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1. �¢¥¤¥­¨¥

�«ï ç¨á«¥­­®£® à¥è¥­¨ï § ¤ ç ®¯â¨¬¨§ æ¨¨ ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬ ¯® ã¯à ¢«ïîé¨¬ ¯ à -
¬¥âà ¬ âà ¤¨æ¨®­­® ¯à¨¬¥­ïîâáï £à ¤¨¥­â­ë¥ ¯à®æ¥¤ãàë ¨ ¬¥â®¤ë ¢â®à®£® ¯®àï¤ª  [1], [2].
�¥« ªá æ¨ï ¢ íâ¨å ¯à®æ¥¤ãà å ¢ ®¡é¥¬ á«ãç ¥ ®¡¥á¯¥ç¨¢ ¥âáï «¨èì «®ª «ì­®, â. ¥. ¢ ¤®áâ â®ç­®
¬ «®© ®ªà¥áâ­®áâ¨ ¢ àì¨àã¥¬ëå ¯ à ¬¥âà®¢. �ãé¥áâ¢¥­­ë¬ ä ªâ®à®¬ ¯®¢ëè¥­¨ï íää¥ªâ¨¢-
­®áâ¨ ¯®¨áª  à¥è¥­¨ï ï¢«ï¥âáï ­¥«®ª «ì­®áâì ã«ãçè¥­¨ï. �à®æ¥¤ãàë ­¥«®ª «ì­®© ®¯â¨¬¨§ -
æ¨¨ «¨­¥©­ëå ¯® á®áâ®ï­¨î á¨áâ¥¬ ¡ë«¨ à áá¬®âà¥­ë ¢ [3] ¤«ï ª« áá  ¨§¬¥à¨¬ëå ã¯à ¢«¥­¨©. �
[4] ¯à¥¤«®¦¥­ë ®¡®¡é¥­¨ï ãª § ­­ëå ­¥«®ª «ì­ëå ¯à®æ¥¤ãà ¤«ï ª¢ ¤à â¨ç­ëå ¯® á®áâ®ï­¨î
á¨áâ¥¬. �á­®¢®© ­¥«®ª «ì­ëå ¯à®æ¥¤ãà [3], [4] ï¢«ïîâáï á¯¥æ¨ «ì­ë¥ ä®à¬ã«ë ¯à¨à é¥­¨ï
æ¥«¥¢ëå äã­ªæ¨®­ «®¢, ­¥ á®¤¥à¦ é¨¥ ®áâ â®ç­ëå ç«¥­®¢ à §«®¦¥­¨ï.

� ¤ ­­®© à ¡®â¥ á  ­ «®£¨ç­ëå [4] ¯®§¨æ¨© à áá¬ âà¨¢ ¥âáï ¯à®æ¥¤ãà  ­¥«®ª «ì­®£® ã«ãç-
è¥­¨ï ¤«ï § ¤ ç¨ ®¯â¨¬¨§ æ¨¨ ª¢ ¤à â¨ç­®© ¯® á®áâ®ï­¨î á¨áâ¥¬ë ¯® ã¯à ¢«ïîé¨¬ ¯ à ¬¥-
âà ¬

�(u) = '(x(t1)) +
Z
T

F (x(t); u; t)dt ! min
u2U

; (1)

_x(t) = f(x(t); u; t); x(t0) = x0; t 2 T = [t0; t1]; (2)

¢ ª®â®à®© x(t) = (x1(t); : : : ; xn(t)) | ¢¥ªâ®à á®áâ®ï­¨ï, u = (u1; : : : ; um) | ¢¥ªâ®à ã¯à ¢«ïîé¨å
¯ à ¬¥âà®¢ á® §­ ç¥­¨ï¬¨ ¢ ª®¬¯ ªâ­®¬ ¬­®¦¥áâ¢¥ U � Rm. �ã­ªæ¨¨ f(x; u; t), F (x; u; t) ï¢«ï-
îâáï ª¢ ¤à â¨ç­ë¬¨ ¯® x á ª®íää¨æ¨¥­â ¬¨, ­¥¯à¥àë¢­® § ¢¨áïé¨¬¨ ®â u, t ­  ¬­®¦¥áâ¢¥
Rn � U � T . �ã­ªæ¨ï '(x) ª¢ ¤à â¨ç­  ­  Rn.

�à®æ¥¤ãà  ­¥«®ª «ì­®£® ã«ãçè¥­¨ï ®á­®¢ë¢ ¥âáï ­  â®ç­®© (¡¥§ ®áâ â®ç­ëå ç«¥­®¢) ä®à-
¬ã«¥ ¯à¨à é¥­¨ï æ¥«¥¢®© äã­ªæ¨¨ ¢ à áá¬ âà¨¢ ¥¬®¬ ª« áá¥ § ¤ ç.

2. �®à¬ã«  ¯à¨à é¥­¨ï æ¥«¥¢®© äã­ªæ¨¨. �á«®¢¨ï ®¯â¨¬ «ì­®áâ¨

�¡à §ã¥¬ äã­ªæ¨î �®­âàï£¨­  á á®¯àï¦¥­­®© ¯¥à¥¬¥­­®© p

H(p; x; u; t) = hp; f(x; u; t)i � F (x; u; t)

¨ ®¡®§­ ç¨¬ ç¥à¥§ �vH(p; x; u; t) = H(p; x; v; t) �H(p; x; u; t) ç áâ­®¥ ¯à¨à é¥­¨¥ ¯®  à£ã¬¥­âã
u,   ç¥à¥§ Hx, 'x, Hxx, 'xx | á®®â¢¥âáâ¢¥­­® ¯¥à¢ë¥ ¨ ¢â®àë¥ ¯à®¨§¢®¤­ë¥ äã­ªæ¨© H, ' ¯®
 à£ã¬¥­âã x.

�à®¬¥ ¢eªâop­®© áâ ­¤ àâ­®© á®¯àï¦¥­­®© á¨áâ¥¬ë

_ (t) = �Hx( (t); x(t); u; t); t 2 T; (3)

¢¢¥¤¥¬ ¢¥ªâ®à­ãî ¬®¤¨ä¨æ¨à®¢ ­­ãî á®¯àï¦¥­­ãî á¨áâ¥¬ã

_p(t) = �Hx(p(t); x(t); u; t) �
1
2
Hxx(p(t); x(t); u; t)y(t); t 2 T: (4)
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�ãáâì u0, v | ¤®¯ãáâ¨¬ë¥ ã¯à ¢«¥­¨ï. �¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: �v�(u0) = �(v) �
�(u0); x(t; v), t 2 T , | à¥è¥­¨¥ á¨áâ¥¬ë (2) ¯à¨ u = v, x(t0; v) = x0;  (t; v), t 2 T , | à¥è¥­¨¥
á¨áâ¥¬ë (3) ¯à¨ u = v, x(t) = x(t; v),  (t1; v) = �'x(x(t1; v)); p(t; u0; v), t 2 T , | à¥è¥­¨¥
á¨áâ¥¬ë (4) ¯à¨ u = u0, x(t) = x(t; u0), y(t) = x(t; v) � x(t; u0), p(t1; u0; v) = �'x(x(t1; u0)) �
1
2
'xx(x(t1; u0))(x(t1; v)�x(t1; u0)). �ç¥¢¨¤­®, ¤«ï äã­ªæ¨¨ p ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® p(t; u0; u0) =
 (t; u0), t 2 T .

�¯à ¢«ïîé¨© ¢¥ªâ®à ¯ à ¬¥âà®¢ ¢ § ¤ ç¥ (1), (2) à áá¬®âà¨¬ ª ª ¯®áâ®ï­­ãî ¢¥ªâ®à­ãî
äã­ªæ¨î ¢à¥¬¥­¨ ­  ¨­â¥à¢ «¥ T . �®£¤  ¨§ ä®à¬ã«ë ¯à¨à é¥­¨ï æ¥«¥¢®£® äã­ªæ¨®­ «  ¤«ï
ª¢ ¤à â¨ç­ëå § ¤ ç ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï (ä®à¬ã«  (7) ¨§ [4]) ¢ ª ç¥áâ¢¥ ®ç¥¢¨¤­®£® á«¥¤-
áâ¢¨ï ¯®«ãç¨¬ ä®à¬ã«ã ¯à¨à é¥­¨ï æ¥«¥¢®© äã­ªæ¨¨ ¢ § ¤ ç¥ (1), (2)

�v�(u0) = �

Z
T

�vH(p(t; u0; v); x(t; v); u0; t)dt: (5)

�¯à¥¤¥«¨¬ äã­ªæ¨î G(u; v; w) =
R
T

H(p(t; u; v); x(t; v); w; t)dt, u 2 U , v 2 U , w 2 U , ¨ ¢¢¥¤¥¬

®â®¡à ¦¥­¨¥ ¯® ä®à¬ã«¥

W �(u; v) = arg max
w2U

G(u; v; w); u 2 U; v 2 U: (6)

�®£« á­® (5) ¤«ï ®¯â¨¬ «ì­®áâ¨ ã¯à ¢«¥­¨ï u 2 U ¤®áâ â®ç­® (¨ ­¥®¡å®¤¨¬®), çâ®¡ëR
T

