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�á­®¢­ ï æ¥«ì ¤ ­­®© áâ âì¨ | ¯à®¢¥à¨âì \í¬¯¨à¨ç¥áª®¥" ¯à ¢¨«® �.� ­¤¥«ì¡à®â  [1] ­ 
¯à¨¬¥à¥ ¯¥à¥á¥ç¥­¨ï áâ ­¤ àâ­ëå ª ­â®à®¢ëå ¬­®¦¥áâ¢.

�¨¯®â¥§  �.� ­¤¥«ì¡à®â . �®à §¬¥à­®áâì ¯¥à¥á¥ç¥­¨ï äà ªâ «ì­ëå ¬­®¦¥áâ¢ ¯®çâ¨

¢á¥£¤  à ¢­  áã¬¬¥ ª®à §¬¥à­®áâ¥© íâ¨å ¬­®¦¥áâ¢.

�®¤ à §¬¥à­®áâìî äà ªâ «ì­®£® ¬­®¦¥áâ¢  ¨«¨ äà ªâ «ì­®© à §¬¥à­®áâìî ¯®­¨¬ ¥âáï
à §¬¥à­®áâì � ãá¤®àä . �á«¨ áã¬¬  ª®à §¬¥à­®áâ¥© ¡®«ìè¥ ¨«¨ à ¢­  â®¯®«®£¨ç¥áª®© à §-
¬¥à­®áâ¨ ®¡ê¥¬«îé¥£® ¯à®áâà ­áâ¢ , â® ¢ á®®â¢¥âáâ¢¨¨ á £¨¯®â¥§®© à §¬¥à­®áâì ¯¥à¥á¥ç¥­¨ï
¯®çâ¨ ¢á¥£¤  à ¢­  ­ã«î. �¥à¬¨­ \¯®çâ¨ ¢á¥£¤ " ®¡à¥â ¥â á¬ëá« ¢ ª®­ªà¥â­ëå ¯à¨¬¥à å, ª®£¤ 
­  ¬­®¦¥áâ¢¥ ¢á¥¢®§¬®¦­ëå ¯¥à¥á¥ç¥­¨© äà ªâ «ì­ëå ¬­®¦¥áâ¢ ¢¢®¤¨âáï ­¥ª®â®à ï ¬¥à .

� â®¬ ¨«¨ ¨­®¬ ¢¨¤¥ § ¤ ç  ® ¯¥à¥á¥ç¥­¨¨ ª ­â®à®¢ëå ¬­®¦¥áâ¢ ¢áâà¥ç « áì ¢® ¬­®£¨å
à ¡®â å. � [2]{[4] à áá¬ âà¨¢ «¨áì ¯¥à¥á¥ç¥­¨ï â ª ­ §ë¢ ¥¬ëå â®«áâëå ª ­â®à®¢ëå ¬­®¦¥áâ¢.
� [5] ¤®ª § ­®, çâ® ¯¥à¥á¥ç¥­¨e ¤¢ãå áâ ­¤ àâ­ëå ª ­â®à®¢ëå ¬­®¦¥áâ¢ ¬®¦¥â ¨¬¥âì «î¡ãî
å ãá¤®àä®¢ã à §¬¥à­®áâì ®â 0 ¤® ln 2

ln 3
. � [6] ¨§ãç «®áì ¯¥à¥á¥ç¥­¨¥ áâ ­¤ àâ­ëå ª ­â®à®¢ëå

¬­®¦¥áâ¢, ®¤­® ¨§ ª®â®àëå á¤¢¨­ãâ® ­  ¢¥«¨ç¨­ã, ¯à¨­ ¤«¥¦ éãî ª ­â®à®¢ã ¬­®¦¥áâ¢ã.
� ¤¨¬ ®¯à¥¤¥«¥­¨¥ å ãá¤®àä®¢®© ¬¥àë ¨ à §¬¥à­®áâ¨. �ãáâì U | ­¥¯ãáâ®¥ ¬­®¦¥áâ¢® ¢

R
n , jU j = supfjx� yj : x; y 2 Ug. �á«¨ E �

S
i

Ui ¨ 0 < jUij � � ¤«ï ª ¦¤®£® i, â® ¡ã¤¥¬ £®¢®à¨âì,

çâ® fUig | �-¯®ªàëâ¨¥ ¬­®¦¥áâ¢  E. �ãáâì E � R
n ¨ s � 0. �«ï «î¡®£® � > 0 ®¯à¥¤¥«¨¬

¢­¥è­îî ¬¥àã ¬­®¦¥áâ¢  E:

Hs
�(E) = inf

1X
i=1

jUij
s;

£¤¥ inf ¡¥à¥âáï ¯® ¢á¥¬ áç¥â­ë¬ �-¯®ªàëâ¨ï¬ fUig ¬­®¦¥áâ¢  E.
�¯à¥¤¥«¨¬ å ãá¤®àä®¢ã ¢­¥è­îî s-¬¥àã Hs ­  Rn :

Hs(E) = lim
�!1

Hs
�(E):

�à¥¤¥« áãé¥áâ¢ã¥â, ­® ¬®¦¥â ¡ëâì à ¢­ë¬ ¡¥áª®­¥ç­®áâ¨, â. ª. Hs
� ­¥ ã¡ë¢ ¥â ¯à¨ � !1.

�§¢¥áâ­®, çâ® �- «£¥¡à  Hs-¨§¬¥à¨¬ëå ¬­®¦¥áâ¢ á®¤¥à¦¨â ¡®à¥«¥¢áª¨¥ ¬­®¦¥áâ¢ . �à®¬¥
â®£®, ¤«ï «î¡®£® E � R

n áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ ç¨á«® D(E) 2 [0; n] â ª®¥, çâ®

Ht(E) =

(
1; t < D(E);

0; t > D(E):

�¨á«® D(E) ­ §ë¢ îâ å ãá¤®àä®¢®© ¨«¨ äà ªâ «ì­®© à §¬¥à­®áâìî ¬­®¦¥áâ¢  E.
�®«®¦¨¬ K0 = [0; 1], K1 = [0; 1

3
][ [ 2

3
; 1], K2 = [0; 1

9
][ [ 2

9
; 1
3
][ [ 2

3
; 7
9
][ [ 8

9
; 1] ¨ â. ¤., £¤¥ Ki ¯®«ãç¥­®

¨§ Ki�1 ã¤ «¥­¨¥¬ áà¥¤­¥© ç áâ¨ ª ¦¤®£® ¨§ ¨­â¥à¢ «®¢, ¢å®¤ïé¨å ¢ Ki�1. � ª¨¬ ®¡à §®¬, Ki

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

£à ­â ò 00-01-00308.
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á®áâ®¨â ¨§ 2i § ¬ª­ãâëå ¨­â¥à¢ «®¢ ¤«¨­ë 3�i. �§ï¢ ¯¥à¥á¥ç¥­¨¥ ¢á¥å Ki, ¯®«ãç¨¬ ª ­â®à®¢®

¬­®¦¥áâ¢® K =
1T
i=0

Ki.

�ãáâì a 2 [0; 1], ®¡®§­ ç¨¬ K + a = fx : x � a 2 Kg, Ea = K
T
(K + a). �§¢¥áâ­®, çâ®

äà ªâ «ì­ ï à §¬¥à­®áâì ª ­â®à®¢  ¬­®¦¥áâ¢  D(K) = D(K + a) = ln 2
ln 3

. �®£« á­® £¨¯®â¥§¥
®¦¨¤ ¥âáï

D®¦¨¤(Ea) =
ln4
ln3

� 1:

�¥®à¥¬ . �«ï ¯®çâ¨ ¢á¥å (¯® ¬¥à¥ �¥¡¥£ ) a 2 [0; 1]

D(Ea) �
ln 2
3 ln 3

< D®¦¨¤(Ea):

�«¥¤®¢ â¥«ì­®, ¤«ï ¯¥à¥á¥ç¥­¨ï ª ­â®à®¢ëå ¬­®¦¥áâ¢ £¨¯®â¥§  �.� ­¤¥«ì¡à®â  ­¥¢¥à­ .

�®ª § â¥«ìáâ¢®. �«ï «î¡®£® ­ âãà «ì­®£® k ¬­®¦¥áâ¢® Sa;k = Kk

T
(Kk + a) ï¢«ï¥âáï ¯®-

ªàëâ¨¥¬ Ea. �®­ïâ­®, çâ® fSa;kgk | ã¡ë¢ îé ï ¯®á«¥¤®¢ â¥«ì­®áâì ¬­®¦¥áâ¢ ¨ Ea =
1T
k=1

Sa;k.

