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� ¤ ­­®© áâ âì¥ à áªàë¢ îâáï ­¥ª®â®àë¥ ¢®§¬®¦­®áâ¨, ª®â®àë¥ ¯à¥¤®áâ ¢«ï¥â ¤«ï ¨áá«¥-
¤®¢ ­¨ï  á¨¬¯â®â¨ç¥áª¨å á¢®©áâ¢ à¥è¥­¨© «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¨á¯®«ì§®-
¢ ­¨¥ ¬ âà¨æë �®è¨. � íâ®¬ ¬ë á«¥¤ã¥¬ âà ¤¨æ¨ï¬ ¬®­®£à ä¨© [1] ¨ [2], £¤¥ ¬ âà¨æ  �®è¨
ï¢«ï¥âáï ®á­®¢­ë¬ ®¡ê¥ªâ®¬ ¯à¨ ¨áá«¥¤®¢ ­¨¨ ãáâ®©ç¨¢®áâ¨.

�¡®¡é¥­¨ï ª« áá¨ç¥áª®£® ¯®­ïâ¨ï ãáâ®©ç¨¢®áâ¨ à¥è¥­¨© ãà ¢­¥­¨ï: ãáâ®©ç¨¢®áâì ¯® ç -
áâ¨ ¯¥à¥¬¥­­ëå (¨«¨ ç áâ¨ç­ ï ãáâ®©ç¨¢®áâì) ¨ ãá«®¢­ ï ãáâ®©ç¨¢®áâì à ­¥¥ ¨áá«¥¤®¢ «¨áì
­¥§ ¢¨á¨¬®. � ¤ ­­®© à ¡®â¥ ¢ëï¢«ï¥âáï á¢ï§ì ¬¥¦¤ã íâ¨¬¨ ¯®­ïâ¨ï¬¨.

�¥à¢ ï ç áâì áâ âì¨ ¯à¥¤áâ ¢«ï¥â á®¡®© à §¢¨â¨¥ ®á­®¢­ëå ¨¤¥© à ¡®âë [3]. �®ª § ­®, çâ®
¤«ï ãà ¢­¥­¨© á ¯®áâ®ï­­®© ¬ âà¨æ¥© ¨ § ¯ §¤ë¢ ­¨¥¬ ¢¥áì¬  ®¡é¥£® ¢¨¤  ¢§ ¨¬®á¢ï§ì ç -
áâ¨ç­®© ¨ ãá«®¢­®© ãáâ®©ç¨¢®áâ¨ ¨¬¥¥â ®á®¡¥­­® ¯à®áâ®¥ ¢ëà ¦¥­¨¥. �áá«¥¤®¢ ­¨¥ ª ¦¤®£®
¨§ íâ¨å ¢¨¤®¢ ãáâ®©ç¨¢®áâ¨ á¢®¤¨âáï ª ¨áá«¥¤®¢ ­¨î ª« áá¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ãà ¢­¥­¨ï
â®£® ¦¥ ¢¨¤ . �®ª § ­ë â¥®à¥¬ë ® á¢ï§¨ ç áâ¨ç­®© ¨ ãá«®¢­®© ãáâ®©ç¨¢®áâ¨ ®â­®á¨â¥«ì­®
­ ç «ì­ëå ¤ ­­ëå á ãáâ®©ç¨¢®áâìî ®â­®á¨â¥«ì­® ¯à ¢®© ç áâ¨.

�® ¢â®à®© ç áâ¨ ¢¢®¤¨âáï á¢®©áâ¢®, ï¢«ïîé¥¥áï á ¯®§¨æ¨© ¥¤¨­®£® à áá¬®âà¥­¨ï ç áâ¨ç-
­®© ¨ ãá«®¢­®© ãáâ®©ç¨¢®áâ¥© ¥áâ¥áâ¢¥­­ë¬ ®¡®¡é¥­¨¥¬ ®¡®¨å íâ¨å á¢®©áâ¢. �«ï ãà ¢­¥­¨© á
¯®áâ®ï­­®© ¬ âà¨æ¥© ¨ ®£à ­¨ç¥­­ë¬ § ¯ §¤ë¢ ­¨¥¬ ¨§ãç¥­¨¥ íâ®£® ¢¨¤  ãáâ®©ç¨¢®áâ¨ â ª¦¥
á¢®¤¨âáï ª ¨§ãç¥­¨î ª« áá¨ç¥áª®© ãáâ®©ç¨¢®áâ¨.

�á¯®«ì§ãîâáï á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: Rs = [s;+1), � = f(t; s) 2 R2
0 : t � sg, Cn ¨ Cn�n

| «¨­¥©­ë¥ ¯à®áâà ­áâ¢  ª®¬¯«¥ªá­ëå ¬ âà¨æ à §¬¥à  á®®â¢¥âáâ¢¥­­® n � 1 ¨ n � n, j � j |
á®£« á®¢ ­­ë¥ ­®à¬ë ¢ Cn ¨ Cn�n, I | ¥¤¨­¨ç­ ï ¬ âà¨æ  ¨ â®¦¤¥áâ¢¥­­®¥ ¯à¥®¡à §®¢ ­¨¥
«¨­¥©­®£® ¯à®áâà ­áâ¢ , X> | âà ­á¯®­¨à®¢ ­­ ï ¬ âà¨æ  X.

�á«¨ S1 ¨ S2 | «¨­¥©­ë¥ ¯®¤¯à®áâà ­áâ¢  ­¥ª®â®à®£® ¯à®áâà ­áâ¢ , â® ç¥à¥§ S1 + S2 ®¡®-
§­ ç ¥âáï áã¬¬  S1 ¨ S2, â. ¥. ¬¨­¨¬ «ì­®¥ ¯®¤¯à®áâà ­áâ¢®, á®¤¥à¦ é¥¥ ¢á¥ í«¥¬¥­âë S1 ¨ S2.
�«ï ®¡®§­ ç¥­¨ï áã¬¬ë ­¥áª®«ìª¨å ¯®¤¯à®áâà ­áâ¢ ¨á¯®«ì§ã¥âáï á¨¬¢®«

P
.

1. � áâ¨ç­ ï ¨ ãá«®¢­ ï ãáâ®©ç¨¢®áâì

�¡ê¥ªâ®¬ ¨áá«¥¤®¢ ­¨ï ï¢«ï¥âáï ãà ¢­¥­¨¥

_x(t)�A(Rx)(t) = f(t); (1)

£¤¥ t 2 R0, x(t) 2 Cn, A 2 Cn�n, ®¯¥à â®à R ¤¥©áâ¢ã¥â ¨§ ¯à®áâà ­áâ¢  «®ª «ì­® (­  ª ¦¤®¬
ª®­¥ç­®¬ ®âà¥§ª¥)  ¡á®«îâ­® ­¥¯à¥àë¢­ëå äã­ªæ¨© ¢ ¯à®áâà ­áâ¢® «®ª «ì­® áã¬¬¨àã¥¬ëå
äã­ªæ¨© ¨ ¯à¥¤áâ ¢�̈¬ ¢ ¢¨¤¥

(Rx)(t) =
Z t

0

x(s) dsr(t; s):

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

£à ­â ����-�à « ò04-01-96069.
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�¤¥áì r(t; s) : � ! C | áª «ïà­ ï äã­ªæ¨ï ¤¢ãå ¯¥à¥¬¥­­ëå, ¯à¨ ä¨ªá¨à®¢ ­­®¬ t ¨¬¥î-
é ï ®£à ­¨ç¥­­ãî ¢ à¨ æ¨î ¯® s, ¯à¨ ä¨ªá¨à®¢ ­­®¬ s «®ª «ì­® áã¬¬¨àã¥¬ ï ¯® t; äã­ªæ¨ï

�(t) =
t
_
s=0

r(t; s) «®ª «ì­® áã¬¬¨àã¥¬ . �¥è¥­¨¥¬ ãà ¢­¥­¨ï áç¨â ¥âáï «®ª «ì­®  ¡á®«îâ­® ­¥-

¯à¥àë¢­ ï äã­ªæ¨ï x : R0 ! Cn, ã¤®¢«¥â¢®àïîé ï (1) ¯®çâ¨ ¢áî¤ã.
� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­®¥ ç¨á«® s 2 R0 ¨ ¯®«®¦¨¬

(Rsx)(t) =
Z t

s

x(u) dur(t; u)

¤«ï «î¡®£® t 2 Rs. � ([2], x 1.2) ¯®ª § ­®, çâ® § ¤ ­­®¥ ­  ¯®«ã®á¨ Rs ãà ¢­¥­¨¥

_x�ARsx = 0 (2)

¢ áä®à¬ã«¨à®¢ ­­ëå ¯à¥¤¯®«®¦¥­¨ïå ®¤­®§­ ç­® à §à¥è¨¬® ¯à¨ § ¤ ­¨¨ ­ ç «ì­®£® ãá«®¢¨ï
x(s) = xs.