�vH(p(t; u; v); x(t; v); u; t)dt � 0, v 2 U . �«ï ¢ë¯®«­¥­¨ï ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  ¤®áâ â®ç­®

âà¥¡®¢ âì ¢ë¯®«­¥­¨ï ãá«®¢¨ï

u =W �(u; v); v 2 U: (7)

� á«ãç ¥ ¤¨ää¥à¥­æ¨àã¥¬®áâ¨ äã­ªæ¨¨ H ¯® u ¨ ¢ë¯ãª«®áâ¨ ¬­®¦¥áâ¢  U ¨§¢¥áâ­®¥ [1]
­¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ®¯â¨¬ «ì­®áâ¨ ã¯à ¢«¥­¨ï u 2 U ¢ ä®à¬¥ «¨­¥ à¨§®¢ ­­®£® ¯à¨­æ¨¯ 
¬ ªá¨¬ã¬  (���) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ä®à¬¥

u = arg max
w2U

Z
T

hHu( (t; u); x(t; u); u; t); widt; (8)

£¤¥ Hu | ¯¥à¢ ï ¯à®¨§¢®¤­ ï äã­ªæ¨¨ H ¯® u.
�ë¤¥«¨¬ ãá«®¢¨¥

u =W �(u; u); (9)

ª®â®à®¥ ¯®«ãç ¥âáï ¨§ ¤®áâ â®ç­®£® ãá«®¢¨ï (7) ¯à¨ v = u. �¥âàã¤­® ¯®ª § âì, çâ® (8) ï¢«ï¥âáï
á«¥¤áâ¢¨¥¬ (9).

�à¨ ãá«®¢¨¨ «¨­¥©­®áâ¨ ¯® ã¯à ¢«¥­¨î u äã­ªæ¨© f(x; u; t), F (x; u; t) ãá«®¢¨ï (8), (9) íª¢¨-
¢ «¥­â­ë, â. ¥. ¢ «¨­¥©­®© ¯® ã¯à ¢«¥­¨î § ¤ ç¥ (1), (2) á ¢ë¯ãª«ë¬ ¬­®¦¥áâ¢®¬ U ��� ¨¬¥¥â
ä®à¬ã (9).

3. �à®æ¥¤ãà  ã«ãçè¥­¨ï

�®áâ ¢¨¬ § ¤ çã ®¡ ã«ãçè¥­¨¨ ã¯à ¢«¥­¨ï u0 2 U : ­ ©â¨ ã¯à ¢«¥­¨¥ v 2 U á ãá«®¢¨¥¬
�v�(u0) � 0. �®à¬ã«  (5) ®âªàë¢ ¥â ¢®§¬®¦­®áâì à¥è¥­¨ï § ¤ ç¨ ã«ãçè¥­¨ï ã¯à ¢«¥­¨ï u0

ç¥à¥§ ®¯¥à æ¨î (6).

�à®æ¥¤ãà  ã«ãçè¥­¨ï.

1. �® § ¤ ­­®¬ã u0 ®¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥ W �

1 (v) =W �(u0; v), v 2 U .
2. � ©¤¥¬ à¥è¥­¨¥ ãà ¢­¥­¨ï

v =W �

1 (v); v 2 U: (10)

�®ª ¦¥¬, çâ® à¥è¥­¨¥ v ®¡¥á¯¥ç¨¢ ¥â ã«ãçè¥­¨¥. � á¨«ã ®¯à¥¤¥«¥­¨ï ®â®¡à ¦¥­¨ï W �

1

¯®«ãç¨¬ Z
T

H(p(t; u0; v)x(t; v); v; t)dt �
Z
T

H(p(t; u0; v); x(t; v); u0 ; t)dt:
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�âáî¤  ¨ ¨§ (5) á«¥¤ã¥â �v�(u0) � 0.
� ª¨¬ ®¡à §®¬, ¯à®æ¥¤ãà  ã«ãçè¥­¨ï á®áâ®¨â ¢ ­ å®¦¤¥­¨¨ ­¥¯®¤¢¨¦­®© â®çª¨ ®â®¡à ¦¥-

­¨ï W �

1 ­  ¬­®¦¥áâ¢¥ U . � áá¬®âà¨¬ V1(u0) = fv 2 U : v =W �

1 (v)g | ¬­®¦¥áâ¢® ­¥¯®¤¢¨¦­ëå
â®ç¥ª ®â®¡à ¦¥­¨ïW �

1 . �á«¨ u
0 2 V1(u0), â® u0 ã¤®¢«¥â¢®àï¥â (9). �¡à â­®, ¥á«¨ u0 ã¤®¢«¥â¢®àï-

¥â (9), â® u0 ®¯à¥¤¥«ï¥âáï ¨§ (10) ¯à¨ v = u0, â. ¥. u0 2 V1(u0). �«¥¤®¢ â¥«ì­®, (9) å à ªâ¥à¨§ã¥âáï
¢ª«îç¥­¨¥¬ u0 2 V1(u0). �âáî¤  ¢ëâ¥ª ¥â

�¥®à¥¬  1. �¯à ¢«¥­¨¥ u0 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (9) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  u0 2
V1(u0).

�«¥¤áâ¢¨¥ 1. � «¨­¥©­®© ¯® ã¯à ¢«¥­¨î § ¤ ç¥ (1), (2) á ¢ë¯ãª«ë¬ ¬­®¦¥áâ¢®¬ U ã¯à -
¢«¥­¨¥ u0 ã¤®¢«¥â¢®àï¥â ��� (8) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  u0 2 V1(u0).

�«¥¤áâ¢¨¥ 2. � «¨­¥©­®© ¯® ã¯à ¢«¥­¨î § ¤ ç¥ (1), (2) á ¢ë¯ãª«ë¬ ¬­®¦¥áâ¢®¬ U ã¯à -
¢«¥­¨¥ u0 ­¥ ®¯â¨¬ «ì­®, ¥á«¨ ®â®¡à ¦¥­¨¥ W �

1 ­¥ ¨¬¥¥â ­¥¯®¤¢¨¦­ëå â®ç¥ª ¢ U .

�ª ¦¥¬ ãá«®¢¨ï, ¯à¨ ª®â®àëå ¨¬¥¥â ¬¥áâ® áâà®£®¥ ã«ãçè¥­¨¥ �(v) < �(u0), v 2 V1(u0). �«ï
íâ®£® ®£à ­¨ç¨¬áï ¯®¤ª« áá®¬ «¨­¥©­ëå ¯® ã¯à ¢«¥­¨î § ¤ ç

�(u) = '(x(t1)) +
Z
T

fha(x(t); t); ui + F0(x(t); t)gdt! min
u2U

; (11)

_x(t) = A(x(t); t)u + b(x(t); t); x(t0) = x0; t 2 T = [t0; t1]: (12)

� § ¤ ç¥ (11), (12) äã­ªæ¨ï �®­âàï£¨­  ¨¬¥¥â áâàãªâãàã H(p; x; u; t) = hH1(p; x; t); ui +
H0(p; x; t). �®®â¢¥âáâ¢ãîé ï äã­ªæ¨ï G(u; v; w) ¨ ®â®¡à ¦¥­¨¥ W �(u; v) ¯à¨¬ãâ ¢¨¤

G(u; v; w) =
D Z

T

H1(p(t; u; v); x(t; v); t)dt; w
E
+
Z
T

H0(p(t; u; v); x(t; v); t)dt =

= hg(u; v); wi + g0(u; v);

W �(u; v) = arg max
w2U

hg(u; v); wi; u 2 U; v 2 U:

� á«ãç ¥ áª «ïà­®£® ã¯à ¢«¥­¨ï (m = 1) á ®¡« áâìî §­ ç¥­¨© U = [u�; u+] (¤¢ãáâ®à®­­¨¥
®£à ­¨ç¥­¨ï) ¯®«ãç¨¬

W �(u; v) =

8><
>:
u+; g(u; v) > 0;
u�; g(u; v) < 0;
w 2 [u+; u�]; g(u; v) = 0:

� ç áâ­®áâ¨, ¥á«¨ u+ = �u� = l, â® ®â®¡à ¦¥­¨¥ (6) ¬®¦­® § ¯¨á âì ¢ ä®à¬¥

W �(u; v) = l � sign(g(u; v)):

�¯à¥¤¥«¨¬ äã­ªæ¨î ¯¥à¥ª«îç¥­¨ï ã¯à ¢«¥­¨ï ¢ ¯à®æ¥¤ãà¥ ã«ãçè¥­¨ï ã¯à ¢«¥­¨ï u0 ¢
¢¨¤¥ g1(v) = g(u0; v), v 2 U . �à¨ íâ®¬ ®â®¡à ¦¥­¨¥ W �

1 ¢ ¯à®æ¥¤ãà¥ ã«ãçè¥­¨ï ¯à¨¬¥â ¢¨¤
W �

1 (v) = arg max
w2U

hg1(v); wi. �à¨à é¥­¨¥ æ¥«¥¢®© äã­ªæ¨¨ (5) ­  ã¯à ¢«¥­¨ïå u0, v 2 U ¢ § ¤ ç¥

(11), (12) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ �v�(u0) = �hg1(v); v � u0i.
�ãáâì v 2 U |­¥¯®¤¢¨¦­ ï â®çª  ®â®¡à ¦¥­¨ïW �

1 . �®£¤  ¨§ ä®à¬ã«ë ¯à¨à é¥­¨ï á«¥¤ã¥â,
çâ® áâà®£®¥ ã«ãçè¥­¨¥ £ à ­â¨àã¥âáï (¢ â®¬ ç¨á«¥ ¨ ¤«ï ã¯à ¢«¥­¨ï u0, ã¤®¢«¥â¢®àïîé¥£®
���), ¥á«¨ ¢¥ªâ®àë (v�u0) ¨ g1(v) ­¥ ®àâ®£®­ «ì­ë. � ç áâ­®áâ¨, ¤«ï áª «ïà­®£® ã¯à ¢«¥­¨ï
(m = 1) áâà®£®¥ ã«ãçè¥­¨¥ £ à ­â¨àã¥âáï, ¥á«¨ v ­¥ à ¢­® u0 ¨ äã­ªæ¨ï ¯¥à¥ª«îç¥­¨ï g1 ­¥
à ¢­  ­ã«î ¢ â®çª¥ v.

