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1. �à®áâà áâ¢® Bv
p

�¡®§ ç¨¬ ç¥à¥§ C ¯à®áâà áâ¢® ¥¯à¥àë¢ëå äãªæ¨© x : [0; 1] �! R1 á ®à¬®© kxkC def=
max
0�t�1

jx(t)j, ç¥à¥§ Lp (1 � p < 1) | ¯à®áâà áâ¢® ª« áá®¢ íª¢¨¢ «¥âëå áã¬¬¨àã¥¬ëå ¢ p-©

áâ¥¯¥¨ äãªæ¨© x : [0; 1] �! R1 á ®à¬®© kxkLp

def=
� 1R

0

jx(t)jp dt
�1=p

,   ç¥à¥§ L1 | ¯à®áâà áâ¢®

ª« áá®¢ íª¢¨¢ «¥âëå ¨§¬¥à¨¬ëå ¨ ®£à ¨ç¥ëå ¢ áãé¥áâ¢¥®¬ äãªæ¨© x : [0; 1] �! R1 á

®à¬®© kxkL1 def= vrai sup
0�t�1

jx(t)j. �ãáâì v : [0; 1] �! [0;+1] | ¥ã¡ë¢ îé ï ¯®«®¦¨â¥«ì ï  

(0; 1] äãªæ¨ï.

�¯à¥¤¥«¥¨¥ 1 ([1]). Bv
p (1 � p < 1) | ¯à®áâà áâ¢® ª« áá®¢ íª¢¨¢ «¥âëå ¨§¬¥à¨¬ëå

äãªæ¨© x : [0; 1] �! R1 â ª¨å, çâ® ¤«ï ª ¦¤®© äãªæ¨¨ x 2 Bv
p áãé¥áâ¢ã¥â ª®áâ â  Mx � 0,

¤«ï ª®â®à®© ¢áî¤ã   [0; 1) ¢ë¯®«¥® ¥à ¢¥áâ¢®
tR
0

jx(s)jp ds �Mp
x v(t).

� ª ç¥áâ¢¥ ®à¬ë kxkBv
p
í«¥¬¥â  x 2 Bv

p ¬®¦® ¢§ïâì ¢¥«¨ç¨ã kxkBv
p

def= infMx. �®à¬ã

kxkBv
p
í«¥¬¥â  x 2 Bv

p ¬®¦® â ª¦¥ ®¯à¥¤¥«ïâì ª ª kxkBv
p

def= sup
0<t<1

�
1

v(t)

tR
0

jx(s)jp ds
�1=p

. �à¨

p = 1 ç¥à¥§ Bv
1 ®¯à¥¤¥«¨¬ ¯à®áâà áâ¢® ª« áá®¢ íª¢¨¢ «¥âëå ¨§¬¥à¨¬ëå äãªæ¨© x :

[0; 1] �! R1 â ª¨å, çâ® ¤«ï ª ¦¤®© äãªæ¨¨ x 2 Bv
p áãé¥áâ¢ã¥â ª®áâ â  Mx � 0, ¤«ï ª®-

â®à®© ¢áî¤ã   (0; 1) ¢ë¯®«¥® ¥à ¢¥áâ¢® vrai sup
0�s�t

jx(s)j � Mx v(t). �®à¬ã kxkBv
1

í«¥¬¥â 

x 2 Bv
1 ®¯à¥¤¥«ï¥¬ ¢ëà ¦¥¨¥¬ kxkBv

1

def= infMx. �®à¬ã kxkBv
1

í«¥¬¥â  x 2 Bv
1 ¬®¦® â ª¦¥

®¯à¥¤¥«ïâì ª ª kxkBv
1

def= sup
0<t<1

( 1
v(t)

vrai sup
0�s�t

jx(s)j). �à®áâà áâ¢  Bv
p ¡  å®¢ë.

