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1. �¢¥¤¥­¨¥

�ãáâì 
t 2 Rn, n � 2, ï¢«ï¥âáï á¥¬¥©áâ¢®¬ ®£à ­¨ç¥­­ëå ®¡« áâ¥© á £à ­¨æ¥© �t, QT0 =
f(t; x) : t 2 [0; T0], x 2 
tg, ST0 = f(t; x) : t 2 [0; T0], x 2 �tg. �§ãç ¥âáï ­ ç «ì­®-£à ­¨ç­ ï
§ ¤ ç 

Vt +
nX
i=1

Vi@V=@xi � �4V �DivG(Bx(V ))�rQ = F (t; x); (1.1)

rV (t; x) = 0; (t; x) 2 QT0 ;

V (0; x) = v0(x); x 2 
0; T (V;Q)n(x) = �n(x)P0(t; x); (t; x) 2 ST0 ; (1.2)

®¯¨áë¢ îé ï ¤¢¨¦¥­¨¥ á¯«®è­®© áà¥¤ë, § ­¨¬ îé¥© ¢ ¬®¬¥­â ¢à¥¬¥­¨ t = 0 ¯®«®¦¥­¨¥ 
0.
�¤¥áì ¢¥ªâ®à-äã­ªæ¨ï V (t; x) = (V1(t; x); : : : ; Vn(t; x)) | áª®à®áâì áà¥¤ë ¢ â®çª¥ x ¢ ¬®¬¥­â t,
áª «ïà­ ï äã­ªæ¨ï Q(t; x) | ¤ ¢«¥­¨¥, T (V;Q) | n� n-¬ âà¨æ  á ª®íää¨æ¨¥­â ¬¨

Tij = ��ijQ+ �(@Vi=@xj + @Vj=@xi);

� | ¯®«®¦¨â¥«ì­ ï ª®­áâ ­â , G(Z) | n � n-¬ âà¨æ  á ª®íää¨æ¨¥­â ¬¨ gij(z11; z12; : : : ; znn)
(zij | ª®íää¨æ¨¥­âë ¬ âà¨æë Z), n(x) | ¢¥ªâ®à ¢­¥è­¥© ­®à¬ «¨ ª £à ­¨æ¥ �t ¢ â®çª¥ x,
Div | ¤¨¢¥à£¥­æ¨ï ¬ âà¨æë [1]. � «¥¥ B(V ) = z(0; t; x), £¤¥ z(� ; t; x) ®¯à¥¤¥«ï¥âáï ª ª à¥è¥­¨¥
§ ¤ ç¨ �®è¨ (¢ ¨­â¥£à «ì­®© ä®à¬¥)

z(� ; t; x) = x+
Z �

t
V (s; z(s; t; x))ds; � 2 [0; T0]; (t; x) 2 QT0 ;

  Bx(V ) = zx(0; t; x) | ¬ âà¨æ  �ª®¡¨ ¤«ï z(0; t; x). � âà¨æ  Bx(V ) å à ªâ¥à¨§ã¥â ¤¥ä®à¬ æ¨î
®ªà¥áâ­®áâ¨ ç áâ¨æë y 2 
0, ­ å®¤ïé¥©áï ¢ â®çª¥ x ¢ ¬®¬¥­â ¢à¥¬¥­¨ t, ¯à¨ ¤¢¨¦¥­¨¨ ¯®
âà ¥ªâ®à¨¨ ¯®«ï áª®à®áâ¥© áà¥¤ë V . � ª¨¬ ®¡à §®¬, ¬ âà¨æ  G(Bx(V )) ®¯¨áë¢ ¥â ã¯àã£¨¥
­ ¯àï¦¥­¨ï áà¥¤ë. � ª á«¥¤ã¥â ¨§ (1.1), áà¥¤  ¯®¬­¨â ã¯àã£¨¥ ­ ¯àï¦¥­¨ï ¢¤®«ì âà ¥ªâ®à¨©
¯®«ï áª®à®áâ¥© ¢ ­ ç «ì­ë© ¬®¬¥­â ¢à¥¬¥­¨,   ­¥ â®«ìª® ¢ â®çª¥ x ¢ ¬®¬¥­â t. � § ¤ ç¥ (1.1){
(1.2) ¨áª®¬ë¬¨ ï¢«ïîâáï ¢¥ªâ®à-äã­ªæ¨ï V , áª «ïà­ ï äã­ªæ¨ï Q ¨ ¬­®¦¥áâ¢® QT0 .