�¯à¥¤¥«¥­¨¥ 1. � âà¨æ¥© �®è¨ ãà ¢­¥­¨ï (1) ¡ã¤¥¬ ­ §ë¢ âì â ªãî ¬ âà¨æã-äã­ªæ¨î
¤¢ãå ¯¥à¥¬¥­­ëå C : �2 ! Cn�n, çâ® ¯à¨ «î¡®¬ ä¨ªá¨à®¢ ­­®¬ s 2 R0 áâ®«¡æë § ¤ ­­®© ­ 
¬­®¦¥áâ¢¥ Rs ¬ âà¨æë-äã­ªæ¨¨ C(t; s) ®â t ï¢«ïîâáï à¥è¥­¨ï¬¨ ãà ¢­¥­¨ï (2), ®¯à¥¤¥«ï¥¬ë-
¬¨ ­ ç «ì­ë¬ ãá«®¢¨¥¬ C(s; s) = I.

�¥è¥­¨¥ ãà ¢­¥­¨ï (1) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ ([2], á. 31)

x(t) = C(t; 0)x(0) +
Z t

0

C(t; s)f(s) ds: (3)

� ª¨¬ ®¡à §®¬, C(�; s) ï¢«ï¥âáï äã­¤ ¬¥­â «ì­®© ¬ âà¨æ¥© à¥è¥­¨© ®¤­®à®¤­®£® ãà ¢­¥­¨ï
(2). �®à¬ã«ã (3) ¡ã¤¥¬ ­ §ë¢ âì ä®à¬ã«®© �®è¨.

�§ ®¯à¥¤¥«¥­¨ï ¬ âà¨æë �®è¨ ¢ëâ¥ª ¥â, çâ® ¥á«¨ x(t) | à¥è¥­¨¥ ãà ¢­¥­¨ï (2), â® ¤«ï
«î¡®£® t � s ¨¬¥¥¬

x(t) = C(t; s)x(s): (4)

� â¥à¬¨­ å ¬ âà¨æë �®è¨ «¥£ª® ¯¥à¥¯¨áë¢ îâáï âà ¤¨æ¨®­­ë¥ ®¯à¥¤¥«¥­¨ï ãáâ®©ç¨¢®áâ¨
à¥è¥­¨© ãà ¢­¥­¨ï (1).

�¯à¥¤¥«¥­¨¥ 2. �à ¢­¥­¨¥ (1) ­ §ë¢ ¥âáï à ¢­®¬¥à­® ãáâ®©ç¨¢ë¬, ¥á«¨ sup
(t;s)2�

jC(t; s)j<1;

à ¢­®¬¥à­®  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢ë¬, ¥á«¨ ¤«ï «î¡®£® s 2 R0 jC(t; s)j ! 0 ¯à¨ t ! 1
à ¢­®¬¥à­® ®â­®á¨â¥«ì­® s; à ¢­®¬¥à­® íªá¯®­¥­æ¨ «ì­® ãáâ®©ç¨¢ë¬, ¥á«¨ áãé¥áâ¢ãîâ â ª¨¥
N > 0 ¨ 
 > 0, çâ® jC(t; s)j � Ne�
(t�s).

�áâ®©ç¨¢®áâì ¢ á¬ëá«¥ ¤ ­­®£® ®¯à¥¤¥«¥­¨ï ¡ã¤¥¬ ­ §ë¢ âì ª« áá¨ç¥áª®©.
�¨¦¥ ¨á¯®«ì§®¢ ­¨¥ â¥à¬¨­  \ãáâ®©ç¨¢®áâì" ¡¥§ ãâ®ç­¥­¨ï ¢¨¤  ®§­ ç ¥â, çâ® ä®à¬ã«¨àã-

¥¬®¥ ãâ¢¥à¦¤¥­¨¥ ¢ à ¢­®© áâ¥¯¥­¨ ®â­®á¨âáï ª «î¡®¬ã ¨§ ¢¨¤®¢, ãª § ­­ëå ¢ ®¯à¥¤¥«¥­¨¨ 2.
�áâ®©ç¨¢®áâì ¯® ç áâ¨ ¯¥à¥¬¥­­ëå ¨«¨ ç áâ¨ç­ ï ãáâ®©ç¨¢®áâì ¥áâì ¯® áãâ¨ ãáâ®©ç¨-

¢®áâì ¯à®¥ªæ¨© à¥è¥­¨© ãà ¢­¥­¨ï ­  ­¥ª®â®à®¥ ¯®¤¯à®áâà ­áâ¢® ä §®¢®£® ¯à®áâà ­áâ¢  [3].
�â®© à §­®¢¨¤­®áâ¨ ãáâ®©ç¨¢®áâ¨, ®¯à¥¤¥«¥­­®© ¥é¥ �.�.�ï¯ã­®¢ë¬ ¨ ¨áá«¥¤®¢ ¢è¥©áï á á¥-
à¥¤¨­ë XX áâ®«¥â¨ï, ª ­ áâ®ïé¥¬ã ¬®¬¥­âã ¯®á¢ïé¥­® ­¥¬ «® à ¡®â (á¬. ¬®­®£à ä¨¨ [4] ¨ [5]
¨ ¡¨¡«¨®£à ä¨î ª ­¨¬). � ¤àã£®© áâ®à®­ë, ¨áá«¥¤®¢ « áì ­¥¯à¥àë¢­ ï § ¢¨á¨¬®áâì à¥è¥­¨©
®â­®á¨â¥«ì­® ­ ç «ì­ëå ¤ ­­ëå, ¨§¬¥­¥­¨¥ ª®â®àëå ¢®§¬®¦­® â®«ìª® ¢ à ¬ª å ­¥ª®â®à®£®
ãáâ®©ç¨¢®£® ¬­®£®®¡à §¨ï ä §®¢®£® ¯à®áâà ­áâ¢  ãà ¢­¥­¨ï. �â® á¢®©áâ¢® ¯®«ãç¨«® ­ §¢ ­¨¥
ãá«®¢­®© ãáâ®©ç¨¢®áâ¨ ([6], á. 318). �á¯®«ì§®¢ ­¨¥ ¬ âà¨æë �®è¨ ¢áªàë¢ ¥â â¥á­ãî ¢§ ¨¬®-
á¢ï§ì íâ¨å ¯®­ïâ¨©.