�®çª¨ v 2 U , ¢ ª®â®àëå äã­ªæ¨ï ¯¥à¥ª«îç¥­¨ï g1 à ¢­  ­ã«î, ®ç¥¢¨¤­® ï¢«ïîâáï ­¥¯®-
¤¢¨¦­ë¬¨ â®çª ¬¨ ®â®¡à ¦¥­¨ï W �

1 . � §®¢¥¬ â ª¨¥ ­¥¯®¤¢¨¦­ë¥ â®çª¨ ®á®¡ë¬¨, ®áâ «ì­ë¥
| ­¥®á®¡ë¬¨. �á«®¢¨¥ áâà®£®£® ã«ãçè¥­¨ï ¢ § ¤ ç¥ (11), (12) ¢ á«ãç ¥ áª «ïà­®£® ã¯à ¢«¥-
­¨ï ¬®¦­® áä®à¬ã«¨à®¢ âì ¢ á«¥¤ãîé¥¬ ¢¨¤¥: ¥á«¨ v 2 U | ­¥®á®¡ ï ­¥¯®¤¢¨¦­ ï â®çª 
®â®¡à ¦¥­¨ï W �

1 , ®â«¨ç­ ï ®â u
0, â® �(v) < �(u0).
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�â¬¥â¨¬, çâ® ¢ § ¤ ç¥ (11), (12) ­¥®á®¡ë¥ ­¥¯®¤¢¨¦­ë¥ â®çª¨ ¬®£ãâ ¡ëâì â®«ìª® £à ­¨ç­ë-
¬¨ â®çª ¬¨ ¬­®¦¥áâ¢  U .

�«¥¤áâ¢¨¥ 3. �á®¡ë¥ ­¥¯®¤¢¨¦­ë¥ â®çª¨ v 2 V1(u0) ­¥ ¤ îâ áâà®£®£® ã«ãçè¥­¨ï ã¯à ¢«¥-
­¨ï u0 ¢ «¨­¥©­®© ¯® ã¯à ¢«¥­¨î § ¤ ç¥ (11), (12) (�v�(u0) = 0).

�à¥¤«®¦¥­­ ï ¯à®æ¥¤ãà  ã«ãçè¥­¨ï ãª §ë¢ ¥â ­  ¯à¨­æ¨¯¨ «ì­ãî ¢®§¬®¦­®áâì ®áãé¥-
áâ¢«¥­¨ï ­¥«®ª «ì­®£® ã«ãçè¥­¨ï ã¯à ¢«¥­¨ï ¢ à áá¬ âà¨¢ ¥¬®¬ ª« áá¥ § ¤ ç. �àã¤®¥¬ª®áâì
¯®áâà®¥­¨ï ã«ãçè îé¥£® ã¯à ¢«¥­¨ï ®¯à¥¤¥«ï¥âáï âàã¤®¥¬ª®áâìî à¥è¥­¨ï § ¤ ç¨ (10) ® ­¥-
¯®¤¢¨¦­®© â®çª¥ ®â®¡à ¦¥­¨ï W �

1 ¢ ¯à®æ¥¤ãà¥ ã«ãçè¥­¨ï. � áá¬ âà¨¢ ¥¬®¥ ®â®¡à ¦¥­¨¥ ¢
®¡é¥¬ á«ãç ¥ ®¯à¥¤¥«ï¥â ¬­®£®§­ ç­ãî ¨ à §àë¢­ãî ¢¥ªâ®à­ãî äã­ªæ¨î W �

1 , §­ ç¥­¨ï ª®â®-
à®© ¢ëç¨á«ïîâáï ç¥à¥§ ®¯¥à æ¨î ¨­â¥£à¨à®¢ ­¨ï ä §®¢®© ¨ á®¯àï¦¥­­®© á¨áâ¥¬ ¨ ®¯¥à æ¨î
­  ¬ ªá¨¬ã¬ (6). �®¬¯¥­á æ¨¥© §  ¯®¨áª ­¥¯®¤¢¨¦­ëå â®ç¥ª ®â®¡à ¦¥­¨ï ï¢«ï¥âáï ­¥«®ª «ì-
­®áâì ã«ãçè¥­¨ï,   â ª¦¥ ¢®§¬®¦­®áâì ã«ãçè¥­¨ï ã¯à ¢«ïîé¨å ¯ à ¬¥âà®¢ ­  ­¥¢ë¯ãª«ëå
¬­®¦¥áâ¢ å.

�ë¤¥«¨¬ á«¥¤ãîé¨¥ á¢®©áâ¢  ¯à®æ¥¤ãàë.
1. �¥«®ª «ì­®áâì ã«ãçè¥­¨ï ã¯à ¢«ïîé¨å ¯ à ¬¥âà®¢. � ¯à®æ¥¤ãàe ®âáãâáâ¢ã¥â ¬ «ë©

¯ à ¬¥âà, £ à ­â¨àãîé¨© ¡«¨§®áâì ¢ àì¨àã¥¬ëå ¯ à ¬¥âà®¢.
2. �®§¬®¦­®áâì ã«ãçè¥­¨ï ¯ à ¬¥âà®¢, ã¤®¢«¥â¢®àïîé¨å «¨­¥ à¨§®¢ ­­®¬ã ¯à¨­æ¨¯ã ¬ ª-

á¨¬ã¬ . � «¨­¥©­®© ¯® ã¯à ¢«¥­¨î § ¤ ç¥ â ª®¥ á¢®©áâ¢® ®¡ãá« ¢«¨¢ ¥âáï ­¥¥¤¨­áâ¢¥­­®áâìî
à¥è¥­¨ï § ¤ ç¨ ® ­¥¯®¤¢¨¦­®© â®çª¥.

3. �âáãâáâ¢¨¥ ¢ ®¡é¥¬ á«ãç ¥ âà¥¡®¢ ­¨ï ¤¨ää¥à¥­æ¨àã¥¬®áâ¨ ¯® u äã­ªæ¨© f(x; u; t),
F (x; u; t) ¨ ¢ë¯ãª«®áâ¨ ¬­®¦¥áâ¢  §­ ç¥­¨© ã¯à ¢«ïîé¨å ¯ à ¬¥âà®¢ U (¢ ®â«¨ç¨¥ ®â £à -
¤¨¥­â­ëå ¬¥â®¤®¢).

�¢®©áâ¢® ­¥¥¤¨­áâ¢¥­­®áâ¨ ­¥¯®¤¢¨¦­ëå â®ç¥ª ¢ ¯à®æ¥¤ãà¥ ã«ãçè¥­¨ï ï¢«ï¥âáï ¡« £®¯à¨-
ïâ­ë¬ ä ªâ®à®¬ ã«ãçè¥­¨ï ã¯à ¢«¥­¨©, ã¤®¢«¥â¢®àïîé¨å «¨­¥ à¨§®¢ ­­®¬ã ¯à¨­æ¨¯ã ¬ ª-
á¨¬ã¬ .

�â¬¥â¨¬, çâ® ¢®§¬®¦¥­ á«ãç ©, ª®£¤  ¢ ¯à®æ¥¤ãà¥ ã«ãçè¥­¨ï ®âáãâáâ¢ãîâ ­¥¯®¤¢¨¦­ë¥
â®çª¨. � «¨­¥©­®© ¯® ã¯à ¢«¥­¨î § ¤ ç¥ íâ® ®§­ ç ¥â, çâ® ã¯à ¢«¥­¨¥ u0 ­¥ ã¤®¢«¥â¢®àï¥â
«¨­¥ à¨§®¢ ­­®¬ã ¯à¨­æ¨¯ã ¬ ªá¨¬ã¬ . � ¤ ­­®¬ á«ãç ¥ à áá¬ âà¨¢ ¥¬ ï ¯à®æ¥¤ãà  ­¥ ¤¥©-
áâ¢ã¥â ¨ ­ã¦­® ¯¥à¥©â¨ ª ¤àã£¨¬ ¯à®æ¥¤ãà ¬ ã«ãçè¥­¨ï.