�¨áâ¥¬  (1.1){(1.2) ®¯¨áë¢ ¥â ¤¢¨¦¥­¨¥ ¢ï§ª®ã¯àã£®© á¯«®è­®© áà¥¤ë á® á¢®¡®¤­®© £à ­¨-
æ¥©. � á«ãç ¥ æ¨«¨­¤à¨ç¥áª®© ®¡« áâ¨ QT0 (
t � 
0) ¢ [1] ãáâ ­®¢«¥­  «®ª «ì­ ï â¥®à¥¬  áãé¥-
áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ á¨«ì­ëå à¥è¥­¨© § ¤ ç¨ (1.1){(1.2) ¢ á®¡®«¥¢áª¨å ¯à®áâà ­áâ¢ å
¯à¨ ­¥®¡å®¤¨¬ëå ãá«®¢¨ïå ­  ¤ ­­ë¥. � [2] ãáâ ­®¢«¥­  ­¥«®ª «ì­ ï â¥®à¥¬  áãé¥áâ¢®¢ ­¨ï
¨ ¥¤¨­áâ¢¥­­®áâ¨ á¨«ì­ëå à¥è¥­¨© ¤«ï ®¤­®© ¬®¤¥«¨ ¢ï§ª®ã¯àã£®áâ¨ ¢ á®¡®«¥¢áª¨å ¯à®áâà ­-
áâ¢ å ¯à¨ ¬ «ëå ¤ ­­ëå. � á«ãç ¥ G � 0 á¨áâ¥¬  (1.1){(1.2) ®¯¨áë¢ ¥â ¤¢¨¦¥­¨¥ ­ìîâ®­®¢áª®©
á¯«®è­®© áà¥¤ë á® á¢®¡®¤­®© £à ­¨æ¥©. � [3] ¯à¨ ãá«®¢¨¨ ¤¨ää¥à¥­æ¨àã¥¬®áâ¨ ¯® x äã­ªæ¨© F
¨ P0 ãáâ ­®¢«¥­  «®ª «ì­ ï â¥®à¥¬  áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ á¨«ì­ëå à¥è¥­¨© § ¤ ç¨
(1.1){(1.2) ¢ £¥«ì¤¥à®¢áª¨å ¯à®áâà ­áâ¢ å. �¨¦¥, ®¯¨à ïáì ­  à¥§ã«ìâ âë [3], ãáâ ­ ¢«¨¢ ¥¬

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ç áâ¨ç­®© ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥-

¤®¢ ­¨©, £à ­â ò 04-01-00081.
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 ­ «®£¨ç­ë© à¥§ã«ìâ â ¤«ï á«ãç ï G 6� 0. �£à ­¨ç¨¢ ¥¬áï §¤¥áì ¯à®áâ¥©è¨¬ á«ãç ¥¬ ãç¥â 
ã¯àã£¨å ­ ¯àï¦¥­¨© ¢ ¬®¬¥­â t = 0 ¢ â®çª¥ x, å®âï â®â ¦¥ à¥§ã«ìâ â ãáâ ­ ¢«¨¢ ¥âáï  ­ -
«®£¨ç­ë¬ ®¡à §®¬ ¨ ¤«ï á«ãç ï ãç¥â  ­ ¯àï¦¥­¨© ¢¤®«ì ¢á¥© âà ¥ªâ®à¨¨ z(� ; t; x) ¤¢¨¦¥­¨ï
ç áâ¨æë y = z(0; t; x) (ª ª ¨ ¢ [4], ¢ ãà ¢­¥­¨¨ ¤¢¨¦¥­¨ï ¢ íâ®¬ á«ãç ¥ ¯®ï¢«ï¥âáï á« £ ¥¬®¥
tR
0

DivG(zx(s; t; x)) ds). � íâ®© á¢ï§¨ ®â¬¥â¨¬ à ¡®âë, ¯®á¢ïé¥­­ë¥ ¤®ª § â¥«ìáâ¢ã áãé¥áâ¢®¢ -

­¨ï á« ¡ëå à¥è¥­¨© ¤«ï â ª¨å áà¥¤ (­ ¯à., [5], [6]).
�®§­¨ª îé¨¥ ¢ ®æ¥­ª å à §«¨ç­ë¥ ª®­áâ ­âë, ­¥ § ¢¨áïé¨¥ ®â áãé¥áâ¢¥­­ëå ¯ à ¬¥âà®¢,

®¡®§­ ç îâáï ç¥à¥§ M .

2. �á¯®¬®£ â¥«ì­ë¥ à¥§ã«ìâ âë

2.1. �à¥¤¢ à¨â¥«ì­ë¥ ¯®áâà®¥­¨ï. �ãáâì v(t; y) | £« ¤ª ï ¢¥ªâ®à-äã­ªæ¨ï ­  QT = f(t; y) :
t 2 [0; T ], y 2 
0g,

u(t; y) = y +
Z t

0

v(s; y) ds; (t; y) 2 QT ; (2.1)


t = fx : x = u(t; y), y 2 
0g, ST = f(t; y) : t 2 [0; T ], y 2 �0g.
�®®â­®è¥­¨¥ (2.1) § ¤ ¥â (¯® ªà ©­¥© ¬¥à¥ ¤«ï ¬ «ëå t) ¤¨ää¥®¬®àä¨§¬ 
0 ­  
t. �ãáâì

