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�ãáâì H | £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢®, fA�kg�2D, k = 1; 2; : : : ; n, | ¯ à ¬¥âà¨ç¥áª¨¥ á¥¬¥©-
áâ¢  «¨­¥©­ëå ®¯¥à â®à®¢, ¤¥©áâ¢ãîé¨å ¢ H; D � Rm | § ¤ ­­ë© ª®­¥ç­®¬¥à­ë© ª®¬¯ ªâ.
� ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï § ¤ ç  ®¯à¥¤¥«¥­¨ï ¢¥ªâ®à  ¯ à ¬¥âà®¢ � 2 D ¯® á¨áâ¥¬¥
«¨­¥©­ëå äã­ªæ¨®­ «ì­ëå ãà ¢­¥­¨©

A�kx = uk; k = 1; 2; : : : ; n; (1)

¯à¨ § ¤ ­­ëå u = (u1; u2; : : : ; un) 2 Hn ¨ ­¥¨§¢¥áâ­®¬ x 2 H [1]. � ª ç¥áâ¢¥ à¥è¥­¨ï ¯®áâ ¢«¥­-
­®© § ¤ ç¨ ¯à¨­¨¬ ¥âáï

�� = argmin
�2D

�
inf
x2H

nX
k=1

kA�kx� ukk
2

�
: (2)

� áãé­®áâ¨ à áá¬ âà¨¢ ¥¬ë© ¯®¤å®¤ ¯à¥¤áâ ¢«ï¥â à §¢¨â¨¥ ¬¥â®¤  ª¢ §¨à¥è¥­¨ï [2], [3] ­ 
á«ãç ©, ª®£¤  ®¯¥à â®àë A�k, k = 1; 2; : : : ; n, ¬®£ãâ ¡ëâì ­¥®¡à â¨¬ë¬¨,   ¨å ï¤à  § ¢¨áïâ
®â ¨áª®¬®£® ¢¥ªâ®à  �. � ª ¡ã¤¥â ¯®ª § ­® ¤ «¥¥, ­ «®¦¥­¨¥ ¥áâ¥áâ¢¥­­ëå ®£à ­¨ç¥­¨© ­ 
®¯¥à â®àë A�k, k = 1; 2; : : : ; n, £ à ­â¨àã¥â ãáâ®©ç¨¢®áâì § ¤ ç¨ (2) ª ¢®§¬ãé¥­¨ï¬ ¯à ¢ëå
ç áâ¥© uk 2 H á¨áâ¥¬ë ãà ¢­¥­¨© (1). � ¯®áâ ­®¢ª¥ § ¤ ç¨ (2) ®âáãâáâ¢ã¥â ­¥®¡å®¤¨¬®áâì
¢ëç¨á«¥­¨ï x 2 H, ®¤­ ª® ï¢­®¥ ¯à¨áãâáâ¢¨¥ x ¤¥« ¥â § ¤ ç¨ (1){(2) ¡¥áª®­¥ç­®¬¥à­ë¬¨ ¨
âàã¤­ë¬¨ ¤«ï à¥è¥­¨ï. � à ¡®â¥ ¨áá«¥¤®¢ ­ á¯®á®¡ ¯à¥®¡à §®¢ ­¨ï § ¤ ç¨ (2) ª § ¤ ç¥ ¡¥§
­¥¨§¢¥áâ­®© x (â. ¥. ª § ¤ ç¥ ¬ â¥¬ â¨ç¥áª®£® ¯à®£à ¬¬¨à®¢ ­¨ï), ¢ á«ãç ¥ ª®£¤  ®¯¥à â®àë
A�k ï¢«ïîâáï äã­ªæ¨ï¬¨ á ¬®á®¯àï¦¥­­®£® ®¯¥à â®à  T , ¤¥©áâ¢ãîé¥£® ¢ H.

