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K.M. YYIHHOB

O IBOMCTBEPPOCTHU YACTUYPOI 1 YCJIOBPOI YCTOMYMBOCTHU
JIIP EVIP bIX ®YP KIIUOP AJILP O-qU®PEPEP IIMAJILP bIX
YPABPEP U

B nanHnoif crarhe pacKpbhIBaIOTCA HEKOTOPHIE BO3MOXKHOCTH, KOTOPBIE ITPEIOCTABIIAET [IJIs UCCJTIe-
[OBAHUS ACUMITOTHYECKUX CBOUCTB penrenuit JuaeiHbrx qudepeHnmaabHbIX YPAaBHEHUH UCTOIb30-
Banue marpuipl Konm. B arom mbl cienyem rpamnnusam monorpadwmit [1] u [2], roe marpuna Komm
ABJIAETCA OCHOBHBIM O6"beKTOM opur UCCJIeOJOBaHUN yCTOﬁ‘IHBOCTH.

O60061ennsT KIACCUIECKOTO MOHATHS YCTOWIMBOCTH PENIeHUI ypaBHEHWA: yCTORIHBOCTDH TIO Ta-
CTV NEePeMEHHBIX (MM YaCTUYHAs YCTOWYMBOCTH) M YCJIOBHAS yCTOWYMBOCTH paHee MCCIIEHOBAIUCH
HE3aBUCHUMO. B ,[[a,HHOﬁ pa60Te BBISAIBJIACTCA CBA3b MEXKJ/Y 9TUMU MOHATUAMMUA.

DepBas YaCTh CTATHU MPEICTABIIAET COOOI pa3BUTHE OCHOBHBIX Uiell paboTsl [3]. DoKazaHo, 4To
7151 YPAaBHEHUI C MMOCTOSAHHOW MATpHUIEH W 3amas3IbIBAHNEM BEChMa, OOIIEro BHIA B3aWMOCBIA3b Ua-
CTUIHOU W YCJIOBHOW yCTOMYMBOCTH MMeeT 0COOEHHO MpOCTOe Bhipaxkenwue. VcciemoBaHue KaxKIoro
73 TUX BUIOB YCTONYIUBOCTUA CBOOUTCHA K HUCCIECOOBAHWIO KJIACCUIECKOUW YCTORIMBOCTH ypPABHEHU:T
TOro xe Buma. lokas3aHbl TEOPEMBI O CBA3U YACTUYHONX W YCJIIOBHON YCTORYIMBOCTH OTHOCHUTEIHHO
HAYAJIBHBIX JIAHHBIX C YCTOWIUBOCTHIO OTHOCUTEJIHHO TTPABO IaCTH.

Bo BTOpoit wacTu BBOHUTCSA CBOUCTBO, SABJIAIONIEECA C TMO3UINWI €IUHOTO PACCMOTPEHUSA TACTUU-
HOI M yCJIOBHOW yCTORYMBOCTEH eCcTeCTBEHHBIM 0600menrneM 060ux 3TuX CBOicTB. L1 ypaBHEHHI C
MOCTOSAHHON MATPUIEH ¥ OTPAHUIEHHBIM 3AMA3bIBAHAEM U3YUEHUE FTOTO BUIA YCTORIUBOCTHA TAKKE
CBOIUTCA K M3YUEHUIO KJTACCUIECKOU YCTORIUBOCTH.

Ucnonbaytorcsa cnemyromue obosnauenus: R, = [s,+00), A = {(t,s) € R : t > s}, C" u C™*"
— JIMHEHbIe TPOCTPAHCTBA KOMIIJICKCHBIX MATPWIL pa3Mepa COOTBETCTBEHHO 70 X1lm n X n, | . | —
corstacoBanabie HOpMBI B C" u C™*", [ — eguHWYHAs MATPHUIA W TOXKIECTBEHHOE MIPEoOPA30BAHIE
JUHEeHHOTo mpocTpaHcTBa, X | — TpaHCHOHHPOBAaHHAA MATpuna X .

Ecim S| m Sy — smmHeltHBIE TOAIPOCTPAHCTBA HEKOTOPOTO MTPOCTPAHCTBA, TO Uepe3 S; + S, 000-
3HAYAETCA CymMMa S; U Ss, T. €. MUHUMAJIHHOE MOJITPOCTPAHCTBO, COIEPKAIIEE BCE DJIEMEHTHI S; U So.
Iiis 0603HAYEHU T CYMMBbI HECKOJIBKUX MOMITPOCTPAHCTB UCIOJIB3YETCA CAMBOJI Y .

1. YacTuuyHasd U yCJIOBHAsI yCTOUIUBOCTH
O0BbeKTOM UCCTIEMOBAHUA ABJIACTCA YpaBHEHUE
(t) — A(Rz)(t) = f(2), (1)

rne t € Ry, z(t) € C*, A € C"™" oneparop R nmeiicTByer m3 mpoOCTPAHCTBA JIOKAJIBHO (HA KAXKIOM
KOHEYHOM OTpe3Ke) abCOTIOTHO HEeNpPEpBIBHBIX (BDYHKIUI B MPOCTPAHCTBO JIOKAJBHO CYMMUPYEMBIX
GYHKIMA 1 IPEeICTaBAM B BHIE

(Ra)(t) = /Otx(s) d.r(t,s).