U(t; x) | ®¡à â­®¥ ª u(t; y) ¯à¥®¡à §®¢ ­¨¥. �ãáâì h(t; y) | ¯à®¨§¢®«ì­ ï ¤®áâ â®ç­® £« ¤-
ª ï ­  QT ¢¥ªâ®à-äã­ªæ¨ï. �®áâ ¢¨¬ ¥© ¢ á®®â¢¥âáâ¢¨¥ ®¯à¥¤¥«¥­­ãî ­  QT ¢¥ªâ®à-äã­ªæ¨î
H(t; x) = h(t; U(t; x)). � ¤ «ì­¥©è¥¬ ¯ à  äã­ªæ¨© (¢ â®¬ ç¨á«¥ ¨ áª «ïà­ëå), ®¡®§­ ç¥­-
­ëå ¡®«ìè®© ¨ ¬ «®© ¡ãª¢ ¬¨ (­ ¯à., H ¨ h), ¯à¥¤¯®« £ îâáï á¢ï§ ­­ë¬¨ á®®â­®è¥­¨ï¬¨
H(t; x) = h(t; U(t; x)), H(t; u(t; y)) = h(t; y). �â¨ á®®â­®è¥­¨ï § ¤ îâ ®¯¥à â®à Av : Av(h) = H
¨ ®¡à â­ë© ª ­¥¬ã ®¯¥à â®à Bv : Bv(H) = h. � ç áâ­®áâ¨, ¤«ï v ¨ Bv(v) = V á¯à ¢¥¤«¨¢ë
á®®â­®è¥­¨ï

V (t; x) = v(t; U(t; x)); V (t; u(t; y)) = v(t; y): (2.2)

� ¬¥â¨¬, çâ® uy(t; y) = Ux(t; u(t; y)), Ux(t; x) = uy(t; U(t; x)), ¨ ¥á«¨ rV (t; x) = 0, â®

detUx(t; x) = 1; det uy(t; y) = 1: (2.3)

2.2. � ¤ ç  (1.1){(1.2) ¢ « £à ­¦¥¢ëå ª®®à¤¨­ â å. �¥à¥©¤¥¬ ¢ á¨áâ¥¬¥ (1.1){(1.2) ®â í©«¥-
à®¢ëå ª®®à¤¨­ â x ª « £à ­¦¥¢ë¬ ª®®à¤¨­ â ¬ y, á¤¥« ¢ § ¬¥­ã ¯¥à¥¬¥­­®©

x = z(0; t; x) � u(t; y); y 2 
0: (2.4)

�¢¥¤¥¬ ®¡®§­ ç¥­¨¥ v(t; y) = ut(t; y). �®£¤  á¯à ¢¥¤«¨¢ë ä®à¬ã«ë (2.1){(2.3). �¤¥« ¢ ¢ (1.1){
(1.2) § ¬¥­ã ¯¥à¥¬¥­­®© (2.4), á ãç¥â®¬ ¢ëè¥ã¯®¬ï­ãâëå á®®â­®è¥­¨© ¯®«ãç ¥¬ § ¤ çã

vt � �4vv +rvq = F (v)(t; y) +  (v)(t; y); divv v = 0; (t; y) 2 QT0 ; (2.5)

v(0; y) = v0(y); y 2 
0; Tv(v; q)nv(y) = �P
(v)
0 (t; y)nv(y); (t; y) 2 ST0 : (2.6)

�¤¥áì v(t; y) = V (t; u(t; y)), q(t; y) = Q(t; u(t; y)), F (v)(t; y) = F (t; u(t; y)), P (v)
0 (t; y) = P0(t; u(t; y)),

nv(y) = n(u(t; y)), Tv(v; q) = Bv(T (V;Q)),  (v)(t; y) = Bv(DivG(Bx(V ))). �à¨ íâ®¬

rvp = Bv(rP ); 4vh = Bv(4H); divv v = Bv(rV )

¤«ï ¯à®¨§¢®«ì­ëå áª «ïà­®© P ¨ ¢¥ªâ®à-äã­ªæ¨¨ H. �®«®¦¨¬ V (t; x) = v(t; U(t; x)), Q(t; x) =
q(t; U(t; x)), 
t = fx : x = u(t; y), y 2 
0g (u ®¯à¥¤¥«ï¥âáï ç¥à¥§ (2.4)).
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3. �ã­ªæ¨®­ «ì­ë¥ ¯à®áâà ­áâ¢ 

