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� à ¡®â¥ [1]  ¢â®à ¬¨ ¯® n-¬¥áâ®© ¡ã«¥¢®© äãªæ¨¨ � ¡ë«¨ ®¯à¥¤¥«¥ë ª« ááë K(�) á« ¡®
�-¨¬¯«¨ª â¨¢®-á¥«¥ªâ®àëå ¬®¦¥áâ¢, £¤¥ à §¬¥à®áâì íâ®£® ª« áá  | ç¨á«® áãé¥áâ¢¥ëå
¯¥à¥¬¥ëå ¢ �, ¨ ®¯¨á ë á â®ç®áâìî ¤® ¢ª«îç¥¨ï ¢á¥ ª« ááë à §¬¥à®áâ¨ 2 ¨ 3. �  ï
áâ âìï ï¢«ï¥âáï ¯à®¤®«¦¥¨¥¬ íâ®© à ¡®âë. �®ª §  

�¥®à¥¬ . �á«¨ � | ¬®®â® ï ¡ã«¥¢  äãªæ¨ï, § ¢¨áïé ï áãé¥áâ¢¥® ¥ ¡®«¥¥ ç¥¬ ®â

ç¥âëà¥å ¯¥à¥¬¥ëå, â® ª« áá K(�) á®¢¯ ¤ ¥â á ®¤¨¬ ¨§ á«¥¤ãîé¨å ª« áá®¢:

K(x _ y) � K(xy _ xz _ yz) � K(u(xy _ xz _ yz) _ xyz) � K(x);

£¤¥ ¢á¥ ¢ª«îç¥¨ï áâà®£¨¥.

�ãáâì A � N = f0; 1; 2; : : : g ¨ � { n-¬¥áâ ï ¡ã«¥¢  äãªæ¨ï (��) ¡¥§ ä¨ªâ¨¢ëå ¯¥à¥¬¥-
ëå. �á«¨ x 2 N , â® ¯®«®¦¨¬ x = 1, ¥á«¨ x 2 A ¨ x = 0 ¨ ç¥. � §®¢¥¬ A á« ¡® �-¨¬¯«¨ª â¨¢®-
á¥«¥ªâ®àë¬ (�-��) ¬®¦¥áâ¢®¬ [1], ¥á«¨ áãé¥áâ¢ã¥â n-¬¥áâ ï ç áâ¨ç®-à¥ªãàá¨¢ ï äãª-
æ¨ï (���) f â ª ï, çâ®

(8x1; x2; : : : ; xn)�(x1; x2; : : : ; xn) = 1) f(x1; x2; : : : ; xn) # &f(x1; x2; : : : ; xn) 2 fx1; x2; : : : ; xng \A):

�ã¤¥¬ £®¢®à¨âì, çâ® f á®®â¢¥âáâ¢ã¥â A. �®« £ ¥¬ K(�) = fA � N : A | �-�� ¬®¦¥áâ¢®g,
  ç¨á«® n  §®¢¥¬ à §¬¥à®áâìî ª« áá  K(�). � ¤ ®© áâ âì¥ à áá¬ âà¨¢ îâáï â®«ìª® ¬®®-
â®ë¥ ¡ã«¥¢ë äãªæ¨¨, ç¨á«® ¯¥à¥¬¥ëå ¢ ª®â®àëå ¥ ¯à¥¢ëè ¥â 4.

�¥¬¬  1 ([1]). K(x _ y) � K(�) ¤«ï «î¡®© �� �.

�¥¬¬  2 ([1]). �á«¨  ¯®«ãç¥  ¨§ �� � ¢ à¥§ã«ìâ â¥ ®â®¦¤¥áâ¢«¥¨ï ¥ª®â®àëå ¯¥à¥-

¬¥ëå, â® K(�) � K().

�¥¬¬  3 ([1]). �á«¨ � !  | â®¦¤¥áâ¢¥® ¨áâ¨ ï ��, â® K() � K(�).