4. �å¥¬  ¯®¨áª  ­¥¯®¤¢¨¦­ëå â®ç¥ª ¢ ¯à®æ¥¤ãà¥ ã«ãçè¥­¨ï

� áá¬®âà¨¬ «¨­¥©­ë© ¯® ã¯à ¢«¥­¨î ¯®¤ª« áá § ¤ ç (11), (12) á ¤¢ãáâ®à®­­¨¬¨ ®£à ­¨ç¥-
­¨ï¬¨ U = [u�; u+]. � ¤ ­­®¬ á«ãç ¥ ¢ áå¥¬¥ ¯®¨áª  ­¥¯®¤¢¨¦­ëå â®ç¥ª ¢ ¯à®æ¥¤ãà¥ ã«ãçè¥­¨ï
¬®¦­® ¢ë¤¥«¨âì á«¥¤ãîé¨¥ § ¤ ç¨.

C1. �®¨áª \­ã«¥©" £« ¤ª®© äã­ªæ¨¨ g1 ¯¥à¥ª«îç¥­¨ï ã¯à ¢«¥­¨ï ¢­ãâà¨ ¤®¯ãáâ¨¬®£® ¬­®-
¦¥áâ¢  U . �â¨ ­¥¯®¤¢¨¦­ë¥ â®çª¨ ï¢«ïîâáï ®á®¡ë¬¨.

C2. �®¨áª ­¥¯®¤¢¨¦­ëå â®ç¥ª ®â®¡à ¦¥­¨ï W �

1 ­  £à ­¨æ¥ ¬­®¦¥áâ¢  U . � ©¤¥­­ë¥ ­¥¯®-
¤¢¨¦­ë¥ â®çª¨, ­¥ ï¢«ïîé¨¥áï \­ã«ï¬¨" äã­ªæ¨¨ ¯¥à¥ª«îç¥­¨ï, ï¢«ïîâáï ­¥®á®¡ë¬¨.

�«ï ç¨á«¥­­®£® ¯®¨áª  ­ã«¥© £« ¤ª®© ¢¥ªâ®à­®© äã­ªæ¨¨ ¯¥à¥ª«îç¥­¨ï, ¯à¨­ ¤«¥¦ é¨å
¢­ãâà¥­­®áâ¨ U , ¬®¦­® ¯à¨¬¥­¨âì ¬¥â®¤ �ìîâ®­  ¨ ¥£® ¬®¤¨ä¨ª æ¨¨ ¤«ï à¥è¥­¨ï á¨áâ¥¬ë ¨§
m ãà ¢­¥­¨© á m ­¥¨§¢¥áâ­ë¬¨, ¨á¯®«ì§ãîé¨¥ §­ ç¥­¨¥ £à ¤¨¥­â  à áá¬ âà¨¢ ¥¬®© äã­ªæ¨¨
¯¥à¥ª«îç¥­¨ï. �ª ¦¥¬ ¢®§¬®¦­ãî ®¯¥à æ¨î ¢ëç¨á«¥­¨ï £à ¤¨¥­â .

�¨ää¥à¥­æ¨àãï ¯® v ¢¥ªâ®à­ãî äã­ªæ¨î ¯¥à¥ª«îç¥­¨ï g1(v) =
R
T

H1(p(t; u0; v); x(t; v); t)dt,

v 2 U , ä®à¬ «ì­® ¯®«ãç¨¬

g1v(v) =
Z
T

fH1p(p(t; u
0; v); x(t; v); t)pv(t; u

0; v) +H1x(p(t; u
0; v); x(t; v); t)xv(t; v)gdt;

£¤¥ ­¨¦­¨¥ ¨­¤¥ªáë v, p, x ®¡®§­ ç îâ ¯à®¨§¢®¤­ë¥ ¯® á®®â¢¥âáâ¢ãîé¨¬  à£ã¬¥­â ¬.
� âà¨ç­ ï äã­ªæ¨ï xv(t; v) ã¤®¢«¥â¢®àï¥â ¨§¢¥áâ­®© [5] ¬ âà¨ç­®© á¨áâ¥¬¥ ¢ ¢ à¨ æ¨ïå

_R(t) = fx(x(t; v); v; t)R(t) + fv(x(t; v); v; t); R(t0) = 0: (13)
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�¡®§­ ç¨¬ ç¥à¥§ �x = x(t; ev) � x(t; v) ä §®¢®¥ ¯à¨à é¥­¨¥, á®®â¢¥âáâ¢ãîé¥¥ ¯à¨à é¥-
­¨î ã¯à ¢«¥­¨ï �v = ev � v. �¨áâ¥¬ã (13) ¬®¦­® ¯®«ãç¨âì ¯à¨ ¢ë¤¥«¥­¨¨ «¨­¥©­®© ç -
áâ¨ R�v ¯à¨à é¥­¨ï �x ¢ á¨áâ¥¬¥ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¤«ï ä §®¢®£® ¯à¨à é¥­¨ï
d�x
dt

= f(x(t; ev); ev; t)� f(x(t; v); v; t).
�­ «®£¨ç­®, ¯à¨ ¢ë¤¥«¥­¨¨ «¨­¥©­®© ç áâ¨ S�v ¯à¨à é¥­¨ï �p = p(t; u0; ev) � p(t; u0; v) ¢

á¨áâ¥¬¥ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¤«ï ¯à¨à é¥­¨ï

d�p
dt

= �Hx(p(t; u0; ev); x(t; u0); u0; t) +Hx(p(t; u0; v); x(t; u0); u0; t)�

�
1
2
Hxx(p(t; u

0; ev); x(t; u0); u0; t)(x(t; ev)� x(t; u0)) +

+
1
2
Hxx(p(t; u

0; v); x(t; u0); u0; t)(x(t; v) � x(t; u0))

¬®¦­® ¯®«ãç¨âì ¬ âà¨ç­ãî á¨áâ¥¬ã ¢ ¢ à¨ æ¨ïå, à¥è¥­¨¥¬ ª®â®à®© ï¢«ï¥âáï ¬ âà¨ç­ ï äã­ª-
æ¨ï pv(t; u0; v),

_S(t) = �fTx (x(t; u
0); u0; t)S(t) �

1
2
[fx(x(t; u

0); u0; t)z]Tx
��
z=x(t;v)�x(t;u0)

� S(t)�

�
1
2
Hxx(p(t; u

0; v); x(t; u0); u0; t)R(t); S(t1) = 0: (14)

�«ï § ¤ ­­®£® v 2 U , ç¨á«¥­­® ¨­â¥£à¨àãï á¨áâ¥¬ã (13) ¢¬¥áâ¥ á ä §®¢®© á¨áâ¥¬®© (2), ­ -
å®¤¨¬ à¥è¥­¨ï x(t; v), R(t). �«ï ¯®«ãç¥­­ëå à¥è¥­¨©, ®¤­®¢à¥¬¥­­® ¨­â¥£à¨àãï á®¯àï¦¥­­ë¥
á¨áâ¥¬ë (4) ¨ (14), ¢ëç¨á«¨¬ à¥è¥­¨ï p(t; u0; v), S(t). �à¨ íâ®¬, ¢¢®¤ï áâ ­¤ àâ­ãî ¤®¯®«­¨-
â¥«ì­ãî ¯¥à¥¬¥­­ãî, ®¯à¥¤¥«¨¬ §­ ç¥­¨¥ £à ¤¨¥­â  ¢ ä®à¬¥

g1v(v) =
Z
T

fH1p(p(t; u
0; v); x(t; v); t)S(t) +H1x(p(t; u

0; v); x(t; v); t)R(t)gdt:

�ç¨âë¢ ï £« ¤ª®áâì äã­ªæ¨¨ ¯¥à¥ª«îç¥­¨ï ¨ ãª § ­­ãî ®¯¥à æ¨î ¢ëç¨á«¥­¨ï £à ¤¨¥­â ,
¯®¨áª ­ã«¥© äã­ªæ¨¨ ¯¥à¥ª«îç¥­¨ï ¬®¦­® ¯à®¨§¢®¤¨âì á ¯®¬®éìî ¬¥â®¤  �ìîâ®­  ¨ ¥£® ¬®-
¤¨ä¨ª æ¨©.