�«ï ä®à¬ã«¨à®¢ª¨ à¥§ã«ìâ â®¢ ¯®­ ¤®¡¨âáï àï¤ äã­ªæ¨®­ «ì­ëå ¯à®áâà ­áâ¢ [3]. �ã¤¥¬
¤ «¥¥ ¯à¥¤¯®« £ âì, çâ® @
0 2 C2+�. �¡®§­ ç¨¬ ç¥à¥§ Cr+�(
0), r � 0 æ¥«®¥, ¡ ­ å®¢® ¯à®-
áâà ­áâ¢® äã­ªæ¨©, ¨¬¥îé¨å ­¥¯à¥àë¢­ë¥ ¯à®¨§¢®¤­ë¥ ¢ 
0 ¤® ¯®àï¤ª  r ¢ª«îç¨â¥«ì­®, á
ª®­¥ç­®© ­®à¬®©

kukCr+�(
0) = kukCr(
0)
+
X
jkj=r

[Dku]�;
0 ;

[Dku]�;
0 = sup
x;y2
0

ju(x)� u(y)j jx� yj��:

�¤¥áì k = (k1; k2; : : : ; kn), jkj =
nP
i=1

ki, Dku = @jkju=@xk1 ; : : : ; @xkn . �¡®§­ ç¨¬ ç¥à¥§ Cr+�(QT )

¯à¨ r = 0; 1; 2 ¡ ­ å®¢® ¯à®áâà ­áâ¢® ®¯à¥¤¥«¥­­ëå ­  QT äã­ªæ¨© á ª®­¥ç­®© ­®à¬®©

kukC�(QT ) = kukC(QT )
+ [u]�;QT

(r = 0);

[u]�;QT
= [u]�;t;QT

+ [u]�;x;QT
;

[u]�;t;QT
= sup

t;�;x
ju(t; x)� u(�; x)j jt � � j��=2;

[u]�;x;QT
= sup

t;x;y
ju(t; x)� u(t; y)j jx � yj��;

kukC1+�(QT ) = kukC(QT )
+

nX
i=1

[@u=@xi]�;QT
+ [u]1+�;t;QT

(r = 1);

kukC2+�(QT ) = kukC1(QT )
+

nX
i;j=1

[@2u=@xi@xj ]�;QT
+ [@u=@t]�;t;QT

+
nX
i=1

[@u=@xi]1+�;t;QT
(r = 2):

�®­ ¤®¡¨âáï â ª¦¥ ¡ ­ å®¢® ¯à®áâà ­áâ¢® eC1+�

 (QT ), 
 2 (0; 1), ®¯à¥¤¥«¥­­ëå ­  QT äã­ª-

æ¨© á ª®­¥ç­®© ­®à¬®©

kuk ~C1+�

 (QT )

= kukC(QT )
+

nX
i=1

[@u=@xi]C�(QT )+ ]u[;

]u[ = sup
x;y;t;�

ju(t; x) � u(t; y)� u(�; x) + u(�; y)j jt� � j�(1+��
)=2:

�­ «®£¨ç­® ®¯à¥¤¥«ïîâáï ¯à®áâà ­áâ¢  Cr+�(�T ), eC1+�

 (�T ).

4. �®à¬ã«¨à®¢ª  à¥§ã«ìâ â®¢

�¯à¥¤¥«¥­¨¥ 4.1. �¥è¥­¨¥¬ § ¤ ç¨ (2.5){(2.6) ­ §ë¢ ¥âáï ¯ à  (v; q), v 2 C2+�(QT ), q 2eC1+�

 (QT ), ã¤®¢«¥â¢®àïîé ï ãà ¢­¥­¨ï¬ (2.5) ¨ ãá«®¢¨ï¬ (2.6).

�¥®à¥¬  4.1. �ãáâì F; Fx 2 C1+�(�T0), P0; (P0)x 2 eC1+�

 (�T0) ¯à¨ ­¥ª®â®àëå �; 
 2 (0; 1).

�®£¤  ¯à¨ ¤®áâ â®ç­® ¬ «®¬ T 2 (0; T0] § ¤ ç  (2.5){(2.6) ¨¬¥¥â ¯® ªà ©­¥© ¬¥à¥ ®¤­® à¥è¥­¨¥.

� ¬¥ç ­¨¥ 4.1. �¥«¨ç¨­  T ­  á ¬®¬ ¤¥«¥ § ¢¨á¨â ®â kFkC1+�(�T0 )
, kP0k ~C1+�


 (�T0 )
, 
0 ¨ ¬®-

¦¥â ¡ëâì ®æ¥­¥­  ç¥à¥§ ¤ ­­ë¥ § ¤ ç¨.