�¥¬¬  1. �ãáâì ¯à®áâà áâ¢  Bv1
p ¨ Bv2

p ¯®à®¦¤¥ë äãªæ¨ï¬¨ v1 ¨ v2 á®®â¢¥âáâ¢¥®,

¨ ¯ãáâì ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢® Mp
12

def= sup
0<t<1

v1(t)

v2(t)
<1.

�®£¤  ¯à®áâà áâ¢® Bv1
p ¥¯à¥àë¢® ¢«®¦¥® ¢ ¯à®áâà áâ¢® Bv2

p , ¯à¨ç¥¬ ¤«ï «î¡®£® x 2
Bv1
p ¨¬¥¥¬ kxkBv2

p
�M12kxkBv1

p
.

�¢¥¤¥¬ ®¡®§ ç¥¨¥ t� = 2p
p
t, ¥á«¨ 1 � p < 1, ¨ t� = 1, ¥á«¨ p = 1. � «¥¥ ¢¢¥¤¥¬ ¢¥á®¢®¥

¯à®áâà áâ¢® Bt;t�

p â ª¨å ª« áá®¢ íª¢¨¢ «¥âëå ¨§¬¥à¨¬ëå äãªæ¨© x : [0; 1] �! R1, çâ®

x 2 Bt;t�

p , ¥á«¨ xt� 2 Bt
p. �®«®¦¨¬ kxkBt;t�

p

def= kxt�kBt
p
. �à®áâà áâ¢® Bt;t�

p ¡  å®¢®.

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ Capacity Building Project (Credit 2436, Eduardo Mondlane
University | Mozambique).
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2. �¨¥© ï á¨£ã«ïà ï § ¤ ç  ¢ ¯à®áâà áâ¢¥ Dt;t�

p

�¥à¥§ Dt;t�

p ®¡®§ ç¨¬ ¯à®áâà áâ¢® äãªæ¨© x : [0; 1] �! R1 â ª¨å, çâ® 1) x ¥¯à¥àë¢   

[0; 1], ¯à¨ç¥¬ x(0) = 0; 2) _x  ¡á®«îâ® ¥¯à¥àë¢    [0; 1]; 3) �x ¯à¨ ¤«¥¦¨â ¯à®áâà áâ¢ã

Bt;t�

p .

�â® ¯à®áâà áâ¢®  «£¥¡à ¨ç¥áª¨ ¨§®¬®àä® ¯à®áâà áâ¢ã Bt;t�

p � R1. �¥©áâ¢¨â¥«ì®, ¨§®-
¬®àä¨§¬ë J : Bt;t�

p �R1 �! Dt;t�

p ¨ J �1 : Dt;t�

p �! Bt;t�

p �R1 ¬®¦® ®¯à¥¤¥«¨âì à ¢¥áâ¢ ¬¨
J = f�; Y g, J �1 = [�; r], £¤¥

(�z) def=
Z t

0

(t� s)z(s) ds; (Y �) def= �t; �x
def= �x; rx

def= _x(0):

�á«¨ ¢ ¯à®áâà áâ¢¥ Dt;t�

p ®¯à¥¤¥«¨âì ®à¬ã à ¢¥áâ¢®¬ kxkDt;t�

p

def= k�xkBt;t�

p
+ j _x(0)j, â® Dt;t�

p

| ¡  å®¢® ¯à®áâà áâ¢®.
� áá¬®âà¨¬ «¨¥©ãî ªà ¥¢ãî § ¤ çã

(L0x)(t)
def= �x(t) +

_x(t)
t
� x(t)

t2
= f(t); t 2 [0; 1]; x(0) = 0; x(1) + � _x(1) = �; (1)

£¤¥ � � 0.
� ç¥¨¥ ®¯¥à â®à  L0   äãªæ¨¨, ª®â®à ï ®â«¨ç  ®â ã«ï ¢ â®çª¥ t = 0 ( ¯à., x(t) � 1),