�¥¬¬  4 ([1]). �á«¨ �(x1; x2; : : : ; xn) � xi ¤«ï ¯®¤å®¤ïé¥£® i � n, â® K(�) = fA : A � Ng =
K(x).

�«¥¤áâ¢¨¥ 1. �á«¨ ¢ ª ¦¤®© ª®êîªæ¨¨ ¤¨§êîªâ¨¢®© ®à¬ «ì®© ä®à¬ë äãªæ¨¨ �
¢áâà¥ç ¥âáï ®¤  ¨ â  ¦¥ ¯¥à¥¬¥ ï, â® K(�) = fA : A � Ng.

�«¥¤áâ¢¨¥ 2. �à¥¤¨ ¢á¥å ª« áá®¢ ª« áá K0 = K(x _ y) = K(x _ y _ z) = K(x _ y _ z _ u)
ï¢«ï¥âáï  ¨¬¥ìè¨¬,   ª« áá K1 = K(x) = K(xy) = K(xyz) = K(xyzu) |  ¨¡®«ìè¨¬ ¯®
¢ª«îç¥¨î.

�®ª § â¥«ìáâ¢®. �â®¦¤¥áâ¢¨¬ ¢ � = x _ y _ z ¯¥à¥¬¥ãî z á y, â®£¤  á®£« á® «¥¬¬¥ 2
K(x_y_z) � K(x_y),   ¯® «¥¬¬¥ 1 K(x_y) |  ¨¬¥ìè¨© ª« áá, á«¥¤®¢ â¥«ì®, K(x_y_z) =
K(x_y). � «®£¨ç® ¤®ª §ë¢ ¥âáï, çâ® K(x_y_z_u) = K(x_y). � ¤àã£®© áâ®à®ë, ¯® «¥¬¬¥ 4
«î¡®¥ ¬®¦¥áâ¢® A � N ¯à¨ ¤«¥¦¨â ª« ááã K(x) = K(xy) = K(xyz) = K(xyzu).
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�áïªãî ¬®®â®ãî �� à §¬¥à®áâ¨ 4 ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥  = uf(x; y; z) _ g(x; y; z).
� ª ¨§¢¥áâ®, ¢á¥¢®§¬®¦ëå à §«¨çëå ¬®®â®ëå �� à §¬¥à®áâ¨ 3 (¨áª«îç ï ª®áâ âë),
¢ â®ç®áâ¨ ¢®á¥¬ ¤æ âì, § ç¨â, g 2 fx; y; z; xy; xz; yz; x_y; x_z; z_y; x(y_z); y(x_z); z(x_y); x_
yz; y _ xz; z _ xy; x_ y _ z; xy _ xz _ zy; xyzg. � â ª ª ª �� ¡ã¤¥¬ à áá¬ âà¨¢ âì á â®ç®áâìî ¤®
¯¥à¥¨¬¥®¢ ¨ï ¯¥à¥¬¥ëå, â® ¤«ï äãªæ¨¨ f ¤®áâ â®ç® à áá¬®âà¥âì ¢®á¥¬ì ¢®§¬®¦®áâ¥©,
â. ¥. f 2 fx; xy; x _ y; x(y _ z); x _ y _ z; x _ yz; xy _ xz _ zy; xyzg. �à®¬¥ â®£®, ¡ã¤¥¬ ¯®«ì§®¢ âìáï
¨§¢¥áâë¬ ãâ¢¥à¦¤¥¨¥¬: á®ªà é¥ ï ¤¨§êîªâ¨¢ ï ®à¬ «ì ï ä®à¬  ¬®®â®®© ¡ã«¥-

¢®© äãªæ¨¨, ®â«¨ç®© ®â ª®áâ âë, ¥¤¨áâ¢¥  ¨ ¥ á®¤¥à¦¨â ®âà¨æ ¨© ¯¥à¥¬¥ëå.