�¢¥¤�¥­¨¥ ª § ¤ ç¥ ¬ â¥¬ â¨ç¥áª®£® ¯à®£à ¬¬¨à®¢ ­¨ï

�­ ç «  ¯à¥¤¯®«®¦¨¬ áãé¥áâ¢®¢ ­¨¥ í«¥¬¥­â  y 2 H, ¤®áâ ¢«ïîé¥£® ¨­ä¨¬ã¬ ¢ ¢ëà ¦¥-
­¨¨ (2). �®áª®«ìªã ¢¥«¨ç¨­ 

nX
k=1

kakk
2; a1; a2; : : : ; an 2 H;

¯à¥¤áâ ¢«ï¥â ª¢ ¤à â ­®à¬ë ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ Hn, â® (A�1y;A�2y; : : : ; A�ny) ï¢«ï-
¥âáï ®àâ®£®­ «ì­®© ¯à®¥ªæ¨¥© ¢¥ªâ®à  u2 Hn ­  «¨­¥©­®¥ ¬­®£®®¡à §¨¥ A�1H � A�2H � � � � �
A�nH � Hn, â. ¥.

(8x 2 H)
� nX

k=1

(A�ky � uk; A�kx) = 0
�
;
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£¤¥ (�; �) | áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ H. �«¥¤®¢ â¥«ì­®,

nX
k=1

A��kuk = C�y; C� =
nX

k=1

A��kA�k; (3)

inf
x2H

nX
k=1

kA�kx� ukk
2 =

nX
k=1

(A�ky � uk; A�ky � uk) =

=
nX

k=1

[(A�ky � uk; A�ky) + (uk; uk)� (A��kuk; y)] =
nX

k=1

(uk; uk)�
nX

k=1

(A��kuk; y):

�®áª®«ìªã
nP

k=1
(uk; uk) | ª®­áâ ­â , ­¥ § ¢¨áïé ï ®â �, â® § ¤ ç  (2) á¢®¤¨âáï ª § ¤ ç¥ ­ 

ãá«®¢­ë© ¬ ªá¨¬ã¬

�� = argmax
�2D

nX
k=1

(A��kuk; y) (4)

¯à¨ ãá«®¢¨¨, çâ® y ã¤®¢«¥â¢®àï¥â (3).
� «¥¥ ¯à¥¤¯®« £ ¥âáï, çâ® ®¯¥à â®àë A�k, k = 1; 2; : : : ; n, ï¢«ïîâáï ­¥¯à¥àë¢­ë¬¨ äã­ª-

æ¨ï¬¨ '�k(�) á ¬®á®¯àï¦¥­­®£® ®¯¥à â®à  T . � á®®â¢¥âáâ¢¨¨ á® á¯¥ªâà «ì­®© â¥®à¥¬®© ¤«ï
á ¬®á®¯àï¦¥­­ëå ®¯¥à â®à®¢ ([4], á. 265{267) äã­ªæ¨¨ ®¯¥à â®à  T ¬®£ãâ ¡ëâì ¯à¥¤áâ ¢«¥­ë
¯®áà¥¤áâ¢®¬ T -á¯¥ªâà «ì­®£® á¥¬¥©áâ¢  fE�g�2R ¯à®¥ªâ®à®¢

A�k =
Z +1

�1

'�k(�)dE�; A��k =
Z +1

�1

'�k(�)dE�;

C� =
nX

k=1

A��kA�k =
Z +1

�1

nX
k=1

j'�k(�)j2dE�; � 2 D; k = 1; 2; : : : ; n:

� á«ãç ¥ ­¥­ã«¥¢®© ®¯¥à â®à­®© ¬¥àë E� ¬­®¦¥áâ¢ 

X(�) =
�
� 2 R :

nX
k=1

j'�k(�)j
2 = 0

�

®¯¥à â®à C� ¬®¦¥â ®ª § âìáï ­¥®¡à â¨¬ë¬ ¢ H. � â® ¦¥ ¢à¥¬ï í«¥¬¥­â y ¬®¦¥â ¡ëâì ¯à¥¤áâ -
¢«¥­ ª ª y = y1 + y2, £¤¥

y2 2 kerC� =
�Z

X(�)

nX
k=1

j'�k(�)j2dE�

�
H;

y1 2 (kerC�)
? =

�Z
RnX(�)

nX
k=1

j'�k(�)j
2dE�

�
H:

�á«®¢¨¥ (3) ¨ ¬¨­¨¬¨§¨àã¥¬ë© äã­ªæ¨®­ « § ¤ ç¨ (4) ¯à¨¢®¤ïâáï ª ¢¨¤ã

nX
k=1

A��kuk = C�y = C�y1;

nX
k=1

(A��kuk; y) =
� nX

k=1

A��kuk; y

�
= (C�y1; y1 + y2) = (C�y1; y1):
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� ª¨¬ ®¡à §®¬, ¡¥§ ¯®â¥à¨ ®¡é­®áâ¨, ¬®¦­® ¯à¥¤¯®«®¦¨âì y 2 (kerC�)?. �®áª®«ìªã ¢ ¬­®¦¥-
áâ¢¥ (kerC�)? ®¯¥à â®à C� ï¢«ï¥âáï ®¡à â¨¬ë¬, ¢®§¬®¦­® ­¥®£à ­¨ç¥­­® ®¡à â¨¬ë¬, â®

y =
Z

RnX(�)

nP
k=1

'�k(�)dE�uk

nP
k=1

j'�k(�)j2
;

¨ § ¤ ç  (4) ¯à¨¢¥¤¥­  ª § ¤ ç¥, ­¥ á®¤¥à¦ é¥© ï¢­® äã­ªæ¨¨ x 2 H (â. ¥. ª § ¤ ç¥ ¬ â¥¬ â¨-
ç¥áª®£® ¯à®£à ¬¬¨à®¢ ­¨ï)

�� = argmax
�2D

Z
RnX(�)

nP
k;l=1

'�k(�)'�l(�)(dE�ul; uk)

nP
k=1

j'�k(�)j2
: (5)

�ëè¥ ¯à¥¤¯®« £ «®áì áãé¥áâ¢®¢ ­¨¥ í«¥¬¥­â  y 2 H, ¤®áâ ¢«ïîé¥£® ¨­ä¨¬ã¬ ¢ ¢ëà ¦¥­¨¨
(2). �â®¡ë ®á¢®¡®¤¨âìáï ®â ¤ ­­®£® ¯à¥¤¯®«®¦¥­¨ï, à áá¬®âà¨¬ äã­ªæ¨®­ «

�(x) =











Z

RnX(�)

� nX
k=1

j'�k(�)j2
�1=2

dE�x�

Z
RnX(�)

nP
k=1

'�k(�)dE�uk�
nP

k=1
j'�k(�)j2

�1=2











2

: (6)

� áªàëâ¨¥ ­®à¬ë ¨ ¯®á«¥¤ãîé¨¥ ã¯à®é¥­¨ï ¯à¨¢®¤ïâ ª íª¢¨¢ «¥­â­®¬ã ¯à¥¤áâ ¢«¥­¨î ¤ ­-
­®£® äã­ªæ¨®­ « 

�(x) =
nX

k=1

kA�kx� ukk
2 +

Z
RnX(�)

nP
k;l=1

'�k(�)'�l(�)(dE�ul; uk)

nP
k=1

j'�k(�)j2
�

nX
k=1

kukk
2: (7)

�ãáâì fSlg
1
l=1 ¯à¥¤áâ ¢«ï¥â ¯®á«¥¤®¢ â¥«ì­®áâì ®âªàëâëå ¯®¤¬­®¦¥áâ¢ ¬­®¦¥áâ¢  R â ª¨å,

çâ®

Sl � Sl+1; inf
x2X(�); s2RnSl

kx� sk2 > 0;
1\
l=1

Sl = X(�):

�¢¥¤¥¬ ¯®á«¥¤®¢ â¥«ì­®áâì

xl =
Z
RnSl

nP
k=1

'�k(�)dE�uk

nP
k=1

j'�k(�)j2
; l = 1; 2; : : :

