬¥­­ë¥ x á � ¨ y á � ¨ ¢ëç¨á«¨¬ ®â ¯à ¢®© ¨ «¥¢®© ç áâ¨ ¨­â¥£à «
¢ ¯à¥¤¥« å x0 � � � x, y0 � � � y. �ç¨âë¢ ï ä®à¬ã«ãZ x

x0

Z y

y0

@2!

@�@�
d� d� = !(x; y)� !(x; y0)� !(x0; y) + !(x0; y0)

¨ á®®â­®è¥­¨ï (2), (4), (5), ­ å®¤¨¬

Ux(x; y) = R(x; y0;x; y) 
0(x) +R(x0; y;x; y)'1(y)�M(x; y0;x; y) (x) �

�M(x0; y;x; y)'(y) +M(x0; y0;x; y) (x0)�R(x0; y0;x; y) 
0(x) +

+
Z y

y0

f[P (x0; �;x; y) � 2N�(�; �;x; y)j�=x0 ]'(�) �N(x0; �;x; y)'1(�)gd� +

+
Z x

x0

Q(�; y0;x; y) (�)d� +
Z x

x0

Z y

y0

R(�; �;x; y)L[U(�; �)]d� d�: (6)

�âáî¤  à¥è¥­¨¥ § ¤ ç¨ (1){(2) ¯®«ãç ¥âáï ¢ ¢¨¤¥

U(x; y) = '(y) +
Z x

x0

h(�; �)d� +
Z x

x0

Z �

x0

Z y

y0

R(t; �; �; y)f(t; �)d� dt d�;

£¤¥ h(x; y) ¥áâì ¯à ¢ ï ç áâì (6) ¡¥§ ¯®á«¥¤­¥£® á« £ ¥¬®£®.

2. �ç¥¢¨¤­®, ¯®á«¥¤­ïï ä®à¬ã«  ¤ ¥â à¥è¥­¨¥ § ¤ ç¨ (1){(2) ¢ ª¢ ¤à âãà å, ¥á«¨ ¨§¢¥áâ¥­
ï¢­ë© ¢¨¤ äã­ªæ¨¨R. �à¨¢¥¤¥¬ ­¥ª®â®àë¥ â ª¨¥ á«ãç ¨, ¯®«ãç¥­­ë¥ ¯ãâ¥¬ ­¥¯®áà¥¤áâ¢¥­­®£®
à¥è¥­¨ï (3).

 ) a � c � e � b+ xd � 0, d 6= 0,

R = 1� x

Z x

�

d(t; y)
�
exp

Z t

x

sd(s; y)ds
�
dt;

¡) a � b � c � d � 0, e(x; y) = e(y) 6= 0,

R =
1X
k=0

1
k!

� Z y

�
e(�)d�

�k (x� �)2k

(2k)!
;

¢) a � b � d � 0, c(x; y) � xe(x; y) = m(x)n(y),

R = 1�=0

�
2
� Z x

�

m(t)dt
Z y

�

n(�)d�
�1=2�

�

Z x

�

Z y

�

=0

�
2
� Z x

t

m(s)ds
Z y

�

n(�)d�
�1=2�

m(t)n(�)d� dt;

£) d � e � 0, a = a1(y) + �x, b = b1(x) + �y, c� ab� � = m(x)n(y), � = const,

R = =0

�
2
� Z x

�
m(t)dt

Z y

�
n(�)d�

�1=2�
exp

�
�(xy � ��) +

Z x

�
b1(t)dt+

Z y

�
a1(�)d�

�
:

�à¨ ¯®«ãç¥­¨¨ R ¢ á«ãç ïå ¢){£) ¨á¯®«ì§®¢ ­ë à¥§ã«ìâ âë ¨§ [9] ¨ [11]. =0 | äã­ªæ¨ï
�¥áá¥«ï ¯¥à¢®£® à®¤  ­ã«¥¢®£® ¯®àï¤ª .

3. �à¥¤« £ ¥¬ë¥ ­®¢ë¥ ¢ à¨ ­âë å à ªâ¥à¨áâ¨ç¥áª¨å § ¤ ç ¯®«ãç îâáï § ¬¥­®© ¢ (1){(2)
¯® ªà ©­¥© ¬¥à¥ ®¤­®£® £à ­¨ç­®£® §­ ç¥­¨ï ­  ¥£® ­®à¬ «ì­ãî ¯à®¨§¢®¤­ãî. �áâ ­®¢¨¬áï ­ 
®¤­®© ¨§ ­¨å.
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� ¤ ç  1. � ©â¨ äã­ªæ¨î U 2 C2+1(D)\C1+0(D [ p)\C0+1(D [ q), ï¢«ïîéãîáï ¢ D à¥£ã-
«ïà­ë¬ à¥è¥­¨¥¬ ãà ¢­¥­¨ï (1), ã¤®¢«¥â¢®àïîéãî ¯¥à¢ë¬ ¤¢ã¬ á®®â­®è¥­¨ï¬ (2) ¨ ãá«®¢¨î

Uy(x; y0) =  0(x);  0 2 C
2(q):