�«¥¤ãîé¨¥ «¥¬¬ë ¯®§¢®«ïîâ ã¯à®áâ¨âì ¯à®æ¥¤ãàã ¢ë¯¨áë¢ ¨ï ¬®®â®ëå ��, § ¢¨áïé¨å
®â ç¥âëà¥å ¯¥à¥¬¥ëå.

�¥¬¬  5. �á«¨ ¢ ¤¨§êîªâ¨¢®© ®à¬ «ì®© ä®à¬¥ äãªæ¨¨ � ®¤  ¨§ ª®êîªæ¨© ¥áâì

¯¥à¥¬¥ ï, áª ¦¥¬ x, ¨ å®âï ¡ë ®¤  ¥ á®¤¥à¦¨â x, â® K(�) = K(x _ y).

�®ª § â¥«ìáâ¢®. �á«¨ äãªæ¨ï ã¤®¢«¥â¢®àï¥â ãá«®¢¨î «¥¬¬ë, â® à¥ «¨§ãîé ï ¥¥ ä®à-
¬ã«  ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥  ¢ ¢¨¤¥ � = x(1_g(u; y; z))_g0(u; y; z) = x_g0(u; y; z). �â®¦¤¥áâ¢¨¬
¢ � ¯¥à¥¬¥ë¥ z ¨ u á y, ¯®«ãç¨¬ K(�) � K(x _ y), a K(x _ y) |  ¨¬¥ìè¨© ª« áá.

�¥¬¬  6. �á«¨ �1 = uf(x; y; z) _ g1(x; y; z), �2 = uf(x; y; z) _ g2(x; y; z) ¨ f(x; y; z) | á¨¬¬¥-

âà¨ç¥áª ï äãªæ¨ï,   g1(x; y; z) ¯®«ãç¥  ¨§ g2(x; y; z) á ¯®¬®éìî ¯¥à¥¨¬¥®¢ ¨ï ¯¥à¥¬¥ëå,

â® K(�1) = K(�2).

�ç¨âë¢ ï ¢ëè¥áª § ®¥, ¢ë¯¨è¥¬ ¢á¥¢®§¬®¦ë¥ à §«¨çë¥ ¬®®â®ë¥ �� à §¬¥à®-
áâ¨ 4, ¨áª«îç ï â¥ ¨§ ¨å, ª®â®àë¥ § ¢¥¤®¬® á®¢¯ ¤ îâ á ã¦¥ ¢ë¯¨á ë¬¨ (á â®ç®áâìî ¤®
¯¥à¥¨¬¥®¢ ¨ï ¯¥à¥¬¥ëå),   â ª¦¥ § ¢¥¤®¬® ¯à¨ ¤«¥¦ â K0 ¨ K1. �®«ãç¨¬

1 = ux _ yz; 14 = u(x _ y _ z) _ xz;

2 = ux _ z(x _ y); 15 = u(x _ y _ z) _ x(y _ z);

3 = ux _ y(x _ z); 16 = u(x _ y _ z) _ xy _ yz _ zx;

4 = ux _ xy _ xz _ yz; 17 = u(x _ y _ z) _ xyz;

5 = uxy _ z(x _ y); 18 = u(x _ yz) _ xy;

6 = u(x _ y) _ xz; 19 = u(x _ yz) _ yz;

7 = u(x _ y) _ x(y _ z); 20 = u(x _ yz) _ x(y _ z);

8 = u(x _ y) _ z(x _ y); 21 = u(x _ yz) _ y(x _ z);

9 = u(x _ y) _ xy _ xz _ yz; 22 = u(x _ yz) _ xy _ xz _ yz;

10 = u(x _ y) _ xyz; 23 = u(x _ yz) _ xyz;

11 = ux(y _ z) _ yz; 24 = u(xy _ yz _ xz) _ xy;

12 = ux(y _ z) _ y(x _ z); 25 = u(xy _ yz _ xz) _ x(y _ z);

13 = ux(y _ z) _ z(x _ y); 26 = u(xy _ yz _ xz) _ xyz:

� ¬¥â¨¬, çâ® â. ª. �� à áá¬ âà¨¢ îâáï á â®ç®áâìî ¤® ¯¥à¥¨¬¥®¢ ¨ï ¯¥à¥¬¥ëå, â®
K(11) = K(23) = K(24),
K(17) = K(20),
K(9) = K(15),
K(5) = K(10) = K(12) = K(13) = K(18) = K(19) = K(25),
K(4) = K(14) = K(22).