¥ ¯à¨ ¤«¥¦¨â ¯à®áâà áâ¢ã áã¬¬¨àã¥¬ëå äãªæ¨©. �®íâ®¬ã ãà ¢¥¨¥ L0x = f ¥áâ¥áâ¢¥®
à áá¬ âà¨¢ âì ¢ ¯à®áâà áâ¢¥, £¤¥ â ª¨å äãªæ¨© ¥â. � ¤ çã (1) ¡ã¤¥¬ ¨áá«¥¤®¢ âì ¢ ¯à®áâà -
áâ¢¥ Dt;t�

p ' Bt;t�

p �R1. �«ï ¯à®áâ®âë ¢ëç¨á«¥¨© ®£à ¨ç¨¬áï á«ãç ¥¬ � � 0.
�« ¢ ï ç áâì ([2], á. 103) Q0 ®¯¥à â®à  L0 : Dt;t�

p �! Bt;t�

p ¨¬¥¥â ¢¨¤

(Q0z)(t)
def= (L0�z)(t) = z(t) + (Kz)(t); t 2 [0; 1];

£¤¥ (Kz)(t) def= 1
t2

tR
0

s z(s) ds | ®¯¥à â®à á® \áà¥¤¨¬ ¢¥á®¬" [3]. �à¨ 1 < p � 1 ®¯¥à â®à K :

Lp �! Lp ®£à ¨ç¥, ¯à¨ç¥¬ kKkLp!Lp
� p0

2
[3], £¤¥ p0 | á®¯àï¦¥ë© ¯®ª § â¥«ì. �®«¥¥ â®£®,

¯à¨ 1 � p � 1 ®¯¥à â®à K : Bt;t�

p �! Bt;t�

p ®£à ¨ç¥, ¯à¨ç¥¬

kKkBt;t�

p !Bt;t�

p
� (1=2)1=p

0

< 1; ¥á«¨ 1 < p � 1; ¨ kKkBt;t�

1
!Bt;t�

1

� 1:

�¯¥à â®à Q0 : Bt;t�

p �! Bt;t�

p ¯à¨ 1 < p � 1 ¨¬¥¥â ®£à ¨ç¥ë© ®¡à âë©

(Q�1
0 z)(t) = z(t)� 1

t3

Z t

0

s2 z(s) ds:

� ª¨¬ ®¡à §®¬, £« ¢ ï ªà ¥¢ ï § ¤ ç  ([2], á. 104) L0x = f , _x(0) = � ®¤®§ ç® à §à¥è¨¬ .
�ã¤ ¬¥â «ì ï á¨áâ¥¬  à¥è¥¨© ®¤®à®¤®£® ãà ¢¥¨ï L0x = 0 ¢ ¯à®áâà áâ¢¥ Dt;t�

p ®¤®-
¬¥à  ¨ á®áâ®¨â ¨§ äãªæ¨¨ x1(t) = t. �â ª, £« ¢ ï ªà ¥¢ ï § ¤ ç  ¨â¥£à¨àã¥âáï ¢ ª®¥ç®¬
¢¨¤¥ ¨ ¥¥ ®¡é¥¥ à¥è¥¨¥ ¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥

x(t) = (�Q�1
0 f)(t) + _x(0)t =

Z t

0

(t� s)ff(s)� 1
s3

Z s

0

� 2 f(�) d�g ds+ _x(0)t:

�®á«¥ ¯¥à¥¬¥ë ¯®àï¤ª  ¨â¥£à¨à®¢ ¨ï íâ® ¯à¥¤áâ ¢«¥¨¥ ¯à¨¨¬ ¥â ª ®¨ç¥áª¨© ¢¨¤

x(t) =
Z t

0

C0(t; s)f(s) ds+ _x(0)t = (C0f)(t) + _x(0)t;