Pabora BeimostHena npu ¢uHAHCOBOR MOommepkke Poccuiickoro donma GyHIAMEHTAJIBHBIX WCCIEIOBAHUIA,
rpaaT POOU-Ypas Ne (04-01-96069.
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3mecw r(t,s) : A — C — crajaspHasd HKIIUA OBYX MEePEMEHHBIX, IpU (PUKCUPOBAHHOM { MMero-
Y ?
a5 OTPAHUIEHHYIO BAPUAIMIO [0 S, TPU (DUKCHPOBAHHOM S JIOKAJIBHO CyMMuUpyeMmas 10 t; (PyHKIH I

t
p(t) = \/Or(t, §) JIOKAJIbHO CyMMMPYy€eMa. DelEHNEM YPABHEHUS CIUTAETCS JIOKAJIHHO a0COJTIOTHO HE-
sS=

npepoBHas dynknus z : Ry — C”, ynosnersopsaomas (1) moaru scromy.
SadukcupyemMm Ipou3BOJIbHOE IUCIO0 s € Ry 1 1mMostoxxum

t
(Roa)(t) = [ o(u) dur(tu)
st oboro ¢ € Ry B ([2], §1.2) nokasano, uro 3ananHoe Ha nojiyocn R ypaBaenue
i— AR,z =0 2)

B C(OOPMYJIMPOBAHHBIX MTPEIIIOJIOKEHUAX OJHOZHATHO PA3PENIMMO IIPU 3a/IaHUU HAYATBHOIO YCIIOBU
z(s) = z,.

Onpenenenne 1. Mampuueti Kowu ypasuenus (1) 6ymeM HA3BIBATH TAKYH0 MATPUILY-(DYHKIIHIO
nByx mepemenubix C' : A% — C™ " gro mpu moboM dukcupoanaoM s € Ry cTonbupl 3amanHoii Ha
muo)kecTBe R, Marpunsr-dynkmun C(t, $) OT ¢ ABIAIOTCA pelIeHUAMYU ypaBHeHUs (2), OMpenesaeMbl-
My HadaabHbIM ycaoBueM C(s,s) = 1.

Denrenue ypasuenus (1) sanuceiBaercs B Buze ([2], c. 31)

2(t) = C(t,0)z(0) + /0 Ot 5)f(s) ds. (3)

Takum obpasom, C(-,s) aBisgercsa GyHIAMEHTAIBHONR MATPUIEH peIIeHnil OIHOPOIHOTO ypPABHEHUS
(2). ®opmysmy (3) Gymem HasbBaTh dopmy.aoi Kowu.

U3 onpenesienns marpunpst Koum Beitekaer, uro ecan z(t) — pemenune ypaBaenus (2), To s
Jaboro t > s umeeMm

z(t) = C(t, s)x(s). (4)

B repmunax marpuist Koy jIerko mepenuchBaiTCs TPAAUIMOHHBIE OIIPeIeJIeH s yCTOHanBOCTH
pemennit ypasnenus (1).

Onpenenenne 2. Ypasuenue (1) HaspiBaercs pasromepno yemotuusvm, ecim sup |C(t, s)|<oo;
(t,s)eA

PABHOMEPHO ACUMNMOMUYECKYU Ycmoluusvm, ecan mist moboro s € Ry |C(t,s)] — 0 npu t — oo
pPaBHOMEPHO OTHOCUTEJILHO §; PAGHOMEDPHO IKCMOHEHUUAADHO YCMOTMUGHLM, €CIIA CyNeCTBYIOT TaKue
N>0wuvy>0,uro |[C(t,s)] < Ne 7=,

YcToitauBOCTh B CMBIC/IE [TAHHOTO OMpeneseHrs Oy/IeM HA3hIBATh KJIACCAIECKOA.

DuKe UCIOJTH30BAHNE TEPMUHA “yCTORINBOCTD” 6€3 yTOUHEHWs BUIIA 03HATAET, YTO (POPMYIUPY-
eMoe YTBEpKIEHNEe B PABHOU CTEMEHN OTHOCUTCS K JIFODOMY W3 BHIOB, YKA3aHHBIX B OMPEIEICHUN 2.

Yemotivusocmod no 4acmu nepemMeruviy Uil YacmuyHas yemoliyusocmy eCTh Mo CYyTH yCTOWYIH-
BOCTh NPOEKIMil penreHuii ypaBHeHNs HA HEKOTOPOE MOANPOCTPAHCTBO (a3oBoro mpocrpaHcTsa [3].
D10l PA3HOBUIHOCTH yCTOWIUBOCTH, onpenesienHoi eme A.M. JIAnyHOBBIM 1 UCCIENOBABIIENHCS C ce-
penunbl XX cTOJIETHA, K HACTOAIEMY MOMEHTY TOCBAIIEHO HeMaso pabor (cMm. monorpaduu [4] u [5]
u 6ubsmorpaduo Kk HuM). C Ipyroit CTOPOHBI, UCCIEIOBAIACH HENPEPBIBHAA 3aBUCUMOCTD DeIIeHui
OTHOCUTEJIbHO HAYAJIBHBIX JTAHHBIX, N3MEHEHUE KOTOPBIX BO3MOXKHO TOJBKO B PAMKaX HEKOTOPOTO
Yyemotinueoz0 Mno2000pa3us (pa3oBOrO TPOCTPAHCTBA YPABHEHUA. DTO CBOUCTBO MOJIYIUIIO HA3BAHUE
yeaosnotl yemotivusocmu ([6], c.318). UcnosbzoBanume marpuiibl Ko BCKPBIBAET TECHYIO B3aUMO-
CBA3b HTUX NOHATHMN.

