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�§ ãá«®¢¨© ®¯â¨¬ «ì®áâ¨ ã¯à ¢«¥¨ï ¤«ï § ¤ ç¨ ¬¨¨¬¨§ æ¨¨ ª¢ ¤à â¨ç®£® äãªæ¨®-
 «    âà ¥ªâ®à¨ïå «¨¥©®© á¨áâ¥¬ë ¢®§¨ª ¥â ¥®âà¨æ â¥«ì® £ ¬¨«ìâ®®¢  á¨áâ¥¬  ¢¨¤ 

_x(t) = C(t)x(t) + S(t)y(t);

_y(t) =W (t)x(t)� C�(t)y(t)
(1)

á ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨

x(0) = x0; y(T ) = �V x(T ): (2)

�¤¥áì x(t); y(t) 2 H, H | £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® á® áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬ h�; �i, t 2 [0; T ],
T > 0 ¨ x0 2 H ä¨ªá¨à®¢ ë, §¢¥§¤®çª  ¯à¨ ®¡®§ ç¥¨¨ ®¯¥à â®à  ®§ ç ¥â á®¯àï¦¥ë©
®¯¥à â®à; C(t); S(t);W (t); V 2 L(H), ®¯¥à â®àë S(t), W (t) (t 2 [0; T ]) ¨ V ï¢«ïîâáï á ¬®á®¯àï-
¦¥ë¬¨ ¥®âà¨æ â¥«ìë¬¨ ®¯¥à â®à ¬¨, ¢á¥ ®¯¥à â®àë ¥¯à¥àë¢ë ¯® t.

� ¤ ®© áâ âì¥ ¡ã¤¥â ãáâ ®¢«¥  ®¤®§ ç ï à §à¥è¨¬®áâì § ¤ ç¨ (1), (2).
�á¯®«ì§ãï § ¬¥ã x1(t) = x(t)�x0, x2(t) = y(t)+V x0, «¥£ª® ¢¨¤¥âì, çâ® ¢®¯à®á ® à §à¥è¨¬®-

áâ¨ § ¤ ç¨ (1), (2) íª¢¨¢ «¥â¥ ¢®¯à®áã ® à §à¥è¨¬®áâ¨ á¨áâ¥¬ë á ¥ã«¥¢®© ¯à ¢®© ç áâìî
¨ ®¤®à®¤ë¬¨ ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨,   ¨¬¥®, § ¤ ç¨ ¢¨¤ 

_x1(t) = C(t)x1(t) + S(t)x2(t) + g1(t);

_x2(t) =W (t)x1(t)� C�(t)x2(t) + g2(t);

x1(0) = 0; x2(T ) = �V x1(T ); (3)

£¤¥ g1(t) = (C(t)� S(t)V )x0, g2(t) = (W (t) + C�(t)V )x0.
�¢¥¤¥¬ ®¯¥à â®à

(Ax)(t) =
�

d

dt
� C(t) �S(t)
�W (t) d

dt
+C�(t)

��
x1(t)
x2(t)

�
; (4)

¤¥©áâ¢ãîé¨© ¢ ¯à®áâà áâ¢¥ L2([0; T ];H u H), ®¯à¥¤¥«¥ë©   ¬®¦¥áâ¢¥ D(A)  ¡á®«îâ®

¥¯à¥àë¢ëå äãªæ¨© x = x(t) =
�
x1(t)

x2(t)

�
(xi(t) 2 H, i = 1; 2), ¨¬¥îé¨å ¯à®¨§¢®¤ãî ¢ L2([0; T ];

H uH) ¨ ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î (3).

�¥¬¬  1. �¥ áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì®áâ¨ fxng â ª®©, çâ® xn 2 D(A), kxnkL2
= 1 ¤«ï

¢á¥å n 2 N ¨ kAxnkL2
! 0.

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

£à â ò 02-01-00351.
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�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥,   ¨¬¥®, ¯ãáâì áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì-
®áâì fxng â ª ï, çâ® xn =

�
x1
n
(t)

x2
n
(t)

�
2 D(A),

kxnkL2
= 1 (5)

¤«ï ¢á¥å n 2 N ¨

kAxnkL2
! 0: (6)

�®£¤  ¨§ (4), (6) ¯®«ãç ¥¬ á®®â®è¥¨ï

_x1
n(t)� C(t)x1

n(t)� S(t)x2
n(t)!L2

0;

_x2
n(t)�W (t)x1

n(t) + C�(t)x2
n(t)!L2

0:
(7)

