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�ãáâì Z2
+ = fi = (i1; i2)g| ¬®¦¥áâ¢® â®ç¥ª ¨§ R2 á æ¥«ë¬¨ ¥®âà¨æ â¥«ìë¬¨ ª®®à¤¨ â -

¬¨, ç áâ¨ç® ã¯®àï¤®ç¥®¥ á®£« è¥¨¥¬, çâ® ¥à ¢¥áâ¢® i � n ¤«ï i; n 2 Z2
+ ®§ ç ¥â i1 � n1

¨ i2 � n2. �áî¤ã ¢ ¤ «ì¥©è¥¬ áç¨â ¥¬ i; k; n 2 Z2
+. �á«®¢¨¬áï ®¡®§ ç âì n� = max(n1; n2),

n� = min(n1; n2); ¤«ï x = (x1; x2) 2 R2
+ ¡ã¤¥¬ ¯¨á âì kxk = x1 � x2, ¨ ¥á«¨ f(t) | äãªæ¨ï ®¤®©

¯¥à¥¬¥®© t, â® ¡ã¤¥¬ ¯®« £ âì kf(x)k = f(x1) � f(x2).
�ãáâì � = f�i(x); x 2 X = (0; 1)2g | ¤¢®© ï ®àâ®®à¬¨à®¢  ï á¨áâ¥¬  (���). � áá¬®-

âà¨¬ ¤¢®©®© ®àâ®£® «ìë© àï¤

1X
i=0

ai�i(x) =
1X
i1=0

1X
i2=0

ai1i2�i1i2(x); x 2 X; fai : i 2 Z
2
+g 2 l

2: (1)

�¡®§ ç¨¬ ç¥à¥§ Sn(x) ¯àï¬®ã£®«ìë¥ áã¬¬ë àï¤  (1), ç¥à¥§ f(x) | ¥£® L2-áã¬¬ã ¨ ç¥à¥§
���n (x) | áà¥¤¨¥ �¥§ à® ®âà¨æ â¥«ì®£® ¯®àï¤ª  àï¤  (1) (� = (�1; �2), 0 < �j < 1, j = 1; 2).

�§¢¥áâ® ¤®áâ â®ç®¥ ãá«®¢¨¥ áå®¤¨¬®áâ¨ ¯®çâ¨ ¢áî¤ã (¯. ¢.)   X ¯®á«¥¤®¢ â¥«ì®áâ¨
f���n (x)g ¯® «î¡®© ��� � (c¬. â¥®à¥¬ã 1 [1], á. 312).

� ¤ ®© à ¡®â¥ ¨áá«¥¤ã¥âáï ¢®¯à®á ® â®ç®¬   ª« áá¥ ¢á¥å ��� ¯®àï¤ª¥ ã¡ë¢ ¨ï ª ã«î
¢¥«¨ç¨ë ���n (x) = jf(x)� ���n (x)j.

�ãáâì f�(n) = �(n1; n2) > 0g | ¥ã¡ë¢ îé ï ¯® ª ¦¤®© ¯¥à¥¬¥®© ¯®á«¥¤®¢ â¥«ì®áâì,
áâà¥¬ïé ïáï ª ¡¥áª®¥ç®áâ¨ ¯à¨ n� !1 á® á«¥¤ ¬¨   ª®®à¤¨ âëå ®áïå �1(n1) = �(n1; 0) ¨
�2(n2) = �(0; n2), ®à¬¨à®¢  ï ãá«®¢¨¥¬ �(0; 0) = �1(0) = �2(0) = 1.

�ä®à¬ã«¨àã¥¬ ®á®¢®© à¥§ã«ìâ â áâ âì¨.

�¥®à¥¬ . �ãáâì ¯®á«¥¤®¢ â¥«ì®áâì f�(n) = �(n1; n2) > 0g â ª®¢ , çâ® ¯® ª ¦¤®© ¯¥à¥-

¬¥®©

�(n)=k(n + 1)�k " 0 ¨ �(n)=k(n+ 1)1+�k # 0: (2)

�®£¤  ¤«ï «î¡®£® � = (�1; �2), 0 < �j < 1, j = 1; 2, ¨ «î¡®© ��� � ¯à¨ ãá«®¢¨¨

X
i�0

a2i�
2(i) <1; (3)

¯.¢.   X á¯à ¢¥¤«¨¢  ®ª®ç â¥«ì ï ®æ¥ª 

���n (x) = ox

�
(n1 + 1)�1

�1(n1)
+
(n2 + 1)�2

�2(n2)

�
� ox(

�1
n ); n� !1: (4)

