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�ãáâì Rn | ¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢® à §¬¥à­®áâ¨ n, kxk = p
x�x | ­®à¬  ¢ Rn (§¢¥§¤®çª 

®§­ ç ¥â ®¯¥à æ¨î âà ­á¯®­¨à®¢ ­¨ï), Bn
" (x) := fy 2 R

n : ky � xk < "g; Mn;m | ¯à®áâà ­áâ¢®
¬ âà¨æ à §¬¥à­®áâ¨ n � m (¯à¨ m = n ¯¨è¥¬ Mn). �®à¬  ¢ Mn;m ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬
kAk = max

kxk=1
kAxk. �«ï H 2 Mn ®¡®§­ ç¨¬ B"(H) = fP 2 Mn : kP � Hk < "g. �áî¤ã ¤ «¥¥

E | ¥¤¨­¨ç­ ï ¬ âà¨æ , ¤«ï I � R ®¡®§­ ç¨¬ ç¥à¥§ KCm;n(I) ¯à®áâà ­áâ¢® ®£à ­¨ç¥­­ëå
ªãá®ç­®-­¥¯à¥àë¢­ëå ®â®¡à ¦¥­¨© U : I ! Mm;n á à ¢­®¬¥à­®© ­®à¬®© kUkC = sup

t2I
kU(t)k.

� áá¬®âà¨¬ «¨­¥©­ãî ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã

_x = A(t)x+B(t)u; x 2 Rn ; u 2 Rm ; t 2 R; (1)

£¤¥ ®¯¥à â®à-äã­ªæ¨ï A(�) ¯à¥¤¯®« £ ¥âáï ®£à ­¨ç¥­­®© ¨ ­¥¯à¥àë¢­®© (a := sup
t

kA(t)k),   B(�)
| ®£à ­¨ç¥­­®© ¨ à ¢­®¬¥à­® ­¥¯à¥àë¢­®© (b := sup

t

kB(t)k).
� ¯®¬­¨¬, çâ® á¨áâ¥¬  (1) ­ §ë¢ ¥âáï

1) ¢¯®«­¥ ã¯à ¢«ï¥¬®© ­  ®âà¥§ª¥ [t0; t0 + �], ¥á«¨ ¤«ï «î¡®£® x0 2 Rn ­ ©¤¥âáï â ª®¥
ã¯à ¢«¥­¨¥ u 2 KC([t0; t0 + �];Rm), çâ® à¥è¥­¨¥ § ¤ ç¨ �®è¨ _x = A(t)x + B(t)u(t),
x(t0) = x0 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î x(t0 + �) = 0;

2) à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬®©, ¥á«¨ áãé¥áâ¢ãîâ â ª¨¥ � > 0 ¨ l > 0, çâ® ¤«ï «î¡®£®
t0 2 R á¨áâ¥¬  (1) ¢¯®«­¥ ã¯à ¢«ï¥¬  ­  [t0; t0+�], ¯à¨ íâ®¬ áãé¥áâ¢ã¥â ã¯à ¢«¥­¨¥ u(�),
¯¥à¥¢®¤ïé¥¥ ¯à®¨§¢®«ì­ãî â®çªã x0 ¢ 0, ª®â®à®¥ ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã kukC � lkx0k
(l ®â x0 ­¥ § ¢¨á¨â);

3) �-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬®©, ¥á«¨ (1) à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬  ­  ®âà¥§ª å
¤«¨­ë �.

�ãáâì X(t; s) | ¬ âà¨æ  �®è¨ ®¤­®à®¤­®© á¨áâ¥¬ë

_x = A(t)x: (2)

�«ï ¯à®¨§¢®«ì­ëå t; s 2 R ®¡®§­ ç¨¬ Q(t; s) = X(t; s)B(s).

�¥¬¬  1. �¨áâ¥¬  (1) ¢¯®«­¥ ã¯à ¢«ï¥¬  ­  ®âà¥§ª¥ [t0; t0+�] ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥,

ª®£¤  ­ ©¤¥âáï â ª®© ­ ¡®à ¨§ p � n â®ç¥ª t1 < t2 < � � � < tp 2 [t0; t0 + �], çâ®

rank(Q(t0; t1); Q(t0; t2); : : : ; Q(t0; tp)) = n: (3)

�áá«¥¤®¢ ­¨ï ¯¥à¢®£®  ¢â®à  ¯à®ä¨­ ­á¨à®¢ ­ë �­áâ¨âãâ®¬ ¬ â¥¬ â¨ª¨ � æ¨®­ «ì­®© �ª ¤¥¬¨¨
� ãª �¥« àãá¨ ¢ à ¬ª å �®áã¤ àáâ¢¥­­®© ¯à®£à ¬¬ë äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨© \� â¥¬ â¨ç¥áª¨¥
áâàãªâãàë". �áá«¥¤®¢ ­¨ï ¢â®à®£®  ¢â®à  ¯®¤¤¥à¦ ­ë �®áá¨©áª¨¬ ä®­¤®¬ äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®-
¢ ­¨© (£à ­â 97{01{00413) ¨ �®­ªãàá­ë¬ æ¥­âà®¬ �¤¬ãàâáª®£® £®áã­¨¢¥àá¨â¥â  (£à ­â 97{04).
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� ¬¥ç ­¨¥ 1. �§¢¥áâ­® ([1], á. 43), çâ® á¨áâ¥¬  (1) ¢¯®«­¥ ã¯à ¢«ï¥¬  ­  ®âà¥§ª¥ [t0; t0+�]
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áâà®ª¨ ¬ âà¨æë Q(t0; t) «¨­¥©­® ­¥§ ¢¨á¨¬ë ­  íâ®¬ ®âà¥§ª¥. �à®¬¥
â®£®, ¯®«­ ï ã¯à ¢«ï¥¬®áâì (1) ­  [t0; t0 + �] íª¢¨¢ «¥­â­  â®¬ã, çâ®Z t0+�

t0

Q(t0; t)U dt = R
n ; (4)

£¤¥ U := KC([t0; t0 + �];Rm).

�®ª § â¥«ìáâ¢® «¥¬¬ë 1. �®áª®«ìªã §¤¥áì à áá¬ âà¨¢ ¥âáï ä¨ªá¨à®¢ ­­ë© ®âà¥§®ª
[t0; t0 + �], ¤«ï ªà âª®áâ¨ ¡ã¤¥¬ ®¡®§­ ç âì Q(t) := Q(t0; t).

