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1. �ãáâì ly = �y00 + a1(x)y0 + a2(x)y | «¨­¥©­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ¢ëà ¦¥­¨¥, x 2 [0; 1],
a1(x), a2(x) | ­¥¯à¥àë¢­ë¥ ­  [0; 1] äã­ªæ¨¨,   L1y, L2y | á®®â¢¥âáâ¢ãîé¨¥ £à ­¨ç­ë¥ ä®à¬ë,
¯à¨ç¥¬ ¡ã¤¥¬ áç¨â âì, çâ® ®­¨ á®¤¥à¦ â ­¥ª®â®àë¥ ¨­â¥£à «ë ®â äã­ªæ¨¨ y = y(x).

�¡ëª­®¢¥­­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï á ­¥«®ª «ì­ë¬¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ Liy =
0 (i = 1; 2) ¨§ãç «¨áì ¬­®£¨¬¨  ¢â®à ¬¨ (­ ¯à., [1]{[6]). � íâ¨å à ¡®â å à áá¬ âà¨¢ îâáï à §«¨ç-
­ë¥ á¯¥ªâà «ì­ë¥ á¢®©áâ¢  á®®â¢¥âáâ¢ãîé¥£® ®¯¥à â®à  (á¯¥ªâà «ì­®áâì, á®¡áâ¢¥­­ë¥ äã­ª-
æ¨¨, á®¯àï¦¥­­ ï § ¤ ç  ¨ ¯à¥¨¬ãé¥áâ¢¥­­® ¢ ¯à®áâà ­áâ¢¥ L2(0; 1)), ¯à¨ç¥¬ £à ­¨ç­ë¥ ä®à¬ë
á®¤¥à¦ â §­ ç¥­¨ï äã­ªæ¨¨ y(x) ¨«¨ ¥¥ ¯à®¨§¢®¤­®© ­  ª®­æ å ®âà¥§ª . �â® ¯®§¢®«ï¥â áâà®¨âì
á®¯àï¦¥­­ë© ®¯¥à â®à [2] ¨«¨ ¯à¥¤¯®« £ âì à¥£ã«ïà­®áâì ([7], á. 67) ªà ¥¢ëå ãá«®¢¨© [1], [4].
� á ¡ã¤¥â ¨­â¥à¥á®¢ âì ¢®¯à®á ® à¥£ã«ïà­®¬ ¬­®¦¥áâ¢¥ ®¯¥à â®à  L, ®â¢¥ç îé¥£® ¤¨ää¥à¥­-
æ¨ «ì­®¬ã ¢ëà ¦¥­¨î ly, ¨ ¯®¢¥¤¥­¨¥ ¥£® à¥§®«ì¢¥­âë (L + �I)�1 ¯à¨ ¡®«ìè¨å §­ ç¥­¨ïå � ¢
§ ¢¨á¨¬®áâ¨ ®â £à ­¨ç­ëå ãá«®¢¨© ¢ ¯à®áâà ­áâ¢¥ Lp(0; 1) = Lp. �á«¨ £à ­¨ç­ë¥ ãá«®¢¨ï ¤«ï L
ï¢«ïîâáï à¥£ã«ïà­ë¬¨ ([7], c. 67), â® à¥£ã«ïà­®¥ ¬­®¦¥áâ¢® �(L) ®¯¥à â®à  L á®¤¥à¦¨â ®¡« áâì


" = f� : j arg �j < � � "; j�j � R"g

¤«ï «î¡®£® " > 0 ¨ k(L+ �I)�1k � cj�j�1.
� [8] à áá¬ âà¨¢ îâáï ­¥«®ª «ì­ë¥ £à ­¨ç­ë¥ ãá«®¢¨ï, ª®â®àë¥ á®¤¥à¦ â §­ ç¥­¨ï ¨áª®-

¬®© äã­ªæ¨¨ ­  ª®­æ å ®âà¥§ª  ¨ ª®â®àë¥ ­¥ ï¢«ïîâáï à¥£ã«ïà­ë¬¨. �à¨ íâ®¬ ¯®ª § ­®, çâ®

