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1. � ¯®á«¥¤­¥¥ ¢à¥¬ï  ªâ¨¢­® ¨§ãç îâáï æ¥¯®çª¨ ¯à¥®¡à §®¢ ­¨© � à¡ã [1]{[3] ¢¯«®âì ¤® ¡¥á-
ª®­¥ç­®£® ¯®àï¤ª  [4]. �á­®, çâ® à¥§ã«ìâ¨àãîé¥¥ ¤¥©áâ¢¨¥ æ¥¯®çª¨ N ¯à¥®¡à §®¢ ­¨© � à¡ã
íª¢¨¢ «¥­â­® ®¤­®¬ã ¯à¥®¡à §®¢ ­¨î N -£® ¯®àï¤ª . �®¯à®á ¦¥ ® â®¬, ¢áïª®¥ «¨ ¯à¥®¡à §®¢ -
­¨¥ ¯®àï¤ª  N ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ­¥ª®â®à®© æ¥¯®çª¨ ¯à¥®¡à §®¢ ­¨© � à¡ã ¯¥à¢®£®
¯®àï¤ª , ­  ­ è ¢§£«ï¤, âà¥¡ã¥â ¤®¯®«­¨â¥«ì­®£® ®¡áã¦¤¥­¨ï. � à ¡®â¥ [4] à áá¬®âà¥­® ¯à¥-
®¡à §®¢ ­¨¥ � à¡ã ¢â®à®£® ¯®àï¤ª  ¨ ãáâ ­®¢«¥­®, çâ® áãé¥áâ¢ãîâ ¤¢  â¨¯  â ª¨å ¯à¥®¡à §®¢ -
­¨© | ¯à¨¢®¤¨¬ë¥ ¨ ­¥¯à¨¢®¤¨¬ë¥. �¡  â¨¯  á¢®¤ïâáï ª áã¯¥à¯®§¨æ¨¨ ¯à¥®¡à §®¢ ­¨© ¯¥à¢®£®
¯®àï¤ª , ®¤­ ª® ¢ ¯¥à¢®¬ á«ãç ¥ ¯à®¬¥¦ãâ®ç­ë© £ ¬¨«ìâ®­¨ ­ íà¬¨â®¢,   ¢® ¢â®à®¬ | ­¥â.
� [1] (â¥®à¥¬  5) ¤«ï ç áâ­®£® á«ãç ï ¯®â¥­æ¨ «®¢, ¯à¥®¡à §®¢ ­¨¥ � à¡ã ª®â®àëå ¯à¨¢®¤¨â ª
­®¢®¬ã ¯®â¥­æ¨ «ã, ®â«¨ç îé¥¬ãáï ®â ¨áå®¤­®£® ­  ¯®áâ®ï­­®¥ á« £ ¥¬®¥, ãâ¢¥à¦¤ ¥âáï, çâ®
¯à¥®¡à §®¢ ­¨¥ N -£® ¯®àï¤ª  ¢á¥£¤  ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ áã¯¥à¯®§¨æ¨¨ N ¯à¥®¡à §®¢ -
­¨© ¯¥à¢®£® ¯®àï¤ª . � [5] íâ® ãâ¢¥à¦¤¥­¨¥ ®¡®¡é¥­® ­  ¯à®¨§¢®«ì­ë¥ ¯®â¥­æ¨ «ë ¡¥§ áâà®£®£®
¤®ª § â¥«ìáâ¢ . � ¤ ­­®© à ¡®â¥ áä®à¬ã«¨à®¢ ­® ¨ ¤®ª § ­® ¡®«¥¥ â®ç­®¥ ãâ¢¥à¦¤¥­¨¥. �â®ç-
­¥­¨¥ á¢ï§ ­® á ¨áª«îç¥­¨¥¬ ¨§ æ¥¯®çª¨ â¥å ¯à¥®¡à §®¢ ­¨©, ª®¬¯®§¨æ¨ï ª®â®àëå ï¢«ï¥âáï
®¯¥à â®à®¬ á¨¬¬¥âà¨¨ ¨áå®¤­®£® ãà ¢­¥­¨ï �à¥¤¨­£¥à .

