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� à ¡®â¥ ¯à¨¢®¤ïâáï  á¨¬¯â®â¨ç¥áª¨¥ ®æ¥­ª¨ ¯®£à¥è­®áâ¨ ¯à®¥ªæ¨®­­®£® ¬¥â®¤  (¯®«ã¤¨á-
ªà¥â­®£® ¬¥â®¤  � «�¥àª¨­ ) à¥è¥­¨ï § ¤ ç¨ �®è¨ ¤«ï  ¡áâà ªâ­®£® £¨¯¥à¡®«¨ç¥áª®£® ãà ¢­¥-
­¨ï ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥. �®¤®¡­ë¥ ®æ¥­ª¨ à ­¥¥ ãáâ ­ ¢«¨¢ «¨áì ¢ [1], [2], ­® â®«ìª®
¯à¨ á¯¥æ¨ «ì­®¬ ¢ë¡®à¥ ¯®¤¯à®áâà ­áâ¢, ¢ ª®â®àëå ¤®«¦­ë ¯à¨­¨¬ âì §­ ç¥­¨ï ¯à¨¡«¨¦¥­-
­ë¥ à¥è¥­¨ï, â®£¤  ª ª ¢ ¤ ­­®© à ¡®â¥ íâ¨ ¯®¤¯à®áâà ­áâ¢  ­¥ ¯®¤ç¨­¥­ë ­¨ª ª¨¬ ®£à ­¨-
ç¨â¥«ì­ë¬ ãá«®¢¨ï¬. �§ à ¡®â ¯® ®¡®á­®¢ ­¨î ¯à®¥ªæ¨®­­®£® ¬¥â®¤  ¤«ï à §«¨ç­ëå § ¤ ç
®â¬¥â¨¬ â ª¦¥ [3]{[8].

�ã¤¥¬ ¨á¯®«ì§®¢ âì áâ ­¤ àâ­ë¥ ®¡®§­ ç¥­¨ï L(X;Y ), Lp(0; T ;X), Ck([0; T ];X), £¤¥ X ¨ Y

| ¡ ­ å®¢ë ¯à®áâà ­áâ¢ , [0; T ] | ®âà¥§®ª ®á¨ R (á¬., ­ ¯à., [9], á. 579),   â ª¦¥ á«¥¤ãîé¨¥
®¡®§­ ç¥­¨ï: L(X) = L(X;X), H(X) | ¯à®áâà ­áâ¢® íà¬¨â®¢ëå ä®à¬ h(�; ��) ¢ X, ¤«ï ª®â®àëå

khkH(X) = sup
x;y2Xnf0g

jh(x; y)j � kxk�1
X kyk�1

X <1;

W k;p(0; T ;X) | ¯à®áâà ­áâ¢® äã­ªæ¨©, ®â®¡à ¦ îé¨å [0; T ] ¢ X ¨ ¯à¨­ ¤«¥¦ é¨å Lp(0; T ;X)
¢¬¥áâ¥ á® á¢®¨¬¨ ¯à®¨§¢®¤­ë¬¨ ¤® k-£® ¯®àï¤ª  ¢ª«îç¨â¥«ì­®.

�ãáâì H | á¥¯ à ¡¥«ì­®¥ £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢®, [0; T ] | § ¤ ­­ë© ®âà¥§®ª ®á¨ R. �á-
å®¤­ ï § ¤ ç  �®è¨ ¨¬¥¥â ¢¨¤

u00(t) +A(t)u(t) = F (t; u(t)); u(0) = u0(0) = 0: (1)

�¤¥áì t 2 [0; T ], fA(t) j t 2 [0; T ]g| á¥¬¥©áâ¢® ­¥®£à ­¨ç¥­­ëå á ¬®á®¯àï¦¥­­ëå ¯®«®¦¨â¥«ì­®-
®¯à¥¤¥«¥­­ëå ¢ H ®¯¥à â®à®¢ á ®¡é¥© ®¡« áâìî ®¯à¥¤¥«¥­¨ï D(A). �ãáâì A0 | ­¥ª®â®àë©
á ¬®á®¯àï¦¥­­ë© ¯®«®¦¨â¥«ì­®-®¯à¥¤¥«¥­­ë© ¢ H ®¯¥à â®à, ®¡« áâì ®¯à¥¤¥«¥­¨ï ª®â®à®£®
á®¢¯ ¤ ¥â á D(A), ¨¬¥îé¨© ª®¬¯ ªâ­ë© ¢ H ®¡à â­ë© ®¯¥à â®à A�1