�¥¬¬  7. K(�) = K(x _ y) ª ª â®«ìª® � ¥áâì ®¤  ¨§ á«¥¤ãîé¨å äãªæ¨©: 1, 2, 3, 6,
7, 8, 9, 16, 21, 22.
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�®ª § â¥«ìáâ¢®. �â®¦¤¥áâ¢¨¬ ¯¥à¥¬¥ãî u á ¯¥à¥¬¥®© y ¨ ¯¥à¥¬¥ãî z á ¯¥à¥¬¥®©
x ¢ 2, 3 ¨ ®â®¦¤¥áâ¢¨¬ ¯¥à¥¬¥ãî u á ¯¥à¥¬¥®© x, ¯¥à¥¬¥ãî z c ¯¥à¥¬¥®© y ¢ ®áâ «ìëå
á«ãç ïå.

�áâ «®áì à áá¬®âà¥âì ç¥âëà¥ ��, ª ª®â®àë¬ ¤®¡ ¢¨¬ â¥ äãªæ¨¨, ª®â®àë¥ § ¢¨áïâ ¬¥¥¥,
ç¥¬ ®â ç¥âëà¥å ¯¥à¥¬¥ëå ¨ ®¡à §ãîâ à §«¨çë¥ ª« ááë [1].

�0 = x _ y,
�1 = 17 = u(x _ y _ z) _ xyz,
�2 = xy _ xz _ yz,
�3 = 26 = u(xy _ xz _ yz) _ xyz,
�4 = 10 = u(x _ y) _ xyz,
�5 = 23 = u(x _ yz) _ xyz,
�1 = x.

�¥¬¬  8. K(�2) = K(�4) = K(�5).

�®ª § â¥«ìáâ¢®. �â®¦¤¥áâ¢¨¢ ¢ �4 ¨ �5 ¯¥à¥¬¥ãî z á ¯¥à¥¬¥®© y ¨ ¯¥à¥¨¬¥®¢ ¢ u
  z, ¯®«ãç¨¬ äãªæ¨î �2. �® «¥¬¬¥ 2 K(�4) � K(�2) ¨ K(�5) � K(�2). �¥à¥¨¬¥®¢ ¢ ¢ �4 ¨ �5
u   z, ¯®«ãç¨¬ äãªæ¨î ' = zx_zy_xyz â ªãî, çâ® K(') = K(�5) = K(�6). �ç¥¢¨¤®, '! �2
ï¢«ï¥âáï â®¦¤¥áâ¢¥® ¨áâ¨®© ��. �® «¥¬¬¥ 3 K(�2) � K('),   § ç¨â, K(�2) � K(�4) ¨
K(�2) � K(�5).

�¥¬¬  9. K(�1) � K(�2) � K(�3).

�®ª § â¥«ìáâ¢®. �â®¦¤¥áâ¢¨¢ ¢ �1 ¯¥à¥¬¥ãî z á ¯¥à¥¬¥®© y ¨ ¯¥à¥¨¬¥®¢ ¢ u   z,
¯®«ãç¨¬ �2. �® «¥¬¬¥ 2 K(�1) � K(�2). � ¤àã£®© áâ®à®ë, �� �3 ! �2 â®¦¤¥áâ¢¥® ¨áâ¨ ï,
¨ ¯® «¥¬¬¥ 3 K(�2) � K(�3).

�«¥¤áâ¢¨¥ 3. �á«¨ � | ¬®®â® ï äãªæ¨ï, ®â«¨ç ï ®â ª®áâ â, § ¢¨áïé ï ¥ ¡®«¥¥
ç¥¬ ®â ç¥âëà¥å ¯¥à¥¬¥ëå, â® K(�) á®¢¯ ¤ ¥â á ®¤¨¬ ¨§ á«¥¤ãîé¨å ª« áá®¢ K(�0) � K(�1) �
K(�2) � K(�3) � K(�1).