�¥à¥©¤¥¬ ª ®¡áã¦¤¥­¨î § ¤ ç¨ C2. �à®¢¥àª  ­  \­¥¯®¤¢¨¦­®áâì" £à ­¨ç­ëå â®ç¥ª ¬­®¦¥-
áâ¢  U ¤«ï ®â®¡à ¦¥­¨ïW �

1 á¢®¤¨âáï ª à¥è¥­¨î á¥¬¥©áâ¢  § ¤ ç «¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï

hg1(v); wi ! max
w2@U

; v 2 @U; (15)

¨ áà ¢­¥­¨î ¯®«ãç¥­­ëå à¥è¥­¨© á à áá¬ âà¨¢ ¥¬ë¬ §­ ç¥­¨¥¬ v 2 @U .
�§ á¢®©áâ¢ § ¤ ç (15) «¨­¥©­®£® ¯à®£à ¬¬¨à®¢ ­¨ï á«¥¤ã¥â, çâ® ¤«ï à¥è¥­¨ï § ¤ ç¨ C2 ¤®-

áâ â®ç­® ¯à®¢¥à¨âì ¢ ¬­®¦¥áâ¢¥ @U ­  ­¥¯®¤¢¨¦­®áâì 1) â®çª¨ 0-¬¥à­ëå £à ­¥© (ã£«®¢ë¥ â®ç-
ª¨); 2) ¢­ãâà¥­­¨¥ â®çª¨ 1-¬¥à­ëå £à ­¥© (à¥¡¥à), ï¢«ïîé¨¥áï à¥è¥­¨ï¬¨ ãà ¢­¥­¨© g1j(v) = 0,
£¤¥ j 2 f1; : : : ;mg ¨ ¯¥à¥¬¥­­ ï v ¯à¨­ ¤«¥¦¨â à áá¬ âà¨¢ ¥¬®¬ã à¥¡àã; 3) ¢­ãâà¥­­¨¥ â®çª¨
k-¬¥à­ëå £à ­¥© ¤«ï ¢á¥å k 2 f2; : : : ; (m � 1)g, ï¢«ïîé¨¥áï à¥è¥­¨ï¬¨ ¢á¥¢®§¬®¦­ëå á¨áâ¥¬
ãà ¢­¥­¨© g1j1(v) = 0 ^ � � � ^ g1jk (v) = 0, £¤¥ js 2 f1; : : : ;mg, 1 � s � k, ¨ ¯¥à¥¬¥­­ ï v ¯à¨­ ¤-
«¥¦¨â à áá¬ âà¨¢ ¥¬®© k-¬¥à­®© £à ­¨. �®á«¥ áâ ­¤ àâ­®© ¯ à ¬¥âà¨§ æ¨¨ â®ç¥ª k-¬¥à­®©
£à ­¨ ª ¯®¨áªã âà¥¡ã¥¬ëå â®ç¥ª ¬®¦­® ¯à¨¬¥­¨âì ¬¥â®¤ë �ìîâ®­  ¤«ï à¥è¥­¨ï á¨áâ¥¬ë ¨§ k
ãà ¢­¥­¨© á k ­¥¨§¢¥áâ­ë¬¨.

5. �¥£ã«ïà¨§ æ¨ï ¯à®æ¥¤ãàë ã«ãçè¥­¨ï

�« ¡ë¬ ¬¥áâ®¬ à áá¬®âà¥­­®© ¢ëè¥ ­¥«®ª «ì­®© ¯à®æ¥¤ãàë ï¢«ï¥âáï ¢®§¬®¦­®áâì áâ ¡¨-
«¨§ æ¨¨. �â¬¥â¨¬ â ª¦¥, çâ® ®á®¡ë¥ ­¥¯®¤¢¨¦­ë¥ â®çª¨ v ¢ ¯à®æ¥¤ãà¥ ã«ãçè¥­¨ï ­¥ ã«ãçè îâ
u0 ¢ «¨­¥©­®© ¯® ã¯à ¢«¥­¨î § ¤ ç¥ (11), (12).

C æ¥«ìî ¯®¢ëè¥­¨ï ª ç¥áâ¢  ¯à®æ¥¤ãàë ã«ãçè¥­¨ï ¯à¨¬¥­¨¬ ª¢ ¤à â¨ç­ãî ä §®¢ãî à¥-
£ã«ïà¨§ æ¨î æ¥«¥¢®© äã­ªæ¨¨ ¯®  ­ «®£¨¨ á [3]. �¥£ã«ïà¨§®¢ ­­ ï ¯à®æ¥¤ãà  ã«ãçè¥­¨ï ¯à¨-
®¡à¥â ¥â á¢®©áâ¢® ã«ãçè¥­¨ï «î¡ëå ã¯à ¢«¥­¨© u0, ­¥ ã¤®¢«¥â¢®àïîé¨å «¨­¥ à¨§®¢ ­­®¬ã
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¯à¨­æ¨¯ã ¬ ªá¨¬ã¬ . �á®¡ë¥ ­¥¯®¤¢¨¦­ë¥ â®çª¨ v ¢ à¥£ã«ïà¨§®¢ ­­®© ¯à®æ¥¤ãà¥, ®â«¨ç­ë¥
®â u0, áâà®£® ã«ãçè îâ u0. �¥£ã«ïà¨§ æ¨ï ¯®§¢®«ï¥â ¯®«ãç¨âì ­®¢®¥ ­¥«®ª «ì­®¥ ­¥®¡å®¤¨¬®¥
ãá«®¢¨¥ ®¯â¨¬ «ì­®áâ¨ (ãá«®¢¨¥ ­¥ã«ãçè¥­¨ï), ª®â®à®¥ ãá¨«¨¢ ¥â «¨­¥ à¨§®¢ ­­ë© ¯à¨­æ¨¯
¬ ªá¨¬ã¬  ¢ «¨­¥©­®¬ ¯® ã¯à ¢«¥­¨î ª« áá¥ § ¤ ç (11), (12).

�ãáâì (u0; x(t; u0)), (v; x(t; v)), t 2 T , | ¤®¯ãáâ¨¬ë¥ ¯à®æ¥ááë ¢ § ¤ ç¥ (1), (2). �¢¥¤¥¬ à¥£ã-
«ïà¨§®¢ ­­ãî æ¥«¥¢ãî äã­ªæ¨î

J�(v; u
0) = �(v) + �J(v; u0); � � 0; (16)

£¤¥ áà¥¤­¥¢§¢¥è¥­­®¥ ä §®¢®¥ ®âª«®­¥­¨¥

J(v; u0) =
1
2

Z
T

hB(x(t; v) � x(t; u0)); x(t; v) � x(t; u0)idt;

¢ ª®â®à®¬ B | á¨¬¬¥âà¨ç­ ï, ­¥®âà¨æ â¥«ì­® ®¯à¥¤¥«¥­­ ï ¬ âà¨æ  (BT = B, B � 0). �®­ïâ-
­®, çâ® J(v; u0) � 0, v 2 U .

�®áâ ¢¨¬ § ¤ çã ã«ãçè¥­¨ï ã¯à ¢«¥­¨ï u0 ¯® äã­ªæ¨¨ J�: ­ ©â¨ ã¯à ¢«¥­¨¥ v� 2 U á
ãá«®¢¨¥¬ J�(v�; u0) � J�(u0; u0) = �(u0). �®£¤  ã¯à ¢«¥­¨¥ v� 2 U ®¡¥á¯¥ç¨¢ ¥â ã¬¥­ìè¥­¨¥
¨áå®¤­®© æ¥«¥¢®© äã­ªæ¨¨ á ®æ¥­ª®©

�(v�)� �(u0) � ��J(v�; u0): (17)

� §®¢ ï à¥£ã«ïà¨§ æ¨ï æ¥«¥¢®© äã­ªæ¨¨ ­¥ ¨§¬¥­ï¥â áâàãªâãàã § ¤ ç¨ ®â­®á¨â¥«ì­® ã¯à -
¢«¥­¨ï, ¨ äã­ªæ¨ï (16) á®åà ­ï¥â á¢®©áâ¢® ª¢ ¤à â¨ç­®áâ¨ ¯® x. �«¥¤®¢ â¥«ì­®, ¤«ï ã«ãçè¥­¨ï
¯® äã­ªæ¨¨ (16) ¬®¦­® ¨á¯®«ì§®¢ âì ¯à®æ¥¤ãàã, ¯à¥¤«®¦¥­­ãî ¢ëè¥.

�«ï à¥£ã«ïà¨§®¢ ­­®© § ¤ ç¨ äã­ªæ¨ï �®­âàï£¨­  ¨¬¥¥â ¢¨¤

H�(p; x; u; t) = H(p; x; u; t) �
1
2
�hB(x� x(t; u0)); x� x(t; u0)i;

£¤¥ H(p; x; u; t) = hp; f(x; u; t)i � F (x; u; t). �¥ªâ®à­ë¥ áâ ­¤ àâ­ ï ¨ ¬®¤¨ä¨æ¨à®¢ ­­ ï á®¯àï-
¦¥­­ë¥ á¨áâ¥¬ë á®®â¢¥âáâ¢¥­­® ¯à¨­¨¬ îâ ¢¨¤

_ (t) = �Hx( (t); x(t); u; t) + �B(x(t)� x(t; u0)); (18)

_p(t) = �Hx(p(t); x(t); u; t) + �B(x(t)� x(t; u0))�

�
1
2
Hxx(p(t); x(t); u; t)y(t) +

1
2
�By(t); t 2 T: (19)

�ãáâì  �(t; v), t 2 T , | à¥è¥­¨¥ á¨áâ¥¬ë (18) ¯à¨ u = v, x(t) = x(t; v),  �(t1; v) =
�'x(x(t1; v)); p�(t; u0; v), t 2 T , | à¥è¥­¨¥ á¨áâ¥¬ë (19) ¯à¨ u = u0, x(t) = x(t; u0), y(t) =
x(t; v)� x(t; u0), p�(t1; u0; v) = �'x(x(t1; u0))� 1

2
'xx(x(t1; u0))(x(t1; v)� x(t1; u0)).