£¤¥ äãªæ¨ï �®è¨ ®¯à¥¤¥«ï¥âáï à ¢¥áâ¢®¬ C0(t; s) = t2�s2

2t
, 0 � s � t � 1. �¯¥à â®à �®è¨ C0 :

Bt;t�

p �! C ¢¯®«¥ ¥¯à¥àë¢¥ ¯à¨ p =1. � á®®â¢¥âáâ¢¨¨ á ([2], á. 105) ¤«ï «î¡®£® äãªæ¨® « 
`, ®¯à¥¤¥«¥®£®   Dt;t�

p ¨ â ª®£®, çâ® `[x1] 6= 0, ªà ¥¢ ï § ¤ ç  L0x = z, `x = � ®¤®§ ç®
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à §à¥è¨¬ . �¥è¥¨¥ § ¤ ç¨ (1) ¯à¨ � = 0 ¢ ¯à®áâà áâ¢¥ Dt;t�

p ¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥ x = Wf +

�x1, £¤¥ (Wf)(t) def=
1R
0

W (t; s)f(s) ds,

W (t; s) def=

(
s2(t2 � 1)=(2t); ¥á«¨ 0 � s � t � 1;

t(s2 � 1)=2; ¥á«¨ 0 � t < s � 1:

�à¨ p =1 ®¯¥à â®à W : Bt;t�

p �! C ¢¯®«¥ ¥¯à¥àë¢¥.
� áá¬®âà¨¬ § ¤ çã

(Lx)(t) def= (L0x)(t)� (Tx)(t) = f(t); t 2 [0; 1]; x(0) = 0; x(1) = �; (2)

£¤¥ T : C �! Bt;1
1 | «¨¥©ë©  â¨â®ë© ®¯¥à â®à, f 2 Bt;1

1 , � 2 R1.

�ãáâì A def= WT : C �! C. �¬¥¥â ¬¥áâ®

�¥¬¬  2. �«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï íª¢¨¢ «¥âë:

1) áãé¥áâ¢ã¥â â ª®© í«¥¬¥â y 2 Dt;1
1 , çâ® y(t) > 0, �(t) def= (L0y)(t)�(Ty)(t) � 0, t 2 (0; 1),

¯à¨ç¥¬ y(1)�
1R
0

�(s) ds > 0;

2) á¯¥ªâà «ìë© à ¤¨ãá �(A) ®¯¥à â®à  A : C �! C ¬¥ìè¥ ¥¤¨¨æë;
3) ªà ¥¢ ï § ¤ ç  (2) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ x 2 Dt;1

1 ¤«ï ª ¦¤®© ¯ àë f 2 Bt;1
1 ,

� 2 R1, ¯à¨ç¥¬ ¥¥ ®¯¥à â®à �à¨  G  â¨â®¥;
4) áãé¥áâ¢ã¥â ¯®«®¦¨â¥«ì®¥   [0; 1] à¥è¥¨¥ ®¤®à®¤®£® ãà ¢¥¨ï L0x� Tx = 0.

3. �¥«¨¥© ï § ¤ ç  á ¥áã¬¬¨àã¥¬®© ®á®¡¥®áâìî

�ãáâì v; z 2 Dt;1
1 , £¤¥ v(t) � z(t) ¯à¨ ¢á¥å t 2 [0; 1]. �¡®§ ç¨¬

[v; z]Dt;1
1

def= fx 2 Dt;1
1 : v(t) � x(t) � z(t); t 2 [0; 1]g

| ¯®àï¤ª®¢ë© ¨â¥à¢ « ¢ ¯à®áâà áâ¢¥ Dt;1
1 . �ãáâì � : C �! Bt;1

1 | «¨¥©ë© ¨§®â®ë©
®¯¥à â®à, v � �v, z � �z, [v; z]Bt;1

1

| ¯®àï¤ª®¢ë© ¨â¥à¢ « ¢ ¯à®áâà áâ¢¥ Bt;1
1 .