" � �(L) ¨ k(L + �I)�1k � cj�j�1=2. � ª®­¥æ, ¢ à ¡®â å [5], [6] ãáâ ­®¢«¥­® ­¥®¡å®¤¨¬®¥ ¨
¤®áâ â®ç­®¥ ãá«®¢¨¥ ¤¨áªà¥â­®áâ¨ á¯¥ªâà  ®¯¥à â®à  L ¢ á«ãç ¥ ¨­â¥£à «ì­ëå ãá«®¢¨©

Liy =
Z 1

0

'i(x)y(x)dx; i = 1; 2; (1)

¨ ¤«ï à¥£ã«ïà­ëå � ¯à¨ p = 2 ¯®«ãç¥­  ®æ¥­ª 

k(L+ �I)�1k � cj�j�3=4:

� ¤ ­­®© à ¡®â¥ ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à L à áá¬ âà¨¢ ¥âáï á £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨
(1). �«ï ­¥£® ãáâ ­ ¢«¨¢ îâáï ¡®«¥¥ ®¡é¨¥ ¤®áâ â®ç­ë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï à¥§®«ì¢¥­âë,
  â ª¦¥ ®æ¥­ª  ¥¥ ¯®¢¥¤¥­¨ï ¢ ¯à®áâà ­áâ¢¥ Lp ¯à¨ «î¡®¬ p � 1.

2. �«ï ¯®áâà®¥­¨ï à¥§®«ì¢¥­âë ®¯¥à â®à  L à áá¬®âà¨¬ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

Ly + �y = f(x) (2)

á £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ (1), £¤¥ � | ª®¬¯«¥ªá­ë© ¯ à ¬¥âà, f(x) 2 Lp. �®«®¦¨¬ �2 = � ¨
¯ãáâì Re � > 0, j arg �j < ��"

2
. �®£¤  ([7], ác. 53, 58) ã ãà ¢­¥­¨ï (2) ¯à¨ a1(x) 6= 0, f(x) = 0

áãé¥áâ¢ã¥â äã­¤ ¬¥­â «ì­ ï á¨áâ¥¬  à¥è¥­¨© y1(x), y2(x) â ª ï, çâ®

y1(x) = e�(x�1)(1 +R1); y2(x) = e��x(1 +R2);

y01(x) = �e�(x�1)(1 +R1); y02(x) = �e��x(�1 +R2);
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£¤¥ äã­ªæ¨¨ Ri = Ri(x; �) ­¥¯à¥àë¢­ë ¨ jRi(x; �)j � cij�j
�1.

�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¤«ï äã­ªæ¨© 'i(x) ¢ë¯®«­¥­ë á®®â­®è¥­¨ï
Z 1

0
'i(x)e

�(x�1)dx =
ai1 +Ri1(�)

�ki1
;

Z 1

0
'i(x)e

��xdx =
ai2 +Ri2(�)

�ki2
(3)

¨ Z z

0
'i(x)e

(x�z)�dx =
'i(z) + Pi1(z; �)

�
;

Z 1

z
'i(x)e

(z�x)�dx =
'i(z) + Pi2(z; �)

�
; (4)

£¤¥ ¢á¥ äã­ªæ¨¨Rij ¨ Pij ­¥¯à¥àë¢­ë ¨ aij 6= 0, jRij(�)j � cj�j�1, jPij(z; �)j � c, Pij(z; �)! 0 ¯®çâ¨
¢áî¤ã ¯à¨ �! 0, kij | ­ âãà «ì­ë¥ ç¨á« . �â¨ à ¢¥­áâ¢  ¢ë¯®«­¥­ë, ­ ¯à¨¬¥à, ¥á«¨ äã­ªæ¨¨
'1(x), '2(x) ¨ ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï a1(x), a2(x) ï¢«ïîâáï £« ¤ª¨¬¨ äã­ªæ¨ï¬¨. �à¨ íâ®¬
¢ (3) ai1 = (�1)ki1�1'(ki1�1)

i (1), ai2 = (�1)ki2'(ki2�1)
i (0), ¥á«¨ '

(r)
i (1) = 0 ¤«ï r = 0; 1; : : : ; ki1 � 2 ¨

'
(n)
i (0) = 0 ¤«ï n = 0; 1; : : : ; ki2�2, â. ¥. aij | ¯¥à¢ë¥ ®â«¨ç­ë¥ ®â ­ã«ï á« £ ¥¬ë¥ ¢ à §«®¦¥­¨¨

¨­â¥£à «®¢ (3) ¯® áâ¥¯¥­ï¬ ��1 (¤«ï £« ¤ª¨å äã­ªæ¨© â ª¨¥ à §«®¦¥­¨ï ¯®«ãç îâáï á ¯®¬®éìî
¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬).