�ç¥¢¨¤­®, ¤«ï äã­ªæ¨©  �, p� ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®  �(t; u0) = p�(t; u0; u0) =  (t; u0),
t 2 T , ¤«ï ¢á¥å � � 0.

�®ç­ ï ä®à¬ã«  ¯à¨à é¥­¨ï �J�(v; u0) = J�(v; u0) � J�(u0; u0) à¥£ã«ïà¨§®¢ ­­®© äã­ªæ¨¨
(16) ¨¬¥¥â ¢¨¤

�J�(v; u
0) = �

Z
T

�vH(p�(t; u0; v); x(t; v); u0; t)dt: (20)

�¯à¥¤¥«¨¬ äã­ªæ¨î

G�(u; v; w) =
Z
T

H(p�(t; u; v); x(t; v); w; t)dt; u 2 U; v 2 U; w 2 U;

¨ ¢¢¥¤¥¬ ®â®¡à ¦¥­¨¥ ¯® ä®à¬ã«¥ W �(u; v) = arg max
w2U

G�(u; v; w), u 2 U , v 2 U .

�à®æ¥¤ãà  ã«ãçè¥­¨ï, ®á­®¢ ­­ ï ­  ä®à¬ã«¥ (20), ¯à¨­¨¬ ¥â á«¥¤ãîé¨© ¢¨¤.
1. �® ¤ ­­®¬ã u0 ®¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥ W �

1 (v) =W �(u0; v), v 2 U .
2. � ©¤¥¬ ­¥¯®¤¢¨¦­ãî â®çªã ®â®¡à ¦¥­¨ï W �

1 , â. ¥. à¥è¥­¨¥ ãà ¢­¥­¨ï v =W �
1 (v), v 2 U .
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�¡®§­ ç¨¬ V �
1 (u

0) = fv� 2 U : v� = W �
1 (v

�)g | ¬­®¦¥áâ¢® ­¥¯®¤¢¨¦­ëå â®ç¥ª ­  ¢ëå®¤¥
¯à®æ¥¤ãàë. �­ «®£ â¥®à¥¬ë 1 ¨¬¥¥â á«¥¤ãîéãî ä®à¬ã.

�¥®à¥¬  2. �¯à ¢«¥­¨¥ u0 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (9) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  u0 2
V �
1 (u

0) å®âï ¡ë ¤«ï ®¤­®£® � � 0.

�â¬¥â¨¬, çâ® ¥á«¨ u0 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (9), â® u0 2 V �
1 (u

0) ¤«ï ¢á¥å � � 0.
�¨­¥ à¨§®¢ ­­ë© ¯à¨­æ¨¯ ¬ ªá¨¬ã¬  (8) ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ãá«®¢¨ï (9) (¢ á«ãç ¥ ¤¨ä-

ä¥à¥­æ¨àã¥¬®áâ¨ äã­ªæ¨¨ H ¯® u ¨ ¢ë¯ãª«®áâ¨ U). � ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢®

�«¥¤áâ¢¨¥ 4. �á«¨ u0 ï¢«ï¥âáï ­¥¯®¤¢¨¦­®© â®çª®© ®â®¡à ¦¥­¨ï W �
1 å®âï ¡ë ¤«ï ®¤­®£®

� � 0, â® u0 ã¤®¢«¥â¢®àï¥â ��� (8).

� «¨­¥©­®© ¯® ã¯à ¢«¥­¨î § ¤ ç¥ (11), (12) ãá«®¢¨ï (8) ¨ (9) íª¢¨¢ «¥­â­ë, ¯®íâ®¬ã ­¥®¡-
å®¤¨¬®¥ ãá«®¢¨¥ ®¯â¨¬ «ì­®áâ¨ ¢ ä®à¬¥ ��� ¬®¦­® áä®à¬ã«¨à®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬.

�«¥¤áâ¢¨¥ 5. � «¨­¥©­®© ¯® ã¯à ¢«¥­¨î § ¤ ç¥ (11), (12) á ¢ë¯ãª«ë¬ ¬­®¦¥áâ¢®¬ U ¤«ï
®¯â¨¬ «ì­®áâ¨ ã¯à ¢«¥­¨ï u0 ­¥®¡å®¤¨¬®, çâ®¡ë u0 ¡ë«  ­¥¯®¤¢¨¦­®© â®çª®© ®â®¡à ¦¥­¨ï
W �

1 å®âï ¡ë ¤«ï ®¤­®£® � � 0.

�¥¯®¤¢¨¦­ë¥ â®çª¨ v� 2 V �
1 (u

0) ®¡¥á¯¥ç¨¢ îâ ­¥¢®§à áâ ­¨¥ æ¥«¥¢®© äã­ªæ¨¨ (16) á ®æ¥­-
ª®© (17). �à¨ íâ®¬ ¤«ï ®á®¡ëå ­¥¯®¤¢¨¦­ëå â®ç¥ª ¢ «¨­¥©­®© ¯® ã¯à ¢«¥­¨î § ¤ ç¥ (11), (12)
­¥à ¢¥­áâ¢® (17) ¯à¥¢à é ¥âáï ¢ à ¢¥­áâ¢®.

�¢¥¤¥¬ ãá«®¢¨¥ à¥£ã«ïà­®áâ¨: ¥á«¨ v� 6= u0, v� 2 V �
1 (u

0), â® J(v�; u0) 6= 0 ¤«ï ¢á¥å � > 0.
�à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï à¥£ã«ïà­®áâ¨ ®á®¡ë¥ ­¥¯®¤¢¨¦­ë¥ â®çª¨ v� 6= u0 ¢ «¨­¥©­®© ¯® ã¯à -
¢«¥­¨î § ¤ ç¥ (11), (12) ®¡¥á¯¥ç¨¢ îâ áâà®£®¥ ã«ãçè¥­¨¥ ã¯à ¢«¥­¨ï u0. � ª¨¬ ®¡à §®¬, ¯®¨áª
®á®¡ëå ­¥¯®¤¢¨¦­ëå â®ç¥ª ¢ à¥£ã«ïà¨§®¢ ­­®© ¯à®æ¥¤ãà¥ ã«ãçè¥­¨ï áãé¥áâ¢¥­­® à áè¨àï¥â
¢®§¬®¦­®áâ¨ áâà®£®£® ­¥«®ª «ì­®£® ã«ãçè¥­¨ï ã¯à ¢«¥­¨©.

�ä®à¬ã«¨àã¥¬

�á«®¢¨¥ A1. �®çª  u0 ï¢«ï¥âáï ¥¤¨­áâ¢¥­­®© ­¥¯®¤¢¨¦­®© ¤«ï ®â®¡à ¦¥­¨ï W �
1 ¯à¨ ¢á¥å

� > 0: fu0g = V �
1 (u

0), � > 0.

�¥£ã«ïà¨§®¢ ­­ ï (� > 0) ¯à®æ¥¤ãà  ¯à¨ ãá«®¢¨¨ áãé¥áâ¢®¢ ­¨ï ­¥¯®¤¢¨¦­ëå â®ç¥ª áâà®£®
ã«ãçè ¥â «î¡®¥ ã¯à ¢«¥­¨¥, ­¥ ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î A1 (¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï à¥£ã-
«ïà­®áâ¨). �¥©áâ¢¨â¥«ì­®, ¥á«¨ ¤«ï ­¥ª®â®à®£® � > 0 ¨¬¥¥¬ v� 6= u0, v� 2 V �

1 (u
0), â® á ãç¥â®¬

ãá«®¢¨ï à¥£ã«ïà­®áâ¨ ­  ®á­®¢ ­¨¨ ®æ¥­ª¨ (17) ¯®«ãç ¥¬ áâà®£®¥ ã«ãçè¥­¨¥ �(v�) < �(u0).
�ç¥¢¨¤­®, ãá«®¢¨¥ (9) ¤«ï ã¯à ¢«¥­¨ï u0 ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ ãá«®¢¨ï A1. �â® §­ ç¨â, çâ®

à¥£ã«ïà¨§®¢ ­­ ï ¯à®æ¥¤ãà  ¯à¨ ãá«®¢¨¨ áãé¥áâ¢®¢ ­¨ï ­¥¯®¤¢¨¦­ëå â®ç¥ª ¬®¦¥â ã«ãçè âì
ã¯à ¢«¥­¨¥ u0, ã¤®¢«¥â¢®àïîé¥¥ ��� (8) ¨ ­¥ ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î A1.

� «¨­¥©­®© ¯® ã¯à ¢«¥­¨î § ¤ ç¥ (11), (12) á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥ ãá¨«¥­¨¥ ­¥®¡å®¤¨¬®£®
ãá«®¢¨ï ®¯â¨¬ «ì­®áâ¨, ¨¬¥îé¥£® ä®à¬ã ���.

�à¨­æ¨¯ A1. � «¨­¥©­®© ¯® ã¯à ¢«¥­¨î § ¤ ç¥ (11), (12) á ¢ë¯ãª«ë¬ ¬­®¦¥áâ¢®¬ U ¤«ï
®¯â¨¬ «ì­®áâ¨ ã¯à ¢«¥­¨ï u0 ­¥®¡å®¤¨¬®, çâ®¡ë u0 ¡ë«  ¥¤¨­áâ¢¥­­®© ­¥¯®¤¢¨¦­®© â®çª®©
®â®¡à ¦¥­¨ï W �

1 ¤«ï ¢á¥å � > 0 ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï à¥£ã«ïà­®áâ¨.