DycTh 3aman0 OATpPocTpaHCTBO S (hazosoro npocrpancTsa C” ypasrenus (1).
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Onpenenienue 3. Ypasuenue (1) 6ymeM HABBIBATD a-ycmotuusvim no nodnpocmpancmsy S, eciu
npu J060M « € S MMeeT MecTo COOTBETCTBYIONAS OIEHKa (CM. OmpemesieHue 2) HOPMBI CTPOKH

a’C(t,s).

Onpenenienune 4. Ypasuenue (1) 6ymem Ha3bBarh (-ycmotivuovim no nodnpocmpancmsy S, eciu
npu J1i06oM [ € S mMeeT MecTo COOTBEeTCTBYyMOMmAsA onerka crosbma C(t, s)s.

D eTpyIHO 3aMETHTh, 9TO (-yCTONIUBOCTD €CTh YCTOWIUBOCTD 110 KOMIOHEHTAM, 33, Iaf0NIM Ha3UC
MOMITPOCTPAHCTBA S, [-yCTOWINBOCTh — YCJIOBHASA YCTORUMBOCTH C YCTORIMBBIM MHOroOOpasuem S.

Cremyromniee cBoiicTBo ypaBuerus (1) ABAAETCH OCHOBOIIOJJIATAIOIINM JIJIs BCEX BBIBOIMMBIX B 3TOM
pasnesie CTaTbu Pe3yJIbTaTOB.

JIemma 1. Mampuua Kowu C(t,s) ypasuenus (1) nepecmamnosouna ¢ mampuuet A, m. e.
C(t,s)A = AC(t,s).

HoxkasarenscTBo. 3aduKcupyeM Tpou3BoIbHYI0 TOUkKy s € Ry. Ecim z : R, — C™ — pemenne
ypasuenus (2), o y(t) = Az(t) — Takxke penrenue sroro ypasaenus. Corsacuo (4) npu siobom ¢ > s,
¢ omnoii croponsr, y(t) = Axz(t) = AC(t, s)xz(s), ¢ npyroit, y(t) = C(t,s)y(s) = C(t,s)Ax(s), orkyna
B cuuty mpomsBosibHOCTH S € Ry m z(s) € C” caenyer C(t,s)A = AC(t,s). O

DaCKPOEM MPOCTOE COOTHOITEHNE MEXKILy CBOUCTBAMM IACTUIHOW M yCIIOBHONW yCTONIMBOCTH ypaB-
nenus (1). Dasosem ypasHeHue

& — A"Rx = f, (5)
dsoticmeennvim ypasaeruio (1).

JIemma 2. Ecau C(t,s) — mampuya Kowu ypaswernus (1), mo mampuueti Kowu ypaswernus (5)
aeasemes C(t, ).

HoxkazarenbcTBo. Jaccmorpum C(t,s) m CT(t,s) xak dbyHknum ot ¢ mpu (PUKCHPOBAHHOM s.
Umeem 2¢ = AR,C. Ucnonbsys nemmy 1, momydaem % = (R,C)TAT =R,(CTAT) =R,ATCT =

ATR,.CT. O
O‘{GBHJIHI)IM CJIEOCTBUEM OOKA3AHHOTO YTBep)K)leHI/IH ABJIAETCA

Teopema 1. Ypasnenue (1) «a-ycmoiivuso no nodnpocmpancmey S mozda u moavko mozda,
xozda dsoticmeennoe ypasnenue (5) [-yemoiivuso no nodnpocmpancmey S.

DokaxeM, KakuMm 00pa3oM BOmpoc obJsamanms ypaBaenneMm Buna (1) a- m [S-ycToiamBoCTBIO 1O
3aJaHHOMY TOMIIPOCTPAHCTBY CBOIMTCA K BOMPOCY O KJIACCUYECKOH yCTOWIMBOCTM ypaBHEHWs TOTO
Xe BUOA.

DycTh opnpocrpanctso S pazmeproctyu d 3amano cBouM 6azucom {eg 4_ . Daccmorpum momipo-
n—d
crpanctso S, = Y. (AT)*S.

k=0
JIemma 3. Vpasuenue (1) a-ycmotinuso no S mozda u moavko mozda, xoeda ono a-ycmoiinuso
no S,.
HoxkasarenscTBo. Vcnosp3ys siemmy 1, nosrydaem

|aTAC(t,s)| = |aTC(t, s)A| < |aTC(t, s)| Al

BHAYNT, (-yCTORIMBOCTD 110 MOAIPOCTPAHCTBY S BleueT q-yCTOHIMBOCTD MO HMoAIpocTpancTBy A'S.
OueBUIHO, YCTORIUBOCTH TI0 IBYM MOMITPOCTPAHCTBAM BJI€UET YCTOWIUBOCTD II0 UX CyMMe. SHATUT, B
COOTBETCTBUU C OMpENesIeHreM S, , a-yCTORIUBOCTE TI0 TMOAMPOCTPAHCTBY S BJIEYET (-yCTOWIMBOCTH
o momampocTpanctBy S,. ObparHoe oueBunuo. [

Jlemma 4. Ilodnpocmpancmeo S, umsapuanmmno ommocumenvro npeobpasosanus AT, m.e.