�®¤áâ ­®¢ª  xl ¢ (6) ¤ ¥â

�(xl) =











Z
RnSl

� nX
k=1

j'�k(�)j2
�1=2 nP

k=1
'�k(�)dE�uk

nP
k=1

j'�k(�)j2
�

Z
RnX(�)

nP
k=1

'�k(�)dE�uk�
nP

k=1
j'�k(�)j2

�1=2











2

=

=











Z

SlnX(�)

nP
k=1

'�k(�)dE�uk�
nP

k=1
j'�k(�)j2

�1=2











2

�

� nX
k=1

kukk
2

�







Z

SlnX(�)

� nX
k=1

j'�k(�)j2
�1=2

dE�









2

l!1
���! 0; (8)

§¤¥áì ­¥à ¢¥­áâ¢® ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ­¥à ¢¥­áâ¢  �®è¨{�ã­ïª®¢áª®£®.
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�§ ¢ëà ¦¥­¨ï (6) á«¥¤ã¥â (8x 2 H) (�(x) � 0); ¯®íâ®¬ã áå®¤¨¬®áâì ¢ ¢ëà ¦¥­¨¨ (8) ¢«¥ç¥â
inf
x2H

�(x) = 0: �ç¨âë¢ ï ¯à¥¤áâ ¢«¥­¨¥ (7), ¨¬¥¥¬

� inf
x2H

nX
k=1

kA�kx� ukk
2 =

Z
RnX(�)

nP
k;l=1

'�k(�)'�l(�)

nP
k=1

j'�k(�)j2
(dE�ul; uk)�

nX
k=1

kukk
2:

�â®£ ¨§«®¦¥­­®¬ã ¢ëè¥ ¤ ¥â

�¥®à¥¬  1. �á«¨ '�k(�) : R ! C ï¢«ïîâáï ­¥¯à¥àë¢­ë¬¨ äã­ªæ¨ï¬¨, A�k = '�k(T ) ï¢«ï-
îâáï á®®â¢¥âáâ¢ãîé¨¬¨ ®¯¥à â®à­®§­ ç­ë¬¨ äã­ªæ¨ï¬¨ á ¬®á®¯àï¦¥­­®£® ®¯¥à â®à  T ,
¤¥©áâ¢ãîé¥£® ¢ H,

X(�) =
�
� 2 R :

nX
k=1

j'�k(�)j
2 = 0

�
;

â®

argmin
�2D

inf
x2H

nX
k=1

kA�kx� ukk
2 = argmax

�2D

Z
RnX(�)

nP
k;l=1

'�k(�)'�l(�)(dE�ul; uk)

nP
k=1

j'�k(�)j2
;

£¤¥ fE�g�2R ï¢«ï¥âáï T -á¯¥ªâà «ì­ë¬ á¥¬¥©áâ¢®¬ ¯à®¥ªâ®à®¢.

� áá¬®âà¨¬ ¡®«¥¥ ¯®¤à®¡­® ¢ ¦­ë© ¤«ï ¯à ªâ¨ª¨ á«ãç ©, ª®£¤  H = L2(�1;+1),
T = �id=dt, '�k | à æ¨®­ «ì­ë¥ äã­ªæ¨¨. � íâ®¬ á«ãç ¥

mes[X(�)] = 0; (dE�ul; uk) = Ul(�)Uk(�)d�; k; l = 1; 2; : : : ; n;

£¤¥ Uk(�) | ¯à¥®¡à §®¢ ­¨ï �ãàì¥{�« ­è¥à¥«ï äã­ªæ¨© uk. � ª¨¬ ®¡à §®¬, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  2. �á«¨ '�k(�) : R! C ï¢«ïîâáï à æ¨®­ «ì­ë¬¨ äã­ªæ¨ï¬¨, A�k = '�k(�id=dt)
ï¢«ïîâáï á®®â¢¥âáâ¢ãîé¨¬¨ ®¯¥à â®à­®§­ ç­ë¬¨ äã­ªæ¨ï¬¨ ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®-

à , â®

argmin
�2D

inf
x2H

nX
k=1

kA�kx� ukk
2 = argmax

�2D

+1Z
�1

j
nP

k;l=1
'�k(�)Uk(�)j2

nP
k=1

j'�k(�)j2
d�;

£¤¥ Uk(�) | ¯à¥®¡à §®¢ ­¨ï �ãàì¥{�« ­è¥à¥«ï äã­ªæ¨© uk, k = 1; 2; : : : ; n.