�ãáâì § ¤ ­® ¯®¤¯à®áâà ­áâ¢® S ä §®¢®£® ¯à®áâà ­áâ¢  Cn ãà ¢­¥­¨ï (1).
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�¯à¥¤¥«¥­¨¥ 3. �à ¢­¥­¨¥ (1) ¡ã¤¥¬ ­ §ë¢ âì �-ãáâ®©ç¨¢ë¬ ¯® ¯®¤¯à®áâà ­áâ¢ã S, ¥á«¨
¯à¨ «î¡®¬ � 2 S ¨¬¥¥â ¬¥áâ® á®®â¢¥âáâ¢ãîé ï ®æ¥­ª  (á¬. ®¯à¥¤¥«¥­¨¥ 2) ­®à¬ë áâà®ª¨
�>C(t; s).

�¯à¥¤¥«¥­¨¥ 4. �à ¢­¥­¨¥ (1) ¡ã¤¥¬ ­ §ë¢ âì �-ãáâ®©ç¨¢ë¬ ¯® ¯®¤¯à®áâà ­áâ¢ã S, ¥á«¨
¯à¨ «î¡®¬ � 2 S ¨¬¥¥â ¬¥áâ® á®®â¢¥âáâ¢ãîé ï ®æ¥­ª  áâ®«¡æ  C(t; s)�.

�¥âàã¤­® § ¬¥â¨âì, çâ® �-ãáâ®©ç¨¢®áâì ¥áâì ãáâ®©ç¨¢®áâì ¯® ª®¬¯®­¥­â ¬, § ¤ îé¨¬ ¡ §¨á
¯®¤¯à®áâà ­áâ¢  S, �-ãáâ®©ç¨¢®áâì | ãá«®¢­ ï ãáâ®©ç¨¢®áâì á ãáâ®©ç¨¢ë¬ ¬­®£®®¡à §¨¥¬ S.

�«¥¤ãîé¥¥ á¢®©áâ¢® ãà ¢­¥­¨ï (1) ï¢«ï¥âáï ®á­®¢®¯®« £ îé¨¬ ¤«ï ¢á¥å ¢ë¢®¤¨¬ëå ¢ íâ®¬
à §¤¥«¥ áâ âì¨ à¥§ã«ìâ â®¢.

�¥¬¬  1. � âà¨æ  �®è¨ C(t; s) ãà ¢­¥­¨ï (1) ¯¥à¥áâ ­®¢®ç­  á ¬ âà¨æ¥© A, â. ¥.

C(t; s)A = AC(t; s).

�®ª § â¥«ìáâ¢®. � ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­ãî â®çªã s 2 R0. �á«¨ x : Rs ! Cn | à¥è¥­¨¥
ãà ¢­¥­¨ï (2), â® y(t) = Ax(t) | â ª¦¥ à¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï. �®£« á­® (4) ¯à¨ «î¡®¬ t � s,
á ®¤­®© áâ®à®­ë, y(t) = Ax(t) = AC(t; s)x(s), á ¤àã£®©, y(t) = C(t; s)y(s) = C(t; s)Ax(s), ®âªã¤ 
¢ á¨«ã ¯à®¨§¢®«ì­®áâ¨ s 2 R0 ¨ x(s) 2 Cn á«¥¤ã¥â C(t; s)A = AC(t; s).

� áªà®¥¬ ¯à®áâ®¥ á®®â­®è¥­¨¥ ¬¥¦¤ã á¢®©áâ¢ ¬¨ ç áâ¨ç­®© ¨ ãá«®¢­®© ãáâ®©ç¨¢®áâ¨ ãà ¢-
­¥­¨ï (1). � §®¢¥¬ ãà ¢­¥­¨¥

_x�A>Rx = f; (5)

¤¢®©áâ¢¥­­ë¬ ãà ¢­¥­¨î (1).

�¥¬¬  2. �á«¨ C(t; s) | ¬ âà¨æ  �®è¨ ãà ¢­¥­¨ï (1), â® ¬ âà¨æ¥© �®è¨ ãà ¢­¥­¨ï (5)
ï¢«ï¥âáï C>(t; s).

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ C(t; s) ¨ C>(t; s) ª ª äã­ªæ¨¨ ®â t ¯à¨ ä¨ªá¨à®¢ ­­®¬ s.
�¬¥¥¬ @C

@t
= ARsC. �á¯®«ì§ãï «¥¬¬ã 1, ¯®«ãç ¥¬ @C>

@t
= (RsC)>A> = Rs

�
C>A>

�
= RsA

>C> =
A>RsC

>.

�ç¥¢¨¤­ë¬ á«¥¤áâ¢¨¥¬ ¤®ª § ­­®£® ãâ¢¥à¦¤¥­¨ï ï¢«ï¥âáï

�¥®à¥¬  1. �à ¢­¥­¨¥ (1) �-ãáâ®©ç¨¢® ¯® ¯®¤¯à®áâà ­áâ¢ã S â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  ¤¢®©áâ¢¥­­®¥ ãà ¢­¥­¨¥ (5) �-ãáâ®©ç¨¢® ¯® ¯®¤¯à®áâà ­áâ¢ã S.

�®ª ¦¥¬, ª ª¨¬ ®¡à §®¬ ¢®¯à®á ®¡« ¤ ­¨ï ãà ¢­¥­¨¥¬ ¢¨¤  (1) �- ¨ �-ãáâ®©ç¨¢®áâìî ¯®
§ ¤ ­­®¬ã ¯®¤¯à®áâà ­áâ¢ã á¢®¤¨âáï ª ¢®¯à®áã ® ª« áá¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ãà ¢­¥­¨ï â®£®
¦¥ ¢¨¤ .

�ãáâì ¯®¤¯à®áâà ­áâ¢® S à §¬¥à­®áâ¨ d § ¤ ­® á¢®¨¬ ¡ §¨á®¬ fekg
d
k=1. � áá¬®âà¨¬ ¯®¤¯à®-

áâà ­áâ¢® S� =
n�dP
k=0

(A>)kS.

�¥¬¬  3. �à ¢­¥­¨¥ (1) �-ãáâ®©ç¨¢® ¯® S â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­® �-ãáâ®©ç¨¢®
¯® S�.

�®ª § â¥«ìáâ¢®. �á¯®«ì§ãï «¥¬¬ã 1, ¯®«ãç ¥¬

j�>AC(t; s)j = j�>C(t; s)Aj � j�>C(t; s)j jAj:

�­ ç¨â, �-ãáâ®©ç¨¢®áâì ¯® ¯®¤¯à®áâà ­áâ¢ã S ¢«¥ç¥â �-ãáâ®©ç¨¢®áâì ¯® ¯®¤¯à®áâà ­áâ¢ã A>S.
�ç¥¢¨¤­®, ãáâ®©ç¨¢®áâì ¯® ¤¢ã¬ ¯®¤¯à®áâà ­áâ¢ ¬ ¢«¥ç¥â ãáâ®©ç¨¢®áâì ¯® ¨å áã¬¬¥. �­ ç¨â, ¢
á®®â¢¥âáâ¢¨¨ á ®¯à¥¤¥«¥­¨¥¬ S�, �-ãáâ®©ç¨¢®áâì ¯® ¯®¤¯à®áâà ­áâ¢ã S ¢«¥ç¥â �-ãáâ®©ç¨¢®áâì
¯® ¯®¤¯à®áâà ­áâ¢ã S�. �¡à â­®¥ ®ç¥¢¨¤­®.

�¥¬¬  4. �®¤¯à®áâà ­áâ¢® S� ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨ï A>, â. ¥.

A>S� � S�.

75



�®ª § â¥«ìáâ¢®. �á«¨ «¥¬¬  ­¥ ¢¥à­ , â® ¤«ï «î¡®£® k 2 f0; 1; : : : ; n� d� 1g ¨¬¥¥â ¬¥áâ®
á®®â­®è¥­¨¥ dim

�
(A>)kS

�
< dim

�
(Ak)>S + (A>)k+1S

�
. �® â®£¤  dimS� � dimS > n � d, çâ®

­¥¢®§¬®¦­®.