2. � áá¬®âà¨¬ ãà ¢­¥­¨¥ �à¥¤¨­£¥à 

h0 (x) = E (x); h0 = �D2 + V0(x); D = d=dx; x 2 (a; b); (1)

£¤¥ V0(x) | ­¥ª®â®à ï ¤®áâ â®ç­® £« ¤ª ï ­  ¨­â¥à¢ «¥ (a; b) (ª®â®àë© ¬®¦¥â ®å¢ âë¢ âì ¢áî
¢¥é¥áâ¢¥­­ãî ®áì) ¢¥é¥áâ¢¥­­®§­ ç­ ï äã­ªæ¨ï. �ãáâì T0 | ¯à®áâà ­áâ¢® à¥è¥­¨© ãà ¢­¥­¨ï
(1).

�¯à¥¤¥«¥­¨¥. �¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ¯®àï¤ª  N ®¯¥à â®à bL(N) á ª®íää¨æ¨¥­â®¬
¯à¨ DN , à ¢­ë¬ ¥¤¨­¨æ¥, ¤¥©áâ¢ãîé¨© ¨§ T0 ¢ TN1 =f' : ' = bL ;  2 T0g, ­ §®¢¥¬ ®¯¥à â®à®¬
¯à¥®¡à §®¢ ­¨ï � à¡ã ¯®àï¤ª  N , ¥á«¨

bL(N)h0 � h0 bL(N) = AN(x)bL(N); (2)

£¤¥ AN(x) | ­¥ª®â®à ï ¤®áâ â®ç­® £« ¤ª ï äã­ªæ¨ï. �à¨ AN(x) � 0 ®¯¥à â®à bL(N) ­ §®¢¥¬
âà¨¢¨ «ì­ë¬.

�§ íâ®£® ®¯à¥¤¥«¥­¨ï ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â, çâ® äã­ªæ¨ï ' = bL(N) ã¤®¢«¥â¢®àï¥â ãà ¢-
­¥­¨î �à¥¤¨­£¥à  á ¯®â¥­æ¨ «®¬ VN(x) = V0(x) + AN(x),   ¯à®áâà ­áâ¢® TN1 � TN , £¤¥ TN |
¯à®áâà ­áâ¢® à¥è¥­¨© ãà ¢­¥­¨ï �à¥¤¨­£¥à  á ¯®â¥­æ¨ «®¬ VN(x).

�à¨ N = 1 ãà ¢­¥­¨¥ (2) ®¯à¥¤¥«ï¥â ®¡ëç­®¥ ¯à¥®¡à §®¢ ­¨¥ � à¡ã [6]

bL(1) = bL = �u0�=u� +D; A1(x) = �2(lnu�)00;
èâà¨å®¬ ®¡®§­ ç ¥¬ ¯à®¨§¢®¤­ãî ¯® x. �ã­ªæ¨ï u�, ¢å®¤ïé ï ¢ íâ¨ ¢ëà ¦¥­¨ï, ­ §ë¢ ¥âáï
äã­ªæ¨¥© ¯à¥®¡à §®¢ ­¨ï ¨ ®¯à¥¤¥«ï¥âáï ¨áå®¤­ë¬ £ ¬¨«ìâ®­¨ ­®¬ h0 : h0u� = �u�, � 2 R,
Imu� = 0. �¯¥à â®à bL ¨¬¥¥â ­¥âà¨¢¨ «ì­®¥ ï¤à® ker bL = spanfu�g, £¤¥ span ®§­ ç ¥â «¨­¥©­ãî
®¡®«®çªã ­ ¤ ¯®«¥¬ C .
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�á«¨ eu� ¢ë¡à ­® â ª, çâ® ¢à®­áª¨ ­ W (u�; eu�) = 1, â® bLeu� = u�1� = v� ¨ h1v� = �v�, h1 =
h0+A1(x). �à®¬¥ â®£®, ­¥¯®áà¥¤áâ¢¥­­ë¬¨ ¢ëç¨á«¥­¨ï¬¨ ã¡¥¦¤ ¥¬áï, çâ® lim