�¬®¦ ï «¥¢ãî ç áâì ¯¥à¢®£® ¨§ á®®â®è¥¨© (7) áª «ïà®   x2
n(t) á¯à ¢ ,   ¢â®à®£® |  

x1
n(t) á«¥¢  ¨ áª« ¤ë¢ ï ¯®«ãç¥ë¥ à¥§ã«ìâ âë, ¯à¨¤¥¬ ª ¢ëà ¦¥¨î ¢¨¤ 

d

dt
hx1

n(t); x
2
n(t)i � hS(t)x2

n(t); x
2
n(t)i � hx1

n(t);W (t)x1
n(t)i:

�âáî¤  ¯ãâ¥¬ ¨â¥£à¨à®¢ ¨ï ¯® ¯à®¬¥¦ãâªã [0; T ] á ãç¥â®¬ ªà ¥¢ëå ãá«®¢¨© (3), ¥à ¢¥áâ¢ 
�®è¨{�ãïª®¢áª®£® ¨ á®®â®è¥¨© (5), (7) ¯®«ãç ¥¬

hx1
n(T ); V x

1
n(T )i+

Z T

0
(hS(t)x2

n(t); x
2
n(t)i+ hW (t)x1

n(t); x
1
n(t)i)dt! 0:

� ª ª ª á ¬®á®¯àï¦¥ë¥ ®¯¥à â®àë V , S(t), W (t) ï¢«ïîâáï ¥®âà¨æ â¥«ìë¬¨,   S(t), W (t)
¥¯à¥àë¢ë¬¨ ¯® t, â® ¨§ ¯®á«¥¤¥£® á®®â®è¥¨ï á«¥¤ã¥â

S(t)x2
n(t)!L2

0; W (t)x1
n(t)!L2

0:

�®íâ®¬ã ¨§ (7) ¢ëâ¥ª ¥â

_x1
n(t)� C(t)x1

n(t)!L2
0; _x2

n(t) + C�(t)x2
n(t)!L2

0:

� á¨«ã ãá«®¢¨ï (3) ®âáî¤  ¯®«ãç ¥¬

x1
n(t)� 0; x2

n(t)� 0;

çâ® ¯à®â¨¢®à¥ç¨â (5).

�¥¬¬  2. �¡« áâì § ç¥¨© ®¯¥à â®à  A § ¬ªãâ .

�®ª § â¥«ìáâ¢®. �§ «¥¬¬ë 1 á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â ¯®áâ®ï ï k > 0 â ª ï, çâ® ¤«ï
¢á¥å x 2 D(A), kxkL2

= 1 á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

kAxkL2
� k: (8)

�¥©áâ¢¨â¥«ì®, ¥á«¨ ¥à ¢¥áâ¢® (8) ¥ ¢ë¯®«ï¥âáï, â® ¤«ï ¯à®¨§¢®«ì®£® kn > 0  ©¤¥âáï
â ª®¥ xn 2 D(A), çâ® kxnkL2

= 1, kAxnkL2
< kn. �§ï¢ ¢ ª ç¥áâ¢¥ kn í«¥¬¥âë ¯®á«¥¤®¢ â¥«ì-

®áâ¨, áâà¥¬ïé¥©áï ª ã«î, ¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥ á ãâ¢¥à¦¤¥¨¥¬ «¥¬¬ë 1. � «¥¥ ¡ã¤¥¬
¨á¯®«ì§®¢ âì ¢ëâ¥ª îé¥¥ ¨§ (8) ¥à ¢¥áâ¢®

kAxkL2
� kkxkL2

; (9)

ª®â®à®¥ á¯à ¢¥¤«¨¢® ¤«ï ¢á¥å x 2 D(A). �®§ì¬¥¬ ¯®á«¥¤®¢ â¥«ì®áâì fyng á í«¥¬¥â ¬¨ ¨§
ImA, áå®¤ïéãîáï ª y0. � ª ª ª yn 2 ImA, â® ¬®¦® áç¨â âì yn = Axn, £¤¥ xn 2 D(A). �®á«¥-
¤®¢ â¥«ì®áâì fAxng ï¢«ï¥âáï äã¤ ¬¥â «ì®©. �§ (9) á«¥¤ã¥â, çâ® ¯®á«¥¤®¢ â¥«ì®áâì fxng
â ª¦¥ ï¢«ï¥âáï äã¤ ¬¥â «ì®©. � á¨«ã ¯®«®âë ¯à®áâà áâ¢  L2([0; T ];H uH) ®  áå®¤¨âáï
ª ¥ª®â®à®¬ã í«¥¬¥âã x0 2 L2([0; T ];HuH). �®áª®«ìªã A| § ¬ªãâë© ®¯¥à â®à, â® x0 2 D(A)
¨ y0 = Ax0. � ç¨â, y0 2 ImA.
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�¥á«®¦® ãáâ ®¢¨âì, çâ® á®¯àï¦¥ë¬ ª ®¯¥à â®àã A ï¢«ï¥âáï ®¯¥à â®à