ATS, CS,.
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HoxkasarenscrBo. Ecim siemma e BepHa, 1o mjis sroboro k € {0,1,...,n —d — 1} umeer mecto
cooromenne dim ((A7)*S) < dim ((4%)TS + (AT)*'S). D0 Torma dimS, — dimS > n — d, aro
HEBO3MOXKHO. [

O6osnaunm d, = dimS,. Docrpoum HOBBIIX 6asuc GHaz0BOr0 MPOCTPAHCTBA: MIOMOJHUM Ha3UC
{ex}¢_, mo 6asuca {e;}{=, mpocrpancrsa S, u zarem 1o Gasuca E = {e,}?_, npocrpancrsa C".

Marpuna us n cToabIOB €4, . . . , e, ABJIAETCI MaTpuIeil nepexona ot 6asuca E kK ucxomaomy 6asucy
npocrpaucTa C" (cocrosmemMy u3 CTOJIONOB €MUHUYIHON Marpuibl). B coorBercTBuu ¢ siemmoit 4
marpuna A npu mepexope K 6aszucy F', rae q-yCTORIUBOCTD N0 S, SABIAETCS yCTORIUBOCTHIO MEPBBIX
d, xKommoHenT pemrenwii, mepexomut B Marpuiy I A(T—')T =B = (Y ), tne U € Cdoxdo,

Teopema 2. Ypasnenue (1) «a-ycmotivuso no nodnpocmpancmey S mozda u moavko mozda,
xoz2da ycmotuueo ypasrenue

£ —UR¢ = 0. (6)

HoxkasarenbcTBo. B 6asuce F' omHOpPOIHOE YypaBHEHME, COOTBETCTBYONEe ypaBHenuto (1), mmeer
BU[,

y— BRy = 0. (7)

Bekrop-bynkmus &(t) = (yi(t), y2(t), - - ., ya, (t)) ABAAETCA pemennem ypasuenus (6) TOTIA U TOIHKO
Torma, korga cymecrsyer pemenne ypasaenns (7) suna y(t) = (yi(¢), y2(t), oy Yao (1), Yao 11 (E)s ooy un (£)).
Takum 06pa3om, yCTOWIMBOCTL MEPBBIX d, KOMIIOHEHT pemenunii ypasuenus (7) paBHOCUJIBHA yCTOM-
9YMBOCTH BCEX KOMIOHEHT pemennii ypasuenus (6). [

CormocTaBiisisi IOJIy9eHHBII pe3yJibTar ¢ TeopemMoi 1, mojiyaaemM qBOWCTBEHHBIN pe3ysIbTar.

Teopema 3. Ypasnenue (5) [B-yemotinuso no nodnpocmpancmsy S mozda u moavko moada, xo-
2da yemotivuso ypasnenue (6).

B reopun ycroitumBoCTH JMHEHHBIX (DYHKIMOHATBHO-IU(MMEPEHIMATBLHBIX YPABHEHUHA OTHO U3
HEHTPAJBHBIX MECT 3aHUMAIOT TEOPEMBI O CBA3M YCTOWUMBOCTEH OTHOCHTEJIHHO MPaBO# 4acTH M OT-
HOCHUTEJIbHO HAYAJIBHBIX JAHHBIX (T€OpeMbl Dosid—eppoHa). DoKaxkeM, Kak s ypasuenus (1) o6-
0BIIAIOTCA HEKOTOPBIE PE3YIbTATHI TAKOTO THIIA.

SagaguM Ha MPOCTPAHCTBE JIOKAJIBHO cymmupyeMbrx dyaknuii f : Ry — C" onepamop Kowu K

pasenctBoM (K f)(t) = 0ftC’(t, s)f(s)ds.

Ob6osnaunm 1epes L7, 1 < p < oo, nmpocrpancTsa cymmmupyembix Ha Ry ¢ p-it crenenbio BekTop-
dbyukunit f : Ry — C”; uepes L, — npocTpaHCTBO OrpaHUYEHHBIX B CYIIECTBEHHOM BEKTOP-(DYHKIIHIA
f : RO — C".

OpuBeneM B yao6GHOM [IJ1s1 HAC BUIE MPUMEHEHHbIe K ypaBHenuto (1) pesyabrarer us ([2], §3.3).

Teopema 4. /[as mozo wmobw, ypaswenue (1) 6va0 pasnomepno yemoliuuewvim, HEOOTOOUMO U
docmamouno, wmobw, K f € L npu arobom f € LY.

Teopema 5. IIycmov onepamop R npedcmasim 6 sude

t

(Rz)(t) = / 2(s) dyr(t, ) (8)

t—b

t
(3anaszdusanue oepanuyeno) u p(t) = \_/Ur(t,s) ecmv Ppynryus oepanuuennoti sapuayuy. Tozda dis

mozo umobwv, ypasherue (1) 6buA0 PABHOMEPHO IKCTOHEHUUANLHO YCMOTUUSHM, HEOOTOIUMO U doca-
mouno, ¥mobv, cyuecmeosaro maxoe p, 1 < p < oo, wmo K f € Ly, npu aobom f € Ly.