�«ï â®£®, çâ®¡ë ®æ¥­¨âì á¢¥àåã äà ªâ «ì­ãî à §¬¥à­®áâì Ea, ¢ëç¨á«¨¬ Na(k) | ç¨á«® ¨­â¥à-
¢ «®¢ ¢ Sa;k. � ª ª ª ¤«¨­ë ¢á¥å ¨­â¥à¢ «®¢, ¢å®¤ïé¨å ¢ Sa;k, ­¥ ¯à¥¢®áå®¤ïâ 3�k, â® D(Ea) � sa,
£¤¥ sa ®¯à¥¤¥«ï¥âáï ¨§ á®®â­®è¥­¨ï

lim inf
k!1

3�tkNa(k) =

(
1; t < sa;

0; t > sa:
(1)

�ãáâì a = 0, a1; a2; a3; : : : | ­¥ª®â®à®¥ âà®¨ç­®¥ à §«®¦¥­¨¥ ç¨á«  a 2 [0; 1]. � §®¡ì¥¬

¬­®¦¥áâ¢® fakg1k=1 ­  ¤¢  ¤¨§êî­ªâ­ëå ¯®¤¬­®¦¥áâ¢  A(a) =
n
ak :

k�1P
i=0

ai = 0 (mod2)
o
, A(a) =n

ak :
k�1P
i=0

ai = 1 (mod2)
o
(§¤¥áì ¯®«®¦¥­® a0 = 0). �¡®§­ ç¨¬ ç¥à¥§ �Z å à ªâ¥à¨áâ¨ç¥áªãî

äã­ªæ¨î ¬­®¦¥áâ¢  Z (¥á«¨ Z | æ¥«®¥ ç¨á«®, â® à áá¬oâà¨¬ ¥£® ª ª ¯®¤¬­®¦¥áâ¢® ¬­®¦¥áâ¢ 
æ¥«ëå ç¨á¥«). �® ¯®áâà®¥­¨î

Na(k) = 2fa(k); £¤¥ fa(k) =
kX

i=1

�
�0(ai)�A(a)(ai) + �2(ai)�A(a)(ai)

�
; (2)

¯à¨ç¥¬ Na(k) ­¥ § ¢¨á¨â ®â âà®¨ç­®£® à §«®¦¥­¨ï a.
�®­ïâ­®, çâ® ¥á«¨ § ¤ ­® âà®¨ç­®¥ à §«®¦¥­¨¥ ç¨á«  a, â®, ¨á¯®«ì§ãï (1) ¨ (2), ¬®¦­®

®æ¥­¨âì á¢¥àåã §­ ç¥­¨¥ äà ªâ «ì­®© à §¬¥à­®áâ¨ ¬­®¦¥áâ¢  Ea. �¤­ ª® ¤«ï ¯à®¨§¢®«ì­®£®
¨àà æ¨®­ «ì­®£® ç¨á«  ­¥¢®§¬®¦­® ¢ëç¨á«¨âì â®ç­® ¤ ¦¥ â ª¨¥ ç¨á«®¢ë¥ å à ªâ¥à¨áâ¨ª¨ ¥£®
âà®¨ç­®£® à §«®¦¥­¨ï ª ª ¤®«ï ­ã«¥©, ¥¤¨­¨æ ¨«¨ ¤¢®¥ª ¢ ¥£® âà®¨ç­®¬ à §«®¦¥­¨¨. �§¢¥áâ­®
â®«ìª® [7], çâ® ¯®çâ¨ ¢á¥ (¯® ¬¥à¥ �¥¡¥£ ) ç¨á«  ¨§ ¨­â¥à¢ «  [0; 1] ®¡« ¤ îâ â¥¬ á¢®©áâ¢®¬,
çâ® ¤®«ï ­ã«¥©, ¥¤¨­¨æ ¨ ¤¢®¥ª ¢ ¨å âà®¨ç­®¬ à §«®¦¥­¨¨ à ¢­  1

3
.

�ãáâì 
 = f! : ! = (a1; a2; a3; : : : )g, £¤¥ ak | ­¥§ ¢¨á¨¬ë¥ á«ãç ©­ë¥ ¢¥«¨ç¨­ë, ¯à¨-
­¨¬ îé¨¥ §­ ç¥­¨ï 0, 1, 2 á ®¤¨­ ª®¢®© ¢¥à®ïâ­®áâìî, à ¢­®© 1