� ¬¥ç ­¨¥ 4.2. � ª ¨ ¢ [3], ®¯ãáª ¥¬ ¯¥à¥ä®à¬ã«¨à®¢ªã à¥§ã«ìâ â  ¢ â¥à¬¨­ å § ¤ ç¨
(1.1){(1.2).
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5. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 4.1

5.1. �«ãç © G � 0. �ãáâì ¤ ­  ¯ à  (v; q), v 2 C2+�(QT ), rvv = 0, q 2 eC1+�

 (QT ), ã¤®-

¢«¥â¢®àïîé ï ãá«®¢¨ï¬ (2.6). �¯¥à â®à L(v; q) = vt � �4vv + rvq ®¯à¥¤¥«¥­ ­  äã­ªæ¨ïå,
ã¤®¢«¥â¢®àïîé¨å (2.6) ¨ divv v = 0. � [3] ãáâ ­®¢«¥­  «®ª «ì­ ï à §à¥è¨¬®áâì § ¤ ç¨

L(v; q) = F (v)(t; y): (5.1)

�à¨¢¥¤¥¬ íâ®â à¥§ã«ìâ â ¢ ä®à¬¥, ã¤®¡­®© ¤«ï ¤ «ì­¥©è¥£®.

�¥¬¬  5.1. �ãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï â¥®à¥¬ë 4:1. �ãáâì kFkC�(�T0 )
� R1, kP0k ~C1+�


 (�T0 )
�

R2. �®£¤  ­ ©¤¥âáï â ª®¥ ¤®áâ â®ç­® ¬ «®¥ T1 = T1(R1; R2), çâ® ¯à¨ T � T1 § ¤ ç  (5.1) ¨¬¥-
¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ (v; q), v 2 C2+�(QT ), rvv = 0, q 2 eC1+�


 (QT ), ¨ á¯à ¢¥¤«¨¢  ®æ¥­ª 

kvkC2+�(QT ) + kqkeC1+�

 (QT )

�M(R1; R2):

� ¬¥ç ­¨¥ 5.1. �á«®¢¨¥ ­  ¤¨ää¥à¥­æ¨àã¥¬®áâì äã­ªæ¨© F ¨ P0 ¨á¯®«ì§®¢ «®áì «¨èì
¯à¨ ¤®ª § â¥«ìáâ¢¥ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï.

� áá¬®âà¨¬ ¢®§¬ãé¥­­ãî § ¤ çã (5.1):

L(v; q) = F (v)(t; y) +  (t; y); (5.2)

£¤¥  (t; y) 2 C�(QT ).

�¥®à¥¬  5.1. �ãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï â¥®à¥¬ë 5:1. �à¥¤¯®«®¦¨¬, çâ® k (t; y)kC�(QT ) �
R3. �®£¤  ­ ©¤¥âáï â ª®¥ ¤®áâ â®ç­® ¬ «®¥ T2 = T2(R1; R2; R3) � T0, çâ® ¯à¨ T � T2 § ¤ ç 

(5.2) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ (v; q), v 2 C2+�(QT ), rvv = 0, q 2 eC1+�

 (QT ), ¨ á¯à ¢¥¤«¨¢ 

®æ¥­ª 

kvkC2+�(QT ) + kqkeC1+�

 (QT )

�M1(R1; R2; R3):

�®ª § â¥«ìáâ¢® ¯® áãé¥áâ¢ã ¯®¢â®àï¥â ¤®ª § â¥«ìáâ¢® «¥¬¬ë 5.1 (¨§ïé­®¥, ­® á¢ï§ ­­®¥ á
¢¥áì¬  ¯à®¤®«¦¨â¥«ì­ë¬¨ ¢ëª« ¤ª ¬¨ [3]). �à¨ íâ®¬ ¢®§¬ãé¥­¨¥  (t; y), ­¥ § ¢¨áïé¥¥ ®â v,
¨£à ¥â à®«ì ¯ à ¬¥âà , ¢«¨ïï «¨èì ­  ¢¥«¨ç¨­ã T2.

5.2. �«ãç © G 6� 0. �«ï â®£® çâ®¡ë á®ªà â¨âì ¢ëª« ¤ª¨, ã¯à®áâ¨¬ ¢ ãà ¢­¥­¨¨ (2.5) á« -
£ ¥¬®¥  (v)(t; y). � á¨«ã £« ¤ª®áâ¨ ¬ âà¨ç­®© äã­ªæ¨¨ G á ãç¥â®¬ áâàãªâãàë ¢ëà ¦¥­¨ï
Bv(DivG(Bx(V ))) ¬®¦¥¬ ¢ § ¤ ç¥ (2.5){(2.6), ¡¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨, § ¬¥­¨âì ¢ëà ¦¥­¨¥
 (v)(t; y) = Bv(DivG(Bx(V ))) ­ 

 (v)(t; y) = DivG(Z(v)); Z(v) =
�
I +

Z t

0

vy(s; y)ds
��

I +
Z t

0

v�y(s; y)ds
��1

; (5.3)

¯®áª®«ìªã ª®íää¨æ¨¥­âë ¢¥ªâ®à®¢ ¢ ¯à ¢ëå ç áâïå ¤¢ãå ¯®á«¥¤­¨å á®®â­®è¥­¨© ¨¬¥îâ ®¤¨­ -
ª®¢ãî áâàãªâãàã. �¤¥áì � ®§­ ç ¥â ¯¥à¥å®¤ ª á®¯àï¦¥­­®© ¬ âà¨æ¥. � ç áâ­®áâ¨, ¥á«¨G(Z) � Z,
â® ¯à ¢ ï ç áâì (5.3) á®¢¯ ¤ ¥â á Bv(DivBx(V )).