�®®â®è¥¨¥ jgn(x)j = ox(�1n ) ¯.¢. ¯à¨ n� ! 1, £¤¥ gn(x) 2 L2(X) ¨ n | ¤¢®© ï ¯®á«¥¤®-
¢ â¥«ì®áâì ¯®«®¦¨â¥«ìëå ç¨á¥«, ®§ ç ¥â, çâ® njgn(x)j ! 0 ¯. ¢. ¯à¨ n� ! 1 ¨ áãé¥áâ¢ã¥â
äãªæ¨ï F (x) 2 L2(X) â ª ï, çâ® njgn(x)j � F (x) ¤«ï ¢á¥å x 2 X, n 2 Z2

+.
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�®¤ ®ª®ç â¥«ì®áâìî ®æ¥ª¨ (4) ¯®¤à §ã¬¥¢ ¥âáï â®â ä ªâ, çâ® ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì-
®áâ¨ 0 < !(n) = !(n1; n2)!1 ¯à¨ n� !1  ©¤¥âáï ®àâ®£® «ìë© àï¤ (1), ã¤®¢«¥â¢®àïîé¨©
ãá«®¢¨î (3), ¤«ï ª®â®à®£® ¢áî¤ã   X lim

n�!1
sup!(n)n���n (x) = +1.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë á«¥¤ã¥â ¨§ á«¥¤ãîé¥© «¥¬¬ë.

�¥¬¬ . �ãáâì � = (�1; �2), 0 < �j < 1, j = 1; 2, f�(n) = �(n1; n2)g | ¯®«®¦¨-

â¥«ì ï ¯®á«¥¤®¢ â¥«ì®áâì, ã¤®¢«¥â¢®àïîé ï ¯¥à¢®¬ã ãá«®¢¨î (2) ¯® ª ¦¤®© ¯¥à¥¬¥®©,

fmk = (mk1 ;mk2) > 0g | ¥ª®â®à ï áâà®£® ¢®§à áâ îé ï ¯®á«¥¤®¢ â¥«ì®áâì ¨§ Z2
+, ª®â®à ï

®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

1 < qj � mkj+1=mkj � rj ; j = 1; 2; (5)

¨ ¤«ï ¥ª®â®àëå j 2 (0; 1)

�j(mkj )=m
1+j
kj

# ; j = 1; 2: (6)

�á«¨ ¢ë¯®«¥® ãá«®¢¨¥ (3), â® ¤«ï mk < n � mk+1 ¨ x 2 X á¯à ¢¥¤«¨¢® à ¢¥áâ¢®

���n (x) = Smk
(x) +

�n
S(1;2)

mk
(x) +

�1
n1
S(1)
mk
(x) +

�2
n2
S(2)
mk
(x) + rn(x); (7)

£¤¥ S(j)
mk
(x) =

P
i�mk

ijai�i(x), j = 1; 2; S(1;2)
mk

(x) =
P

i�mk

kikai�i(x), ¯. ¢.   X ¨

rn(x) = oxf(n1 + 1)�1=�1(n1) + (n2 + 1)�2=�2(n2)g; n� !1:

�® ®¯à¥¤¥«¥¨î ¤«ï mk < n � mk+1 á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥ (7) á

rn(x) =
X
i�mk

�A
��
n�i

A��n

� 1�
�in

� �1i1
n1

�
�2i2
n2

�
ai�i(x) +

+
3X

j=1

X
i2Pj

A
��
n�i

A��n

ai�i(x) � �n(x) +
3X

j=1

r(j)n (x);

P1 = fi = (i1; i2) 2 Z
2
+ : mk1 + 1 � i1 � n1; 0 � i2 � mk2g;

P2 = fi = (i1; i2) 2 Z2
+ : 0 � i1 � mk1 ; mk2 + 1 � i2 � n2g;

P3 = fi = (i1; i2) 2 Z2
+ : mk1 + 1 � i1 � n1; mk2 + 1 � i2 � n2g:

�®   «®£¨¨ á ¤®ª § â¥«ìáâ¢®¬ «¥¬¬ë 2 ([2], á. 7) ¤®ª §ë¢ ¥âáï

�n(x) = oxf(n1 + 1)�1=�1(n1) + (n2 + 1)�2=�2(n2)g ¯à¨ n� !1

¨

r(3)n (x) = ox

�
k(mk + 1)�k

�(mk)

�
= ox

�
(n1 + 1)�1

�1(n1)
+
(n2 + 1)�2

�2(n2)

�
: (8)

�æ¥¨¬ â¥¯¥àì

r(2)n (x) = kA��n k�1
mk1�1X
i1=0

n2X
i2=mk2

+1

kA��n�ikai�i(x) +

+ kA��n k�1
mk1X

i1=mk1�1
+1

n2X
i2=mk2

+1

kA��n�ikai�i(x) � b(1)n (x) + b(2)n (x): (9)