3
. � áá¬®âà¨¬ ®â®¡à ¦¥­¨¥

a = a(!) =
1P
k=1

ak
3k

â ª®¥, çâ® ! ¥áâì âà®¨ç­®¥ à §«®¦¥­¨¥ a. �á­®, çâ® ¢®§¬®¦­ë¥ §­ ç¥­¨ï

a § ¯®«­ïîâ ®âà¥§®ª [0; 1]. �§¢¥áâ­® [7], çâ® ¤«ï «î¡®£® ¡®à¥«¥¢áª®£® ¬­®¦¥áâ¢  B � [0; 1]
Pf! : a(!) 2 Bg = mes(B), £¤¥ mes | «¥¡¥£®¢  ¬¥à .
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� áá¬®âà¨¬ ®â®¡à ¦¥­¨¥ 
 : 
! 
, ¤¥©áâ¢ãîé¥¥ ¯® ¯à ¢¨«ã 
(!) = ! = (a1; a2; a3; : : : ), £¤¥

ak = 0; ¥á«¨ ak = 0; ak 2 A(a);

ak = 1; ¥á«¨ ak = 1; ak 2 A(a);

ak = 2; ¥á«¨ ak = 2; ak 2 A(a);

ak = 3; ¥á«¨ ak = 0; ak 2 A(a);

ak = 4; ¥á«¨ ak = 1; ak 2 A(a);

ak = 5; ¥á«¨ ak = 2; ak 2 A(a):

�¥à®ïâ­®áâì P ­  
 ¨­¤ãæ¨àã¥â ¢¥à®ïâ­®áâì P = 
#P ­  
. �â­®á¨â¥«ì­® P ¯®á«¥¤®¢ â¥«ì­®áâì
á«ãç ©­ëå ¢¥«¨ç¨­ a1; a2; a3; : : : ®¡à §ã¥â ®¤­®à®¤­ãî ¬ àª®¢áªãî æ¥¯ì á ­ ç «ì­ë¬ à á¯à¥¤¥-
«¥­¨¥¬ p =

�
1
3
; 1
3
; 1
3
; 0; 0; 0

�
¨ ¬ âà¨æ¥© ¯¥à¥å®¤­ëå ¢¥à®ïâ­®áâ¥©

kpi;jk =

0
BBBBBBB@

1
3

1
3

1
3

0 0 0
0 0 0 1

3
1
3

1
3

1
3

1
3

1
3

0 0 0
0 0 0 1

3
1
3

1
3

1
3

1
3

1
3

0 0 0
0 0 0 1

3
1
3

1
3

1
CCCCCCCA
:

�§ ãá¨«¥­­®£® § ª®­  ¡®«ìè¨å ç¨á¥« á«¥¤ã¥â

P

�
! : lim

k!1

1
k

kX
i=1

(�0(ai) + �3(ai)) =
1
3

�
= P

�
! : lim

k!1

1
k

kX
i=1

�0(ai) =
1
3

�
= 1: (3)

� ª¨¬ ®¡à §®¬,

mes
�
a 2 [0; 1] : lim

k!1

fa(k)
k

=
1
3

�
=

= P

�
! : lim

k!1

1
k

kX
i=1

�
�0(ai)�A(a)(ai) + �2(ai)�A(a)(ai)

�
=
1
3

�
=

= P

�
! : lim

k!1

kX
i=1

(�0(ai) + �5(ai)) =
1
3

�
= 1;

¯®á«¥¤­¥¥ à ¢¥­áâ¢® á«¥¤ã¥â ¨§ (3) ¨ â®£® ä ªâ , çâ® ­ ç «ì­®¥ à á¯à¥¤¥«¥­¨¥ ¨ ¬ âà¨æ  ¯¥à¥-
å®¤­ëå ¢¥à®ïâ­®áâ¥© ¬ àª®¢áª®© æ¥¯¨ ­¥ ¨§¬¥­ïâáï ¯à¨ ¯¥à¥áâ ­®¢ª¥ ¬¥áâ ¬¨ á®¡ëâ¨© ak = 3
¨ ak = 5.

�ãáâì t = ln 2
3 ln 3

+ �. �§ (2) á«¥¤ã¥â, çâ® ¤«ï «î¡®£® ­ âãà «ì­®£® k

3�tkNa(k) =
�
3��3�

ln 2
3 ln 3 2

fa(k)
k

�k
=
�
3��2

fa(k)
k
�

1
3 )k:

�®£¤  ¤«ï ¯®çâ¨ ¢á¥å (¯® ¬¥à¥ �¥¡¥£ ) a 2 [0; 1]

lim
k!1

(3��2�") � lim inf
k!1

3�tkNa(k) � lim
k!1

(3��2")k

¤«ï «î¡®£® " > 0.
�®«®¦¨¢ " = j�j, ¯®«ãç¨¬, çâ® ¤«ï ¯®çâ¨ ¢á¥å a 2 [0; 1]

lim inf
k!1

3�tkNa(k) =

(
1; t < ln 2

3 ln 3
;

0; t > ln 2
3 ln 3

:
�
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