E!�
R�1(E)bL E(x) =

ev�(x), R(E) = E � � ¯à¨ ãá«®¢¨¨, çâ®  E(x)!u�(x) ¯à¨ E ! �. � íâ®¬ á«ãç ¥ h1ev� = �ev� ¨
W (v�; ev�) = W (u�; eu�) = 1. �®íâ®¬ã ­  ¯à®áâà ­áâ¢¥ T0 ¢á¥£¤  ¬®¦­® ®¯à¥¤¥«¨âì «¨­¥©­ë©
®¯¥à â®à L, ¯®«®¦¨¢ 'E = L E = R�1=2(E)bL E 8E 6= �, Leu� = bLeu� = v� = u�1� ¨ Lu� = ev�.
�¯¥à â®à L ª ¦¤®¬ã í«¥¬¥­âã  2 T0 áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥ ¥¤¨­áâ¢¥­­ë© í«¥¬¥­â ' 2 T1, £¤¥
T1 | ¯à®áâà ­áâ¢® à¥è¥­¨© ãà ¢­¥­¨ï �à¥¤¨­£¥à  á £ ¬¨«ìâ®­¨ ­®¬ h1, ¯à¨ç¥¬ W ('E; e'E) =
W ( E; e E) 8 E; e E 2 T0.

�§ (2) á«¥¤ã¥â, çâ® ¥á«¨ AN(x) | äã­ªæ¨ï ¢¥é¥áâ¢¥­­®§­ ç­ ï, â® bL(N)+ bL(N), £¤¥ bL(N)+ |
ä®à¬ «ì­® á®¯àï¦¥­­ë© ª bL(N) ®¯¥à â®à, ¡ã¤¥â ¤¨ää¥à¥­æ¨ «ì­ë¬ ¯®àï¤ª  2N ®¯¥à â®à®¬
á¨¬¬¥âà¨¨ ãà ¢­¥­¨ï (1) ¨, á«¥¤®¢ â¥«ì­®, ¡ã¤¥â ¬­®£®ç«¥­®¬ ¯®àï¤ª  N ®â h0.

�à¥¦¤¥ ç¥¬ ¯¥à¥©â¨ ª ¤®ª § â¥«ìáâ¢ã ®á­®¢­®© â¥®à¥¬ë, ¤®ª ¦¥¬ âà¨ «¥¬¬ë. �¥à¢ ï ¨§
­¨å ¯à¥¤áâ ¢«ï¥â á®¡®© ®á­®¢ã ¬¥â®¤  ä ªâ®à¨§ æ¨¨ ¢ ª¢ ­â®¢®© ¬¥å ­¨ª¥ (­ ¯à., [7]).

�¥¬¬  1. �¯¥à â®à bL � bL(1) â®£¤  ¨ â®«ìª® â®£¤  ï¢«ï¥âáï ®¯¥à â®à®¬ ¯à¥®¡à §®¢ ­¨ï

� à¡ã, ª®£¤  bL+ bL = h0 � �, � 2 R.

�®ª § â¥«ìáâ¢® «¥¬¬ë ¯à®¨§¢®¤¨âáï ¯ãâ¥¬ ­¥¯®áà¥¤áâ¢¥­­ëå ¢ëç¨á«¥­¨©.
�®áª®«ìªã ker bL+ = spanfv� = u�1� g, â® ­  ¯à®áâà ­áâ¢¥ T1 ¬®¦­® ®¯à¥¤¥«¨âì ®¯¥à â®à L+,

¯®«®¦¨¢ L+'E = R�1=2(E)bL+'E 8E 6= � ¨ L+ev� = bL+ev� = u� = v�1� , L+v� = eu�. �¯¥à â®àë L
¨ L+ ®áãé¥áâ¢«ïîâ ¢§ ¨¬­® ®¤­®§­ ç­®¥ ®â®¡à ¦¥­¨¥ ¯à®áâà ­áâ¢ T0 ¨ T1. �à®¬¥ â®£®, T0 =
T01 [ spanfeu�g, T1 = T11 [ spanfev�g, T01 = f :  = bL+'; ' 2 T1g.

�¥¬¬  2. �¯¥à â®à bL � bL(2) ¢á¥£¤  ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ bL = bL2
bL1, £¤¥ bL1 =

�u01=u1 +D, bL2 = �v0=v +D | ®¯¥à â®àë ¯à¥®¡à §®¢ ­¨ï � à¡ã ¯¥à¢®£® ¯®àï¤ª , u1 | äã­ª-

æ¨ï ¯à¥®¡à §®¢ ­¨ï, ã¤®¢«¥â¢®àïîé ï ãà ¢­¥­¨î (1) ¯à¨ ­¥ª®â®à®¬ á®¡áâ¢¥­­®¬ §­ ç¥­¨¨

C1, v | äã­ªæ¨ï ¯à¥®¡à §®¢ ­¨ï ¤«ï ¯®¢â®à­®£® ¯à¥®¡à §®¢ ­¨ï � à¡ã ¯¥à¢®£® ¯®àï¤ª , ã¤®-