OpuBenem IBa BUOA 0000IIEHU 3TUX TEOPEM JIA (- U (3-yCTORIUBOCTH.
O6o3maunm depes L., TPOCTPAHCTBO OTPAHWYEHHBIX B CYIIECTBEHHOM CKAJIAPHBIX (hyHKIMi f :

R, — C.
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Jlemma 5. Ilycmwv f € L, 2de 1 < p < oco. Tozda wmobwu a'Kf € Ly, npu aobvz o € S,
neobxodumo u docmamouno, wmobv, o' K f € Lo, npu aobvx o € S,.

HokazarenbcTBo. [locrarouno nokasarh, uro ecyim « € S u f € Ly, To u3 o' Kf € L, caenyer
a' AK f € L. Ucnionbays jemmy 1, osryuaem

TAKF)(t) = aTA/t Clt,s)f(s)ds = o /t AC(t, ) f(s) ds =
—aT /0 C(t, 5)Af(s) ds = o (K(AF))(2),
orkyma o' AK f € Ly, mockombky Af € L2, [

CormocTaBss TeopeMbl 4 u 5 ¢ TeopeMoii 2 u ieMMoii 5, MoJTydaeM CIAeIyolire yTBEPXKICHUA.

Teopema 6. /[as mozo uwmobv ypasuenue (1) 6vwio pasromepro a-yemotiuusvm no nodnpo-
cmpancmey S, neobxodumo u docmamouno, wmobv, o' K f € Lo, npu aobvr o € S u f € LT,

Teopema 7. [Iycmv onepamop R npedemasim 6 eude (8) u sapuayus Gynkuyuu p ozpanuyena.
Tozda 0as mozo wmobwv, ypasuenue (1) ObLAO PABHOMEPHO IKCNOHEHUUAALHO Q-YCMOTUUSHLM NO NO0-
npocmpancmey S, neobxrodumo u docmamouno, wmobvl cywecmsosaro maxoe p, 1 < p < 00, umo
o' Kf € Ly npu mobvir o € S u f € L.

Bamamum oneparop K', deoticmeennuiii oneparopy Komw, pasercrsom (K'f)(t) = fCT(t s)f(s)ds.

Oboznaunm uyepes L;T ,tme 1 < p < ooumT C C" npocTpaHCTBa TAKUX BEKTOP- (byHKuI/Iﬁ f €Ly,
aro f(t) € T.

Jlemma 6. U3 f € Lg}s) caedyem K'f € L mozda uw moavko moeda, kozda u3 f € Lg}sa) caedyem
K'f e L.

Hoxkasarenscrso. Ecm f € LS, 10 ¢ f € L,. 3naunt, Beakyo dynkmmo f € LiS*) moxno

—d AT lcs

MPEICTABUTH B Bume [ = Z fk, rme fi € L,E( ) ) Takum 06pa3oM, TOCTATOUHO MOKA3ATh, UTO U3
=0

K': L(S — L7 cienyer K’ : L ) —» L. Dycrs K': L, (S) » Ln . Ecom f € L(A S), o cymecrsyer

takas Gynxmaa g € LIS, uro f = ATg. Umeenm (K'f)(t) = fCT(t s)f(s)ds = fCT(t,s)ATg(s) ds =
0

ATfCT(t, s)g(s) ds = AT(K'g)(t), orxyma (K'f) € Li,. O

Iloka3aHHoOe yTBepXKeHue IPA COMOCTABJIEHNN C TEOPEMO#l 2 naer Apyroil BapmaHT 0000IIEHMA
Teopem 4 u 5.

Teopema 8. /[as mozo wmobw ypasnenue (1) 6vuio pasromepro a-yemotivueo no nodnpocmpa-
cmey S, neobrodumo u docmamouno, wmobw K'f € L npu awbom f € L§S)

Teopema 9. ITycmv onepamop R npedemasim 6 éude (8) u sapuayus Gynkyuu p o2panuyena.
Tozda das mozo wmobwv ypashenue (1) ObLAO IKCNOHEHUUAALHO C-YCMOTUUEO NO NOINPOCMPAHCMEY
S, neobxrodumo u docmamouro, wmobwv, cywecmesosaro maroe p, 1 < p < oo, wmo K'f € L2 npu
arobom f € Lés).

Anajioruanbie Teopemam 6-9 pesysbrarhl Ojisi (-yCTORYUBOCTH TOIYUarOTCs w3 TeopeM 4 u 5 ¢
ITOMOIIHIO TEOPEMBI 3.
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2. a-[-yCTOMYUBOCTH

B mepBom pasmesie 6611 PACCMOTPEHBI (- W 3-YCTORIUBOCTH, OTPEIEIITeMbIe OIIEHKAMA COOTBET-
CTBEHHO Ha JIMHEeHbIe KOMOWHAIMKA CTPOK U CTOJIONOB Marpullbl Komm. Juxke paccMOTpuM yCcToian-
BOCTbH, BKJ/IIOYAIOIIYIO (- 1 B—yCTOﬁqHBOCTH KaK TaCTHBIEC CJIyIan U ABJIAIOULYIOCHA, 1O CyTH, yCTOﬁ‘IH—
BOCTBIO HpoeKIlI/Iﬁ peHIeHI/Iﬁ Ha OompenesieHHOE IMOAITPOCTPAaHCTBO OTHOCUTEJILHO HAYAJIbHBIX HaHHBIX
W3 IPYyToTo ONPEeNesIeHHOT'0 MOAIIPOCTPAHCTBA.

st ypaBHEHMHA C TTIOCTOSAHHOMK MATPHUIIEH yIaI0Ch CBECTH BOIIPOC 00 DKCIIOHEHITUAJILHON yCcToam-
BOCTH PACCMaTPUBAEMOTO HUXKE ODIIEro BUIA K BOIPOCY O KJIACCHIECKON yCTOWIUBOCTH. DJIaToh 33
3TO ABJIAETCA HEKOTOPOE CYyKeHHue KJIacca 3alla3iblBaHuii.