�â ª, ¡ã¤¥¬ ¯®« £ âì ¢ (2.5) ¢ëà ¦¥­¨¥  (v)(t; y) ®¯à¥¤¥«¥­­ë¬ ä®à¬ã«®© (5.3).
�«ï ¤®ª § â¥«ìáâ¢  à §à¥è¨¬®áâ¨ § ¤ ç¨

L(v; q) = F (v)(t; y) +  (v)(t; y) (5.4)

¤®ª ¦¥¬ àï¤ ¢á¯®¬®£ â¥«ì­ëå ãâ¢¥à¦¤¥­¨©.

�¥¬¬  5.2. �ãáâì v 2 C2+�(QT ), kvkC2+�(QT ) � R4. �®£¤  á¯à ¢¥¤«¨¢  ®æ¥­ª 

k (v)kC2+�(QT ) � �(R4)T 1��; (5.5)

£¤¥ �(x) | ­¥ª®â®à ï ­¥¯à¥àë¢­ ï äã­ªæ¨ï ®â x 2 [0;1).
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�®ª § â¥«ìáâ¢®. �§ ãá«®¢¨ï kvkC2+�(QT ) � R4 ¢ëâ¥ª ¥â, çâ® ª®íää¨æ¨¥­âë zij ¬ âà¨æë
Z(v) «¥¦ â ¢ ­¥ª®â®à®¬ è à¥ ¯à®áâà ­áâ¢  Rn2 à ¤¨ãá  R5 = R5(R4) á æ¥­âà®¬ ¢ ­ã«¥ ¨ ï¢«ï-

îâáï ­¥¯à¥àë¢­ë¬¨ äã­ªæ¨ï¬¨  à£ã¬¥­â®¢
tR
0

@vk(s; y)=@ymds, k;m = 1; : : : ; n.

� ª¨¬ ®¡à §®¬, ª®íää¨æ¨¥­âë egij ¬ âà¨æë G(Z(v)) â ª¦¥ ¨¬¥îâ ¢¨¤

egij(v) = rij

�Z t

0

@v1(s; y)=@y1ds; : : : ;
Z t

0

@vn(s; y)=@yn ds
�
;

£¤¥ rij(p11; : : : ; pnn) | £« ¤ª¨¥ äã­ªæ¨¨ á¢®¨å  à£ã¬¥­â®¢,  

@egij=@yk = nX
l;m=1

@rij=@plm

�Z t

0

@v1(s; y)=@y1ds; : : : ;
Z t

0

@vn(s; y)=@yn ds
�Z t

0

@2vl(s; y)=@yk@ymds:

�§ ¯®á«¥¤­¥© ä®à¬ã«ë ¢ëâ¥ª ¥â, çâ® ª®íää¨æ¨¥­âë  
(v)
i ¢¥ªâ®à-äã­ªæ¨¨  (v) ¨¬¥îâ ¢¨¤

 
(v)
i =

nX
j=1

@egij=@yj = nX
j=1

nX
l;m=1

@rij=@plm

�Z t

0

@v1(s; y)=@y1 ds; : : :

: : : ;

Z t

0

@vn(s; y)=@yn ds
�Z t

0

@2vl(s; y)=@yj@ymds: (5.6)

�¥£ª® ¯à®¢¥àïîâáï ­¥à ¢¥­áâ¢ 

k' kC�(QT ) �Mk'kC�(QT )k kC�(QT ); (5.7)

kf(')kC�(QT ) �Mk'kC�(QT ); (5.8)

£¤¥ ',  | ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ ¨§ C�(QT ),   f | ­¥ª®â®à ï £« ¤ª ï äã­ªæ¨ï. �«ï ®æ¥­ª¨
k kC�(QT ) ¤®áâ â®ç­® ®æ¥­¨âì ­®à¬ë





Z t

0

@vl(s; y)=@yj ds





C�(QT )

;






Z t

0

@2vl(s; y)=@yj@ymds





C�(QT )

:

�á¯®«ì§ãï í«¥¬¥­â à­ë¥ á®®¡à ¦¥­¨ï, ¨¬¥¥¬




Z t

0

@vl(s; y)=@yjds





C�(QT )

�MT 1��kvkC1+�(QT ); (5.9)






Z t

0
@2vl(s; y)=@yj@ymds






C�(QT )

�MT 1��kvkC2+�(QT ): (5.10)

�§ ®æ¥­®ª (5.7){(5.10) ¨ (5.6) ¢ á¨«ã £« ¤ª®áâ¨ äã­ªæ¨© rij ¢ëâ¥ª ¥â

k (v)kC�(QT ) �M3(R4)T
1��;

®âªã¤  á«¥¤ã¥â (5.5) á �(x) =M3(R4)T 1��.