¢«¥â¢®àïîé ï ãà ¢­¥­¨î �à¥¤¨­£¥à  á ¯à®¬¥¦ãâ®ç­ë¬ ¯®â¥­æ¨ «®¬ V1, ¯®«ãç¥­­ë¬ ¨§ V0 ¢
à¥§ã«ìâ â¥ ¯à¥®¡à §®¢ ­¨ï � à¡ã á ®¯¥à â®à®¬ bL1 ¨ á®®â¢¥âáâ¢ãîé ï á®¡áâ¢¥­­®¬ã §­ ç¥-

­¨î C2. �á«¨ C1 ¨ C2 2 R, â® ®­¨ ¯à®¨§¢®«ì­ë,   äã­ªæ¨¨ u1 ¨ v ¢¥é¥áâ¢¥­­®§­ ç­ë¥. �á«¨ C1

¨ C2 2 C , â® C2 = C�

1 ¨ v = bL1u
�

1. � §­®áâì ¯®â¥­æ¨ «®¢ A2(x) ï¢«ï¥âáï ¢¥é¥áâ¢¥­­®§­ ç­®©

äã­ªæ¨¥©.

�®ª § â¥«ìáâ¢®. �­ «®£¨ç­®¥ ãâ¢¥à¦¤¥­¨¥ á®¤¥à¦¨âáï ¢ [4], ®¤­ ª® ¤«ï ¤ «ì­¥©è¥£® ¡ã-
¤ãâ ¯®«¥§­ë ­¥ª®â®àë¥ ¤¥â «¨ ¤®ª § â¥«ìáâ¢  ¨ ¬ë ¯à¨¢¥¤¥¬ ¥£® ¯®«­®áâìî.

� áá¬®âà¨¬ bL = a0(x) + a1(x)D+ a2(x)D2. �§ (2) ¯®«ãç ¥¬ á¨áâ¥¬ã ãà ¢­¥­¨© ¤«ï äã­ªæ¨©
ai(x), i = 0; 1; 2, ¨ A(x) � A2(x). �§ íâ®© á¨áâ¥¬ë á«¥¤ã¥â, çâ® a2 =const, ¨ ¡¥§ ãé¥à¡  ¬®¦­®
¯®«®¦¨âì a2 = 1. �à®¬¥ â®£®, A = 2a01. �áª«îç¨¢ ¨§ á¨áâ¥¬ë a0 ¨ A, ¯®«ãç¨¬ ¤¨ää¥à¥­æ¨-
 «ì­®¥ ãà ¢­¥­¨¥ ¤«ï äã­ªæ¨¨ a1, ª®â®à®¥ ¡¥§ âàã¤  ¬®¦¥â ¡ëâì ¤¢ ¦¤ë ¯à®¨­â¥£à¨à®¢ ­® á
¯®áâ®ï­­ë¬¨ 2�1 ¨ �2 2 R. � à¥§ã«ìâ â¥ ¯®«ãç¨¬ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

a21V0 + a21a
0

1 �
1
2
a1a

00

1 +
1
4
a021 �

1
4
a41 � �1a

2
1 � �2 = 0: (3)

�¢¥¤¥¬ ­®¢ãî ¯¥à¥¬¥­­ãî u1, ¯®«®¦¨¢

u01=u1 =
1
2
a01=a1 �

1
2
a1 �p

�2=a1: (4)

�à ¢­¥­¨¥ (3) ¯à¨ íâ®¬ ¯à¨¬¥â ¢¨¤ �D2u1 + (V0 � C1)u1 = 0, £¤¥ C1 = �1 � p
�2, â. ¥. äã­ª-

æ¨ï u1 ï¢«ï¥âáï à¥è¥­¨¥¬ ¨áå®¤­®£® ãà ¢­¥­¨ï �à¥¤¨­£¥à . �¯à¥¤¥«¨¢ íâã äã­ªæ¨î, à¥è ¥¬
ãà ¢­¥­¨¥ (4). �¢¥¤¥¬ ­®¢ãî äã­ªæ¨î v, ¯®«®¦¨¢ a1 = �[ln(vu1)]0. �§ ãà ¢­¥­¨ï (4) ¯®«ãç¨¬
ãà ¢­¥­¨¥ ¤«ï äã­ªæ¨¨ v