Omneparop 3ama3ngpiBaHusg Oy/ieM CUMTATH IMPEJICTABUMBIM B BUIIE

t—h(t)

(Rz)(t) = / (s) ds,

t—g(t)

rie dbyukuun g, h : Ry — [0, 5] uamepumst u g(t) > h(t); z(u) = 0 upu u < 0.
Marpumy Komu ypasuenns (1) moonpenesmm mHysem Ha MHOXKecTBe R2\ A.

Jlemma 7. Mampuya Kowu ypasnenus

(t) = J(Rx)(t) =0, (9)
2de
Al
J = A
1
A
— 21COPIan06a KACMES PASMEPA T X T, UMEEM MPEY20AbHuLT 6Uud
ci(t,s) coltys) ... cua(t,s) cn(t,s)
ci(t,s) ... cna(t,s) cni(t,s)

Ct,s)=1

c(t, s) — cranapuoie Gynkyuy 08YT NEPEMEHHUT, CEAZAHHBIE COOMHOUECHUAMU
t u—h(u)
ce(t,s) = / cl(t,u)/ ce_1(v,8)dvdu, 2<k<n. (10)
s u—g(u)

JokasarenscTBo. O003HAUMM 3j1eMeHT MaTpullbl Kotu, HaXomAnuicst B 4~ CTpoKe u j-M CToJI0-
e, depes ¢; ;(t, s). 3adukcupyem s € Ry u paccmorpum ypasuenue

(t) — J(Ryz)(t) =0, (11)
t—h(t)
rne (R,z)(t) = [ =z(u)du, z(u) =0 npu u < s. Dycrs z(t) = (z,(t), zo(t), . .., z,(t)) — HEKOTOPOE
t—g(t)
pentenne ypasuenus (11). B cumy dopmyssr (4)

i) = Y et 5), (9). (12)

Tak KaK T,(t) = ¢, n(t, $)Tn(s) U £, (t) — A(Rsz,,)(t) = 0, 10 €py (L, s) — bynkuma Koum crassp-
HOTO ypaBHEHUA

y(t) = AMR.y)(t) = f(t). (13)
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U3 (12) ¢ ygerom Toro, 4o ¢; ;(t,s) =0 opu ¢t < s, moayIaem
t—h(t) n
(Revi)(®) = [ 3 cupr (s 9)2,(5) du.
t—g(t) j=1
B cuny emmncrsennoctn pemenus ypasuenus (13), dopmynsr Komm (3) m coornomenms Z;(t) —
MRsz;)(t) = (Rywiy1)(t) mpu t > s umeem
¢
54(t) = enn(t,9)7:(5) + [ ity 0)(Rersy1)(u) du =
8

= Con(t, s)xi(s) + /st Cnn(t,u) /u“—h(“) [2": Cir1,i (v, 3)%‘(5)} dv du =

—g(u) j=1
u—h(u)
= Cyn(t, s)xi(s -i—Z{/ Cnn(t,u / Civ1,j(v,s)dvduz;(s)|.
s u—g(u)

Comnocrasissa mosnydennoe Boipaxenue ¢ (12), momywaem c¢;;(t,8) = cun(t,s), ¢;; = 0 opu j €

t u—h(u)
{L,2,...,i =1} me (t,s) = [eon(t,u) [ cip1,(v,s)dvdumpn j € {i +1,...,n}. Orcroga, BBOIA

s u—g(u)

obosuauenus ¢, (t,s) = ¢, n(t,s) u (10), moaysaem rpebyemstit Bun marpuist Komm. [

Jdemma 8. Ecau naiidymea makue m € {1,2,...,n} 4 Ny, Ym > 0, wmo |cp(t,5)] < Npe~ (=9
npu ecex (t,s) € A, mo das xaxcdozo k € {1,2,...,n} natidymes maxue Ny, v, > 0, wmo |ci(t, s)| <
Nke—%(t—s)'

HoxazarenbcrBo. CHaTama mokaxem, ato ec |c; (t, s)| < Nye (=) u|c,, (¢, 5)| < N,,e” (=)
rne 1 <m <n—1u N,v,Np,Ym > 0, 10 cymectBytor takue N, 1, Yms1 > 0, 910 |Cpy1(,8)] <
N, i1e”m+1=9)  Mmeem

u—h(u)

t
emsa(t9)] < [ et e (v, 5)] dv du <
s u—g(u)

t u—h(u)
< Nlee*‘“””’“s/ 671“/ e " dy du <
s u—g(u)

t
< NN, e mitms / eI T (g4 — h(u)) du <

£l
6(7177M)t — 6(7177111)3
< Ny N,,e~nt+rmspermb =
a Y1 — Tm
|677m(t78) — 6771(i73)| < Nm_l_levm“(tﬂ).