�áâ®©ç¨¢®áâì

� ¤ ­­®¬ à §¤¥«¥ à áá¬®âà¥­ë à¥§ã«ìâ âë ¨áá«¥¤®¢ ­¨ï ãáâ®©ç¨¢®áâ¨ § ¤ ç¨ (2) ®â­®á¨-
â¥«ì­® ¯à ¢ëå ç áâ¥© ãà ¢­¥­¨© (1). �á­®, çâ® ­¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ áãé¥áâ¢®¢ ­¨ï ¥¤¨­-
áâ¢¥­­®£® à¥è¥­¨ï § ¤ ç¨ (2) ï¢«ï¥âáï âà¥¡®¢ ­¨¥, çâ®¡ë ¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ®¯¥à â®-
à®¢

A� : H! Hn : A�x = (A�1x;A�2x; : : : ; A�nx); � 2 D;

ã¤®¢«¥â¢®àï«® ãá«®¢¨î

(8b�; e� 2 D : b� 6= e�; 8bx 2 H : kbxk > 0)
�
infex2H

nX
k=1

kAb�kbx�Ae�kexk2 > 0
�
: (9)

�ãáâì ¯®á«¥¤®¢ â¥«ì­®áâì fu� = (u�1; u�2; : : : ; u�n)g�!0 áå®¤¨âáï ª (Ab�1bx;Ab�2bx; : : : ; Ab�nbx):
� áá¬®âà¨¬ á¨áâ¥¬ã ãà ¢­¥­¨© (1) á ¯à ¢ë¬¨ ç áâï¬¨ (u�1; u�2; : : : ; u�n). �ãáâì à¥è¥­¨¥ á®®â-
¢¥âáâ¢ãîé¥© § ¤ ç¨ (2) à ¢­®

�� = argmin
�2D

inf
x2H

nX
k=1

kA�kx� u�kk
2:
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�®¬¯ ªâ­®áâì ¬­®¦¥áâ¢  D ¢«¥ç¥â áãé¥áâ¢®¢ ­¨¥ ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨ f��g�!0 � f��g�!0,
áå®¤ïé¥©áï ª ­¥ª®â®à®© ¯à¥¤¥«ì­®© â®çª¥ �0 2 D. �à®¬¥ â®£®, ¨¬¥¥¬

inf
x2H

nX
k=1

kA��kx�Ab�kbxk2 = inf
x2H

nX
k=1

kA��kx� u�k + u�k �Ab�kbxk2 �
� inf

x2H

� nX
k=1

kA��kx� u�kk
2 +

nX
k=1

ku�k �Ab�kbxk2
�
=

= inf
x2H

nX
k=1

kA��kx� u�kk
2 +

nX
k=1

ku�k �Ab�kbxk2 �
�

nX
k=1

kA�kx� u�kk
2 +

nX
k=1

ku�k �Ab�kbxk2 = 2
nX

k=1

ku�k �Ab�kbxk2:
�¥à¢®¥ ­¥à ¢¥­áâ¢® ¤ ­­®© æ¥¯®çª¨ ¥áâì ­¥à ¢¥­áâ¢® âà¥ã£®«ì­¨ª ,   ¯®á«¥¤­¥¥ | á«¥¤áâ¢¨¥
à ¢¥­áâ¢ 

�� = argmin
�2D

inf
x2H

nX
k=1

kA�kx� u�kk
2:

�á«¨ äã­ªæ¨ï f(�) = inf
x2H

nP
k=1

kA�kx�Ab�kbxk2 ­¥¯à¥àë¢­ , â® áå®¤¨¬®áâì � ª �0 ¢ à áá¬ âà¨¢ ¥¬®©
æ¥¯®çª¥ ­¥à ¢¥­áâ¢ ¢«¥ç¥â

inf
x2H

nX
k=1

kA�0kx�Ab�kbxk2 = 0:

�á«¨ ¯à¨¬¥¬, çâ® ãá«®¢¨¥ (9) ¢ë¯®«­¥­®, â® ¯®á«¥¤­¥¥ à ¢¥­áâ¢® ¡ã¤¥â ¢®§¬®¦­® â®«ìª® ¢
á«ãç ¥ �0 = b�. �à®¨§¢®«ì­®áâì ¢ë¡®à  ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨ f��g�!0 ®§­ ç ¥â, çâ® b� ï¢«ï¥âáï
¥¤¨­áâ¢¥­­®© ¯à¥¤¥«ì­®© â®çª®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ f��g�!0:

� ª¨¬ ®¡à §®¬, ¤®ª § ­ 

�¥®à¥¬  3. �ãáâì bx 2 H, b� 2 D, ®¯¥à â®àë A�k § ¤ ç¨ (2) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (9),  
äã­ªæ¨ï

f(�) = inf
x2H

nX
k=1

kA�kx�Ab�kbxk2
ï¢«ï¥âáï ­¥¯à¥àë¢­®©.

�®£¤  áå®¤¨¬®áâì f(u�1; u�2; : : : ; u�n)g
�!0
���! (Ab�1bx;Ab�2bx; : : : ; Ab�nbx) ¢«¥ç¥â áå®¤¨¬®áâì

�
�� = argmin

�2D
inf
x2H

nX
k=1

kA�kx� u�kk
2

�
�!0
���! b�:

�á«¨ ®¯¥à â®àë A�k, k = 1; 2; : : : ; n, ï¢«ïîâáï äã­ªæ¨ï¬¨ á ¬®á®¯àï¦¥­­®£® ®¯¥à â®à  T ,
â® ¨¬¥¥â á¬ëá« áä®à¬ã«¨à®¢ âì ­ ©¤¥­­®¥ ãá«®¢¨¥ ¢ â¥à¬¨­ å íâ¨å äã­ªæ¨©.

�¥®à¥¬  4. �ãáâì x 2 H, � 2 D. �ãáâì ®¯¥à â®àë A�k, k = 1; 2; : : : ; n; § ¤ ç¨ (2) ã¤®¢«¥-
â¢®àïîâ ãá«®¢¨ï¬

1) A�k = '�k(T ); £¤¥ '�k(�) : R ! C | ­¥¯à¥àë¢­®¥ ¯® � á¥¬¥©áâ¢® ¬¥à®¬®àä­ëå äã­ª-

æ¨©, T ¯à¥¤áâ ¢«ï¥â á ¬®á®¯àï¦¥­­ë© ®¯¥à â®à, ¤¥©áâ¢ãîé¨© ¢ H ¨ ­¥ ¨¬¥îé¨©

â®ç¥ç­®£® á¯¥ªâà ;

2) (8� 2 D; 8� 2 R)
� nX

k=1

j'�k(�)j2 � �(�) > 0
�
; (10)

3) (8b�; e� 2 D : b� 6= e�)�9l;m : card
�
� :

'b�l(�)
'e�l(�) =

'b�m(�)
'e�m(�)

�
< @0

�
:
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�®£¤  f(u�1; u�2; : : : ; u�n)g
�!0
���! (A�1x;A�2x; : : : ; A�nx) ¢«¥ç¥â áå®¤¨¬®áâì�
�� = argmin

�2D
inf
x2H

nX
k=1

kA�kx� u�kk
2

�
�!0
���! �:

�®ª § â¥«ìáâ¢®. � á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 3 ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 4 ¤®áâ â®ç­®

¯®ª § âì, çâ®, ¢®-¯¥à¢ëå, ãá«®¢¨ï (9) ¢ë¯®«­¥­ë; ¢®-¢â®àëå, äã­ªæ¨ï f(�) = inf
x2H

nP
k=1

kA�kx�uk
2

ï¢«ï¥âáï ­¥¯à¥àë¢­®©. �®ª ¦¥¬ ¯¥à¢®¥ ãâ¢¥à¦¤¥­¨¥ ¬¥â®¤®¬ ®â ¯à®â¨¢­®£®. �à¥¤¯®«®¦¨¬,
çâ®