�D2v + (V1 � C2)v = 0; (5)

66



£¤¥ C2 = �1 +
p
�2, V1 = V0 � 2(lnu1)xx. �âáî¤  ïá­®, çâ® äã­ªæ¨ï v ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢-

­¥­¨ï �à¥¤¨­£¥à , ¯®«ãç¥­­®£® ¨§ ãà ¢­¥­¨ï (1) ¯à¨ ¯®¬®é¨ ®¯¥à â®à  ¯à¥®¡à §®¢ ­¨ï bL1 á
äã­ªæ¨¥© ¯à¥®¡à §®¢ ­¨ï u1. �ç¨âë¢ ï, çâ® a1 = �[ln(vu1)]0 ¨ a0 = u01v

0=(u1v) � (lnu1)00, ¯®-
«ãç ¥¬ ãáâ ­ ¢«¨¢ ¥¬®¥ «¥¬¬®© ¢ëà ¦¥­¨¥ ¤«ï ®¯¥à â®à  bL. �à®¬¥ â®£®, ¯à¨ C2 6= C1 ¨¬¥¥¬
v = bL1u2 = u�11 W (u1; u2), £¤¥ h0u2 = C2u2. �«ï à §­®áâ¨ ¯®â¥­æ¨ «®¢ ¯®«ãç ¥¬ ¢ëà ¦¥­¨¥

A = �2[lnW (u1; u2)]
00: (6)

�à¨ C2 = C1 ¨¬¥¥¬ v = �1u
�1
1 + �2ev, £¤¥ �1; �2 2 R ¨ u�11 , ev | «¨­¥©­® ­¥§ ¢¨á¨¬ë¥ à¥è¥­¨ï

ãà ¢­¥­¨ï (5). �à®­áª¨ ­W ¢ ä®à¬ã«¥ (6) ­¥®¡å®¤¨¬® § ¬¥­¨âì ¢ íâ®¬ á«ãç ¥ ­  �1+�2u1ev.
�§ «¥¬¬ 1 ¨ 2 áà §ã ¦¥ ¯®«ãç¨¬

�«¥¤áâ¢¨¥. bL+ bL = (h0 � C1)(h0 � C2).

� ¬¥ç ­¨¥ 1. �à¨ C1 = C2 = C 2 R ¨ v = u�11 (�2 = 0) ®¯¥à â®à bL = �bL+
1
bL1 = C �H0 |

âà¨¢¨ «ì­ë© ®¯¥à â®à ¯à¥®¡à §®¢ ­¨ï.

� ¬¥ç ­¨¥ 2. � á«ãç ¥ C2 6= C1 ¯à®¬¥¦ãâ®ç­ãî äã­ªæ¨î v ¬®¦­® ¨áª«îç¨âì. �à¨ íâ®¬
¯®«ãç¨¬ ¤«ï bL ¨§¢¥áâ­®¥ [8] ¢ëà ¦¥­¨¥, ª®â®à®¥ ¤«ï æ¥¯®çª¨ N ¯à¥®¡à §®¢ ­¨© ¨¬¥¥â ¢¨¤

bL(N) = bLN
bLN�1 : : : bL1 =W�1(u1; : : : ; uN )

���������

u1 u2 : : : 1
u01 u02 : : : D
� � � � � � � � � � � �
u
(N)
1 u

(N)
2 : : : DN

���������
:

�à®¬¥ â®£®, bL(N)+ bL(N) = P (h0) =
NQ
i=1
(h0 � Ci), £¤¥ h0ui = Ciui ¨ ¢á¥ Ci à §«¨ç­ë. �á«¨ ª®íää¨-

æ¨¥­âë ¬­®£®ç«¥­  P (x) ¯à¨­ ¤«¥¦ â ¯®«î R, â® ¯à®¬¥¦ãâ®ç­ë¥ ¯®â¥­æ¨ «ë (¯à¨ ­ «¨ç¨¨
ª®¬¯«¥ªá­ëå ­ã«¥© ã P (x) ) ¬®£ãâ ¡ëâì ª®¬¯«¥ªá­®§­ ç­ë¬¨, ­® à¥§ã«ìâ¨àãîé¨© ¯®â¥­æ¨ «
(¯à¨ á®®â¢¥âáâ¢ãîé¥¬ ¢ë¡®à¥ äã­ªæ¨© ¯à¥®¡à §®¢ ­¨ï) ¡ã¤¥â ¢¥é¥áâ¢¥­­®§­ ç­®© äã­ªæ¨¥©.