�¥à¥©¤¥¬ ­¥¯®áà¥¤áâ¢¥­­® ª ¤®ª § â¥«ìáâ¢ã à §à¥è¨¬®áâ¨ § ¤ ç¨ (5.4).

�¥®à¥¬  5.2. �ãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï â¥®à¥¬ë 4:1. �®£¤  ¯à¨ ¤®áâ â®ç­® ¬ «®¬

T 2 (0; T0] § ¤ ç  (5.4) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥.

�®ª § â¥«ìáâ¢®. �ãáâì

u 2 B(R0) = fu : u 2 C2+�(QT ); T � T0; kukC2+�(QT ) � R0g:

� áá¬®âà¨¬ § ¤ çã

L(v; q) = F (v)(t; y) +  (u)(t; y) (5.11)
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¯à¨ ¯à®¨§¢®«ì­®© u 2 B(R0). �§ (5.5) á«¥¤ã¥â

k (u)kC�(QT ) � T 1���(R0) � R3:

� á¨«ã â¥®à¥¬ë 5.1 ¯à¨ ä¨ªá¨à®¢ ­­ëå F ¨ P0 ¯®«ãç ¥¬ áãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì
à¥è¥­¨ï (v; q) § ¤ ç¨ (5.11) ­  ¯à®¬¥¦ãâª¥ [0; T ], T � T2(R1; R2; T

1���(R0)), ¯à¨ç¥¬

kvkC2+�(QT ) + kqk ~C2+�

 (QT )

�M1(R1; R2; R3) =M1(R1; R2; T
1���(R0)):

�ç¨â ï R3 ¯®áâ®ï­­ë¬, ¢ë¡¥à¥¬ R0 ­ áâ®«ìª® ¡®«ìè¨¬,   T3 ­ áâ®«ìª® ¬ «ë¬, çâ®¡ë ¯à¨
T � T3 ¢ë¯®«­ï«®áì ­¥à ¢¥­áâ¢®

kvkC2+�(QT ) + kqk ~C1+�

 (QT )

� R0:

�¡®§­ ç¨¬ ç¥à¥§ R ®¯¥à â®à, áâ ¢ïé¨© ¢ á®®â¢¥âáâ¢¨¥ u 2 B(R0) à¥è¥­¨¥ v § ¤ ç¨ (5.11).
�®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ®§­ ç ¥â, çâ® ®¯¥à â®à R ¯¥à¥¢®¤¨â è à B(R0) ¢ á¥¡ï. �

�ãáâì v0(t; y) = v0(y), T ¨ R0 â ª®¢ë, çâ® RB(R0) � B(R0),   v0 2 B(R0). �ãáâì vn, qn |
¯®á«¥¤®¢ â¥«ì­®áâì à¥è¥­¨© ãà ¢­¥­¨ï (5.11) ¯à¨ u = vn�1, n = 1; 2; : : : � ª ª ª vn = Rvn�1, â®
vn 2 B(R0). �«¥¤ãï [3], ¯®ª ¦¥¬, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì vn áå®¤¨âáï ¢ ­®à¬¥ C2+�0(QT ),   qn

| ¢ ­®à¬¥ eC2+�0


0 (QT ). �¤¥áì �0 2 (0; �) | ¯à®¨§¢®«ì­®¥ ç¨á«®,   
0 = max(
; 1 + �0 � �).

�¥¬¬  5.3. �à¨ ¯à®¨§¢®«ì­®¬ " > 0 ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

kvn � vn�1kC2+�0 (QT ) + kq
n � qn�1k ~C2+�0


0
(QT )

�M("kvn � vn�1kC2+�0 (QT ) +

+ C(")
Z T

0

kv(s; y)kC2+�(Qs) ds+ k 
(vn�1) �  (vn�2)kC�(QT )): (5.12)

�«ï ¤®ª § â¥«ìáâ¢  ­ã¦­® ¯®¢â®à¨âì à ááã¦¤¥­¨ï, ¯à®¢¥¤¥­­ë¥ ¯à¨ ®¡®á­®¢ ­¨¨ ¥¤¨­-
áâ¢¥­­®áâ¨ ¢ â¥®à¥¬¥ 5 ¨§ [3]. �à¨ íâ®¬ ¤®¯®«­¨â¥«ì­ë¥ á« £ ¥¬ë¥ ¢ ¯à ¢®© ç áâ¨ (5.11), á®-
¤¥à¦ é¨¥  (u2) ¨  (u1), ®¡ãá«®¢«¨¢ îâ ¯®ï¢«¥­¨¥ ¯®á«¥¤­¥£® á« £ ¥¬®£® ¢ (5.12).