�áâ «®áì ®â¢¥â¨âì   ¢®¯à®á: ¢á¥ «¨ ¨§ ¯à¨¢¥¤¥ëå ¢ª«îç¥¨© áâà®£¨¥?

�à¥¤«®¦¥¨¥ 1. K(�3) � K(�1).

�®ª § â¥«ìáâ¢®. �®áâ â®ç® ¯®áâà®¨âì ¬®¦¥áâ¢®, ¥ ï¢«ïîé¥¥áï á« ¡® �3-�� ¬®¦¥-
áâ¢®¬.

�«ï «î¡®£® n ¨§ ç¥âëà¥å ç¨á¥« f4n; 4n + 1; 4n + 2; 4n + 3g, ®â¥á¥¬ ª A â®«ìª® ®¤® ç¨á«®,
¯à¨ç¥¬, ¥á«¨ 'n(4n; 4n + 1; 4n + 2; 4n + 3) # (£¤¥ 'n | ç¥âëà¥å¬¥áâ ï ��� á ª«¨¨¥¢áª¨¬
®¬¥à®¬ n) ¨

'n(4n; 4n+ 1; 4n+ 2; 4n+ 3) 2 f4n; 4n+ 1; 4n+ 2; 4n+ 3g;

â® 'n(4n; 4n+ 1; 4n+ 2; 4n+ 3) ®â¥á¥¬ ª A.
�à¥¤¯®«®¦¨¬, çâ® A ï¢«ï¥âáï á« ¡® �3-�� ¬®¦¥áâ¢®¬ á ��� f(x; y; z; t). � ç¨â, áãé¥áâ¢ã-

¥â ®¬¥à k â ª®©, çâ® f(x; y; z; t) = 'k(x; y; z; t). �® ®¯à¥¤¥«¥¨îA �3(4k; 4k + 1; 4k + 2; 4k + 3)=1
(â. ª. ¯® ¬¥ìè¥© ¬¥à¥ âà¨ ¨§ ç¥âëà¥å ç¨á¥« 4k, 4k + 1, 4k + 2, 4k + 3 ¯à¨ ¤«¥¦ â A). � ç¨â,

'k(4k; 4k + 1; 4k + 2; 4k + 3) # &'k(4k; 4k + 1; 4k + 2; 4k + 3) 2 f4k; 4k + 1; 4k + 2; 4k + 3g \A:

�® ¢ íâ®¬ á«ãç ¥ ¯® ®¯à¥¤¥«¥¨î ¬®¦¥áâ¢  A

'k(4k; 4k + 1; 4k + 2; 4k + 3) 2 A;

çâ® ¯à®â¨¢®à¥ç¨â á®®â¢¥âáâ¢¨î f ¬®¦¥áâ¢ã A.

�¡®§ ç¨¬ ç¥à¥§ K(m) ª« áá ¢á¥å á« ¡® �m-¨¬¯«¨ª â¨¢®-á¥«¥ªâ®àëå ¬®¦¥áâ¢, £¤¥

�m =
_

1�i�m+1

(x1x2 : : : xi�1xi+1 : : : xm+1):
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�à¥¤«®¦¥¨¥ 2. �«ï «î¡ëå m 2 N , m � 2, á¯à ¢¥¤«¨¢® ¢ª«îç¥¨¥ K(m�1) � K(m).

�®ª § â¥«ìáâ¢®. �ã¤¥¬ ¯® è £ ¬ ®¯à¥¤¥«ïâì m ®¤®¬¥áâëå ®¡é¥à¥ªãàá¨¢ëå äãªæ¨©
(���) g0; g1; : : : ; gm�1 ¨ ¯®«®¦¨¬ ¯® ®¯à¥¤¥«¥¨î Ai = fx : (9y > x)(gi(y) � gi(x))g, 0 � i < m.