= V41

Temepb moKaxeM, 4T0 eciam |cp,(t,s)] < Npe ™= tme 2 < m < n, 10 |cp_yi(t,s)| <
N,,_1e~m=1(t=9) " ToctaToano mokaszarh, uTo auia joboro pemennsa z(t) ypasmenusa (11) 3 omenkn
|z, (t)] < Nye (=9 cnemyer |x5(t)| < Nye™?2(t=%), ITeiicTBUTENBHO, TP HAYATLHOM yCJI0BHE T(S) =
0,...,0,1,0,...,0), tme z,,(s) = 1, nmeem 1 (t) = ¢, (t, $)Tm(S) = en(t,s) 1 22(t) = cpm_1(t, 5).

Domoxum y; = N Lz, yo = N 2o, ..., Yy, = T,. Umeem (nasee mumem R Bmecto R,)

ARy =91 — 9o + 93 — -+ (=1)" 'y,
ARY> =95 — 3 +9a — -+ + (=1)" "y,
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Yepes pi(y) u qr(y), k = 1,7n, Oynem obosHavaTh JMHEiHBIE KOMOMHAIIAN CKAJAPHBIX (DyHKIMi
yi(t), gepes pi(y) u qi(y) — amanormuusie (¢ Temu ke KosbdUIMEHTAMI) JTUHERHBIE KOMOMHAIIAN
byukmii g;(t).

Donoxum pi(y) =y 1 qi(y) = ABp(y) =91 —Fo+ - + (=1)" 1. Orcroma ¢i(y) = y1 — 2 +

-+ (=1)"ty,. Hanee mosoxum

Pe(y) = Pr—1(y) — qe—1(y), @ (9) = ARp,(y), k=2,n.

D0 MHAYKIMK HETPYAHO NOKA3aTh, 9TO JMHEiHbIE KoaddunmenTsr pu 1; komburanmit pr.(y) u g (y)
pasubl 0, ecyin ¢ < k, u paBubl 1, ecqin ¢ = k. Takum o6paszom, p,(y) = ¢,.(y) = Yn.

O6osnaunm depe3 [' MHOKECTBO BCeX TaKWX 3aMaHHBIX HA R, ckamsapabix dyskmwii f(t), mms
KOTOPBLIX HAMIyTCA Takue mosmoxuTenapusie N 1 vy, aro | f(t)| < Ne™"(!=%), [lambreiimme paccy X aeHus
ONUPArOTCs Ha IBa MPocThiX (akrta: 1) ecnu f € I, ro Rf € T, 2) ecnm p(t) — MuOrowieH k-cremenn
u (f —p) €T, To cymecrsyer muorounen P(t) (k + 1)-it crenenu rakoii, aro (f — P) € T,

Urak, mycts x; € . Tpebyercs mokasars, uro £, € ['. Comepxkarenen ciaydait A # 0. Tak kak
pi(y) =41 = 21, 10 pi(y) € T. Bnaunt, ¢:(y) = ARp,(y) €T, orxyna (¢i(y) —p) € L' u (po(y) —p) €T,
riae 4 € C. Ecom = 0, TO mepexoium K aHAJIOTUIHON cucrteme mopsinka Ha 1 Menbme. Jyctb 4 # 0.
Nwmeem (q2(y) — Ap) € T. Buaunt, ¢»(y(t)) npu ¢ — 0o ecth 6eckoHewTHO GosbmAs DYHKIMA MEPBOTO
nopsnKa oTHOCUTENIbHO t. Tor e mopamok pocra umeror ps(y(t)) u gz (y(t)). Cnenosarensho, dyHK-
uns g3 (y(t)) ecth 6eckOHETHO BOJIBIIA BTOPOTO MOPAMAKA OTHOCUTENILHO t. D POMOJIKA AHATIOTHIHBIE
paccy xaenust, momydaem, aro dbyakmmn ¢, (y(t)) u p, (y(t)) (obe pasubie y,(t)) ABIATOTCA GECKOHETHO
OOMBIIMME PA3HOTO TIOPSIKA OTHOCUTENBHO t. 3HaqunT, ciayqai 4 # 0 meBo3moxen. Takum obpasom,
pr(y) € T mpm kaxmom k € {1,2,...,n}, orkyma z, € T'. O

3aMeTuM, ITO JIEMMBI 7 U 8 CHOpPABENJIUBLI U [IJIsA CJyYIad COCPEHOTOUEHHOTO 3aMa3IbIBAHUI —
JIOKA3aTeIbCTBA MPOBOATC 663 N3MEeHeHMmiA.

DokaxeM, 9T0 TpebOBaHME OIPAHUIEHHOCTH 3aMA3IbIBAHUS B JIeMMe 8 CyIIeCTBEHHO, IPUYIEM TTPU
HEOrPAHWYIEHHOM 3ANA3IMBIBAHAN HEJIH3: JeJIaTh, BOOOIIE TOBOP:, HA OIHOTO U3 JIBYX IMEPEXOHIO0B: HU B
CTOPOHY yMeHbIIeHust HoMepa k ssiementa ci(t, $), HI B CTOPOHY yBEJIUTEHU.

IIpumep 1. Daccmorpum ypasuenune z(t) = Jz(h(t)), toe

- 0, te]0,1];
J = <_0 _1>, h(t)=<1, te(1,2];
3, te(2,00).

zl(t) zz(t)

0 zl(t)). DeTpyIHO TOCTPOUTH Peliie-

DynnaMeHTATIbHAS MATPHUIA ypaBHeHUs uMmeeT Bun X (1) = (

Hre ¢ HadasbHbIMU gaHEbiMu 21(0) = 0, 25(0) = 1:

1—t, tel0,1]; t, t €10,1];
xo(t) =10, t e (1,2]; z(t)=<2—t, te(l,2];
1-%, te(200), 0, t € (2,00).