�¥®¡å®¤¨¬®áâì. �à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥, ¯ãáâì rank(Q(t1); : : : ; Q(tn)) < n ¤«ï «î¡®£® ­ -
¡®à  ¨§ n â®ç¥ª t1 < � � � < tn 2 [t0; t0+�]. �ãáâì max

t1<���<tn
rank(Q(t1); : : : ; Q(tn)) = r < n, ¨ �1 < � � � <

�n 2 [t0; t0+�] â ª®¢ë, çâ® rank(Q(�1); : : : ; Q(�n)) = r. �®£¤  ¯à¨ ¤®¡ ¢«¥­¨¨ ª ­ ¡®àã �1 < � � � < �n
¯à®¨§¢®«ì­ëå â®ç¥ª t1; : : : ; tl 2 [t0; t0+�] ¡ã¤¥¬ ¨¬¥âì rank(Q(�1); : : : ; Q(�n); Q(t1); : : : ; Q(tl)) = r.

�¥©áâ¢¨â¥«ì­®, ¯à¨ ¤®¡ ¢«¥­¨¨ ­®¢ëå áâ®«¡æ®¢ ª ¬ âà¨æ¥ ¥¥ à ­£ ã¬¥­ìè¨âìáï ­¥ ¬®¦¥â.
�à¥¤¯®«®¦¨¬, çâ® ®­ ã¢¥«¨ç¨«áï, ¨ ¯ãáâì ¤«ï ®¯à¥¤¥«¥­­®áâ¨ rank(Q(�1); : : : ; Q(�n); Q(t1)) > r.
� á¨«ã ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ Q(�) ¬®¦­® áç¨â âì, çâ® â®çª  t1 ­¥ á®¢¯ ¤ ¥â ­¨ á ®¤­®© ¨§
â®ç¥ª �i. �®áª®«ìªã ¯à¨ ¢áïª®¬ j 2 f1; 2; : : : ; ng ¬ âà¨æ 

(Q(�1); : : : ; Q(�j�1); Q(�j+1); : : : ; Q(�n)) (5)

¨¬¥¥â m(n � 1) � n � 1 � r áâ®«¡æ®¢, â® ­ ©¤¥âáï â ª®¥ j 2 f1; 2; : : : ; ng, çâ® à ­£ ¬ âà¨æë (5)
à ¢¥­ r ¨ rank(Q(�1); : : : ; Q(�n); Q(t1)) = rank(Q(�1); : : : ; Q(�j�1); Q(�j+1); : : : ; Q(�n); Q(t1)) > r |
¯à®â¨¢®à¥ç¨¥ á â¥¬, çâ® ­ ¡®à �1 < �2 < � � � < �n ¤ ¥â ¬ ªá¨¬ «ì­ë© à ­£.

�¡®§­ ç¨¬ ç¥à¥§ Lr «¨­¥©­ãî ®¡®«®çªã áâ®«¡æ®¢ ¬ âà¨æë (Q(�1); : : : ; Q(�n)) ¨ ¡ã¤¥¬ à á-
á¬ âà¨¢ âì ¯à®¨§¢®«ì­ë¥ ®â¬¥ç¥­­ë¥ à §¡¨¥­¨ï T� ®âà¥§ª  [t0; t0 + �], ¢ ª®â®àë¥ ¢å®¤ïâ â®ç-

ª¨ �1; �2; : : : ; �n. �®£¤  ¤«ï «î¡®© äã­ªæ¨¨ u 2 KC([t0; t0 + �];Rm) ¨¬¥¥¬
t0+�R
t0

Q(t)u(t)dt =

lim
d(T )!0

P
i

Q(�i)u(�i)�ti � Lr. �®áª®«ìªã à §¬¥à­®áâì ¯®¤¯à®áâà ­áâ¢  Lr à ¢­  r < n, â® ¯®-

«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥ á (4).

�®áâ â®ç­®áâì.�ãáâì áãé¥áâ¢ãîâ â ª¨¥ t1 < � � � < tp 2 [t0; t0+�], çâ® rank(Q(t1); : : : ; Q(tp)) =
n. �®£¤  áâà®ª¨ ¬ âà¨æë Q(t) «¨­¥©­® ­¥§ ¢¨á¨¬ë ­  [t0; t0 + �]. �¥©áâ¢¨â¥«ì­®, ¢ ¯à®â¨¢-
­®¬ á«ãç ¥ ­ ©¤¥âáï â ª®© ­¥­ã«¥¢®© ¢¥ªâ®à � 2 R

n , çâ® ��Q(t) � 0 ­  [t0; t0 + �]. �®£¤ 
��(Q(t1); : : : ; Q(tp)) = 0. �â® ®§­ ç ¥â, çâ® rank(Q(t1); : : : ; Q(tp)) < n | ¯à®â¨¢®à¥ç¨¥. �§ § -
¬¥ç ­¨ï 1 á«¥¤ã¥â, çâ® (1) ¢¯®«­¥ ã¯à ¢«ï¥¬  ­  [t0; t0 + �].

�«¥¤áâ¢¨¥. �¨áâ¥¬  (1) ¢¯®«­¥ ã¯à ¢«ï¥¬  ­  [t0; t0 + �] â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ­ ©-
¤ãâáï â ª¨¥ t1 < � � � < tn 2 [t0; t0 + �] ¨ �1; : : : ; �n 2 Rm , k�jk = 1 (j = 1; : : : ; n), çâ®

det(Q(t1)�1; : : : ; Q(tn)�n) 6= 0: (6)

�®ª § â¥«ìáâ¢®. �®áâ â®ç­®áâì. �ãáâì t1 < � � � < tn 2 [t0; t0 + �] â ª®¢ë, çâ® ¢ë¯®«­¥­®
á®®â­®è¥­¨¥ (6). �®ª ¦¥¬, çâ® rank(Q(t1); : : : ; Q(tn)) = n. �à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥, ¯ãáâì áã-
é¥áâ¢ã¥â â ª®© ­¥­ã«¥¢®© ¢¥ªâ®à � 2 Rn , çâ® ��(Q(t1); : : : ; Q(tn)) = 0 2 Rmn�. �®íâ®¬ã ��Q(tj) =
0 2 Rm� ¯à¨ ¢á¥å j 2 f1; : : : ; ng. �«¥¤®¢ â¥«ì­®, ¤«ï ¢¥ªâ®à®¢ �1; : : : ; �n, ¢å®¤ïé¨å ¢ (6), á¯à ¢¥¤-
«¨¢® á®®â­®è¥­¨¥

nP
j=1

(��Q(tj)�j)2 = 0. �® ¨§ (6) ¢ëâ¥ª ¥â, çâ® ��(Q(t1)�1; : : : ; Q(tn)�n) 6= 0 2 Rn�,

â. ¥.
nP

j=1
(��Q(tj)�j)2 > 0 | ¯à®â¨¢®à¥ç¨¥.