�¥¯¥àì áä®à¬ã«¨àã¥¬ ®á­®¢­®© à¥§ã«ìâ â.

�¥®à¥¬  1. �ãáâì äã­ªæ¨¨ ai(x), 'i(x) (i = 1; 2) ­¥¯à¥àë¢­ë ­  ®âà¥§ª¥ [0; 1], a1(x) 6= 0,
¤«ï äã­ªæ¨© 'i(x) ¨¬¥îâ ¬¥áâ®  á¨¬¯â®â¨ç¥áª¨¥ à §«®¦¥­¨ï (3){(4). �ãáâì ¢ë¯®«­¥­® ®¤­®
¨§ ¤¢ãå ãá«®¢¨©

�) k11 + k22 6= k21 + k12;
�) k11 + k22 = k21 + k12, a11a22 � a12a21 6= 0.

�®£¤  ¤«ï «î¡®£® " > 0 áãé¥áâ¢ã¥â â ª®¥ R" > 0, çâ® ¬­®¦¥áâ¢® f� 2 C : j�j �
R"; j arg �j < � � "g ï¢«ï¥âáï à¥£ã«ïà­ë¬ ¤«ï ®¯¥à â®à  L ¨

k(L+ �I)�1k = (c+R(�))j�j�r; (5)

£¤¥ r = 1 + k�m
2

+ 1
2p
, c 6= 0, k = minfkijg, m = minfk11 + k22; k21 + k12g, R(�)! 0 ¯à¨ �!1.

�®ª § â¥«ìáâ¢®. �® ¬¥â®¤ã ¢ à¨ æ¨¨ ¯à®¨§¢®«ì­ëå ¯®áâ®ï­­ëå ®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï
(2) § ¯¨è¥¬ ¢ ¢¨¤¥ y(x) = c1y1(x) + c2y2(x) + y3(x), £¤¥

y3(x) =
1
2�

� Z x

0

e(s�x)�f(s)(1 +R)ds+
Z 1

x

e(x�s)�f(s)(1 +R)ds
�
;

R = R(x; s; �) | ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨, ¤«ï ª®â®àëå jR(x; s; �)j � cj�j�1.
�®¤¡¥à¥¬ ª®­áâ ­âë c1 ¨ c2 â ª, çâ®¡ë ã¤®¢«¥â¢®à¨âì ãá«®¢¨ï¬ (1). �à¨ íâ®¬ ¤«ï c1, c2

¯®«ãç¨¬ á¨áâ¥¬ã «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© (á ãç¥â®¬ ä®à¬ã« (3))

c1(ai1 +Ri1)�
�ki1 + c2(ai2 +Ri2)�

�ki2 =

= �
1
2�

Z 1

0

�Z x

0

'i(x)e(s�x)�(1 +R)f(s)ds+
Z 1

x

'i(x)e(x�s)�(1 +R)f(s)ds
�
dx; i = 1; 2:

�®¬¥­ï¢ ¢ ¨­â¥£à « å ¯®àï¤®ª ¨­â¥£à¨à®¢ ­¨ï ¨ ¯à¨¬¥­¨¢ ä®à¬ã«ë (4), ¯®«ãç¨¬ ¯à ¢ë¥ ç áâ¨
íâ®© á¨áâ¥¬ë ¢ ¢¨¤¥

�
1
�2

Z 1

0

'i(s)f(s)ds+
bi(�)
�2

;

£¤¥ jbi(�)j � cj�j�1. �¯à¥¤¥«¨â¥«ì íâ®© á¨áâ¥¬ë �(�) = a11a22
�k11+k22

� a12a21
�k12+k21

+R(�) ¨«¨ �(�) = �+R(�)