Bunum, aro |z2(t)] — oo npu t — 0o, xors |z,(t)] = 0 npu ¢ > 2.

IIpumep 2. Daccmorpum ypasuenune z(t) = Jz(h(t)), roe

-1 1 0, t€][0,1];
J: s h t =
( 0 —1> () {1, te (1,00).
Nwmeem x5(t) = 0 npm ¢ > 1, 41(t) = 21(1) # 0 npm ¢ > 1. Takum o6pasom, ;(t) — 0o u z5(t) — 0

npu t — oo.
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Urak, B crydae HEOTPAHUIEHHOTO 3aIIA3/IFIBAHNA SKCIIOHEHITNAIHbHAA OTIEHKA DJIEMEHTA MATPUIILI
Komm we Bieder, BoobOie roBopsd, aHAJOTHYHYIO OIEHKY DJIEMEHTOB, HAXONANIMXCHA KakK OJmxke K
IVIaBHO# IMaroHaJ/n, TaK W HAJIbIIE OT Hee.

Takum 06pa3oM, 3ama3abIBAHNE PACCMATPUBAEMOTO BUIA 3aAMEUATEIHHO TEM, YTO HAJUIUE HKCIIO-
HEHITMAJIFHON OIEHKW OMHOTO 3JeMeHTa MaTpuilbl Kommm BiedeT 3KCIOHEHIWAJIBHYIO OTEHKY HOPMBI
MOJIMATPHUIIHI, OTBEYAONIEN COOTBETCTBYOMIEH KOPHAHOBO! KJIeTKEe. DTO CBOHCTBO MTPAET MEPBOCTE-
TIEHHYI0 POJIb B WCCJIENOBAHWY OTIpENeIAeMoil HIXKe Pa3HOBUOHOCTH yCTOWIMBOCTH.

DycTb 3amanbl nommpocTpancTsa L, R € C".

Onpenenenune 5. Ypasuenue (1) 6ymem naseiBars (L, R)-yemotivusvim, ecau mpu mobbix o € L
u 3 € R umeer mecto coorsercrByiomas onenka |a' C(t, s)A|.

Donoxum L, = > (AT)*L, Rz= ) A*R, S,;=L,NR;.
k=0 k=0
Jlemma 9. Vpasnenue (1) (L, R)-ycmotuuso mozda uw moavko moeda, xo2da ono (Saz,Sas)-yc-
motiuuso.

HokaszarenbcTBOo. Jepeiiiem B 6a3uc, rae MaTpuia A mMeeT XKOPIAHOB BUI. 9D OCKOJIBKY KOP-
HeBbIe MOIIPOCTPAHCTBA IIpeobpasoBanns A MHBapHMAHTHBI OTHOCHTEIbHO Ipeobpasopanuit A mw AT,
OOCTATOYHO PACCMOTPETH CJIydail OMHONI KOPIAHOBOU KJIETKH.

DasuocunpaocTh (L, R)- n (L,, Rg)-ycroitunBocTu ciienyer u3 semMmsl 8.

9Dycrb hy, hs, ..., h, — xopmanos 6asuc: Jhy = Ahy, Jhy = Ao+ hy,...,Jh, = A, + h,_1. O60-
sHaauM depes S(i,7), rne 1 < i < j < n, AuHElHYI0 060/I0UKY MHOXKECTBA BEKTOPOB {A;, hiy1,..., h;}.

U3z ompemenennit L, u Rj cnemyer, uro L, = S(I,n), tme | = Lcrg(ax )m, u R; = S(1,r), tne
CS(m,n

r = Hsl(ln )m. Orcioma S, = S(I,7). YunmreiBasa TpeyrosbubIi Bum marpums! Komn (memma 7),
RCS(1,m

nomyaaem: ecm « € L, 3 € Rg, vo a ¢ S, wmu 8 ¢ S,5, T0o o' C(t,8)3 = 0. 3maunt, (L,,Rp)-
yCTOHIMBOCTD paBHOCWIIbHA (S,5,S,5)-ycToitunBocTn. [

O6osraunm d = dim S, ;. Hononrum 6asuc {e;}i_, npocrpancrsa S,; no Gasuca E = {e;}7_,
$a30BOr0 MpOCTPAHCTBA. DYCTh T — m X m-Marpuna, k-ii crosbern KOTOPOi 3aaeTCsA BEKTOPOM €y,.
DACCMOTPUAM MATPHUILY

B=T"AT = (5 g) , (14)

roe P — d x d-marpwura.

Teopema 10. Ypasnenue (1) (L, R)-ycmotinueo mozda u moavko mozda, xozda yemoiinueo ypas-
Henue

¢ — PRE = 0. (15)

HoxkasarenscrBo. CoorBercTByomee ypasaenuio (1) ogaopomHoe ypaBuenue B 6asuce E mmeer
Bun § — BRy = 0, rne B umeer Buz (14). Docenmee ypasuenue (S,z, Sa3)-yCTORTMBO TOTIA U TOIHLKO
Torna, Koraa ypasaenue (15) ycroiiauso B kytaccuaeckom cmbicse. Ocraercs npumenuTs jsemmy 9. [
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