�¡®§­ ç¨¬ d� = dimS�. �®áâà®¨¬ ­®¢ë© ¡ §¨á ä §®¢®£® ¯à®áâà ­áâ¢ : ¤®¯®«­¨¬ ¡ §¨á
fekg

d
k=1 ¤® ¡ §¨á  fekg

d�
k=1 ¯à®áâà ­áâ¢  S� ¨ § â¥¬ ¤® ¡ §¨á  E = fekg

n
k=1 ¯à®áâà ­áâ¢  C

n.
� âà¨æ  ¨§ n áâ®«¡æ®¢ e1; : : : ; en ï¢«ï¥âáï ¬ âà¨æ¥© ¯¥à¥å®¤  ®â ¡ §¨á  E ª ¨áå®¤­®¬ã ¡ §¨áã

¯à®áâà ­áâ¢  Cn (á®áâ®ïé¥¬ã ¨§ áâ®«¡æ®¢ ¥¤¨­¨ç­®© ¬ âà¨æë). � á®®â¢¥âáâ¢¨¨ á «¥¬¬®© 4
¬ âà¨æ  A ¯à¨ ¯¥à¥å®¤¥ ª ¡ §¨áã F , £¤¥ �-ãáâ®©ç¨¢®áâì ¯® S� ï¢«ï¥âáï ãáâ®©ç¨¢®áâìî ¯¥à¢ëå
d� ª®¬¯®­¥­â à¥è¥­¨©, ¯¥à¥å®¤¨â ¢ ¬ âà¨æã T>A(T�1)> = B = ( U 0

V W ), £¤¥ U 2 Cd��d� .

�¥®à¥¬  2. �à ¢­¥­¨¥ (1) �-ãáâ®©ç¨¢® ¯® ¯®¤¯à®áâà ­áâ¢ã S â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  ãáâ®©ç¨¢® ãà ¢­¥­¨¥

_� � UR� = 0: (6)

�®ª § â¥«ìáâ¢®. � ¡ §¨á¥ F ®¤­®à®¤­®¥ ãà ¢­¥­¨¥, á®®â¢¥âáâ¢ãîé¥¥ ãà ¢­¥­¨î (1), ¨¬¥¥â
¢¨¤

_y �BRy = 0: (7)

�¥ªâ®à-äã­ªæ¨ï �(t) =
�
y1(t); y2(t); : : : ; yd�(t)

�
ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (6) â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤  áãé¥áâ¢ã¥â à¥è¥­¨¥ ãà ¢­¥­¨ï (7) ¢¨¤  y(t) =
�
y1(t); y2(t); :::; yd�(t); yd�+1(t); :::; un(t)

�
.

� ª¨¬ ®¡à §®¬, ãáâ®©ç¨¢®áâì ¯¥à¢ëå d� ª®¬¯®­¥­â à¥è¥­¨© ãà ¢­¥­¨ï (7) à ¢­®á¨«ì­  ãáâ®©-
ç¨¢®áâ¨ ¢á¥å ª®¬¯®­¥­â à¥è¥­¨© ãà ¢­¥­¨ï (6).

�®¯®áâ ¢«ïï ¯®«ãç¥­­ë© à¥§ã«ìâ â á â¥®à¥¬®© 1, ¯®«ãç ¥¬ ¤¢®©áâ¢¥­­ë© à¥§ã«ìâ â.

�¥®à¥¬  3. �à ¢­¥­¨¥ (5) �-ãáâ®©ç¨¢® ¯® ¯®¤¯à®áâà ­áâ¢ã S â®£¤  ¨ â®«ìª® â®£¤ , ª®-

£¤  ãáâ®©ç¨¢® ãà ¢­¥­¨¥ (6).

� â¥®à¨¨ ãáâ®©ç¨¢®áâ¨ «¨­¥©­ëå äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ®¤­® ¨§
æ¥­âà «ì­ëå ¬¥áâ § ­¨¬ îâ â¥®à¥¬ë ® á¢ï§¨ ãáâ®©ç¨¢®áâ¥© ®â­®á¨â¥«ì­® ¯à ¢®© ç áâ¨ ¨ ®â-
­®á¨â¥«ì­® ­ ç «ì­ëå ¤ ­­ëå (â¥®à¥¬ë �®«ï{�¥àà®­ ). �®ª ¦¥¬, ª ª ¤«ï ãà ¢­¥­¨ï (1) ®¡-
®¡é îâáï ­¥ª®â®àë¥ à¥§ã«ìâ âë â ª®£® â¨¯ .

� ¤ ¤¨¬ ­  ¯à®áâà ­áâ¢¥ «®ª «ì­® áã¬¬¨àã¥¬ëå äã­ªæ¨© f : R0 ! Cn ®¯¥à â®à �®è¨ K

à ¢¥­áâ¢®¬ (Kf)(t) =
tR
0

C(t; s)f(s) ds.

�¡®§­ ç¨¬ ç¥à¥§ Ln
p , 1 � p < 1, ¯à®áâà ­áâ¢  áã¬¬¨àã¥¬ëå ­  R0 c p-© áâ¥¯¥­ìî ¢¥ªâ®à-

äã­ªæ¨© f : R0 ! Cn; ç¥à¥§ Ln
1 | ¯à®áâà ­áâ¢® ®£à ­¨ç¥­­ëå ¢ áãé¥áâ¢¥­­®¬ ¢¥ªâ®à-äã­ªæ¨©

f : R0 ! Cn.
�à¨¢¥¤¥¬ ¢ ã¤®¡­®¬ ¤«ï ­ á ¢¨¤¥ ¯à¨¬¥­¥­­ë¥ ª ãà ¢­¥­¨î (1) à¥§ã«ìâ âë ¨§ ([2], x 3.3).

�¥®à¥¬  4. �«ï â®£® çâ®¡ë ãà ¢­¥­¨¥ (1) ¡ë«® à ¢­®¬¥à­® ãáâ®©ç¨¢ë¬, ­¥®¡å®¤¨¬® ¨

¤®áâ â®ç­®, çâ®¡ë Kf 2 Ln
1 ¯à¨ «î¡®¬ f 2 Ln

1 .

�¥®à¥¬  5. �ãáâì ®¯¥à â®à R ¯à¥¤áâ ¢�̈¬ ¢ ¢¨¤¥

(Rx)(t) =
Z t

t�b

x(s) dsr(t; s) (8)

(§ ¯ §¤ë¢ ­¨¥ ®£à ­¨ç¥­®) ¨ �(t) =
t
_
s=0

r(t; s) ¥áâì äã­ªæ¨ï ®£à ­¨ç¥­­®© ¢ à¨ æ¨¨. �®£¤  ¤«ï

â®£® çâ®¡ë ãà ¢­¥­¨¥ (1) ¡ë«® à ¢­®¬¥à­® íªá¯®­¥­æ¨ «ì­® ãáâ®©ç¨¢ë¬, ­¥®¡å®¤¨¬® ¨ ¤®áâ -
â®ç­®, çâ®¡ë áãé¥áâ¢®¢ «® â ª®¥ p, 1 < p � 1, çâ® Kf 2 Ln

1 ¯à¨ «î¡®¬ f 2 Ln
p .

�à¨¢¥¤¥¬ ¤¢  ¢¨¤  ®¡®¡é¥­¨ï íâ¨å â¥®à¥¬ ¤«ï �- ¨ �-ãáâ®©ç¨¢®áâ¨.
�¡®§­ ç¨¬ ç¥à¥§ L1 ¯à®áâà ­áâ¢® ®£à ­¨ç¥­­ëå ¢ áãé¥áâ¢¥­­®¬ áª «ïà­ëå äã­ªæ¨© f :

R0 ! C.
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�¥¬¬  5. �ãáâì f 2 Ln
p , £¤¥ 1 � p � 1. �®£¤  çâ®¡ë �>Kf 2 L1 ¯à¨ «î¡ëå � 2 S,

­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë �>Kf 2 L1 ¯à¨ «î¡ëå � 2 S�.