�á«¨ ª ¦¤ ï äãªæ¨ï gi ¡ã¤¥â ���, â® ª ¦¤®¥ ¬®¦¥áâ¢® Ai ¡ã¤¥â à¥ªãàá¨¢®-¯¥à¥ç¨á-
«¨¬ë¬ ¨ ¨¬¥âì à¥âà áá¨àã¥¬®¥ ¤®¯®«¥¨¥ [2]. �«¥¤®¢ â¥«ì®, ®¨ ¨ ¨å ¤®¯®«¥¨ï ¡ã¤ãâ ¯®-
«ãà¥ªãàá¨¢ë¬¨ [3]. �á«¨ x � i (modm), 0 � i < m, â® x = my + i ¤«ï ¯®¤å®¤ïé¥£® y 2 N .
�®£¤  ¯®«®¦¨¬ x 2 B , y 2 Ai. �¯à¥¤¥«¨¬ (m + 1)-¬¥áâãî ��� f â ª: ¥á«¨ áà¥¤¨ ç¨á¥«
x0; x1; : : : ; xm 2 N ª ª¨¥-â® ¤¢  à ¢ë, áª ¦¥¬, ç¨á«ã x, â® ¯®«®¦¨¬ f(x0; x1; : : : ; xm) = x. � -
ç¥ ¤¢  à §«¨çë¥ ç¨á« ,  ¯à¨¬¥à x0, x1 ¡ã¤ãâ áà ¢¨¬ë ¯® modm. � ç¨â, x0 = my0 + i ¨
x1 = my1 + i ¤«ï ¯®¤å®¤ïé¨å y0; y1 2 N , 0 � i < m. � ª ª ª Ai | ¯®«ãà¥ªãàá¨¢®¥ ¬®¦¥áâ¢®,
â®  ©¤¥âáï ¤¢ãå¬¥áâ ï á¥«¥ªâ®à ï ��� p â ª ï, çâ®

(8x; y)(x 2 Ai _ y 2 Ai , p(x; y) 2 Ai):

�®«®¦¨¬ f(x0; x1; : : : ; xm) = mp(y0; y1) + i. �®£¤  ®ç¥¢¨¤®, ¥á«¨ áà¥¤¨ ç¨á¥« x0; x1; : : : ; xm
¥ ¬¥¥¥ m ¯à¨ ¤«¥¦ â B, â® f(x0; x1; : : : ; xm) 2 B, â. ¥. B ï¢«ï¥âáï �m-¨¬¯«¨ª â¨¢®-
á¥«¥ªâ®àë¬ ¬®¦¥áâ¢®¬.

�¥¯¥àì ¤®áâ â®ç® ®¯à¥¤¥«¨âì gi, 0 � i < m, â ª, çâ®¡ë ¤«ï ª ¦¤®© m-¬¥áâ®© ��� f
 è«¨áì ¡ë z ¨ i = 0; 1; : : : ;m � 1 â ª¨¥, çâ® jfy; y + 1; : : : ; y + m � 1g \ Bj = m � 1 ¨ «¨¡®
f(y; y + 1; : : : , y + m � 1) ", «¨¡® f(y; y + 1; : : : ; y + m � 1) =2 fy; y + 1; : : : ; y + m � 1g, «¨¡®
f(y; y+ 1; : : : ; y+m� 1) = y+ i =2 B, £¤¥ y = mz ¨ jDj | ç¨á«® í«¥¬¥â®¢ ª®¥ç®£® ¬®¦¥áâ¢ 
D.