�ãáâì A1; : : : ; AN | ­ã«¨ ¬­®£®ç«¥­  Q(h0) = bL(N)+ bL(N) áâ¥¯¥­¨ N á ¢¥é¥áâ¢¥­­ë¬¨ ª®íä-
ä¨æ¨¥­â ¬¨.

�¥¬¬  3. �á«¨ bL(N) | ®¯¥à â®à ¯à¥®¡à §®¢ ­¨ï � à¡ã N -£® ¯®àï¤ª , â® ker bL(N)
T

NS
i=1

ker(h0 �Ai) 6= ;.

�á«¨ ker bL(N) \ ker(h0 �A1) 6= ;, â® «¥¬¬  ¤®ª § ­ . �ãáâì
ker bL(N) \ ker(h0 �A1) = ;: (7)

�¡®§­ ç¨¬ v1 = bL(N)u1, ev1 = bL(N)eu1, £¤¥ u1, eu1 | ­¥ª®â®àë© ¡ §¨á ¢ ¯à®áâà ­áâ¢¥ ker(h0�A1). �
á¨«ã «¨­¥©­®áâ¨ ®¯¥à â®à  bL(N) ¨ ¯à¥¤¯®«®¦¥­¨ï (7) spanfv1; ev1g ­¥ ¬®¦¥â ¡ëâì ®¤­®¬¥à­ë¬
¯à®áâà ­áâ¢®¬. �®£¤ 

spanfv1; ev1g = ker(hN �A1) � ker bL(N)+ : (8)

�á¯®«ì§ãï ¯à¥¤«®¦¥­¨¥ 2.1 ¨§ ([9], c. 39), ¯à¥¤áâ ¢¨¬ ®¯¥à â®à bL(N)+ ¢ ¢¨¤¥ bL(N)+=bL(N�2)+ bL+
2
bL+
1 ,

£¤¥ bL+
1 = d

dx
ln v1�D, bL+

2 = d
dx
ln W (v1;ev1)

v1
�D. � á¨«ã ãá«®¢¨ï (8) ¯®«ãç ¥¬ bL(N)+ = �bL(N�2)+(hN�

A1). �¤¥áì bL(N�2)+ | ®¯¥à â®à ¯à¥®¡à §®¢ ­¨ï � à¡ã (N�2)-£® ¯®àï¤ª  ®â à¥è¥­¨© ãà ¢­¥­¨ï
�à¥¤¨­£¥à  á £ ¬¨«ìâ®­¨ ­®¬ hN ª à¥è¥­¨ï¬ íâ®£® ¦¥ ãà ¢­¥­¨ï á £ ¬¨«ìâ®­¨ ­®¬ h0. �®
â®£¤  bL(N) = �bL(N�2)(h0 � A�1), çâ® ¯à¨ A1 2 R ¯à®â¨¢®à¥ç¨â (7),   ¯à¨ A1 2 C ¯à¨¢®¤¨â ª
ãâ¢¥à¦¤¥­¨î «¥¬¬ë, ¯®áª®«ìªã ¢ íâ®¬ á«ãç ¥ A�1 | â ª¦¥ ­ã«ì ¬­®£®ç«¥­  Q(x) �.

�¥¯¥àì ¬ë ¬®¦¥¬ áä®à¬ã«¨à®¢ âì ¨ ¤®ª § âì ®á­®¢­ãî â¥®à¥¬ã.
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�¥®à¥¬ . �¥©áâ¢¨¥ ¢áïª®£® ­¥âà¨¢¨ «ì­®£® ®¯¥à â®à  bL(N) íª¢¨¢ «¥­â­® à¥§ã«ìâ¨àãî-

é¥¬ã ¤¥©áâ¢¨î ­¥ª®â®à®© æ¥¯®çª¨ k (� N) ¯à¥®¡à §®¢ ­¨© � à¡ã ¯¥à¢®£® ¯®àï¤ª .