� á«ãç ¥ ®¡é¥© § ¤ ç¨ (1), (2) ®â¬¥â¨¬, çâ® ¥á«¨ u0 ®¯â¨¬ «ì­® ¨ ï¢«ï¥âáï ­¥¯®¤¢¨¦­®©
â®çª®© ®â®¡à ¦¥­¨ï W �

1 ¤«ï ¢á¥å � > 0, â® ¤àã£¨å ­¥¯®¤¢¨¦­ëå â®ç¥ª ­¥ áãé¥áâ¢ã¥â ¯à¨ ¢á¥å
� > 0.

�ë¤¥«¨¬ á«¥¤ãîé¨¥ á¢®©áâ¢  à¥£ã«ïà¨§®¢ ­­®© ¯à®æ¥¤ãàë.
1. �á®¡ë¥ ­¥¯®¤¢¨¦­ë¥ â®çª¨ ¢ à¥£ã«ïà¨§®¢ ­­®© ¯à®æ¥¤ãà¥, ®â«¨ç­ë¥ ®â ã¯à ¢«¥­¨ï u0,

áâà®£® ã«ãçè îâ u0 á ®æ¥­ª®© (17) ¢ «¨­¥©­®© ¯® ã¯à ¢«¥­¨î § ¤ ç¥ (11), (12).
2. �¥£ã«ïà¨§®¢ ­­ ï ¯à®æ¥¤ãà  ¯à¨ ãá«®¢¨¨ áãé¥áâ¢®¢ ­¨ï ­¥¯®¤¢¨¦­ëå â®ç¥ª áâà®£® ã«ãç-

è ¥â «î¡®¥ ã¯à ¢«¥­¨¥ u0, ­¥ ã¤®¢«¥â¢®àïîé¥¥ ���.
3. �¥£ã«ïà¨§®¢ ­­ ï ¯à®æ¥¤ãà  ¯à¨ ãá«®¢¨¨ áãé¥áâ¢®¢ ­¨ï ­¥¯®¤¢¨¦­ëå â®ç¥ª áâà®£® ã«ãç-

è eâ ã¯à ¢«¥­¨¥ u0, ã¤®¢«¥â¢®àïîé¥¥ ��� ¨ ­¥ ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î A1.
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�â¬¥â¨¬, çâ® ã¯à ¢«¥­¨¥ u0, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î A1, ¬®¦¥â áâà®£® ã«ãçè âìáï á®®â-
¢¥âáâ¢ãîé¥© ­¥à¥£ã«ïà¨§®¢ ­­®© (� = 0) ¯à®æ¥¤ãà®©. � «¨­¥©­®© ¯® ã¯à ¢«¥­¨î § ¤ ç¥ â ª ï
¢®§¬®¦­®áâì ®¡ãá« ¢«¨¢ ¥âáï ­¥¥¤¨­áâ¢¥­­®áâìî ­¥¯®¤¢¨¦­ëå â®ç¥ª ®â®¡à ¦¥­¨©.

� á«ãç ¥, ª®£¤  ¢ à¥£ã«ïà¨§®¢ ­­®© ¯à®æ¥¤ãà¥ ã«ãçè¥­¨ï ®âáãâáâ¢ãîâ ­¥¯®¤¢¨¦­ë¥ â®çª¨,
à áá¬ âà¨¢ ¥¬ ï ¯à®æ¥¤ãà  ­¥ ¤¥©áâ¢ã¥â ¨ ­ã¦­® ¯¥à¥©â¨ ª ¤àã£¨¬ ¯à®æ¥¤ãà ¬ ã«ãçè¥­¨ï.

6. �à¨¬¥àë

�à®¨««îáâà¨àã¥¬ à ¡®âã ¯à¥¤« £ ¥¬ëå ¯à®æ¥¤ãà ã«ãçè¥­¨ï ­  ¯à®áâëå ¯à¨¬¥à å.

�à¨¬¥à 1 (ã«ãçè¥­¨¥ ã¯à ¢«¥­¨ï). �(u) = 1
2

2R
0

x2(t)dt ! min, _x(t) = u, x(0) = 1, u 2 U =

[�1; 1], t 2 T = [0; 2].
� ¤ ­­®¬ á«ãç ¥ H = pu� 1

2
x2, ¬®¤¨ä¨æ¨à®¢ ­­ ï á®¯àï¦¥­­ ï á¨áâ¥¬  _p(t) = x(t) + 1

2
y(t).

� áá¬®âà¨¬ ã¯à ¢«¥­¨¥ u0 = 0 á á®®â¢¥âáâ¢ãîé¥© ä §®¢®© âà ¥ªâ®à¨¥© x(t; u0) = 1, t 2 T , ¨
§­ ç¥­¨¥¬ äã­ªæ¨®­ «  �(u0) = 1. �®áâ ¢¨¬ § ¤ çã ®¡ ã«ãçè¥­¨¨ ã¯à ¢«¥­¨ï u0.

�à¨¬¥­¨¬ ¯à®æ¥¤ãàã ã«ãçè¥­¨ï. �¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥ W �

1 (v) á á®®â¢¥âáâ¢ãîé¥© äã­ª-
æ¨¥© ¯¥à¥ª«îç¥­¨ï g1(v), v 2 U . �®«ãç¨¬ x(t; v) = vt + 1, p(t; u0; v) = t + vt2

4
� (v + 2), t 2 T ,

g1(v) =
2R
0

p(t; u0; v)dt = �2� 4
3
v, W �

1 (v) = sign(g1(v)), v 2 U .

�¤¨­áâ¢¥­­ë¬ ­ã«¥¬ äã­ªæ¨¨ ¯¥à¥ª«îç¥­¨ï g1 ï¢«ï¥âáï â®çª  v = � 3
2
=2 [�1; 1]. �«¥¤®¢ -

â¥«ì­®, ®á®¡ëå ­¥¯®¤¢¨¦­ëå â®ç¥ª ­¥â. �¥â®¤®¬ ¯®¤áâ ­®¢ª¨ ®¯à¥¤¥«ïâáï ¥¤¨­áâ¢¥­­ ï ­¥®á®-
¡ ï ­¥¯®¤¢¨¦­ ï â®çª  v = �1.

�à®¢¥¤¥¬ ®¡áã¦¤¥­¨¥ ¯à®æ¥¤ãàë. � ª ª ª u0 = 0 ­¥ ï¢«ï¥âáï ­¥¯®¤¢¨¦­®© â®çª®© ®â®-
¡à ¦¥­¨ï W �

1 , â® u
0 = 0 ­¥ ã¤®¢«¥â¢®àï¥â «¨­¥ à¨§®¢ ­­®¬ã ¯à¨­æ¨¯ã ¬ ªá¨¬ã¬ . � ª ª ª

v = �1 6= u0 ¨ g1(�1) 6= 0, â® v = �1 áâà®£® ã«ãçè ¥â u0 = 0 á ¢¥«¨ç¨­®© ¯à¨à é¥­¨ï
�v�(u0) = �(v � u0)g1(v) = � 2

3
.

�à¨¬¥à 2 (®âáãâáâ¢¨¥ ã«ãçè¥­¨ï). � § ¤ ç¥ ¯à¨¬¥à  1 ¢ ª ç¥áâ¢¥ ã«ãçè ¥¬®£® ã¯à ¢«¥-
­¨ï ¢ë¡¥à¥¬ ¯®«ãç¥­­®¥ ¢ ¯à¨¬¥à¥ 1 ã¯à ¢«¥­¨¥ u0 = �1 á á®®â¢¥âáâ¢ãîé¥© ä §®¢®© âà ¥ªâ®-
à¨¥© x(t; u0) = 1� t, t 2 T , ¨ §­ ç¥­¨¥¬ äã­ªæ¨®­ «  �(u0) = 1

3
.

�à¨¬¥­¨¬ ¯à®æ¥¤ãàã ã«ãçè¥­¨ï. �¬¥¥¬ x(t; v) = vt+1, p(t; u0; v) = t+ (v�1)t2

4
� (v+1), t 2 T ,

g1(v) =
R 2
0 p(t; u

0; v)dt = � 2
3
� 4

3
v, W �

1 (v) = sign(g1(v)), v 2 U .
�¤¨­áâ¢¥­­ë¬ ­ã«¥¬ äã­ªæ¨¨ ¯¥à¥ª«îç¥­¨ï g1 ï¢«ï¥âáï â®çª  v = � 1

2
2 [�1; 1]. �®¤áâ -

­®¢ª®© ã¡¥¦¤ ¥¬áï, çâ® ­¥®á®¡ëå ­¥¯®¤¢¨¦­ëå â®ç¥ª ­¥â. �«¥¤®¢ â¥«ì­®, v = � 1
2
ï¢«ï¥âáï

¥¤¨­áâ¢¥­­®© ®á®¡®© ­¥¯®¤¢¨¦­®© â®çª®© ®â®¡à ¦¥­¨ï W �

1 .
� ª ª ª u0 = �1 ­¥ ï¢«ï¥âáï ­¥¯®¤¢¨¦­®© â®çª®© ®â®¡à ¦¥­¨ï W �

1 , â® u
0 ­¥ ã¤®¢«¥â¢®àï¥â

«¨­¥ à¨§®¢ ­­®¬ã ¯à¨­æ¨¯ã ¬ ªá¨¬ã¬ . �âà®£®£® ã«ãçè¥­¨ï á®£« á­® ä®à¬ã«¥ �v�(u0) =
�(v � u0)g1(v) ­¥ ¯à®¨áå®¤¨â.