0 ¨ â ª®©, çâ® ¤«ï ¢á¥å
t 2 [0; T ], v 2 D(A) kA0vkH � a0kA(t)vkH , £¤¥ a0 | ª®­áâ ­â , ­¥ § ¢¨áïé ï ®â t ¨ v. �¡®§­ ç¨¬
ç¥à¥§ a(t; �; ��), £¤¥ t| «î¡®¥ ç¨á«® ¨§ [0; T ], áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ í­¥à£¥â¨ç¥áª®£® ¯à®áâà ­-
áâ¢  ([10], á. 21) ®¯¥à â®à  A(t) ¨ ç¥à¥§ V | í­¥à£¥â¨ç¥áª®¥ ¯à®áâà ­áâ¢® ®¯¥à â®à  A0. �à¨¬¥¬,
çâ® äã­ªæ¨ï \t! a(t; �; ��)" ¯à¨­ ¤«¥¦¨âW 2;1(0; T ;H(V )). �¯¥à â®à F ¢ (1) ­¥«¨­¥©­ë© ¨ ¨¬¥-
¥â ¯à®¨§¢®¤­ãî �à¥è¥ DF (t; v) 2 L(R � V ;H) ¢ ª ¦¤®© â®çª¥ (t; v) 2 [0; T ] � V , ¯à¨ç¥¬ ¤«ï
«î¡®£® r � 0 sup

kvkV �r

kDF (t; v)kL(R�V ;H) | áã¬¬¨àã¥¬ ï ­  [0; T ] äã­ªæ¨ï ¯¥à¥¬¥­­®© t. �¨¦¥

@F (t; v) 2 L(V ;H) | ¯à®¨§¢®¤­ ï �à¥è¥ ®â®¡à ¦¥­¨ï \v ! F (t; v)", ¢ëç¨á«¥­­ ï ¢ â®çª¥
v 2 V ¯à¨ ä¨ªá¨à®¢ ­­®¬ t 2 [0; T ].

� ¤ ¤¨¬ â ªãî ¯®á«¥¤®¢ â¥«ì­®áâì fVng1n=1 ª®­¥ç­®¬¥à­ëå ¯®¤¯à®áâà ­áâ¢ ¯à®áâà ­áâ¢ 
V , çâ®

kRnvkV ! 0 ¯à¨ n!1 8v 2 V ; (2)
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§¤¥áì ¨ ¤ «¥¥ Rn = I �Pn, £¤¥ I | â®¦¤¥áâ¢¥­­ë© ®¯¥à â®à ¢ V , Pn | ®àâ®¯à®¥ªâ®à ¢ V ­  Vn.
�ã¤¥¬ à¥è âì § ¤ çã (1) ¯à®¥ªæ¨®­­ë¬ ¬¥â®¤®¬

(u00n(t); vn)H + a(t; un(t); vn) = (F (t; un(t)); vn)H ; un(t) 2 Vn; un(0) = u0n(0) = 0; (3)

£¤¥ n| ¯à®¨§¢®«ì­® § ¤ ­­®¥ ­ âãà «ì­®¥ ç¨á«®, t 2 [0; T ], vn | «î¡®© í«¥¬¥­â Vn. �¥©áâ¢ãï ¢
®á­®¢­®¬ ¯® áå¥¬¥ à ¡®âë [1], ¬®¦­® ¯®ª § âì, çâ® ­  ­¥ª®â®à®¬ ®âà¥§ª¥ [0; t0] � [0; T ] § ¤ ç  (3)
¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ un 2 C2([0; t0];Vn) ¯à¨ «î¡®¬ n 2 N, ¨ § ¤ ç  (1) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥
à¥è¥­¨¥ u, ¯à¨­ ¤«¥¦ é¥¥ W 2;1(0; t0;H) \ W 1;1(0; t0;V ) ¨ â ªo¥, çâ® ¤«ï ¯®çâ¨ ¢á¥å (¯. ¢.)
t 2 [0; t0] u(t) 2 D(A), \t ! A(t)u(t)"2 L1(0; t0;H). �à¨ ®¯à¥¤¥«¥­­®¬ ãá¨«¥­¨¨ ãá«®¢¨© ­ 
®¯¥à â®àë A(t) ¨ F à¥è¥­¨e § ¤ ç¨ (1) ®¡« ¤ ¥â ¯®¢ëè¥­­®© £« ¤ª®áâìî, ¢ ç áâ­®áâ¨,