�«ï ¤®áâ¨¦¥¨ï íâ®£® ¤®áâ â®ç®, çâ®¡ë

(9x > z)(gi(x) � gi(z));

(8j 6= i)(8x > z)(i < m) gj(x) > gj(z)):

�ãáâì 'e | m-¬¥áâ ï ��� á ª«¨¨¥¢áª¨¬ ®¬¥à®¬ e. �¥ª®â®àë¥ ¨§ ç¨á¥« ¡ã¤¥¬ ®â¬¥ç âì
¬¥âª ¬¨ á ®¬¥à ¬¨ 0; 1; : : : , ®¡®§ ç ï ç¥à¥§ S(t) ç¨á«®, ®â¬¥ç¥®¥ ¬¥âª®© á ®¬¥à®¬ S  
è £¥ t. �¥à¥¤ è £®¬ t � 1 ��� g0(x); g1(x); : : : ; gm�1(x) ¡ã¤ãâ ®¯à¥¤¥«¥ë ¤«ï ¢á¥å x < t. � 
è £¥ 0 ¯®« £ ¥¬ g0(0) = g1(0) = � � � = gm�1(0) = 0&(8S)(S(0) = S).

� £ t > 0. �é¥¬  ¨¬¥ìè¥¥ ç¨á«® e â ª®¥, çâ® z = e(t) < t ¨ ¤«ï ¢á¥å j = 0; 1; : : : ;m� 1

(8x)(z < x < t) gj(x) > gj(z));

'e(y; y + 1; : : : ; y +m� 1) = y + i;

¤«ï ¥ª®â®à®£® i < m ¨ y = mz. �á«¨ â ª®¥ ç¨á«® ¥áâì, çâ® ¢ëïáï¥âáï íää¥ªâ¨¢®, â® ¤«ï
¢á¥å j = 0; 1; : : : ;m� 1 ¨ S � 0 ¯®« £ ¥¬

gj(t) =

(
gj(z); ¥á«¨ j = i;

gj(t� 1) + 1; ¥á«¨ j 6= i;

S(t) =

(
S(t� 1); ¥á«¨ S � e;

S(t� 1) + 1; ¥á«¨ S > e:

� «¥¥ ¯¥à¥å®¤¨¬ ª è £ã t+ 1. �á«¨ ¦¥ â ª®£® ç¨á«  e ¥â, â® ¤«ï ¢á¥å j = 0; 1; : : : ;m � 1 ¨
S � 0 ¯®« £ ¥¬ gj(t) = gj(t� 1), S(t) = S(t� 1) ¨ â®¦¥ ¯¥à¥å®¤¨¬ ª è £ã t+ 1.

� ¬¥â¨¬, çâ® ¥á«¨   ¥ª®â®à®¬ è £¥ t ¬¥âª  á ®¬¥à®¬ e ¡ë«  á®¯®áâ ¢«¥  ç¨á«ã z ¨  
¤ «ì¥©è¨å è £ å ¡®«ìè¥ ¥ ¯¥à¥¬¥é « áì, â® «¨¡® 'e(y; y + 1; : : : ; y +m� 1) ", «¨¡® 'e(y; y +
1; : : : ; y + m � 1) =2 fy; y + 1; : : : ; y + m � 1g, «¨¡® 'e(y; y + 1; : : : ; y + m � 1) = y + i 2 B ¤«ï
y = mz, i < m. �¤ãªæ¨¥© ¯® e ¬®¦® ¯®ª § âì, çâ® ¤«ï ª ¦¤®£® e â ª®© è £ t  ©¤¥âáï.
� ª¨¬ ®¡à §®¬, B ¥ ï¢«ï¥âáï á« ¡® �m�1-�� ¬®¦¥áâ¢®¬.

�«¥¤áâ¢¨¥ 4. K(�2) � K(�3).
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�«¥¤áâ¢¨¥ 5. K(�0) � K(�2).

�à¥¤«®¦¥¨¥ 3. K(�1) = K(�2).