�¥¬¬  5.4. �ãáâì ¤ ­ë ¯à®¨§¢®«ì­ë¥ äã­ªæ¨¨ v1; v2 2 B(R0). �®£¤  á¯à ¢¥¤«¨¢® ­¥à ¢¥­-

áâ¢®

k (v2) �  (v1)kC�0 (QT ) �M4(R0)T
1��kv2 � v1kC2+�0 (QT ): (5.13)

�®ª § â¥«ìáâ¢®. �§ ä®à¬ã«ë (5.6) á«¥¤ã¥â

�i =  
(v2)
i �  

(v1)
i =

nX
j=1

nX
l;m=1

�
@rij
@plm

�Z t

0
@v21(s; y)=@y1 ds; : : : ;

Z t

0
@v2n(s; y)=@ynds

�
�

�
@rij
@plm

�Z t

0

@v11(s; y)=@y1 ds; : : : ;
Z t

0

@v1n(s; y)=@ynds
�� Z t

0

@2v2l (s; y)=@yj@ymds+

+
nX

j=1

nX
l;m=1

@rij
@plm

�Z t

0
@v11(s; y)=@y1 ds; : : : ;

Z t

0
@v1n(s; y)=@yn ds

�
�

�

� Z t

0

@2v2l (s; y)=@yj@ymds�
Z t

0

@2v1l (s; y)=@yj@ymds
�
:

�á¯®«ì§ãï ­¥à ¢¥­áâ¢  (5.7) ¨ (5.8) ¤«ï ®æ¥­ª¨ C�0(QT )-­®à¬ë ®â �i, â ª ¦¥, ª ª ¯à¨ ¤®ª -
§ â¥«ìáâ¢¥ «¥¬¬ë 5.2, ¯®«ãç ¥¬

k�ikC�0 (QT ) �MT 1��kv2 � v1kC2+�0 (QT )(kv
2kC2+�0 (QT ) + kv

1kC2+�0 (QT )):

�âáî¤  á«¥¤ã¥â (5.13).
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�§ ®æ¥­®ª (5.12) ¨ (5.13) á«¥¤ã¥â

kvn � vn�1kC2+�0 (QT ) + kq
n � qn�1k ~C2+�0


0
(QT )

�M

�
"kvn � vn�1kC2+�0 (QT ) +

+ C"

Z T

0

kv(s; y)kC2+�(Qs)ds+M4(R0)T
1��kvn�1 � vn�2kC2+�0 (QT )

�
: (5.14)

�®á¯®«ì§®¢ ¢è¨áì â¥¬, çâ® kvkC2+�(Qs) � kvkC2+�(QT ) ¯à¨ s � T ¨ ¯®« £ ï " > 0 ¨ T > 0
¤®áâ â®ç­® ¬ «ë¬¨, ¨§ (5.14) ¯®«ãç ¥¬

kvn � vn�1kC2+�0 (QT ) + kq
n � qn�1k ~C2+�0


 (QT )
�
1
2
kvn�1 � vn�2kC2+�0 (QT ): (5.15)

� á¨«ã (5.15) ¯®á«¥¤®¢ â¥«ì­®áâ¨ vn ¨ qn áå®¤ïâáï ª ­¥ª®â®àë¬ äã­ªæ¨ï¬ v 2 C2+�0(QT )
¨ q 2 eC2+�0


0 (QT ) á®®â¢¥âáâ¢¥­­®. � ¢­®¬¥à­ ï ®£à ­¨ç¥­­®áâì ­®à¬ kvnkC2+�(QT ), kq
nkeC2+�


 (QT )

¢«¥ç¥â [3] ¢ª«îç¥­¨ï v 2 C2+�(QT ) ¨ q 2 eC2+�

 (QT ). �á­®, çâ® ¯ à  (v; q) ï¢«ï¥âáï à¥è¥­¨¥¬

ãà ¢­¥­¨ï (5.4). � á¨«ã ­¥à ¢¥­áâ¢  (5.13) ®¡®á­®¢ ­¨¥ ¥¤¨­áâ¢¥­­®áâ¨ á ­¥¡®«ìè¨¬¨ ­¥áãé¥-
áâ¢¥­­ë¬¨ ¨§¬¥­¥­¨ï¬¨ ¯®¢â®àï¥â ¤®ª § â¥«ìáâ¢® ¥¤¨­áâ¢¥­­®áâ¨ ¢ â¥®à¥¬¥ 5 ¨§ [3] ¤«ï § ¤ ç¨
(5.1). �¥®à¥¬  5.2 ¤®ª § ­ .

�¥âàã¤­® ¢¨¤¥âì, çâ® ®¤­®§­ ç­ ï à §à¥è¨¬®áâì ãà ¢­¥­¨ï (5.4) à ¢­®á¨«ì­  ®¤­®§­ ç­®©
à §à¥è¨¬®áâ¨ § ¤ ç¨ (2.5), (2.6). � ª¨¬ ®¡à §®¬, â¥®à¥¬  4.1 ¤®ª § ­ .
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