�à¨¬¥à ¨««îáâà¨àã¥â, çâ® á« ¡ë¬ ¬¥áâ®¬ à áá¬ âà¨¢ ¥¬®© ¯à®æ¥¤ãàë ã«ãçè¥­¨ï ï¢«ï¥â-
áï ¢®§¬®¦­®áâì áâ ¡¨«¨§ æ¨¨, â. ¥. ®âáãâáâ¢¨ï ã«ãçè¥­¨ï ­  ã¯à ¢«¥­¨ïå, ­¥ ã¤®¢«¥â¢®àïî-
é¨å ���. � æ¥«ìî ¯à¥®¤®«¥­¨ï íâ®£® ï¢«¥­¨ï ¬®¦¥â ¡ëâì ¯à®¢¥¤¥­  ä §®¢ ï à¥£ã«ïà¨§ æ¨ï
¯à®æ¥¤ãàë ã«ãçè¥­¨ï, ª®â®à ï ¯à¨®¡à¥â ¥â á¢®©áâ¢® ã«ãçè âì «î¡ë¥ ã¯à ¢«¥­¨ï, ­¥ ã¤®¢«¥-
â¢®àïîé¨¥ ���.

�à¨¬¥à 3 (íää¥ªâ à¥£ã«ïà¨§ æ¨¨). � ¯à¨¬¥à¥ 2 ã«ãçè¨¬ u0 = �1. �¥£ã«ïà¨§ã¥¬ æ¥«¥¢ãî
äã­ªæ¨î á ¯®¬®éìî ¥¤¨­¨ç­®© ¬ âà¨æë B = E = 1:

J�(v; u
0) = �(v) + �J(v; u0) =

1
2

Z 2

0

x2(t)dt+
1
2
�

Z 2

0

(x(t)� (1� t))2dt; � � 0:

�à¨¬¥­¨¬ à¥£ã«ïà¨§®¢ ­­ãî ¯à®æ¥¤ãàã ã«ãçè¥­¨ï. �¯à¥¤¥«¨¬ á®®â¢¥âáâ¢ãîé¥¥ ®â®¡à ¦¥-
­¨¥ W �

1 (v), v 2 U . �¬¥¥¬ x(t; v) = vt+ 1, p�(t; u0; v) = t+ (v�1)+�(v+1)

4
t2 � ((v � 1) + �(v + 1) + 2),

t 2 T , g�1 (v) =
2R
0

p�(t; u0; v)dt = �2� 4
3
((�+ 1)v + (�� 1)), v 2 U , W �

1 (v) = sign(g�1 (v)).
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�á®¡ë¬¨ ­¥¯®¤¢¨¦­ë¬¨ â®çª ¬¨ ®â®¡à ¦¥­¨ï W �
1 ï¢«ïîâáï â®çª¨ v� = �2� 4

3
(��1)

4

3
(�+1)

. �à¨
íâ®¬ ¢ë¯®«­ï¥âáï áâà®£®¥ ­¥à ¢¥­áâ¢® �1 < v� < 1, � � 0, ¯à¨ç¥¬ lim

�!1
v� = �1. �¥â®¤®¬

¯®¤áâ ­®¢ª¨ ã¡¥¦¤ ¥¬áï, çâ® ­¥®á®¡ëå ­¥¯®¤¢¨¦­ëå â®ç¥ª ­¥â.
� ª¨¬ ®¡à §®¬, ®â®¡à ¦¥­¨¥ W �

1 ¨¬¥¥â â®«ìª® ®á®¡ë¥ ­¥¯®¤¢¨¦­ë¥ â®çª¨, ®â«¨ç­ë¥ ®â u0

¯à¨ «î¡ëå � � 0. �«¥¤®¢ â¥«ì­®, u0 ­¥ ã¤®¢«¥â¢®àï¥â «¨­¥ à¨§®¢ ­­®¬ã ¯à¨­æ¨¯ã ¬ ªá¨¬ã¬ 
¨ â¥¬ ¡®«¥¥ ãá«®¢¨î A1.

�âà®£®£® ã«ãçè¥­¨ï à¥£ã«ïà¨§®¢ ­­®© äã­ªæ¨¨ ­¥ ¯à®¨áå®¤¨â ¤«ï «î¡®£® � � 0, â. ¥.
�J�(v�; u0) = 0, � � 0. �® ¤«ï ¨áå®¤­®© æ¥«¥¢®© äã­ªæ¨¨ � ¯®«ãç¨¬ ®æ¥­ªã �(v�) � �(u0) =
��J(v�; u0), � � 0.

�¥£ª® ¯à®¢¥à¨âì, çâ® ­¥¯®¤¢¨¦­ë¥ â®çª¨ v� ã¤®¢«¥â¢®àïîâ ãá«®¢¨î à¥£ã«ïà­®áâ¨. �®£¤ 
¨§ ¯®á«¥¤­¥© ®æ¥­ª¨ á«¥¤ã¥â áâà®£®¥ ã«ãçè¥­¨¥ æ¥«¥¢®© äã­ªæ¨¨ ¯à¨ � > 0 ¨ ®âáãâáâ¢¨¥ ã«ãç-
è¥­¨ï ¯à¨ � = 0 (­¥à¥£ã«ïà¨§®¢ ­­ë© á«ãç ©).

� íâ®¬ á®áâ®¨â ®¤¨­ ¨§ íää¥ªâ®¢ à¥£ã«ïà¨§ æ¨¨: ¯à¨ � = 0 ®á®¡ ï ­¥¯®¤¢¨¦­ ï â®çª 
®â®¡à ¦¥­¨ï ¢ ¯à®æ¥¤ãà¥ ã«ãçè¥­¨ï, ®â«¨ç­ ï ®â u0, ­¥ ¤ ¥â ã«ãçè¥­¨ï ¯® æ¥«¥¢®© äã­ª-
æ¨¨. �à¨ � > 0 ®á®¡ ï ­¥¯®¤¢¨¦­ ï â®çª  ®â®¡à ¦¥­¨ï, ®â«¨ç­ ï ®â u0, ¯à¨¢®¤¨â ª áâà®£®¬ã
ã«ãçè¥­¨î, £ à ­â¨àã¥¬®¬ã ®æ¥­ª®© (17).

� áá¬ âà¨¢ ¥¬ë© ¯à¨¬¥à ¤¥¬®­áâà¨àã¥â, çâ® à¥£ã«ïà¨§®¢ ­­ ï ¯à®æ¥¤ãà  ã«ãçè¥­¨ï ¯à¨
� > 0 áâà®£® ã«ãçè ¥â «î¡ë¥ ã¯à ¢«¥­¨ï, ­¥ ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î A1, ¢ â®¬ ç¨á«¥ ­¥
ã¤®¢«¥â¢®àïîé¨¥ «¨­¥ à¨§®¢ ­­®¬ã ¯à¨­æ¨¯ã ¬ ªá¨¬ã¬ .

� æ¥«ìî ¢ë¡®à  ­ ¨«ãçè¥£® ¯ à ¬¥âà  à¥£ã«ïà¨§ æ¨¨, ®¡¥á¯¥ç¨¢ îé¥£® ­ ¨¡®«ìè¥¥ ã¡ë-
¢ ­¨¥ æ¥«¥¢®© äã­ªæ¨¨, à áá¬®âà¨¬ § ¤ çã ®¤­®¬¥à­®© ®¯â¨¬¨§ æ¨¨

�(�) = ��J(v�; u0) = �
�

3(�+ 1)2
! min

�>0
:

�¥è¥­¨¥¬ § ¤ ç¨ ï¢«ï¥âáï �� = 1 á ¬¨­¨¬ «ì­ë¬ §­ ç¥­¨¥¬ �(��) = � 1
12
. �®®â¢¥âáâ¢ã-

îé ï ®á®¡ ï â®çª  v� = � 3
4
. �â¬¥â¨¬, çâ® ã¯à ¢«ïîé¨© ¯ à ¬¥âà v� = � 3

4
, ®¡¥á¯¥ç¨¢ îé¨©

­ ¨¡®«ìè¥¥ ã¡ë¢ ­¨¥ æ¥«¥¢®© äã­ªæ¨¨ ­  ¢ëå®¤¥ à¥£ã«ïà¨§®¢ ­­®© ¯à®æ¥¤ãàë, ï¢«ï¥âáï ®¯â¨-
¬ «ì­ë¬ ¢ à áá¬ âà¨¢ ¥¬®© § ¤ ç¥.
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