�m
,

£¤¥ � 6= 0, jR(�)j � cj�j�1. �à¨á®¥¤¨­¥­­ë¥ ®¯à¥¤¥«¨â¥«¨ ¨¬¥îâ ¢¨¤

�1(�) = �
a22

�2+k22

Z 1

0
'1(s)f(s)ds+

a12
�2+k12

Z 1

0
'2(x)f(s)ds+ b(�);

�2(�) = �
a11

�2+k11

Z 1

0

'2(s)f(s)ds+
a21

�2+k21

Z 1

0

'1(x)f(s)ds+ b(�);

66



£¤¥ b(�) | ¬ «ë¥ ¡®«¥¥ ¢ëá®ª®£® ¯®àï¤ª . �®áª®«ìªã ci = �i

�
, â® ®âáî¤  ¢ëâ¥ª ¥â  á¨¬¯â®â¨-

ç¥áª ï ä®à¬ã«  à¥è¥­¨ï

y(x) = e(x�1)�(1 +R)
�m

�
�1 + e�x�(1 +R)

�m

�
�2 + y3(x):

�¤¥áì ky3k � cj�j�2kfk. �®íâ®¬ã ®á­®¢­ãî à®«ì ¢ ã¡ë¢ ­¨¨ ¨£à îâ ¯¥à¢ë¥ ¤¢  á« £ ¥¬ëå.
�ëç¨á«ïï ¨å ­®à¬ë, ¯®«ãç¨¬ (5).

� ¬¥ç ­¨¥. �á«¨ f(x) ¯à¨­ ¤«¥¦¨â ¯®¤¯à®áâà ­áâ¢ã, ¢ë¤¥«ï¥¬®¬ã ãá«®¢¨ï¬¨ (1), â® ¤«ï
â ª¨å äã­ªæ¨©

kyk � cj�j�1kfk:

�à¨¬¥àë.

1) �ãáâì '1(0)'2(1) � '1(1)'2(0) 6= 0. �®£¤  k11 = k12 = k21 = k22 = 1, k = 1, m = 2 ¨ ¢
á®®â­®è¥­¨¨ (5) r = 1

2
+ 1

2p
. �à¨ p = 2 ¯®«ãç ¥âáï à¥§ã«ìâ â ¨§ [5], [6] á r = 3=4.

2) �ãáâì '1(x) = 1, '2(x) = x. �ëç¨á«ïï á®®â¢¥âáâ¢ãîé¨¥ ¨­â¥£à «ë, ¯®«ãç¨¬ á«¥¤ãîé¨¥
§­ ç¥­¨ï ¯ à ¬¥âà®¢:

a11 = a12 = a21 = a22 = 1; k11 = k12 = k21 = 1; k22 = 2; k = 1; m = 2; r = 1
2
+ 1

2p
:

3) �ãáâì '1(x) = 2x� 1, '2(x) = x(1� x). �®£¤ 

a11 = a21 = a22 = 1; a12 = �1; k11 = k12 = 1; k21 = k22 = 2; k = 1; m = 3; r = 1
2p
:

3. �®«ãç¥­­®¥ ãá«®¢¨¥ (5) ®§­ ç ¥â, çâ® ¯® ®¯¥à â®àã L ¬®¦­® ¯®áâà®¨âì ([8], c. 104) ¯®«ã-
£àã¯¯ã «¨­¥©­ëå ®£à ­¨ç¥­­ëå ®¯¥à â®à®¢, á ¯®¬®éìî ª®â®à®© ãáâ ­ ¢«¨¢ ¥âáï à §à¥è¨¬®áâì
­ ç «ì­®-ªà ¥¢®© § ¤ ç¨

@u

@t
+ Lu = f(t; x); t 2 (0; 1]; x 2 [0; 1];

Z 1

0
'1(x)u(t; x)dx = 0; i = 1; 2; u(0; x) = u0(x):

(6)

�â  § ¤ ç  á¢®¤¨âáï ª  ¡áâà ªâ­®© § ¤ ç¥ �®è¨

du

dt
+ Lu = f(t); t 2 (0; 1]; u(0) = u0; (7)