�¥®¡å®¤¨¬®áâì. �ãáâì (1) ¢¯®«­¥ ã¯à ¢«ï¥¬  ­  [t0; t0 + �]. �®£¤  á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®
(3). �ãáâì ri := rankQ(ti), r1 + � � �+ rp � n. �®§ì¬¥¬ ¯à®¨§¢®«ì­®¥ i 2 f1; : : : ; pg. �à¥¤¯®«®¦¨¬,
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çâ® ¢¥ªâ®àë �i1; :::; �
i
ri
2 Rm , k�ijk = 1, â ª®¢ë, çâ® rank(Q(ti)�i1; :::; Q(ti)�

i
ri
) = ri. �§ ­¥¯à¥àë¢­®-

áâ¨ äã­ªæ¨¨Q(�) ­  [t0; t0+�] á«¥¤ã¥â, çâ® rank(Q(� i1)�i1; :::; Q(� iri)�iri) = ri ¯à¨ ¤®áâ â®ç­® ¬ «®¬ �

¨ ¯à®¨§¢®«ì­ëå � i1; :::; �
i
ri
2 B1

�(ti), ¯à¨ íâ®¬ rank(Q(� 11 )�
1
1 ; :::; Q(�

1
r1
)�1r1 ; :::; Q(�

p
1 )�

p
1 ; :::; Q(�

p
rp
)�prp) =

n. �§ï¢ §¤¥áì n ¯®¯ à­® à §«¨ç­ëå ¬®¬¥­â®¢ ¢à¥¬¥­¨ � ij , ¯®«ãç¨¬ ãâ¢¥à¦¤¥­¨¥ á«¥¤áâ¢¨ï.

�¥¬¬  2. �¨áâ¥¬  (1) �-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬  ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤ 

­ ©¤¥âáï � > 0 â ª®¥, çâ® ¤«ï ª ¦¤®£® t0 2 R áãé¥áâ¢ãîâ t1; : : : ; tn 2 [t0; t0+ �] ¨ �1; : : : ; �n 2
R
m , k�jk = 1, ¤«ï ª®â®àëå ¬ âà¨æ 

F = F (t0) := (Q(t0; t1)�1; : : : ; Q(t0; tn)�n) (7)

ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã

jdetF (t0)j � �: (8)

� ¬¥ç ­¨¥ 2. �§¢¥áâ­® [2], çâ® á¨áâ¥¬  (1) �-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬  ¢ â®¬ ¨ â®«ìª®
â®¬ á«ãç ¥, ª®£¤  ­ ©¤¥âáï â ª®¥ � > 0, çâ® ¯à¨ ¢á¥å t 2 R ¬ âà¨æ  � «¬ ­ 

W (t; t+ �) :=
Z t+�

t

X(t; s)B(s)B�(s)X�(t; s)ds

ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã W (t; t+ �) � �E, ¯®­¨¬ ¥¬®¬ã ¢ á¬ëá«¥ ª¢ ¤à â¨ç­ëå ä®à¬. �ç¥-
¢¨¤­®, íâ® á¢®©áâ¢® íª¢¨¢ «¥­â­® áãé¥áâ¢®¢ ­¨î â ª®£® � > 0, çâ® ¤«ï ª ¦¤®£® t0 2 R ¨
ª ¦¤®£® � 2 Rn , k�k = 1, ­ ©¤¥âáï � 2 Rm , k�k = 1 ¨ â ª®©, çâ®Z t0+�

t0

(��Q(t0; s)�)
2 ds � �: (9)

�®ª § â¥«ìáâ¢® «¥¬¬ë 2. �®áâ â®ç­®áâì. �à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥, ¯ãáâì (1) ­¥ ï¢«ï-
¥âáï à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬®©, â. ¥. á¢®©áâ¢® (9) ­¥ ¢ë¯®«­¥­®. �â® ®§­ ç ¥â, çâ® ¤«ï
ª ¦¤®£® k 2 N ­ ©¤ãâáï #k 2 R ¨ �k 2 R

n , k�kk = 1 ¨ â ª¨¥, çâ® ¯à¨ ¢á¥å � 2 R
m , k�k = 1,

á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®
#k+�R
#k

(��kQ(#k; s)�)
2 ds < 1=k. �ãáâì b� | ¯à¥¤¥«ì­ ï â®çª  ¯®á«¥¤®¢ -

â¥«ì­®áâ¨ f�kg. �¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ áç¨â ¥¬, çâ® lim
k!1

�k = b�. �®£¤  áãé¥áâ¢ã¥â K 2 N,
­ ç¨­ ï á ª®â®à®£® Z #k+�

#k

(b� �Q(#k; s)�)2 ds < 2=k: (10)

�®ª ¦¥¬, çâ® ¤«ï ¢áïª®£® " > 0 áãé¥áâ¢ã¥â â ª®¥ k, çâ® ¯à¨ ¢á¥å � 2 R
m , k�k = 1, ¨ ¢á¥å

t 2 [#k; #k + �]

jb� �Q(#k; t)�j < ": (11)

�¥©áâ¢¨â¥«ì­®, ¯ãáâì íâ® ­¥ â ª. �®£¤  ­ ©¤¥âáï â ª®¥ � > 0, çâ® ¯à¨ ¢á¥å k 2 N áãé¥áâ¢ãîâ
¥¤¨­¨ç­ë© ¢¥ªâ®à � 2 Rm ¨ ¬®¬¥­â ¢à¥¬¥­¨ bt 2 [#k; #k + �], ¤«ï ª®â®àëå á¯à ¢¥¤«¨¢® ­¥à ¢¥­-
áâ¢® jb� �Q(#k; bt )�j � �. �®áª®«ìªã äã­ªæ¨ï t 7! Q(#k; t) à ¢­®¬¥à­® ­¥¯à¥àë¢­  ­  [#k; #k + �]
(à ¢­®¬¥à­® ®â­®á¨â¥«ì­® k), â® ­ ©¤¥âáï â ª®¥ ­¥ § ¢¨áïé¥¥ ®â k ç¨á«® � > 0, çâ® ¯à¨ ¢á¥å

t 2 B1
�(t̂ ) ¯®«ãç¨¬ jb� �Q(#k; t)�j � �=2. �®íâ®¬ã

#k+�R
#k

(b� �Q(#k; s)�)2 ds � �2�=4, çâ® ¯à¨ ¤®áâ â®ç­®

¡®«ìè¨å k ¯à®â¨¢®à¥ç¨â (10).
�§ (11) á«¥¤ã¥â, çâ® kb� �(Q(#k; t1)�1; : : : ; Q(#k; tn)�n)k < n"2 ¤«ï «î¡ëå ­ ¡®à®¢ t1; : : : ; tn 2

[#k; #k + �] ¨ �1; : : : ; �n 2 Rm , k�jk = 1,   íâ® ¯à¨ ¬ «ëå " ¯à®â¨¢®à¥ç¨â (8).