¤«ï ¯. ¢. t 2 [0; t0] u0(t) 2 D(A); \t! A(t)u0(t)" 2 L1(0; t0;H): (4)

�®«®¦¨¬ �n = kRnA
�1
0 kL(H;V ), n 2 N. �¥«¨ç¨­  �n ¡ã¤¥â å à ªâ¥à¨§®¢ âì áª®à®áâì áå®¤¨¬®-

áâ¨ ¯à¨¡«¨¦¥­­ëå à¥è¥­¨© un § ¤ ç¨ (1), ¯®áâà®¥­­ëå ¯à®¥ªæ¨®­­ë¬ ¬¥â®¤®¬ (3), ª â®ç­®¬ã
à¥è¥­¨î. �§ (2) ¨ ãá«®¢¨ï ª®¬¯ ªâ­®áâ¨ ®¯¥à â®à  A�1

0 á«¥¤ã¥â, çâ® �n ! 0 ¯à¨ n!1. � ¯à¨-
«®¦¥­¨ïå, ¥á«¨ (1) | ¯¥à¢ ï ­ ç «ì­®-ªà ¥¢ ï § ¤ ç  ¤«ï £¨¯¥à¡®«¨ç¥áª®£® ãà ¢­¥­¨ï ¢â®à®£®
¯®àï¤ª  ¨ Vn | ¯®¤¯à®áâà ­áâ¢ , á®®â¢¥âáâ¢ãîé¨¥ ¬¥â®¤ã ª®­¥ç­ëå í«¥¬¥­â®¢, â® ¤«ï íâ¨å
¯®¤¯à®áâà ­áâ¢ å à ªâ¥à­® á«¥¤ãîé¥¥  ¯¯à®ªá¨¬ æ¨®­­®¥ á¢®©áâ¢® (á¬., ­ ¯à., [11], á. 135): ¤«ï
«î¡ëå n 2 N ¨ v 2 D(A)

min
vn2Vn

kv � vnkV � chnkA0vkH ;

£¤¥ hn | ¬ ªá¨¬ «ì­ë© ¨§ ¤¨ ¬¥âà®¢ ª®­¥ç­ëå í«¥¬¥­â®¢, ¯®à®¦¤ îé¨å ¯®¤¯à®áâà ­áâ¢®
Vn, c | ª®­áâ ­â , ­¥ § ¢¨áïé ï ®â n ¨ v. �®£¤ , ®ç¥¢¨¤­®, �n � chn. �«ï ¤àã£®£® ¢ à¨-
 ­â  ¯à®¥ªæ¨®­­®£® ¬¥â®¤ , ª®£¤  Vn | á®¡áâ¢¥­­ë¥ ¯®¤¯à®áâà ­áâ¢  ®¯¥à â®à  A0, ¨¬¥¥¬
�n = kRnA

�1=2
0 kL(H) = ��1=2

n , £¤¥ �n | ¬¨­¨¬ «ì­®¥ ¨§ á®¡áâ¢¥­­ëå §­ ç¥­¨© ®¯¥à â®à  A0,
á®®â¢¥âáâ¢ãîé¨å ¥£® á®¡áâ¢¥­­ë¬ í«¥¬¥­â ¬, ­¥ ¯à¨­ ¤«¥¦ é¨¬ Vn.

�¡®§­ ç¨¬ ¯®£à¥è­®áâì ¯à®¥ªæ¨®­­®£® ¬¥â®¤  (3) ç¥à¥§ �un, â. ¥. �un = u � un, £¤¥
n 2 N , u | â®ç­®¥ à¥è¥­¨¥ § ¤ ç¨ (1), un | ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ íâ®© § ¤ ç¨, ¯®áâà®-
¥­­®¥ ¯à®¥ªæ¨®­­ë¬ ¬¥â®¤®¬ (3). �à¨¢¥¤¥¬ ®æ¥­ª¨ ¯®£à¥è­®áâ¨ �un ¢ ­®à¬¥ ¯à®áâà ­áâ¢ 
C1([0; t0];H) \ C0([0; t0];V ).