�®ª § â¥«ìáâ¢®. �®áâ â®ç­® ¯®ª § âì, çâ® ¥á«¨ � 2 S ¨ f 2 Ln
p , â® ¨§ �

>Kf 2 L1 á«¥¤ã¥â
�>AKf 2 L1. �á¯®«ì§ãï «¥¬¬ã 1, ¯®«ãç ¥¬

�>A(Kf)(t) = �>A

Z t

0

C(t; s)f(s) ds = �>
Z t

0

AC(t; s)f(s) ds =

= �>
Z t

0

C(t; s)Af(s) ds = �>
�
K(Af)

�
(t);

®âªã¤  �>AKf 2 L1, ¯®áª®«ìªã Af 2 Ln
p .

�®¯®áâ ¢«ïï â¥®à¥¬ë 4 ¨ 5 á â¥®à¥¬®© 2 ¨ «¥¬¬®© 5, ¯®«ãç ¥¬ á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï.

�¥®à¥¬  6. �«ï â®£® çâ®¡ë ãà ¢­¥­¨¥ (1) ¡ë«® à ¢­®¬¥à­® �-ãáâ®©ç¨¢ë¬ ¯® ¯®¤¯à®-

áâà ­áâ¢ã S, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë �>Kf 2 L1 ¯à¨ «î¡ëå � 2 S ¨ f 2 Ln
1 .

�¥®à¥¬  7. �ãáâì ®¯¥à â®à R ¯à¥¤áâ ¢�̈¬ ¢ ¢¨¤¥ (8) ¨ ¢ à¨ æ¨ï äã­ªæ¨¨ � ®£à ­¨ç¥­ .

�®£¤  ¤«ï â®£® çâ®¡ë ãà ¢­¥­¨¥ (1) ¡ë«® à ¢­®¬¥à­® íªá¯®­¥­æ¨ «ì­® �-ãáâ®©ç¨¢ë¬ ¯® ¯®¤-

¯à®áâà ­áâ¢ã S, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë áãé¥áâ¢®¢ «® â ª®¥ p, 1 < p � 1, çâ®

�>Kf 2 L1 ¯à¨ «î¡ëå � 2 S ¨ f 2 Ln
p .

� ¤ ¤¨¬ ®¯¥à â®àK 0, ¤¢®©áâ¢¥­­ë© ®¯¥à â®àã �®è¨, à ¢¥­áâ¢®¬ (K 0f)(t) =
tR
0

C>(t; s)f(s)ds.

�¡®§­ ç¨¬ ç¥à¥§ L(T)
p , £¤¥ 1 � p � 1 ¨ T � Cn, ¯à®áâà ­áâ¢  â ª¨å ¢¥ªâ®à-äã­ªæ¨© f 2 Ln

p ,
çâ® f(t) 2 T.

�¥¬¬  6. �§ f 2 L(S)
p á«¥¤ã¥â K 0f 2 Ln

1 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¨§ f 2 L(S�)
p á«¥¤ã¥â

K 0f 2 Ln
1.

�®ª § â¥«ìáâ¢®. �á«¨ f 2 L(S�)
p , â® e>k f 2 Lp. �­ ç¨â, ¢áïªãî äã­ªæ¨î f 2 L(S�)

p ¬®¦­®

¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ f =
n�dP
k=0

fk, £¤¥ fk 2 L

�
(A>)kS

�
p . � ª¨¬ ®¡à §®¬, ¤®áâ â®ç­® ¯®ª § âì, çâ® ¨§

K 0 : L(S)
p ! Ln

1 á«¥¤ã¥â K 0 : L(A>S)
p ! Ln

1. �ãáâì K
0 : L(S)

p ! Ln
1. �á«¨ f 2 L

(A>S)
p , â® áãé¥áâ¢ã¥â

â ª ï äã­ªæ¨ï g 2 L(S)
p , çâ® f = A>g. �¬¥¥¬ (K 0f)(t) =

tR
0

C>(t; s)f(s) ds =
tR
0

C>(t; s)A>g(s) ds =

A>
tR
0

C>(t; s)g(s) ds = A>(K 0g)(t), ®âªã¤  (K 0f) 2 Ln
1.

�®ª § ­­®¥ ãâ¢¥à¦¤¥­¨¥ ¯à¨ á®¯®áâ ¢«¥­¨¨ á â¥®à¥¬®© 2 ¤ ¥â ¤àã£®© ¢ à¨ ­â ®¡®¡é¥­¨ï
â¥®à¥¬ 4 ¨ 5.

�¥®à¥¬  8. �«ï â®£® çâ®¡ë ãà ¢­¥­¨¥ (1) ¡ë«® à ¢­®¬¥à­® �-ãáâ®©ç¨¢® ¯® ¯®¤¯à®áâà ­-
áâ¢ã S, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë K 0f 2 Ln

1 ¯à¨ «î¡®¬ f 2 L
(S)
1 .

�¥®à¥¬  9. �ãáâì ®¯¥à â®à R ¯à¥¤áâ ¢�̈¬ ¢ ¢¨¤¥ (8) ¨ ¢ à¨ æ¨ï äã­ªæ¨¨ � ®£à ­¨ç¥­ .

�®£¤  ¤«ï â®£® çâ®¡ë ãà ¢­¥­¨¥ (1) ¡ë«® íªá¯®­¥­æ¨ «ì­® �-ãáâ®©ç¨¢® ¯® ¯®¤¯à®áâà ­áâ¢ã
S, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë áãé¥áâ¢®¢ «® â ª®¥ p, 1 < p � 1, çâ® K 0f 2 Ln

1 ¯à¨

«î¡®¬ f 2 L(S)
p .

�­ «®£¨ç­ë¥ â¥®à¥¬ ¬ 6{9 à¥§ã«ìâ âë ¤«ï �-ãáâ®©ç¨¢®áâ¨ ¯®«ãç îâáï ¨§ â¥®à¥¬ 4 ¨ 5 á
¯®¬®éìî â¥®à¥¬ë 3.
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2. �-�-ãáâ®©ç¨¢®áâì

� ¯¥à¢®¬ à §¤¥«¥ ¡ë«¨ à áá¬®âà¥­ë �- ¨ �-ãáâ®©ç¨¢®áâ¨, ®¯à¥¤¥«ï¥¬ë¥ ®æ¥­ª ¬¨ á®®â¢¥â-
áâ¢¥­­® ­  «¨­¥©­ë¥ ª®¬¡¨­ æ¨¨ áâà®ª ¨ áâ®«¡æ®¢ ¬ âà¨æë �®è¨. �¨¦¥ à áá¬®âà¨¬ ãáâ®©ç¨-
¢®áâì, ¢ª«îç îéãî �- ¨ �-ãáâ®©ç¨¢®áâ¨ ª ª ç áâ­ë¥ á«ãç ¨ ¨ ï¢«ïîéãîáï, ¯® áãâ¨, ãáâ®©ç¨-
¢®áâìî ¯à®¥ªæ¨© à¥è¥­¨© ­  ®¯à¥¤¥«¥­­®¥ ¯®¤¯à®áâà ­áâ¢® ®â­®á¨â¥«ì­® ­ ç «ì­ëå ¤ ­­ëå
¨§ ¤àã£®£® ®¯à¥¤¥«¥­­®£® ¯®¤¯à®áâà ­áâ¢ .