�¥®¡å®¤¨¬®áâì. �§ (9) á«¥¤ã¥â, çâ® ­ ©¤¥âáï â ª®¥ �1 > 0, çâ® ¤«ï ª ¦¤®£® � 2 Rn , k�k = 1,
¨ ª ¦¤®£® t0 2 R áãé¥áâ¢ãîâ â ª¨¥ � 2 Rm , k�k = 1, ¨ bt 2 [t0; t0 + �], çâ®

j��Q(t0; bt )�j � �1: (12)
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�®ª ¦¥¬ áãé¥áâ¢®¢ ­¨¥ â ª¨å ¯®«®¦¨â¥«ì­ëå ç¨á¥« �1; : : : ; �n, çâ® ¤«ï ª ¦¤®£® t0 ­ ©¤ãâáï
t1; : : : ; tn 2 [t0; t0 + �] ¨ �1; : : : ; �n 2 Rm , k�jk = 1, ®¡¥á¯¥ç¨¢ îé¨¥ ¯à¨ ¢á¥å j = 1; : : : ; n ­¥à ¢¥­-
áâ¢ 

Vj(Q(t0; t1)�1; : : : ; Q(t0; tj)�j) � �j ; (13)

£¤¥ ç¥à¥§ Vj(w1; : : : ; wj) ®¡®§­ ç¥­ j-¬¥à­ë© ®¡ê¥¬ ¯ à ««¥«®â®¯ , ­ âï­ãâ®£® ­  ¢¥ªâ®àë
w1; : : : ; wj 2 Rn .

�¥©áâ¢¨â¥«ì­®, ¨§ (12) á«¥¤ã¥â, çâ® ¯à¨ j = 1 á®®â­®è¥­¨¥ (13) ¢ë¯®«­¥­®. �à¥¤¯®«®¦¨¬,
®­® ¤®ª § ­® ¤«ï ¢á¥å j 2 f1; : : : ; l � 1g, â. ¥. ¯®ª § ­® áãé¥áâ¢®¢ ­¨¥ â ª¨å t1; : : : ; tl�1, çâ® (13)
¢ë¯®«­¥­® ¯à¨ ¢á¥å j 2 f1; : : : ; l � 1g. �®ª ¦¥¬, çâ® ­  ¯à®¨§¢®«ì­®¬ [t0; t0 + �] ­ ©¤¥âáï â -
ª®¥ tl, çâ® (13) ¨¬¥¥â ¬¥áâ® ¨ ¤«ï j = l. �à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥, ¯ãáâì ¤«ï «î¡®£® k 2 N

áãé¥áâ¢ã¥â â ª®¥ #k 2 R, çâ® ¤«ï ¢á¥å t 2 [#k; #k + �] ¨ ¢á¥å � 2 Rm , k�k = 1, á¯à ¢¥¤«¨¢® ­¥à -
¢¥­áâ¢® Vl(Q(#k; t1)�1; : : : ; Q(#k; tl�1)�l�1; Q(#k; t)�) < 1=k. �ãáâì L ¥áâì (l � 1)-¬¥à­®¥ «¨­¥©­®¥
¯®¤¯à®áâà ­áâ¢® ¢¥ªâ®à®¢ Q(#k; t1)�1; : : : ; Q(#k; tl�1)�l�1, M ¥áâì (n� l+1)-¬¥à­®¥ «¨­¥©­®¥ ®à-
â®£®­ «ì­®¥ ¥¬ã ¯®¤¯à®áâà ­áâ¢®. �¡®§­ ç¨¬ ç¥à¥§ 
(t) 2 [0; �) ã£®« ¬¥¦¤ã ¢¥ªâ®à®¬ Q(#k; t)�
¨ L. �®£¤ 

Vl(Q(#k; t1)�1; : : : ; Q(#k; tl�1)�l�1; Q(#k; t)�) =

= Vl�1(Q(#k; t1)�1; : : : ; Q(#k; tl�1)�l�1)kQ(#k; t)�k sin 
(t);
¯®íâ®¬ã kQ(#k; t)�k sin
(t) < 1=(k�l�1). �ãáâì r(t) | ¯à®¥ªæ¨ï ¢¥ªâ®à  Q(#k; t)� ­ M . �ë¡¥à¥¬
®àâ®­®à¬¨à®¢ ­­ë© ¡ §¨á e1; : : : ; en ¯à®áâà ­áâ¢  Rn â ª, çâ® e1; : : : ; en�l+1 | ¡ §¨á M . �®£¤ 
je�1Q(#k; t)�j = je�1r(t)j � kr(t)k = kQ(#k; t)�k sin
(t) < 1=(k�l�1),   íâ® ¯à®â¨¢®à¥ç¨â (12). � ª¨¬
®¡à §®¬, (13) ¢ë¯®«­¥­®. �®

jdetF (t0)j =
q
det(F �(t0)F (t0)) =

q
�(Q(t0; t1)�1; : : : ; Q(t0; tn)�n) =

= Vn(Q(t0; t1)�1; : : : ; Q(t0; tn)�n) � �n;

§¤¥áì ç¥à¥§ �(w1; : : : ; wn) ®¡®§­ ç¥­ ®¯à¥¤¥«¨â¥«ì �à ¬  á®¢®ªã¯­®áâ¨ ¢¥ªâ®à®¢ w1; : : : ; wn 2
R
n .