�¥®à¥¬  1. �®£à¥è­®áâì ¯à®¥ªæ¨®­­®£® ¬¥â®¤  (3) ¤«ï § ¤ ç¨ (1) ¤®¯ãáª ¥â ®æ¥­ªã

max
0�t�t0

(k�u0n(t)kH + k�un(t)kV ) = o(�1=2n ) (n!1); (5)

¥á«¨ ¦¥ à¥è¥­¨¥ § ¤ ç¨ (1) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (4), â®

max
0�t�t0

(k�u0n(t)kH + k�un(t)kV ) = O(�n) (n!1): (6)

�¡®§­ ç¨¬ ¯à®áâà ­áâ¢®, ¤¢®©áâ¢¥­­®¥ ª V , ç¥à¥§ V 0 ¨ ®â®¦¤¥áâ¢¨¬ ¯à®áâà ­áâ¢® H á ¤¢®©-
áâ¢¥­­ë¬ ª ­¥¬ã, â ª çâ® V � H � V 0. �«ï «î¡®£® t 2 [0; T ] ®¯à¥¤¥«¨¬ ¯à®¤®«¦¥­¨¥ ®¯¥à -
â®à  A(t) á D(A) ­  V ¨§ â®¦¤¥áâ¢  (A(t)v; w) = a(t; v; w), £¤¥ (�; ��) | á¯ à¨¢ ­¨¥ í«¥¬¥­â®¢
¯à®áâà ­áâ¢ V 0 ¨ V , v ¨ w | «î¡ë¥ í«¥¬¥­âë V . �á«®¢¨¥ \t ! a(t; �; ��)"2 W 2;1(0; T ;H(V ))
à ¢­®á¨«ì­® â®¬ã, çâ® \t ! A(t)"2 W 2;1(0; T ;L(V ;V 0)), â ª çâ® ¯à®¨§¢®¤­ ï ¯¥à¢®£® ¯®àï¤ª 
A0(t) 2 L(V ;V 0) áãé¥áâ¢ã¥â ¢ ª ¦¤®© â®çª¥ t 2 [0; T ].

�à¨¢¥¤¥¬ ®æ¥­ª¨ ¯®£à¥è­®áâ¨ �un ¢ ­®à¬¥ ¯à®áâà ­áâ¢  C0([0; t0];H).

�¥®à¥¬  2. �ãáâì ¤«ï ¯. ¢. t 2 [0; t0] ¨ ¤«ï ¢á¥å v 2 V ®¯¥à â®à @F (t; v) ¤®¯ãáª ¥â ¯à®-

¤®«¦¥­¨¥ á V ­  H ¤® ®¯¥à â®à  ¨§ L(H;V 0), ¨ ¤«ï «î¡®£® r � 0 sup
kvkV �r

k@F (t; v)kL(H;V 0) |

áã¬¬¨àã¥¬ ï ­  [0; t0] äã­ªæ¨ï ¯¥à¥¬¥­­®© t. �®£¤ 

max
0�t�t0

k�un(t)kH = o(�5=4n ) (n!1): (7)
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�á«¨ â ª¦¥ ¤«ï ¯. ¢. t 2 [0; t0] ®¯¥à â®à A0(t) ®â®¡à ¦ ¥â D(A) ¢ H ¨ \t ! A0(t)(A(t))�1"2
L1(0; t0;L(H)),   à¥è¥­¨¥ § ¤ ç¨ (1) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (4), â®

max
0�t�t0

k�un(t)kH = O(�2n) (n!1): (8)

�à¨ ¢ë¢®¤¥ ®æ¥­®ª (5){(8) ª®¬¡¨­¨àãîâáï í«¥¬¥­âë â¥å­¨ª¨ à ¡®â [1]{[4]. �â¬¥â¨¬, çâ®
¯® ®¯à¥¤¥«¥­¨î �n ®æ¥­ª  (6) ï¢«ï¥âáï â®ç­®© ¯® ¯®àï¤ªã  ¯¯à®ªá¨¬ æ¨¨ í«¥¬¥­â®¢ ¨§ D(A)
í«¥¬¥­â ¬¨ Vn ¢ ­®à¬¥ k � kV , ®âªã¤  ­¥âàã¤­® ¢ë¢¥áâ¨, çâ® íâ  ®æ¥­ª  ­¥ã«ãçè ¥¬  ¢ ª« áá¥
à¥è¥­¨©, ®¡« ¤ îé¨å £« ¤ª®áâìî (4).
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