�ä®à¬ã«¨à®¢ ­­ãî § ¤ çã ¬®¦­® à¥¤ãæ¨à®¢ âì ª § ¤ ç¥ �ãàá . �«ï íâ®£® ¤¢ ¦¤ë ¯à®¨­-
â¥£à¨àã¥¬ (1) ¯® x ¢ ¯à¥¤¥« å ®â x� ¤® x ((x�; y); (x; y) 2 D), § â¥¬ ¢ ¯®«ãç¥­­®¬ á®®â­®è¥­¨¨
ãáâà¥¬¨¬ x� ª x0,   y | ª y0. �ç¨âë¢ ï £à ­¨ç­ë¥ ãá«®¢¨ï, ¯®«ãç¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥

a(x; y0) (x) +
Z x

x0

[(x� t)A(t) +B(t)] (t)dt = r(x); (7)

A(x) = axx(x; y0)� cx(x; y0) + e(x; y0); B(x) = c(x; y0)� 2ax(x; y0);

r(x) =
Z x

x0

f(x� t)[bt(t; y0)� d(t; y0)]� b(t; y0)g 0(t)dt�  0(x) +

+(x� x0)[a(x0; y0)'1(y0) + b(x0; y0)'
0(y0) + c(x0; y0)'(y0) + '01(y0) + ax(x0; y0)'(y0)] +

+'0(y0) + a(x0; y0)'(y0):

�¤¥áì  (x) | äã­ªæ¨ï ¨§ âà¥âì¥£® ãá«®¢¨ï ¢ (2). �  ®á­®¢¥  ­ «¨§  ãà ¢­¥­¨ï ¨§ (7) ãáâ ­ -
¢«¨¢ ¥âáï

�¥®à¥¬ . �á«¨ ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï (1) ¯à¨­ ¤«¥¦ â ª« ááã ¨áª®¬ëå à¥è¥­¨© ¨, ªà®-

¬¥ â®£®, a(x; y0) 6= 0, a 2 C2+0(D [ q), b; c 2 C1+0(D [ q), â® § ¤ ç  1 ®¤­®§­ ç­® à¥¤ãæ¨àã¥âáï

ª § ¤ ç¥ �ãàá . �à¨ íâ®¬  (x) § ¯¨áë¢ ¥âáï ç¥à¥§ à¥§®«ì¢¥­âã ãà ¢­¥­¨ï (7).

�á«¨ ª ãá«®¢¨ï¬ â¥®à¥¬ë ¤®¡ ¢¨âì «î¡®¥ ¨§ â®¦¤¥áâ¢ A(x) � 0, B(x)� xA(x) � 0, â®  (x)
§ ¯¨áë¢ ¥âáï ¢ ª¢ ¤à âãà å.

� á«ãç ¥ ¯¥à¢®£® â®¦¤¥áâ¢ 

 (x) =
r(x)

a(x; y0)
�

1
a(x; y0)

Z x

x0

B(�)r(�)
a(�; y0)

�
exp

Z �

x

B(t)dt
a(t; y0)

�
d�;

  ¢ á«ãç ¥ ¢â®à®£® |

 (x) =
r(x)

a(x; y0)
�

x

a(x; y0)

Z x

x0

A(�)r(�)
a(�; y0)

�
exp

Z �

x

tA(t)dt
a(t; y0)

�
d�:

�à¨ a(x; y0) � 0 â®¦¥ ¨¬¥îâáï ¤¢¥ ¢®§¬®¦­®áâ¨ ï¢­®£® à¥è¥­¨ï (7), ®¡¥á¯¥ç¨¢ ¥¬ë¥ «î¡ë¬
¨§ ¤¢ãå ­ ¡®à®¢ âà¥¡®¢ ­¨©:

1) c(x; y0) 6= 0 ¨ d 2 C1+0(D [ q), b; c 2 C2+0(D [ q),  0 2 C3(q). �®£¤ 

 (x) =
1

c(x; y0)

�
r0(x)�

Z x

x0

T (�; y0)r
0(�)

�
exp

Z �

x

T (t; y0)dt
�
d�

�
; T (x; y0) =

�cx(x; y0) + e(x; y0)
c(x; y0)

:

2) c(x; y0) � 0, e(x; y0) 6= 0, b 2 C3+0(D [ q), e; d 2 C2+0(D [ q),  0 2 C4(q). �¤¥áì  (x) =
r00(x)[e(x; y0)]�1.

�á«®¢¨ï ¯à¨­ ¤«¥¦­®áâ¨ ¢á¥å ª®íää¨æ¨¥­â®¢ ãà ¢­¥­¨ï (1) ª« ááã ¨áª®¬ëå à¥è¥­¨© ¯à¨
íâ®¬ ¤®«¦­ë á®åà ­ïâìáï.

�­ «®£¨ç­® ¬®£ãâ ¡ëâì ¨áá«¥¤®¢ ­ë ¨ ¤àã£¨¥ ¨§ ãª § ­­ëå ¢ ­ ç «¥ ¤ ­­®£® ¯ã­ªâ  § ¤ ç.
� § ª«îç¥­¨¥ ®â¬¥â¨¬, çâ® ¯®¤®¡­ë¥ § ¤ ç¨ ¤«ï ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª  ¨§ãç «¨áì ¢

[12], [13].
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