(A�y)(t) =
�
� d

dt
� C�(t) �W (t)
�S(t) � d

dt
+C(t)

��
y1(t)
y2(t)

�
;

¤¥©áâ¢ãîé¨© ¢ ¯à®áâà áâ¢¥ L2([0; T ];HuH), ®¯à¥¤¥«¥ë©   ¬®¦¥áâ¢¥  ¡á®«îâ® ¥¯à¥àë¢-
ëå äãªæ¨© y = y(t) =

�
y1(t)

y2(t)

�
, ¨¬¥îé¨å ¯à®¨§¢®¤ãî ¢ L2([0; T ];H uH) ¨ ã¤®¢«¥â¢®àïîé¨å

ãá«®¢¨ï¬

y1(T ) = V y2(T ); y2(0) = 0: (10)

�¥¬¬  3. �¯¥à â®à A� ¨¬¥¥â ã«¥¢®¥ ï¤à®.

�®ª § â¥«ìáâ¢®. �®áâ â®ç® ãáâ ®¢¨âì, çâ® § ¤ ç 

dy1(t)
dt

= �C�(t)y1(t)�W (t)y2(t);

dy2(t)
dt

= �S(t)y1(t) + C(t)y2(t);

y1(T ) = V y2(T ); y2(0) = 0

(11)

¨¬¥¥â â®«ìª® ã«¥¢®¥ à¥è¥¨¥.
�¬®¦¨¬ ¯¥à¢®¥ ãà ¢¥¨¥ á¨áâ¥¬ë (11) áª «ïà®   y2(t) á¯à ¢ ,   ¢â®à®¥ {   y1(t) á«¥¢ 

¨ á«®¦¨¬. � à¥§ã«ìâ â¥ ¡ã¤¥¬ ¨¬¥âì

h _y1(t); y2(t)i+ hy1(t); _y2(t)i = �hW (t)y2(t); y2(t)i � hy1(t); S(t)y1(t)i:

�â¥£à¨àãï ¯®á«¥¤¥¥ à ¢¥áâ¢® ¯® ¯à®¬¥¦ãâªã [0; T ], á ãç¥â®¬ ªà ¥¢ëå ãá«®¢¨© (10) ¯®«ãç¨¬

hV y2(T ); y2(T )i+
Z T

0
(hW (t)y2(t); y2(t)i+ hy1(t); S(t)y1(t)i)dt = 0:

�âáî¤  ¢ á¨«ã ¥®âà¨æ â¥«ì®áâ¨ ®¯¥à â®à®¢ V , S(t), W (t) ¨ ¥¯à¥àë¢®áâ¨ ¯®¤¨â¥£à «ì®©
äãªæ¨¨ á«¥¤ã¥â

W (t)y2(t) � 0; S(t)y1(t) � 0:

�à¨¨¬ ï ¢® ¢¨¬ ¨¥ íâ¨ à ¢¥áâ¢  ¨ ¥¤¨áâ¢¥®áâì à¥è¥¨ï § ¤ ç¨ �®è¨, ¨§ á¨áâ¥¬ë (11)
¯®«ãç¨¬ y1(t) � 0, y2(t) � 0.

�¥®à¥¬ . � ¤ ç  (1), (2) ®¤®§ ç® à §à¥è¨¬ .

�®ª § â¥«ìáâ¢®. �§ «¥¬¬ 2, 3 ¢ëâ¥ª ¥â, çâ® ®¡« áâì § ç¥¨© ®¯¥à â®à  A á®¢¯ ¤ ¥â á
¯à®áâà áâ¢®¬ L2([0; T ];H uH). �ç¨âë¢ ï ®æ¥ªã (9), ¯®«ãç ¥¬, çâ® ®¯¥à â®à A ¨¬¥¥â ®£à ¨-
ç¥ë© ®¡à âë© ( ¯à., â¥®à¥¬a 2 ¨§ [1], á. 204), ®âªã¤  á«¥¤ã¥â ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë.

� ¬¥ç ¨¥. �®¤®¡ë¬ ®¡à §®¬ ¬®¦¥â ¡ëâì ãáâ ®¢«¥  ®¤®§ ç ï à §à¥è¨¬®áâì ¥®-
âà¨æ â¥«ì® £ ¬¨«ìâ®®¢®© á¨áâ¥¬ë (1) ¯à¨ ªà ¥¢ëå ãá«®¢¨ïå, ®â«¨çëå ®â (2). � ¯à¨¬¥à,
¯à¨ x(0) = x0, y(T ) = yT .

�¨â¥à âãà 
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