� ¬¥ç ­¨¥ 3. �§ à ¢­®¬¥à­®© ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ t 7! Q(t0; t) ­  ª ¦¤®¬ ¨§ ®âà¥§ª®¢
[t0; t0+�] (à ¢­®¬¥à­®© ®â­®á¨â¥«ì­® t0) á«¥¤ã¥â, çâ® ­ ¡®à ¬®¬¥­â®¢ ¢à¥¬¥­¨ t1; : : : ; tn 2 [t0; t0+
�] ¨§ ä®à¬ã«¨à®¢ª¨ «¥¬¬ë 2 ¬®¦¥â ¡ëâì ¢§ïâ â ª, çâ® jti � tj j � �0 ¯à¨ i 6= j; ti � t0 � �0 ¨
t0 + � � ti � �0 ¤«ï ¢á¥å i, ¯à¨ç¥¬ ¯®«®¦¨â¥«ì­®¥ ç¨á«® �0 ­¥ § ¢¨á¨â ®â t0.

�¯à¥¤¥«¥­¨¥ 1. �ª ¦¥¬, çâ® ª á¨áâ¥¬¥ (1) ¯à¨¬¥­¨¬® �-¯à¥®¡à §®¢ ­¨¥, ¥á«¨ áãé¥áâ¢ã¥â
â ª®¥ T > 0, çâ® ¤«ï ª ¦¤®£® � 2 R ­ ©¤¥âáï ã¯à ¢«¥­¨¥ U 2 KCm;n(R), ®¡¥á¯¥ç¨¢ îé¥¥ ¤«ï
¬ âà¨æë �®è¨ YU(t; s) § ¬ª­ãâ®© á¨áâ¥¬ë

_y = (A(t) +B(t)U(t))y (14)

à ¢¥­áâ¢®

YU (kT; (k � 1)T ) = exp(�T )X(kT; (k � 1)T ) (15)

¯à¨ ¢á¥å k 2 Z.
�â¬¥â¨¬, çâ® ®¯à¥¤¥«¥­¨¥ 1 ¢®áå®¤¨â ª ®¯à¥¤¥«¥­¨î �-¯à¥®¡à §®¢ ­¨ï á¨áâ¥¬ë (2) ([3],

á. 249), ª®â®à®¥ § ª«îç ¥âáï ¢ ¤®¡ ¢«¥­¨¨ ª ¬ âà¨æ¥ A(t) á¨áâ¥¬ë (2) ¢®§¬ãé¥­¨ï D(t) � �E.
� âà¨æ  �®è¨ Y (t; s) ¢®§¬ãé¥­­®© á¨áâ¥¬ë _y = (A(t)+D(t))y ®¡« ¤ ¥â â¥¬ á¢®©áâ¢®¬, çâ® ¯à¨
¢á¥å t; s 2 R á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

Y (t; s) = exp(�(t� s))X(t; s): (16)
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�§ (15) á«¥¤ã¥â, çâ® ¤«ï ¬ âà¨æë �®è¨ á¨áâ¥¬ë (14) ¯à¨ ¢á¥å k; l 2 Z ¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥

YU(kT; lT ) = exp(�(k � l)T )X(kT; lT ); (17)

 ­ «®£¨ç­®¥ (16), ­® ¢ë¯®«­¥­­®¥ ­  ®â­®á¨â¥«ì­® ¯«®â­®¬ ­  ç¨á«®¢®© ¯àï¬®© ¬­®¦¥áâ¢¥
â®ç¥ª fkT; k 2 Zg.

�¥®à¥¬ . �á«¨ á¨áâ¥¬  (1) à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ , â® ª ­¥© ¯à¨¬¥­¨¬® �-¯à¥®¡-
à §®¢ ­¨¥.

�®ª § â¥«ìáâ¢®. �ãáâì á¨áâ¥¬  (1) �-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ . � ä¨ªá¨àã¥¬ «î¡®¥
� 2 R. �®áâà®¨¬ â ª®¥ ã¯à ¢«¥­¨¥ U 2 KCm;n(R), çâ® (15) ¡ã¤¥â ¢ë¯®«­¥­® ¯à¨ T = 2�. �«ï
¯à®¨§¢®«ì­®£® k 2 Z ­  ®âà¥§ª¥ Ik := [2k�; (2k + 1)�] à áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã

_Z = A(t)Z +B(t)V (t); (18)

Z(2k�) = E; Z((2k + 1)�) = X((2k + 1)�; 2k�)e�; (19)

£¤¥ e� 2 Mn | ¤®áâ â®ç­® ¡«¨§ª ï ª � := exp(2��)E ¬ âà¨æ , ¢ë¡®à ª®â®à®© ¡ã¤¥â ãâ®ç­¥­
­¨¦¥. �¥è¥­¨¥ § ¤ ç¨ (18), (19) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

Z(t) = X(t; 2k�)
�
E +

Z t

2k�
Q(2k�; s)V (s)ds

�
; (20)

¢â®à®¥ ¨§ ãá«®¢¨© (19) ¢ë¯®«­¥­® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

E +
Z (2k+1)�

2k�

Q(2k�; s)V (s) ds = e�: (21)

�à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ãîâ â ª¨¥ ­¥ § ¢¨áïé¨¥ ®â k 2 Z ç¨á«  �1 > 0 ¨ �2 > 0, çâ®
kV (t)k � �1 ¯à¨ ¢á¥å t 2 Ik, ¨ ¬ âà¨æ  Z(t), ®¯à¥¤¥«ï¥¬ ï á®®â­®è¥­¨ï¬¨ (20) ¨ (21), ã¤®¢«¥-
â¢®àï¥â ­¥à ¢¥­áâ¢ã detZ(t) � �2. �®«®¦¨¬ U(t) := V (t)Z�1(t), t 2 Ik. �®£¤  kU(t)k ®£à ­¨ç¥­ 
­  Ik à ¢­®¬¥à­® ®â­®á¨â¥«ì­® k,   Z(�) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

_Z = (A(t) +B(t)U(t))Z (22)

¨ ªà ¥¢ë¬ ãá«®¢¨ï¬ (19). �®íâ®¬ã ­ è  § ¤ ç  á¢®¤¨âáï ª ­ å®¦¤¥­¨î â ª®© ¬ âà¨ç­®© äã­ª-
æ¨¨ V (�) 2 KCm;n(R), çâ® ¢ë¯®«­¥­ë à ¢¥­áâ¢® (21) ¨ ãá«®¢¨¥

det
�
E +

Z t

2k�
Q(2k�; s)V (s)ds

�
� 
 (23)