�«ï ãà ¢­¥­¨© á ¯®áâ®ï­­®© ¬ âà¨æ¥© ã¤ «®áì á¢¥áâ¨ ¢®¯à®á ®¡ íªá¯®­¥­æ¨ «ì­®© ãáâ®©ç¨-
¢®áâ¨ à áá¬ âà¨¢ ¥¬®£® ­¨¦¥ ®¡é¥£® ¢¨¤  ª ¢®¯à®áã ® ª« áá¨ç¥áª®© ãáâ®©ç¨¢®áâ¨. �« â®© § 
íâ® ï¢«ï¥âáï ­¥ª®â®à®¥ áã¦¥­¨¥ ª« áá  § ¯ §¤ë¢ ­¨©.

�¯¥à â®à § ¯ §¤ë¢ ­¨ï ¡ã¤¥¬ áç¨â âì ¯à¥¤áâ ¢¨¬ë¬ ¢ ¢¨¤¥

(Rx)(t) =
Z t�h(t)

t�g(t)

x(s) ds;

£¤¥ äã­ªæ¨¨ g; h : R0 ! [0; b] ¨§¬¥à¨¬ë ¨ g(t) � h(t); x(u) = 0 ¯à¨ u < 0.
� âà¨æã �®è¨ ãà ¢­¥­¨ï (1) ¤®®¯à¥¤¥«¨¬ ­ã«¥¬ ­  ¬­®¦¥áâ¢¥ R2

0 n�.

�¥¬¬  7. � âà¨æ  �®è¨ ãà ¢­¥­¨ï

_x(t)� J(Rx)(t) = 0; (9)

£¤¥

J =

0
BBBB@
� 1

�
. . .

. . . 1
�

1
CCCCA

| ¦®à¤ ­®¢  ª«¥âª  à §¬¥à  n� n, ¨¬¥¥â âà¥ã£®«ì­ë© ¢¨¤

C(t; s) =

0
BBBB@
c1(t; s) c2(t; s) : : : cn�1(t; s) cn(t; s)

c1(t; s) : : : cn�2(t; s) cn�1(t; s)
: : : : : : : : : : : : : : : : : : : : :

c1(t; s) c2(t; s)
c1(t; s)

1
CCCCA ;

ck(t; s) | áª «ïà­ë¥ äã­ªæ¨¨ ¤¢ãå ¯¥à¥¬¥­­ëå, á¢ï§ ­­ë¥ á®®â­®è¥­¨ï¬¨

ck(t; s) =
Z t

s

c1(t; u)
Z u�h(u)

u�g(u)

ck�1(v; s) dv du; 2 � k � n: (10)

�®ª § â¥«ìáâ¢®. �¡®§­ ç¨¬ í«¥¬¥­â ¬ âà¨æë �®è¨, ­ å®¤ïé¨©áï ¢ i-© áâà®ª¥ ¨ j-¬ áâ®«¡-
æ¥, ç¥à¥§ ci;j(t; s). � ä¨ªá¨àã¥¬ s 2 R0 ¨ à áá¬®âà¨¬ ãà ¢­¥­¨¥

_x(t)� J(Rsx)(t) = 0; (11)

£¤¥ (Rsx)(t) =
t�h(t)R
t�g(t)

x(u) du, x(u) = 0 ¯à¨ u < s. �ãáâì x(t) =
�
x1(t); x2(t); : : : ; xn(t)

�
| ­¥ª®â®à®¥

à¥è¥­¨¥ ãà ¢­¥­¨ï (11). � á¨«ã ä®à¬ã«ë (4)

xi(t) =
nX
j=1

ci;j(t; s)xj(s): (12)

� ª ª ª xn(t) = cn;n(t; s)xn(s) ¨ _xn(t)� �(Rsxn)(t) = 0, â® cn;n(t; s) | äã­ªæ¨ï �®è¨ áª «ïà-
­®£® ãà ¢­¥­¨ï

_y(t)� �(Rsy)(t) = f(t): (13)
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�§ (12) á ãç¥â®¬ â®£®, çâ® ci;j(t; s) = 0 ¯à¨ t < s, ¯®«ãç ¥¬

(Rsxi+1)(t) =
Z t�h(t)

t�g(t)

nX
j=1

ci+1;j(u; s)xj(s) du:

� á¨«ã ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ãà ¢­¥­¨ï (13), ä®à¬ã«ë �®è¨ (3) ¨ á®®â­®è¥­¨ï _xi(t) �
�(Rsxi)(t) = (Rsxi+1)(t) ¯à¨ t � s ¨¬¥¥¬

xi(t) = cn;n(t; s)xi(s) +
Z t

s

cn;n(t; u)(Rxi+1)(u) du =

= cn;n(t; s)xi(s) +
Z t

s

cn;n(t; u)
Z u�h(u)

u�g(u)

� nX
j=1

ci+1;j(v; s)xj(s)
�
dv du =

= cn;n(t; s)xi(s) +
nX
j=1

� Z t

s

cn;n(t; u)
Z u�h(u)

u�g(u)

ci+1;j(v; s) dv duxj(s)
�
:

�®¯®áâ ¢«ïï ¯®«ãç¥­­®¥ ¢ëà ¦¥­¨¥ á (12), ¯®«ãç ¥¬ ci;i(t; s) = cn;n(t; s), ci;j = 0 ¯à¨ j 2

f1; 2; : : : ; i � 1g ¨ ci;j(t; s) =
tR
s

cn;n(t; u)
u�h(u)R
u�g(u)

ci+1;j(v; s) dv du ¯à¨ j 2 fi+ 1; : : : ; ng. �âáî¤ , ¢¢®¤ï

®¡®§­ ç¥­¨ï c1(t; s) = cn;n(t; s) ¨ (10), ¯®«ãç ¥¬ âà¥¡ã¥¬ë© ¢¨¤ ¬ âà¨æë �®è¨.

�¥¬¬  8. �á«¨ ­ ©¤ãâáï â ª¨¥ m 2 f1; 2; : : : ; ng ¨ Nm; 
m > 0, çâ® jcm(t; s)j � Nme
�
m(t�s)

¯à¨ ¢á¥å (t; s) 2 �, â® ¤«ï ª ¦¤®£® k 2 f1; 2; : : : ; ng ­ ©¤ãâáï â ª¨¥ Nk; 
k > 0, çâ® jck(t; s)j �
Nke

�
k(t�s).

�®ª § â¥«ìáâ¢®. �­ ç «  ¯®ª ¦¥¬, çâ® ¥á«¨ jc1(t; s)j � N1e
�
1(t�s) ¨ jcm(t; s)j � Nme

�
m(t�s),
£¤¥ 1 � m � n� 1 ¨ N1; 
1; Nm; 
m > 0, â® áãé¥áâ¢ãîâ â ª¨¥ Nm+1; 
m+1 > 0, çâ® jcm+1(t; s)j �
Nm+1e

�
m+1(t�s). �¬¥¥¬

jcm+1(t; s)j �
Z t

s

jc1(t; u)j
Z u�h(u)

u�g(u)

jcm(v; s)j dv du �

� N1Nme
�
1t+
ms

Z t

s

e
1u
Z u�h(u)

u�g(u)

e�
mvdv du �

� N1Nme
�
1t+
ms

Z t

s

e
1u+
mg(u)�
mu(g(u) � h(u)) du �

� N1Nme
�
1t+
msbe
mb

e(
1�
m)t � e(
1�
m)s


1 � 
m
=

= Nm+1

��e�
m(t�s) � e�
1(t�s)
�� � Nm+1e


m+1(t�s):

�¥¯¥àì ¯®ª ¦¥¬, çâ® ¥á«¨ jcm(t; s)j � Nme
�
m(t�s), £¤¥ 2 � m � n, â® jcm�1(t; s)j �

Nm�1e
�
m�1(t�s). �®áâ â®ç­® ¯®ª § âì, çâ® ¤«ï «î¡®£® à¥è¥­¨ï x(t) ãà ¢­¥­¨ï (11) ¨§ ®æ¥­ª¨

jx1(t)j � N1e
�
1(t�s) á«¥¤ã¥â jx2(t)j � N2e

�
2(t�s). �¥©áâ¢¨â¥«ì­®, ¯à¨ ­ ç «ì­®¬ ãá«®¢¨¨ x(s) =
(0; : : : ; 0; 1; 0; : : : ; 0), £¤¥ xm(s) = 1, ¨¬¥¥¬ x1(t) = cm(t; s)xm(s) = cm(t; s) ¨ x2(t) = cm�1(t; s).