¢ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥ Lp. �¥ ®á®¡¥­­®áâìî ï¢«ï¥âáï â®, çâ® ®¡« áâì ®¯à¥¤¥«¥­¨ï

D(L) =
�
y(x) 2W 2

p ;

Z 1

0
'i(x)y(x)dx = 0; i = 1; 2

�

®¯¥à â®à  L ­¥ ï¢«ï¥âáï ¯«®â­ë¬ ¢ Lp ¬­®¦¥áâ¢®¬ ¨ ¢®§­¨ª îé ï ¯®«ã£àã¯¯  ¨¬¥¥â ¢ ­ã«¥
®á®¡¥­­®áâì. �¤­ ª® ª § ¤ ç¥ (7) ¯à¨¬¥­¨¬ 

�¥®à¥¬  2 [9] (á«ãç © ¯®áâ®ï­­®£® ®¯¥à â®à­®£® ª®íää¨æ¨¥­â  L). �ãáâì ¢ë¯®«­¥­ë
ãá«®¢¨ï:

1�. áãé¥áâ¢ã¥â ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ ï ¯®«ã£àã¯¯  «¨­¥©­ëå ®£à ­¨ç¥­­ëå ®¯¥à -
â®à®¢ exp(�tL) : Lp ! D(L), ¤«ï ª®â®à®© ¢ë¯®«­¥­ë ®æ¥­ª¨ (¯à¨ ¬ «ëå t > 0)

k exp(�tL)k �Mt��; kL exp(�tL)k �Mt�� (8)

¯à¨ ­¥ª®â®àëå 0 � � < 1, 1 + � � �;
2�. kf(t+�t)� f(t)k � cj�tj� ¯à¨ ­¥ª®â®à®¬ � 2

�
��1
���

; 1
�
;

3�. u0 2 D(L).
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�®£¤  § ¤ ç  (7) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ u = u(t), t 2 [0; 1], â ª®¥, çâ® äã­ªæ¨¨ u0(t),
Lu(t) áãé¥áâ¢ãîâ ¨ ­¥¯à¥àë¢­ë ¯à¨ t 2 (0; 1].

�à®¢¥à¨¬, çâ® ¤«ï § ¤ ç¨ (6) ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 2. � á¨«ã ®æ¥­ª¨ (5) ¤«ï à¥§®«ì-
¢¥­âë ®¯¥à â®à  L ¨§ ([8], c. 104) á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ ¯®«ã£àã¯¯ë ãª § ­­®£® ª« áá , ¯à¨ç¥¬
¢ ®æ¥­ª å (8) � = 1�r, � = 1+�. � ­ è¥¬ á«ãç ¥ � = m�k

2
� 1

2p
¨ ãá«®¢¨¥ 0 � � < 1 ¢ë¯®«­¥­®,

¥á«¨

1=p � m� k < 2 + 1=p: (9)

� ª¨¬ ®¡à §®¬, ¯®«ãç¥­ 

�¥®à¥¬  3. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 1, ãá«®¢¨¥ (9), ¯à ¢ ï ç áâì f(t; x) ¢ (6)
ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ��¥«ì¤¥à  ¯® t ¢ ­®à¬¥ k � k ¯à®áâà ­áâ¢  Lp

kf(t+�t; �)� f(t; �)k � cj�tj�

á ­¥ª®â®àë¬ � 2
�
m�k
2

� 1
2p
; 1

�
¨ u0(x) 2 D(L).

�®£¤  § ¤ ç  (6) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ u = u(t; x) â ª®¥, çâ® äã­ªæ¨¨ @u
@t

¨ Lu
­¥¯à¥àë¢­ë ¯® t ¯à¨ t > 0 ¢ ­®à¬¥ ¯à®áâà ­áâ¢  Lp.

�â¬¥â¨¬, çâ® ãá«®¢¨¥ (9) ¢ë¯®«­¥­® ¤«ï äã­ªæ¨© '1(x), '2(x), ¯à¨¢¥¤¥­­ëå ¢ ¯à¨¬¥à å
1){3) ¯à¨ «î¡®¬ p 2 [1;1).
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