�®ª § â¥«ìáâ¢®. �ãáâì A 2 K(�2) ¨ ��� g á®®â¢¥âáâ¢ã¥â A. � ª ª ª K(�1) � K(�2), â®
¥®¡å®¤¨¬® ¯®áâà®¨âì ��� f â ªãî, çâ®

(8x; y; z; u)(�1(x; y; z; u) = 1) f(x; y; z; u) # &f(x; y; z; u) 2 fx; y; z; ug \A):

�à¥¤¯®«®¦¨¬, çâ® �1(x; y; z; u) = 1. �®£¤  u 2 A ¨ fx; y; zg \A 6= ?, ¨«¨ x; y; z 2 A. � ®¡®¨å
á«ãç ïå å®âï ¡ë ¤¢  ¨§ âà¥å § ç¥¨© g(u; x; y), g(u; x; z), g(u; y; z) ¤®«¦ë ¡ëâì ®¯à¥¤¥«¥ë.
�á«¨ ¢ ¯à®æ¥áá¥ ¨å ¢ëç¨á«¥¨ï íâ®£® ¥ á«ãç¨âáï, â® áç¨â ¥¬ f(x; y; z; u) ". � ¯à®â¨¢®¬ á«ãç ¥,
¡¥§ ¯®â¥à¨ ®¡é®áâ¨, ¬®¦® áç¨â âì, çâ® ¢ëç¨á«¥ë § ç¥¨ï g(u; x; y) ¨ g(u; x; z). � áá¬®âà¨¬
¢®§¬®¦ë¥ á«ãç ¨.

�«ãç © 1. g(u; x; y) = u ¨«¨ g(u; x; z) = u. �®« £ ¥¬ f(x; y; z; u) = u. �¥©áâ¢¨â¥«ì®, ¥á«¨
u =2 A, â® x =2 A _ y =2 A ¨«¨ x =2 A _ z =2 A ¨ â®£¤  �1(x; y; z; u) = 0.

�«ãç © 2. g(u; x; y) = g(u; x; z) = x. �®« £ ¥¬ f(x; y; z; u) = x. �¥©áâ¢¨â¥«ì®, ¥á«¨ x =2 A, â®
u =2 A ¨«¨ y; z =2 A. � ®¡®¨å á«ãç ïå �1(x; y; z; u) = 0.

�«ãç © 3. g(u; x; y) = x ¨ g(u; x; z) = z. �®« £ ¥¬ f(x; y; z; u) = z. �¥©áâ¢¨â¥«ì®, ¥á«¨ z =2 A,
â® u =2 A ¨«¨ x =2 A. �á«¨ u =2 A, â® �1(x; y; z; u) = 0. �á«¨ ¦¥ u 2 A ¨ x =2 A, â® �1(x; y; z; u) = 0,
â. ª. g(u; x; y) = x =2 A,   § ç¨â, y =2 A. � «®£¨ç®, ¥á«¨ g(u; x; y) = y ¨ g(u; x; z) = x, â®
¯®« £ ¥¬ f(x; y; z; u) = y.

�«ãç © 4. g(u; x; y) = y ¨ g(u; x; z) = z. �á«¨ �1(x; y; z; u) = 1, â® x; y; z 2 A, â®£¤  g(u; y; z) #,
¨«¨ u 2 A ¨ y 2 A, ¨«¨ z 2 A, ¨ ®¯ïâì g(u; y; z) #, ¥á«¨ ¦¥ u 2 A ¨ x 2 A, â® ¨§ à ¢¥áâ¢ 
g(u; x; z) = z § ª«îç ¥¬, çâ® z 2 A. �®íâ®¬ã ¯à®¤®«¦ ¥¬ ¢ëç¨á«ïâì g(u; y; z) ¨ ¥á«¨ g(u; y; z) ",
â® áç¨â ¥¬ f(x; y; z; u) ". �ãáâì g(u; y; z) = v. �á«¨ v = u, â® ¢®§¢à é ¥¬áï ª á«ãç î 1, ¬¥ïï x
¨ y á®®â¢¥âáâ¢¥®. �á«¨ ¦¥ v = y ¨«¨ v = z, â® ¢®§¢à é ¥¬áï ª á«ãç î 2, ¬¥ïï x ¨ y ¨«¨ x ¨
z. �®íâ®¬ã ¯®« £ ¥¬ f(x; y; z; u) = v.
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