�«ï b(2)n (x) ¯à¨ n� !1 á¯à ¢¥¤«¨¢  ®æ¥ª  ¢¨¤  (8):

b(2)n (x) = ox

�
k(mk�1 + 1)�k

�(mk�1)

�
= ox

�
(n1 + 1)�1

�1(n1)
+
(n2 + 1)�2

�2(n2)

�
: (10)
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�®« £ ï � = �1=2(� + 1), § ¬¥â¨¬, çâ®

b(1)n (x) = kA��n k�1
X

i1�mk1�1

A��1n1�i1

n2X
i2=mk2

+1

ai�i(x)
X

i2�p�n2

A��2���1n2�p
A�
p�i2

=

=
1

A��2n2

n2X
p=mk2

+1

A��2���1n2�p

�
1

A��1n1

X
i1�mk1�1

A��1n1�i1

pX
i2=mk2

+1

A�
p�i2

ai�i(x)
�
�

�
1

A��2n2

n2X
p=mk2

+1

A��2���1n2�p
Sp(x);

£¤¥ ¤«ï ª ¦¤®£®  âãà «ì®£® mk2 < p < n2

Sp(x) =
1

A��1n1

X
i1�mk1�1

A��1n1�i1

pX
i2=mk2

+1

A�
p�i2

ai�i(x):

�®£¤  á®£« á® ¥à ¢¥áâ¢ã �®è¨{�ãïª®¢áª®£® ¤«ï ¢á¥å n1 > mk1 ¨ mk2 < n2 � mk2+1

[b(1)n (x)]2 � C(�2)m
2�2
k2

n2X
p=mk2

+1

(n2 � p+ 1)��2�1
n2X

p=mk2
+1

S2
p(x) (11)

(ç¥à¥§ C(�) §¤¥áì ¨ ¤ «¥¥ ¡ã¤¥¬ ®¡®§ ç âì ¥ª®â®àë¥ ¯®áâ®ïë¥, § ¢¨áïé¨¥ ®â ãª § ®£®
¯ à ¬¥âà  ¨, ¢®®¡é¥ £®¢®àï, ®â rj ¨ qj , j = 1; 2).

�à¨¬¥ïï â¥¯¥àì ª Sp(x) ¯®á«¥¤®¢ â¥«ì® ¯à¥®¡à §®¢ ¨¥ �¡¥«ï ¨ ¥à ¢¥áâ¢® �®è¨{�ã-
ïª®¢áª®£®, ¯®«ãç ¥¬

Sp(x) =
1

A��1n1

�mk1�1
�1X

i1=0

�A��1n1�i1

X
j�i1

pX
i2=mk2

+1

A�
p�i2

aji2�ji2(x) +

+A��1n1�mk1�1

mk1�1X
i1=0

pX
i2=mk2+1

A�
p�i2

ai�i(x)
�
;

[Sp(x)]2 � C(�1)
�

1
mk1�1

mk1�1
�1X

i1=0

� i1X
j=0

pX
i2=mk2

+1

A�
p�i2

aji2�ji2(x)
�2
+

+
�mk1�1X

i1=0

pX
i2=mk2+1

A�
p�i2

ai�i(x)
�2�

; (12)

¯®áª®«ìªã �A��1n1�i1
= A��1n1�i1

�A��1n1�i1�1 = A��1�1n1�i1
< 0 ¨, á«¥¤®¢ â¥«ì®,

mk1�1
�1X

i1=0

j�A��1n1�i1
j = jA��1n1

�A��1n1�mk1�1
�1j < A��1n1�mk1�1

�1:

�à®¬¥ â®£®, ¢ á¨«ã (5) ¤«ï ¢á¥å 0 � i1 � mk1�1

1
A��1n1

mk1�1
�1X

i1=0

j�A��1n1�i1
j <

A��1n1�mk1�1

A��1n1

� C(�1)
n�11

(n1 �mk1�1)�1
� C(�1);

j�A��1n1�i1
j

A��1n1

=
jA��1�1n1�i1

j

A��1n1

� C(�1)
n�11

(n1 � i1)�1+1
�
C(�1)
mk1�1

:

�ãáâì

 mk
(x) = supf[b(1)n (x)]2 : n1 � mk1 ; mk2 < n2 � mk2+1g: (13)
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�  ®á®¢ ¨¨ (11){(13)Z
X

max
mk<n�mk+1

jr(2)n (x)j2 dx �
Z
X

 mk
(x) dx �

� C(�1)m
2�2
k2

n2X
p=mk2

+1

mk1�1
�1X

i1=0

pX
i2=mk2

+1

(p+ 1� i2)
�1��2a2i �

� C(�1)m
2�2
k2

mk1�1
�1X

i1=0

mk2+1X
i2=mk2

+1

a2i

¨, ®¯à¥¤¥«¨¢ ¯®á«¥¤®¢ â¥«ì®áâì

Fk1(x) =
X
k2�0

�22(mk2)(mk2 + 1)�2�2 mk
(x) � F2(x);

«¥£ª® ¢¨¤¥âì Z
X

F2(x) dx � C(�1)
m1�1X
i1=0

X
k2�0

�22(mk2)
mk2+1X

i2=mk2
+1

a2i <1:

�®£¤  ¯® â¥®à¥¬¥ �¥¢¨, ¯à¨§ ªã �¥©¥àèâà áá , á ãç¥â®¬ (5), (6) ¨ ¯¥à¢®£® ãá«®¢¨ï (2)

b(1)n (x) = oxf(n2 + 1)�2=�2(n2)g ¯à¨ n2 !1 à ¢®¬¥à® ¯® n1: (14)

�§ (9), (10) ¨ (14) á«¥¤ã¥â

r(2)n (x) = ox

�
(n1 + 1)�1

�1(n1)
+
(n2 + 1)�2

�2(n2)

�
; n� !1:

�ç¥¢¨¤®, çâ® ¢¥«¨ç¨  r(1)n (x) ¨¬¥¥â â ª®© ¦¥ ¯®àï¤®ª. �

�«¥¤áâ¢¨¥. �«ï «î¡ëå � = (�1; �2) ¨ � = (�1; �2), 0 < �j < 1, �j > 0, j = 1; 2, ¯. ¢.   X ¯à¨
ãá«®¢¨ïå (2), (3), (5)

���n (x) = ��n(x) + oxf(n1 + 1)�1=�1(n1) + (n2 + 1)�2=�2(n2)g; n� !1:

�¥®à¥¬  ï¢«ï¥âáï   «®£®¬ á®®â¢¥âáâ¢ãîé¥£® ®¤®ªà â®£® à¥§ã«ìâ â  ¨§ ([3], á. 3) ¨ ¤®-
ª §ë¢ ¥âáï ¯®   «®£¨¨ á ®¤®¬¥àë¬ á«ãç ¥¬   ®á®¢ ¨¨ á«¥¤áâ¢¨ï 1 ¨ â¥®à¥¬ë 1 ¨§ ([2],
á. 7). �¡  ¥¥ ãá«®¢¨ï áãé¥áâ¢¥ë. �à®¬¥ â®£®, ®  ®áâ ¥âáï ¢¥à®© ¢ á«ãç ¥ ¯à®¨§¢®«ì®£® ¯à®-
áâà áâ¢  (X;F; �) á ª®¥ç®© ¯®«®¦¨â¥«ì®© ¥ â®¬¨ç¥áª®© ¬¥à®© ¨ ¤«ï d-ªà â®£® á«ãç ï
(d > 2).

�¢â®à ¢ëà ¦ ¥â ¡« £®¤ à®áâì �.�.�¤à¨¥ª®, ¯®¤ àãª®¢®¤áâ¢®¬ ª®â®à®£® ¢ë¯®«¥  íâ 
à ¡®â .

�¨â¥à âãà 

1. Bregvadze D.V. On the (C; �1 < � < 0; �1 < � < 0)-summability of single and double orthogonal
series // Acta Math. Hung. { 1993. { V. 62. { P. 311{332.

2. �¤à¨¥ª® �.�., �®¢ «¥ª® �.�. �¯¯à®ªá¨¬ â¨¢ë¥ á¢®©áâ¢  áà¥¤¨å �¥§ à® ¤¢®©ëå ®à-

â®£® «ìëå àï¤®¢ // �iá¨ª �¤¥áìª. ¤¥à¦. ã-â . { 2000. { �. 5. { ò 3. { �. 5{11.
3. �¤à¨¥ª® �.�. � áã¬¬¨àã¥¬®áâ¨ ®àâ®£® «ìëå àï¤®¢ ¬¥â®¤ ¬¨ �¥§ à® ®âà¨æ â¥«ì®£®

¯®àï¤ª  // �§¢. ¢ã§®¢. � â¥¬ â¨ª . { 1988. { ò9. { �. 3{10.

�¦®ãªà ¨áª¨© ¯¥¤ £®£¨ç¥áª¨© �®áâã¯¨« 

ã¨¢¥àá¨â¥â (�ªà ¨ , £. �¤¥áá ) 05.06.2002

75