�®«®¦¨¬ y1 = �n�1x1, y2 = �n�2x2; : : : ; yn = xn. �¬¥¥¬ (¤ «¥¥ ¯¨è¥¬ R ¢¬¥áâ® Rs)

�Ry1 = _y1 � _y2 + _y3 � � � �+ (�1)n�1yn;

�Ry2 = _y2 � _y3 + _y4 � � � �+ (�1)n�2yn;

...

�Ryn = _yn:
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�¥à¥§ pk(y) ¨ qk(y), k = 1; n, ¡ã¤¥¬ ®¡®§­ ç âì «¨­¥©­ë¥ ª®¬¡¨­ æ¨¨ áª «ïà­ëå äã­ªæ¨©
yi(t), ç¥à¥§ pk( _y) ¨ qk( _y) |  ­ «®£¨ç­ë¥ (á â¥¬¨ ¦¥ ª®íää¨æ¨¥­â ¬¨) «¨­¥©­ë¥ ª®¬¡¨­ æ¨¨
äã­ªæ¨© _yi(t).

�®«®¦¨¬ p1(y) = y1 ¨ q1( _y) = �Rp1(y) = _y1 � _y2 + � � � + (�1)n�1 _yn. �âáî¤  q1(y) = y1 � y2 +
� � �+ (�1)n�1yn. � «¥¥ ¯®«®¦¨¬

pk(y) = pk�1(y)� qk�1(y); qk( _y) = �Rpk(y); k = 2; n:

�® ¨­¤ãªæ¨¨ ­¥âàã¤­® ¤®ª § âì, çâ® «¨­¥©­ë¥ ª®íää¨æ¨¥­âë ¯à¨ yi ª®¬¡¨­ æ¨© pk(y) ¨ qk(y)
à ¢­ë 0, ¥á«¨ i < k, ¨ à ¢­ë 1, ¥á«¨ i = k. � ª¨¬ ®¡à §®¬, pn(y) = qn(y) = yn.

�¡®§­ ç¨¬ ç¥à¥§ � ¬­®¦¥áâ¢® ¢á¥å â ª¨å § ¤ ­­ëå ­  Rs áª «ïà­ëå äã­ªæ¨© f(t), ¤«ï
ª®â®àëå ­ ©¤ãâáï â ª¨¥ ¯®«®¦¨â¥«ì­ë¥ N ¨ 
, çâ® jf(t)j � Ne�
(t�s). � «ì­¥©è¨¥ à ááã¦¤¥­¨ï
®¯¨à îâáï ­  ¤¢  ¯à®áâëå ä ªâ : 1) ¥á«¨ f 2 �, â® Rf 2 �, 2) ¥á«¨ p(t) | ¬­®£®ç«¥­ k-áâ¥¯¥­¨
¨ ( _f � p) 2 �, â® áãé¥áâ¢ã¥â ¬­®£®ç«¥­ P (t) (k + 1)-© áâ¥¯¥­¨ â ª®©, çâ® (f � P ) 2 �.

�â ª, ¯ãáâì x1 2 �. �à¥¡ã¥âáï ¤®ª § âì, çâ® x2 2 �. �®¤¥à¦ â¥«¥­ á«ãç © � 6= 0. � ª ª ª
p1(y) = y1 = x1, â® p1(y) 2 �. �­ ç¨â, q1( _y) = �Rp1(y) 2 �, ®âªã¤  (q1(y)��) 2 � ¨ (p2(y)��) 2 �,
£¤¥ � 2 C. �á«¨ � = 0, â® ¯¥à¥å®¤¨¬ ª  ­ «®£¨ç­®© á¨áâ¥¬¥ ¯®àï¤ª  ­  1 ¬¥­ìè¥. �ãáâì � 6= 0.
�¬¥¥¬ (q2( _y) � ��) 2 �. �­ ç¨â, q2

�
y(t)

�
¯à¨ t ! 1 ¥áâì ¡¥áª®­¥ç­® ¡®«ìè ï äã­ªæ¨ï ¯¥à¢®£®

¯®àï¤ª  ®â­®á¨â¥«ì­® t. �®â ¦¥ ¯®àï¤®ª à®áâ  ¨¬¥îâ p3
�
y(t)

�
¨ q3

�
_y(t)

�
. �«¥¤®¢ â¥«ì­®, äã­ª-

æ¨ï q3
�
y(t)

�
¥áâì ¡¥áª®­¥ç­® ¡®«ìè ï ¢â®à®£® ¯®àï¤ª  ®â­®á¨â¥«ì­® t. �à®¤®«¦ ï  ­ «®£¨ç­ë¥

à ááã¦¤¥­¨ï, ¯®«ãç ¥¬, çâ® äã­ªæ¨¨ qn
�
y(t)

�
¨ pn

�
y(t)

�
(®¡¥ à ¢­ë¥ yn(t)) ï¢«ïîâáï ¡¥áª®­¥ç­®

¡®«ìè¨¬¨ à §­®£® ¯®àï¤ª  ®â­®á¨â¥«ì­® t. �­ ç¨â, á«ãç © � 6= 0 ­¥¢®§¬®¦¥­. � ª¨¬ ®¡à §®¬,
pk(y) 2 � ¯à¨ ª ¦¤®¬ k 2 f1; 2; : : : ; ng, ®âªã¤  x2 2 �.

� ¬¥â¨¬, çâ® «¥¬¬ë 7 ¨ 8 á¯à ¢¥¤«¨¢ë ¨ ¤«ï á«ãç ï á®áà¥¤®â®ç¥­­®£® § ¯ §¤ë¢ ­¨ï |
¤®ª § â¥«ìáâ¢  ¯à®¢®¤ïâáï ¡¥§ ¨§¬¥­¥­¨©.

�®ª ¦¥¬, çâ® âà¥¡®¢ ­¨¥ ®£à ­¨ç¥­­®áâ¨ § ¯ §¤ë¢ ­¨ï ¢ «¥¬¬¥ 8 áãé¥áâ¢¥­­®, ¯à¨ç¥¬ ¯à¨
­¥®£à ­¨ç¥­­®¬ § ¯ §¤ë¢ ­¨¨ ­¥«ì§ï ¤¥« âì, ¢®®¡é¥ £®¢®àï, ­¨ ®¤­®£® ¨§ ¤¢ãå ¯¥à¥å®¤®¢: ­¨ ¢
áâ®à®­ã ã¬¥­ìè¥­¨ï ­®¬¥à  k í«¥¬¥­â  ck(t; s), ­¨ ¢ áâ®à®­ã ã¢¥«¨ç¥­¨ï.

�à¨¬¥à 1. � áá¬®âà¨¬ ãà ¢­¥­¨¥ _x(t) = Jx
�
h(t)

�
, £¤¥

J =
�
�1 1
0 �1

�
; h(t) =

8>><
>>:
0; t 2 [0; 1];

1; t 2 (1; 2];
1
2
; t 2 (2;1):

�ã­¤ ¬¥­â «ì­ ï ¬ âà¨æ  ãà ¢­¥­¨ï ¨¬¥¥â ¢¨¤ X(t) =
�
x1(t) x2(t)
0 x1(t)

�
. �¥âàã¤­® ¯®áâà®¨âì à¥è¥-

­¨¥ á ­ ç «ì­ë¬¨ ¤ ­­ë¬¨ x1(0) = 0, x2(0) = 1:

x2(t) =

8>><
>>:
1� t; t 2 [0; 1];

0; t 2 (1; 2];

1� t
2
; t 2 (2;1);

x1(t) =

8>><
>>:
t; t 2 [0; 1];

2� t; t 2 (1; 2];

0; t 2 (2;1):

�¨¤¨¬, çâ® jx2(t)j ! 1 ¯à¨ t!1, å®âï jx1(t)j = 0 ¯à¨ t > 2.