¯à¨ ¢á¥å t 2 Ik ¨ ­¥ª®â®à®¬, ­¥ § ¢¨áïé¨¬ ®â k 2 Z ¨ ®â t ç¨á«¥ 
 > 0.
�ãáâì t1 < � � � < tn 2 Ik ¨ �1; : : : ; �n 2 R

m , k�jk = 1 (j = 1; : : : ; n), ¢ë¡à ­ë ¢ á®®â¢¥âáâ¢¨¨ á
«¥¬¬®© 2 ¨ § ¬¥ç ­¨¥¬ 3. �®«ì§ãïáì (7), ®¡®§­ ç¨¬ F = Fk = F (2k�). �ãáâì �j (j = 1; : : : ; n)
| ¯à®¨§¢®«ì­ë¥ ®âà¥§ª¨, ã¤®¢«¥â¢®àïîé¨¥ á«¥¤ãîé¨¬ ãá«®¢¨ï¬:  ) tj 2 �j ; ¡) j�ij = �,
£¤¥ §­ ç¥­¨¥ ¯®«®¦¨â¥«ì­®© ¢¥«¨ç¨­ë � < �0 ¡ã¤¥â ãâ®ç­¥­® ­¨¦¥ (�0 | ¨§ § ¬¥ç ­¨ï 3).
�ç¥¢¨¤­®, ®âà¥§ª¨ �j ¯®¯ à­® ­¥ ¯¥à¥á¥ª îâáï ¨ á®¤¥à¦ âáï ¢® ¢­ãâà¥­­®áâ¨ Ik. �¡®§­ ç¨¬
�j =: [�j ; #j ]; �0 := #0 := 2k�; �n+1 := (2k+1)�; Vj := �je

�
j (��E)F�1

k =�. �®£¤  kVjk � j exp(2��)�
1j kF�1

k k=� � �j exp(2��)�1j=�, £¤¥ � > 0 | ¢¥«¨ç¨­ , ®£à ­¨ç¨¢ îé ï á¢¥àåã kF�1
k k. �â¬¥â¨¬,

çâ® � ­¥ § ¢¨á¨â ®â k, | íâ® á«¥¤ã¥â ¨§ (8) ¨ â®£®, çâ® kQ(2k�; t)k � b exp(a�) ¯à¨ ¢á¥å k.

�¯à¥¤¥«¨¬ äã­ªæ¨î V (�) ­  Ik à ¢¥­áâ¢ ¬¨ V (t) � Vj ¯à¨ t 2 �j ¨ V (t) � 0 ¯à¨ t 2 Ikn
nS

j=1
�j.

�®«®¦¨¬ G(t) = E +
tR

2k�

Q(2k�; s)V (s)ds. �ç¥¢¨¤­®, ¯à¨ t 2 (#j ; �j+1), £¤¥ j 2 f0; : : : ; ng, ¨¬¥¥â
¬¥áâ® â®¦¤¥áâ¢® G(t) � G(#j).
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�«ï t 2 [�j ; �j+1) ¯à¨ j = 1; : : : ; n ®¡®§­ ç¨¬ Rj(t) :=
tR
�j

(Q(2k�; s) �Q(2k�; tj))V (s)ds, S(t) :=

j�1P
i=1

Ri(#i) +Rj(t). �à¨ t 2 [2k�; �1) ¯®« £ ¥¬ S(t) � 0. �â¬¥â¨¬, çâ® ¤«ï ¢á¥å t 2 Ik

kS(t)k �
nX
i=1

� � kVik �max
t2�i

kQ(2k�; ti)�Q(2k�; t)k �

� n� � j exp(2��) � 1j � max
jt̂1�t̂2j��

kQ(2k�; t̂1)�Q(2k�; t̂2)k: (24)

�®áª®«ìªã äã­ªæ¨ï t 7! Q(2k�; t) à ¢­®¬¥à­® ­¥¯à¥àë¢­  ­  Ik, â® ¤«ï «î¡®£® " > 0 ­ ©¤¥âáï
â ª®¥ ­¥ § ¢¨áïé¥¥ ®â k ç¨á«® � 2 (0;�0), çâ®

kSkC < ": (25)

� «¥¥,Z
�j

Q(2k�; s)V (s) ds =
Z
�j

Q(2k�; s)Vj ds =
Z
�j

Q(2k�; tj)Vj ds+Rj(#j) =

=
1
�

Z
�j

Q(2k�; tj)�je�j (��E)F�1 ds+Rj(#j) =
1
�
�� � Feje�j (��E)F�1 +Rj(#j) =

= F � diag(0; : : : ; 0; exp(2��) � 1; 0; : : : ; 0)F�1 +Rj(#j);

£¤¥ í«¥¬¥­â exp(2��) � 1 ­ å®¤¨âáï ­  j-¬ ¬¥áâ¥. �®íâ®¬ã

G(#j) = E +
jX

i=1

Z
�i

Q(2k�; s)Vi ds =

= F (E + diag(exp(2��)� 1; : : : ; exp(2��) � 1; 0; : : : ; 0)F�1 +
jX

i=1

Ri(#i) =

= F diag(exp(2��); : : : ; exp(2��); 1; : : : ; 1)F�1 + S(#j):

�«¥¤®¢ â¥«ì­®, ¤«ï t 2 �j+1

G(t) = G(#j) +
Z t

�j+1

Q(2k�; tj+1)Vj+1 ds+Rj+1(t) =

= F diag(exp(2��); : : : ; exp(2��); 1; : : : ; 1)F�1 +

+
t� �j+1

�
Fej+1e

�
j+1(��E)F�1 +

jX
i=1

Ri(#i) +Rj+1(t) =

= S(t) + F � diag(exp(2��); : : : ; exp(2��); 1 + t� �j+1
�

(exp(2��) � 1); 1; : : : ; 1)F�1;

det(G(t)�S(t)) = exp(2��j)
�
1 + t��j+1

�
(exp(2��) � 1)

�
«¨­¥©­® § ¢¨á¨â ®â t, ¯à¨ç¥¬ det(G(�j+1)�

S(�j+1)) = exp(2��j), det(G(#j+1)� S(#j+1)) = exp(2��(j + 1)). �ç¥¢¨¤­®,

min
t2Ik

det(G(t)� S(t)) =

(
1; ¥á«¨ � � 0;

exp(2n��); ¥á«¨ � < 0:

�®íâ®¬ã ¯à¨ ¯à®¨§¢®«ì­®¬ � 2 R ¨¬¥¥¬ ­¥à ¢¥­áâ¢®

min
t2Ik

det(G(t)� S(t)) � exp(�2nj�j�):
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� ª ª ª ®¯à¥¤¥«¨â¥«ì ¬ âà¨æë ­¥¯à¥àë¢­® § ¢¨á¨â ®â ¥¥ í«¥¬¥­â®¢, â® ¨§ (25) á«¥¤ã¥â, çâ®
­ ©¤¥âáï ­ áâ®«ìª® ¬ «®¥ � 2 (0;�0), çâ®

detG(t) � 1
2
exp(�2nj�j�); (26)

¯®íâ®¬ã (23) ¢ë¯®«­¥­®.
�®«®¦¨¬ e� := � + S((2k + 1)�). �®£¤  ¯®áâà®¥­­®¥ ­  Ik ã¯à ¢«¥­¨¥ V (�) ®¡¥á¯¥ç¨¢ -

¥â á®®â­®è¥­¨ï (22) ¨ (19), ¯®íâ®¬ã ¤«ï ¬ âà¨æë �®è¨ á¨áâ¥¬ë (14) ¨¬¥¥â ¬¥áâ® à ¢¥­-
áâ¢® YU ((2k + 1)�; 2k�) = X((2k + 1)�; 2k�)e�. �à®¬¥ â®£®, ¨§ (24) á«¥¤ã¥â, çâ® ke� � �k �
n�j exp(2��) � 1j max

jbt1�bt2j�� kQ(2k�; bt1)�Q(2k�; bt2)k.
�§¢¥áâ­® [4], çâ® �-à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ ï á¨áâ¥¬  (1) ®¡« ¤ ¥â á«¥¤ãîé¨¬ á¢®©-

áâ¢®¬: ¤«ï «î¡®£® " > 0 áãé¥áâ¢ã¥â â ª®¥ � = �(") > 0, çâ® ¤«ï ¢áïª®© ¬ âà¨æë H 2 B�(E)
¨ «î¡®£® t0 2 R ­ ©¤¥âáï ã¯à ¢«¥­¨¥ U 2 KCm;n([t0; t0 + �]), kUk < ", ®¡¥á¯¥ç¨¢ îé¥¥ ¤«ï
¬ âà¨æë �®è¨ á¨áâ¥¬ë (14) à ¢¥­áâ¢®

YU (t0 + �; t0) = HX(t0 + �; t0): (27)

�®§ì¬¥¬ " = 1 ¨ ¯® ­¥¬ã ­ ©¤¥¬ ¢¥«¨ç¨­ã b� := �(1). �®áâà®¨¬ ¢ á®®â¢¥âáâ¢¨¨ á íâ¨¬ á¢®©áâ¢®¬
­  ®âà¥§ª¥ [(2k + 1)�; 2(k + 1)�] â ª®¥ ªãá®ç­®-­¥¯à¥àë¢­®¥ ã¯à ¢«¥­¨¥ U(�), çâ® ¢ë¯®«­¥­®
(27) á t0 = (2k + 1)� ¨ H = �X(2(k + 1)�; 2k�)e��1X(2k�; 2(k + 1)�). � ¬¥â¨¬, çâ® ¬ âà¨æë
� ¨ X(2(k + 1)�; 2k�) ª®¬¬ãâ¨àãîâ, ¯®íâ®¬ã kH � Ek � exp(4a�)k�e��1 � Ek � exp(4a�)k� �e�k ke��1k � ke��1k exp(4a�)j exp(2��) � 1jn� max

jbt1�bt2j�� kQ(2k�; bt1) � Q(2k�; bt2)k. �ë¡¥à¥¬ ¢¥«¨ç¨­ã

� ­ áâ®«ìª® ¬ «®©, çâ®¡ë kH�Ek< b� ¨ çâ®¡ë ¡ë«® ¢ë¯®«­¥­® (26). �â® ¬®¦­® á¤¥« âì ¢ á¨«ã
à ¢­®¬¥à­®© ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ Q. �®£¤  à ¢¥­áâ¢® (27) á ¢ë¡à ­­®© H ¨¬¥¥â ¬¥áâ® ¨

YU(2(k + 1)�; 2k�) = YU(2(k + 1)�; (2k + 1)�)YU ((2k + 1)�; 2k�) =

= HX(2(k + 1)�; (2k + 1)�)X((2k + 1)�; 2k�)e� =

= �X(2(k + 1)�; 2k�)e��1X(2k�; 2(k + 1)�)X(2(k + 1)�; (2k + 1)�)X((2k + 1)�; 2k�)e� =

= �X(2(k + 1)�; 2k�): �

�«¥¤áâ¢¨¥ 1. �á«¨ á¨áâ¥¬  (1) à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ , â® ¤«ï «î¡®£® � 2 R ­ ©-
¤¥âáï â ª®¥ ã¯à ¢«¥­¨¥ U 2 KCm;n(R), çâ® ¯®ª § â¥«¨ �ï¯ã­®¢  ¢®§¬ãé¥­­®© á¨áâ¥¬ë (14)
ã¤®¢«¥â¢®àïîâ à ¢¥­áâ¢ ¬ �j(A+BU) = �j(A) + � ¯à¨ ¢á¥å j 2 f1; : : : ; ng.

�®ª § â¥«ìáâ¢®. �®§ì¬¥¬ ¯à®¨§¢®«ì­®¥ � 2 R ¨ ¯®áâà®¨¬ ¢ á®®â¢¥âáâ¢¨¨ á ¤®ª § ­­®©
â¥®à¥¬®© â ª®¥ U 2 KCm;n(R), çâ® ¢ë¯®«­¥­® (15). �ãáâì x(�) | ¯à®¨§¢®«ì­®¥ ­¥âà¨¢¨ «ì­®¥
à¥è¥­¨¥ á¨áâ¥¬ë (2). �«ï à¥è¥­¨ï y(�) á¨áâ¥¬ë (14) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ y(0) = x(0) ¨¬¥¥¬

�(y) = lim
t!1

ln ky(t)k
t

= lim
k!1

ln ky(kT )k
kT

=

= lim
k!1

ln kYU (kT; 0)y(0)k
kT

= lim
k!1

ln k exp(�kT )X(kT; 0)x(0)k
kT

=

= lim
k!1

ln(exp(�kT )kx(kT )k)
kT

= �(x) + �:

�ë §¤¥áì ¢®á¯®«ì§®¢ «¨áì â¥¬ á¢®©áâ¢®¬, çâ® ¯®ª § â¥«ì �ï¯ã­®¢  ¬®¦¥â ¡ëâì ¢ëç¨á«¥­ ­ 
¯à®¨§¢®«ì­®© ®â­®á¨â¥«ì­® ¯«®â­®© ­  ç¨á«®¢®© ¯àï¬®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¬®¬¥­â®¢ ¢à¥¬¥­¨
ftkg1k=1 (­ ¯à., [4]),   â ª¦¥ á®®â­®è¥­¨¥¬ (17).