�á¯®«ì§ãï «¥¬¬ë 2 ¨ 3 ¨ á®®¡à ¦¥­¨ï ¨­¤ãªæ¨¨, § ¯¨è¥¬ ¯à¥¤áâ ¢«¥­¨¥ bL(N)=bLN
bLN�1 : : : bL1,

çâ® á®®â¢¥âáâ¢ã¥â æ¥¯®çª¥ N ¯à¥®¡à §®¢ ­¨© � à¡ã ¯¥à¢®£® ¯®àï¤ª . �á«¨ ¬ë ­ å®¤¨¬áï
¢ ãá«®¢¨ïå § ¬¥ç ­¨ï 1, â® ª ª¨¥-«¨¡® ¯à®¨§¢¥¤¥­¨ï ¤¢ãå àï¤®¬ áâ®ïé¨å ®¯¥à â®à®¢ æ¥-
¯®çª¨ ¤ ¤ãâ âà¨¢¨ «ì­ë¥ ®¯¥à â®àë ¯à¥®¡à §®¢ ­¨ï. � íâ®¬ á«ãç ¥ bL(N) = bL(k)P (h0), £¤¥
bL(k) = bLt+k

bLt+k�1 : : : bLt+1, t | ­¥ª®â®à®¥ æ¥«®¥ ç¨á«® ¨ P (x) | ­¥ª®â®àë© ¬­®£®ç«¥­. �¯¥-
à â®àë ¯à¥®¡à §®¢ ­¨ï bL(N) ¨ bL(k) ¯à¨¢®¤ïâ ª ®¤­®© ¨ â®© ¦¥ à §­®áâ¨ ¯®â¥­æ¨ «®¢ AN(x), çâ®
¨ ¤®ª §ë¢ ¥â â¥®à¥¬ã.

� ¬¥ç ­¨¥ 3. � ¬¨ ®â¬¥ç¥­  ¢®§¬®¦­®áâì ¯®ï¢«¥­¨ï æ¥¯®ç¥ª ¨§ ¤¢ãå ¯à¥®¡à §®¢ ­¨©
� à¡ã ¯¥à¢®£® ¯®àï¤ª , ¯à¨¢®¤ïé¨å ª âà¨¢¨ «ì­®¬ã ®¯¥à â®àã ¯à¥®¡à §®¢ ­¨ï ¢â®à®£® ¯®àï¤-
ª  (á¬. § ¬¥ç ­¨¥ 1 ¨ «¥¬¬ã 3), ª®â®à ï ¬®¦¥â à¥ «¨§®¢ âìáï ¤«ï ¯à®¨§¢®«ì­®£® ¯®â¥­æ¨ « 
V0(x). �§¢¥áâ­ë â ª¨¥ ¯à¨¬¥àë ¯®â¥­æ¨ «®¢ [1], ¤«ï ª®â®àëå æ¥¯®çª¨ ¡�®«ìè¥© ¤«¨­ë ¯à¨¢®¤ïâ
ª âà¨¢¨ «ì­®¬ã ®¯¥à â®àã ¯à¥®¡à §®¢ ­¨ï.

3. � § ª«îç¥­¨¥ ®â¬¥â¨¬, çâ® ®¯¥à â®à bL(k)+ , ®áãé¥áâ¢«ïîé¨© ¯à¥®¡à §®¢ ­¨¥ ®â à¥è¥­¨©
ãà ¢­¥­¨ï �à¥¤¨­£¥à  á ¯®â¥­æ¨ «®¬ VN ª à¥è¥­¨ï¬ ãà ¢­¥­¨ï (1), ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢ ­
¤«ï ª®­áâàã¨à®¢ ­¨ï ®¯¥à â®à  bL(k)�1 . �à®¬¥ â®£®, ¥á«¨ A1; : : : ; Aq | à §«¨ç­ë¥ ­ã«¨ ¬­®£®-

ç«¥­  P (h0) = bL(k)+ bL(k), â® ¤«ï ¯à®áâà ­áâ¢  T0 ¢ë¯®«­ï¥âáï à §«®¦¥­¨¥ T0 = T01
S qS

i=1
spanfeuig,

ker(h0 � Ai) = spanfui; euig, i = 1; : : : ; q. �ã­ªæ¨¨ ui ï¢«ïîâáï äã­ªæ¨ï¬¨ ¯à¥®¡à §®¢ ­¨ï ¤«ï
¯à®¬¥¦ãâ®ç­®£® ®¯¥à â®à  ¯à¥®¡à §®¢ ­¨ï bL(q) = bLq

bLq�1 : : : bL1. �­ «®£¨ç­®¥ à §«®¦¥­¨¥ ¬®¦-
­® § ¯¨á âì ¤«ï ¯à®áâà ­áâ¢  TN .
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