�à¨¬¥à 2. � áá¬®âà¨¬ ãà ¢­¥­¨¥ _x(t) = Jx
�
h(t)

�
, £¤¥

J =
�
�1 1
0 �1

�
; h(t) =

(
0; t 2 [0; 1];

1; t 2 (1;1):

�¬¥¥¬ x2(t) = 0 ¯à¨ t � 1, _x1(t) = x1(1) 6= 0 ¯à¨ t � 1. � ª¨¬ ®¡à §®¬, x1(t) ! 1 ¨ x2(t) ! 0
¯à¨ t!1.
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�â ª, ¢ á«ãç ¥ ­¥®£à ­¨ç¥­­®£® § ¯ §¤ë¢ ­¨ï íªá¯®­¥­æ¨ «ì­ ï ®æ¥­ª  í«¥¬¥­â  ¬ âà¨æë
�®è¨ ­¥ ¢«¥ç¥â, ¢®®¡é¥ £®¢®àï,  ­ «®£¨ç­ãî ®æ¥­ªã í«¥¬¥­â®¢, ­ å®¤ïé¨åáï ª ª ¡«¨¦¥ ª
£« ¢­®© ¤¨ £®­ «¨, â ª ¨ ¤ «ìè¥ ®â ­¥¥.

� ª¨¬ ®¡à §®¬, § ¯ §¤ë¢ ­¨¥ à áá¬ âà¨¢ ¥¬®£® ¢¨¤  § ¬¥ç â¥«ì­® â¥¬, çâ® ­ «¨ç¨¥ íªá¯®-
­¥­æ¨ «ì­®© ®æ¥­ª¨ ®¤­®£® í«¥¬¥­â  ¬ âà¨æë �®è¨ ¢«¥ç¥â íªá¯®­¥­æ¨ «ì­ãî ®æ¥­ªã ­®à¬ë
¯®¤¬ âà¨æë, ®â¢¥ç îé¥© á®®â¢¥âáâ¢ãîé¥© ¦®à¤ ­®¢®© ª«¥âª¥. �â® á¢®©áâ¢® ¨£à ¥â ¯¥à¢®áâ¥-
¯¥­­ãî à®«ì ¢ ¨áá«¥¤®¢ ­¨¨ ®¯à¥¤¥«ï¥¬®© ­¨¦¥ à §­®¢¨¤­®áâ¨ ãáâ®©ç¨¢®áâ¨.

�ãáâì § ¤ ­ë ¯®¤¯à®áâà ­áâ¢  L;R 2 Cn.

�¯à¥¤¥«¥­¨¥ 5. �à ¢­¥­¨¥ (1) ¡ã¤¥¬ ­ §ë¢ âì (L;R)-ãáâ®©ç¨¢ë¬, ¥á«¨ ¯à¨ «î¡ëå � 2 L
¨ � 2 R ¨¬¥¥â ¬¥áâ® á®®â¢¥âáâ¢ãîé ï ®æ¥­ª  j�>C(t; s)�j.

�®«®¦¨¬ L� =
nP

k=0
(A>)kL, R� =

nP
k=0

AkR, S�� = L� \R�.

�¥¬¬  9. �à ¢­¥­¨¥ (1) (L;R)-ãáâ®©ç¨¢® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­® (S��;S��)-ãá-
â®©ç¨¢®.

�®ª § â¥«ìáâ¢®. �¥à¥©¤¥¬ ¢ ¡ §¨á, £¤¥ ¬ âà¨æ  A ¨¬¥¥â ¦®à¤ ­®¢ ¢¨¤. �®áª®«ìªã ª®à-
­¥¢ë¥ ¯®¤¯à®áâà ­áâ¢  ¯à¥®¡à §®¢ ­¨ï A ¨­¢ à¨ ­â­ë ®â­®á¨â¥«ì­® ¯à¥®¡à §®¢ ­¨© A ¨ A>,
¤®áâ â®ç­® à áá¬®âà¥âì á«ãç © ®¤­®© ¦®à¤ ­®¢®© ª«¥âª¨.

� ¢­®á¨«ì­®áâì (L;R)- ¨ (L�;R�)-ãáâ®©ç¨¢®áâ¨ á«¥¤ã¥â ¨§ «¥¬¬ë 8.
�ãáâì h1; h2; : : : ; hn | ¦®à¤ ­®¢ ¡ §¨á: Jh1 = �h1; Jh2 = �h2+h1; : : : ; Jhn = �hn+hn�1. �¡®-

§­ ç¨¬ ç¥à¥§ S(i; j), £¤¥ 1 � i � j � n, «¨­¥©­ãî ®¡®«®çªã ¬­®¦¥áâ¢  ¢¥ªâ®à®¢ fhi; hi+1; : : : ; hjg.
�§ ®¯à¥¤¥«¥­¨© L� ¨ R� á«¥¤ã¥â, çâ® L� = S(l; n), £¤¥ l = max

L�S(m;n)
m, ¨ R� = S(1; r), £¤¥

r = min
R�S(1;m)

m. �âáî¤  S�� = S(l; r). �ç¨âë¢ ï âà¥ã£®«ì­ë© ¢¨¤ ¬ âà¨æë �®è¨ («¥¬¬  7),

¯®«ãç ¥¬: ¥á«¨ � 2 L�, � 2 R� , ­® � =2 S�� ¨«¨ � =2 S��, â® �>C(t; s)� = 0. �­ ç¨â, (L�;R�)-
ãáâ®©ç¨¢®áâì à ¢­®á¨«ì­  (S��;S��)-ãáâ®©ç¨¢®áâ¨.

�¡®§­ ç¨¬ d = dimS��. �®¯®«­¨¬ ¡ §¨á fekgdk=1 ¯à®áâà ­áâ¢  S�� ¤® ¡ §¨á  E = fekg
n
k=1

ä §®¢®£® ¯à®áâà ­áâ¢ . �ãáâì T | n � n-¬ âà¨æ , k-© áâ®«¡¥æ ª®â®à®© § ¤ ¥âáï ¢¥ªâ®à®¬ ek.
� áá¬®âà¨¬ ¬ âà¨æã

B = T�1AT =
�
P U
V Q

�
; (14)

£¤¥ P | d� d-¬ âà¨æ .

�¥®à¥¬  10. �à ¢­¥­¨¥ (1) (L;R)-ãáâ®©ç¨¢® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ãáâ®©ç¨¢® ãà ¢-
­¥­¨¥

_� � PR� = 0: (15)

�®ª § â¥«ìáâ¢®. �®®â¢¥âáâ¢ãîé¥¥ ãà ¢­¥­¨î (1) ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ ¢ ¡ §¨á¥ E ¨¬¥¥â
¢¨¤ _y�BRy = 0, £¤¥ B ¨¬¥¥â ¢¨¤ (14). �®á«¥¤­¥¥ ãà ¢­¥­¨¥ (S��; S��)-ãáâ®©ç¨¢® â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  ãà ¢­¥­¨¥ (15) ãáâ®©ç¨¢® ¢ ª« áá¨ç¥áª®¬ á¬ëá«¥. �áâ ¥âáï ¯à¨¬¥­¨âì «¥¬¬ã 9.
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