�¯à¥¤¥«¥¨¥ 2 ([2], á. 218). �ã¤¥¬ £®¢®à¨âì, çâ® äãªæ¨ï f(�; �) ã¤®¢«¥â¢®àï¥â ®¤®¬ã ¨§
ãá«®¢¨© Li[v; z], i = 1; 2; ¥á«¨ ¤«ï «î¡®© ¨§¬¥à¨¬®© äãªæ¨¨ u 2 [v; z]Bt;1

1

¯à¨ ¯®çâ¨ ¢á¥å t 2 [0; 1]
¢®§¬®¦® à §«®¦¥¨¥ f(t; u(t)) = qi(t)u(t) +Mi(t; u(t)). �¤¥áì qi 2 L1, i = 1; 2, Mi : [v; z]Bt;1

1

�!
Bt;1
1 | ®¯¥à â®à �¥¬ëæª®£®, ®¯à¥¤¥«¥ë© à ¢¥áâ¢®¬ (Miu)(t)

def= Mi(t; u(t)), ¯à¨ç¥¬ ®¯¥à â®à
M1 ¨§®â®¥,   ®¯¥à â®à M2  â¨â®¥.

� áá¬®âà¨¬ ª¢ §¨«¨¥©ãî § ¤ çã

(L0x)(t)
def= �x(t) +

_x(t)
t
� x(t)

t2
= f(t; (�x)(t)); t 2 [0; 1]; x(0) = 0; x(1) = �; (3)

£¤¥ äãªæ¨ï f(�; �) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ � à â¥®¤®à¨.
� [4], [5] ¢áâà¥ç îâáï ªà ¥¢ë¥ § ¤ ç¨, ª®â®àë¥ ¬®£ãâ ¡ëâì ¯à¥¤áâ ¢«¥ë ¢ ¢¨¤¥ (3) ¯à¨

�x � x: � áâ âì¥ [6] ãª § ë ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï â ª®© § ¤ ç¨.
�¨¦¥ áä®à¬ã«¨àã¥¬ ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï § ¤ ç¨ (3), ª®â®àë¥
¥¯®áà¥¤áâ¢¥® ¥ á«¥¤ãîâ ¨§ [6]. � ¤ çã (3) ¨áá«¥¤ã¥¬ ¢ ¯à®áâà áâ¢¥ Dt;1

1 .
� «®£¨ç® â¥®à¥¬¥ 1 ¨§ [7] ¬®¦® ¯®ª § âì, çâ® ¨¬¥¥â ¬¥áâ®

�¥®à¥¬ . �ãáâì áãé¥áâ¢ã¥â ¯ à  äãªæ¨© v; z 2 Dt;1
1 , v(t) < z(t), t 2 (0; 1), ã¤®¢«¥â¢®àï-

îé ï ¥à ¢¥áâ¢ ¬

L0z � f(�;�z); L0v � f(�;�v); v(1) � � � z(1):
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�à¥¤¯®«®¦¨¬, çâ® äãªæ¨ï f(�; �) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î L2[v; z] á ª®íää¨æ¨¥â®¬ q2 2 L1,
q2(�) � 0. �®£¤  § ¤ ç  (3) ¨¬¥¥â ¯® ªà ©¥© ¬¥à¥ ®¤® à¥è¥¨¥ x 2 [v; z]Dt;1

1

.

�á«¨, ªà®¬¥ â®£®, ¢ë¯®«¥® ãá«®¢¨¥ L1[v; z] á ª®íää¨æ¨¥â®¬ q1 2 L1, ¯à¨ç¥¬ ®¯¥à â®à

�à¨  ¢á¯®¬®£ â¥«ì®© § ¤ ç¨

L1x
def= L0x� q1�x = �; x(1) = 0;

 â¨â®¥, â® à¥è¥¨¥ § ¤ ç¨ (3) ¥¤¨áâ¢¥®.

�¨â¥à âãà 
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