�«¥¤áâ¢¨¥ 2. �á«¨ á¨áâ¥¬  (1) à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ , â® ¤«ï ª ¦¤®£® � 2 R

¨ «î¡®£® y0 6= 0 2 R
n áãé¥áâ¢ã¥â â ª®¥ U 2 KCm;n(R), çâ® à¥è¥­¨¥ y(�) ãà ¢­¥­¨ï (14) á

­ ç «ì­ë¬ ãá«®¢¨¥¬ y(0) = y0 ¨¬¥¥â å à ªâ¥à¨áâ¨ç¥áª¨© ¯®ª § â¥«ì �ï¯ã­®¢ , à ¢­ë© �.
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�®ª § â¥«ìáâ¢®. � ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­ë¥ � 2 R ¨ y0 6= 0 2 R
n . � áá¬®âà¨¬ à¥è¥­¨¥

x(�) ãà ¢­¥­¨ï (2) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ x(0) = y0. �ãáâì �(x) | ¯®ª § â¥«ì �ï¯ã­®¢  íâ®£®
à¥è¥­¨ï. �®§ì¬¥¬ � := ���(x). �®«ì§ãïáì â¥®à¥¬®©, ¯®áâà®¨¬ â ª®¥ ã¯à ¢«¥­¨¥ U 2 KCm;n(R),
çâ® ¨¬¥¥â ¬¥áâ® (15). �®£¤  à¥è¥­¨¥ y(�) ãà ¢­¥­¨ï (14) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ y(0) = y0 ¨¬¥¥â
¯®ª § â¥«ì, à ¢­ë© �(y) = �(x) + � = �.

� ¯®¬­¨¬ ([3], á. 116), çâ® ¢¥àå­¨¬ æ¥­âà «ì­ë¬ ¯®ª § â¥«¥¬ á¨áâ¥¬ë (2) ­ §ë¢ ¥âáï ¢¥«¨-
ç¨­ 


(A) := lim
T!1

lim
k!1

1
kT

kX
j=1

lnkX(jT; (j � 1)T )k:

�§¢¥áâ­® ([3], á. 164), çâ® 
(A) á«ã¦¨â â®ç­®© ¢¥àå­¥© £à ­¨æ¥© ¯®¤¢¨¦­®áâ¨ ¯®ª § â¥«¥© �ï¯ã-
­®¢  á¨áâ¥¬ë (2) ¯à¨ ¬ «ëå ¢®§¬ãé¥­¨ïå ¥¥ ª®íää¨æ¨¥­â®¢. �¥àå­¨© æ¥­âà «ì­ë© ¯®ª § â¥«ì
¬®¦¥â ¡ëâì ¢ëç¨á«¥­ ­  ¯à®¨§¢®«ì­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ fTlg1l=1 á ãá«®¢¨¥¬ lim

l!1
Tl = +1 ([3],

á. 106{107).

�¯à¥¤¥«¥­¨¥ 2. �¨áâ¥¬  (1) ®¡« ¤ ¥â á¢®©áâ¢®¬ £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¢¥àå­¥£® æ¥­-

âà «ì­®£® ¯®ª § â¥«ï, ¥á«¨ ¤«ï «î¡®£® � 2 R ­ ©¤¥âáï â ª®¥ ã¯à ¢«¥­¨¥ U 2 KCm;n(R), çâ®
¢¥àå­¨© æ¥­âà «ì­ë© ¯®ª § â¥«ì 
(A + BU) ¢®§¬ãé¥­­®© á¨áâ¥¬ë (14) ã¤®¢«¥â¢®àï¥â à ¢¥­-
áâ¢ã 
(A+BU) = �.

�«¥¤áâ¢¨¥ 3. �á«¨ á¨áâ¥¬  (1) à ¢­®¬¥à­® ¢¯®«­¥ ã¯à ¢«ï¥¬ , â® (1) ®¡« ¤ ¥â á¢®©áâ¢®¬
£«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ ¢¥àå­¥£® æ¥­âà «ì­®£® ¯®ª § â¥«ï.

�®ª § â¥«ìáâ¢®. �ãáâì U 2 KCm;n(R) â ª®¢ , çâ® (15) ¢ë¯®«­¥­® á ç¨á«®¬ � := �� 
(A).
�®§ì¬¥¬ Tl = lT . �®£¤ , ¨á¯®«ì§ãï (17), ¯®«ãç¨¬


(A+BU) = lim
l!1

lim
k!1

1
klT

kX
j=1

ln kYU (jlT; (j � 1)lT )k =

= lim
l!1

lim
k!1

1
klT

kX
j=1

(�lT + ln kX(jlT; (j � 1)lT )k) = �+
(A) = �: �

� ¬¥ç ­¨¥ 4. �ç¥¢¨¤­®, çâ® ¢ á«ãç ¥ à ¢­®¬¥à­®© ¯®«­®© ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (1)
á¢®©áâ¢®¬ £«®¡ «ì­®© ã¯à ¢«ï¥¬®áâ¨ ®¡« ¤ îâ ­¨¦­¨© æ¥­âà «ì­ë© !,   â ª¦¥ ¢¥àå­¨© 
0

¨ ­¨¦­¨© !0 ®á®¡ë¥ ¯®ª § â¥«¨ ([3], á. 117). �â¬¥â¨¬, çâ® á«¥¤áâ¢¨¥ 3 ¤®¯®«­ï¥â ¨áá«¥¤®¢ -
­¨ï à ¡®âë [2], ¢ ª®â®à®© ¡ë«  ¤®ª § ­  ¢®§¬®¦­®áâì ¯®áâà®¥­¨ï ¤«ï ¯à®¨§¢®«ì­®£® � > 0
â ª®£® ã¯à ¢«¥­¨ï U 2 KCm;n(R), çâ® ¢¥àå­¨© ®á®¡ë© ¯®ª § â¥«ì á¨áâ¥¬ë (14) ã¤®¢«¥â¢®àï¥â
­¥à ¢¥­áâ¢ã 
0(A+BU) < ��.

�¨â¥à âãà 
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