(9b�; e� 2 D : b� 6= e�; 9bx 2 H : kbxk > 0)
�
inf
y2H

nX
k=1

kAb�kbx�Ae�kyk2 = 0
�
: (11)

�§ (10) á«¥¤ã¥â, çâ® «¨­¥©­®¥ ¬­®£®®¡à §¨¥ A�1H � A�2H � � � � � A�nH ï¢«ï¥âáï § ¬ª­ãâë¬
¯®¤¬­®¦¥áâ¢®¬ ¢ Hn. �®íâ®¬ã ¨­ä¨¬ã¬ ¢ (11) ¤®áâ¨£ ¥âáï ­  í«¥¬¥­â¥ ex 2 H: �âáî¤  á«¥¤ãîâ
à ¢¥­áâ¢ 

Ab�kbx = Ae�kex; k = 1; 2; : : : ; n: (12)

�¢¥¤¥¬ äã­ªæ¨î  (�) = 'b�l(�)='e�l(�): �§ (12) á«¥¤ã¥â, çâ® ¤«ï k = l

ex = Z
R

 (�)dE�bx:
�®¤áâ ­®¢ª  ¤ ­­®£® ¯à¥¤áâ ¢«¥­¨ï ¢ (12) ¯à¨ k = m 6= l ¤ ¥âZ

R

('b�m(�)� 'e�m(�) (�))dE�bx = 0;

çâ® íª¢¨¢ «¥­â­® Z
R

j'b�m(�)� 'e�m(�) (�)j2d(E�bx; bx) = 0: (13)

�®áª®«ìªã T ­¥ ¨¬¥¥â â®ç¥ç­®£® á¯¥ªâà , â® ¬®¦­® áç¨â âì (E�bx; bx) ­¥ã¡ë¢ îé¥© äã­ªæ¨-
¥© ¯ à ¬¥âà  �. �â  äã­ªæ¨ï ®¯à¥¤¥«ï¥â ­¥ â®¬¨ç¥áªãî ¬¥àã mes( ) ­  R: �§ (13) á«¥¤ã¥â
áãé¥áâ¢®¢ ­¨¥ ¬­®¦¥áâ¢  � � R â ª®£®, çâ® mes(�) = kbxk2 > 0 ¨

(8� 2 �) ('b�m(�) = 'e�m(�) (�)):
�®áª®«ìªã ¬¥à  mes( ) ï¢«ï¥âáï ­¥ â®¬¨ç¥áª®©, â®

card(�) = @1 > @0 (8� 2 �) ('b�l(�)='e�l(�) = 'b�m(�)='e�m(�)):
�§ ¯à®¨§¢®«ì­®áâ¨ ¢ë¡®à  l, m á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì ¯®á«¥¤­¥£® ¢ëáª §ë¢ ­¨ï ¤«ï ¢á¥å
l;m = 1; 2; : : : ; n. �® íâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î â¥®à¥¬ë ¨, á«¥¤®¢ â¥«ì­®, ¤®ª §ë¢ ¥â ¢ë¯®«­¥-
­¨¥ ãá«®¢¨ï (9).

�§ (5) ¨ (10) á«¥¤ã¥â, çâ®

f(�) =
nX

k;l=1

Z
R

'�k(�)'�l(�)(dE�ul; uk)
nP

k=1
j'�k(�)j2

: (14)

�§ ­¥¯à¥àë¢­®áâ¨ ¯® � á¥¬¥©áâ¢  f'�k(�)g�2D , k = 1; 2; : : : ; n, ¨ ãá«®¢¨ï (10) á«¥¤ã¥â ­¥¯à¥àë¢-
­®áâì ¯® � äã­ªæ¨¨ ¯®¤ ¨­â¥£à «®¬ ¢ ¢ëà ¦¥­¨¨ (14). � á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© �¥¡¥£  ®
¬ ¦®à¨à®¢ ­­®© áå®¤¨¬®áâ¨ ([4], á. 63) § ª«îç ¥¬, çâ® äã­ªæ¨ï f(�) ­¥¯à¥àë¢­ .
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