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�à¨¢®¤¨âáï  «£®à¨â¬ ¯®áâà®¥­¨ï ª¢ §¨à¥£ã«ïà­®©  á¨¬¯â®â¨ª¨ à¥è¥­¨ï á¨­£ã«ïà­® ¢®§¬ã-
é¥­­ëå § ¤ ç ¤«ï «¨­¥©­ëå á¨áâ¥¬ ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ¡ëáâàë¬¨
¨ ¬¥¤«¥­­ë¬¨ ¯¥à¥¬¥­­ë¬¨. � ®â«¨ç¨¥ ®â ¬¥â®¤  ¯®£à ­äã­ªæ¨© [1], [2]  «£®à¨â¬ ¯®§¢®«ï¥â
®¯¨áë¢ âì á¨­£ã«ïà­®áâ¨ à¥è¥­¨ï, ®âà ¦ îé¨¥ áâàãªâãàã ¯®£à ­¨ç­ëå á«®¥¢, ¢ § ¬ª­ãâ®©
 ­ «¨â¨ç¥áª®© ä®à¬¥. �à¨ íâ®¬ ¢ à §¢¨â¨¥ à ¡®â [3]{[8] á ¨á¯®«ì§®¢ ­¨¥¬ ­®¢®£® ¢ à¨ ­â 
¬¥â®¤  à áé¥¯«¥­¨ï [4]{[9] ®áâ «ì­ë¥ ª®¬¯®­¥­âë  á¨¬¯â®â¨ª¨ à¥£ã«ïà­® § ¢¨áïâ ®â ¬ «®£®
¯ à ¬¥âà  ".

�«ï á¨áâ¥¬ë

" _x = A11(t)x+A12(t)z + f1(t);

_z = A21(t)x+A22(t)z + f2(t) (1)

(Ajk(t); fj(t) 2 C1[0; 1[; x; f1 2 Rn; z; f2 2 Rm; j; k = 1; 2; n � 3)

á ¡ëáâàë¬¨ ¨ ¬¥¤«¥­­ë¬¨ ¯¥à¥¬¥­­ë¬¨, £¤¥ á¯¥ªâà f�0j(t)gn1 ¬ âà¨æë A11(t) ã¤®¢«¥â¢®àï¥â
ãá«®¢¨ï¬

�jk(t) � �0j(t)� �0k(t) 6= 0; �0j(t) 6= 0 (j 6= k; j; k = 1; n; t 2 [0; 1]);

Re�01(t) � 0; Re�0n(t) � 0; t 2 [0; 1];(
Re �0j(t) � 0; t 2 [tj ; 1]

Re �0j(t) � 0; t 2 [0; tj ]
(j = 2; n� 1); (2)

Re
Z t

tj

�0j(s)ds < 0; t 2 [0; 1] n tj (j = 1; n) (0 = t1 < t2 < � � � < tn = 1);

à áá¬®âà¨¬ \­ ç «ì­® ªà ¥¢ãî" § ¤ çã, â. ¥. á¨áâ¥¬ã (1) á ãá«®¢¨ï¬¨

nX
1

Fjx(tj ; ") = x0; z(0; ") = z0; (3)

£¤¥ Fj , j = 1; n, | ¯®áâ®ï­­ë¥ n� n-¬ âà¨æë.
�â¬¥â¨¬, çâ® ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (2) ¢á¥£¤  áãé¥áâ¢ã¥â ­¥¢ëà®¦¤¥­­ ï ¬ âà¨æ  S0(t)

â ª ï, çâ®

S�10 (t)A11(t)S0(t) = �0(t) = diagf�01(t); : : : ; �0n(t)g:

�«ï ¯à®¨§¢®«ì­®© ª¢ ¤à â­®© ¬ âà¨æëA = fajkg
n
1 ¢¢¥¤¥¬ ®¡®§­ ç¥­¨ïA = diagfa11; : : : ; anng,

A = A�A.
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�¥®à¥¬ . �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (2) ¨ ­¥à ¢¥­áâ¢ 

det T 6= 0; (4)

£¤¥ T = (T11; : : : ; Tnn), Tj = FjS0(tj) = (T1j ; : : : ; Tnj), j = 1; n, á¨­£ã«ïà­® ¢®§¬ãé¥­­ ï § ¤ -

ç  (1){(3) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ ¨ ®£à ­¨ç¥­­®¥ ¯à¨ " ! +0 à¥è¥­¨¥, ª®â®à®¥ ¬®¦¥â ¡ëâì

¯à¥¤áâ ¢«¥­® ¢ ª¢ §¨à¥£ã«ïà­®© ä®à¬¥

x(t; ") = S0(t)
� nX

0

Hk(t)"k
�
�(t; ")~1 +

NX
0

xk(t)"k +O("N+1); (5)

z(t; ") = "

� NX
0

Pk(t)"
k

�
�(t; ")~1 +

NX
0

zk(t)"
k +O("N+1); (6)

£¤¥ �(t; ") = diagfe'1(t;"); : : : ; e'n(t;")g, 'j(t; ") = "�1
tR
tj

�0j(s)ds, j = 1; n,   äã­ªæ¨¨ Hk(t), Pk(t),

xk(t) ¨ zk(t), k = 0; N , 8N � 1 ®¤­®§­ ç­® ®¯à¥¤¥«ïîâáï ¢ å®¤¥ ¤®ª § â¥«ìáâ¢ .

�®ª § â¥«ìáâ¢®. �¥è¥­¨¥ § ¤ ç¨ (1){(3) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥

x(t; ") = x(t; ") + �x(t; "); z(t; ") = z(t; ") + �z(t; ");

£¤¥ à¥£ã«ïà­ë¥ ¯® " äã­ªæ¨¨

x(t; ") =
1X
0

xk(t)"k; z(t; ") =
1X
0

zk(t)"k (7)

|  ­ «®£ ç áâ­®£® à¥è¥­¨ï, ¡ã¤ãâ ã¤®¢«¥â¢®àïâì ­¥®¤­®à®¤­®© § ¤ ç¥

" _x = A11(t)x+A12(t)z + f1(t); (11)

_z = A21(t)x+A22(t)z + f2(t);

z(0; ") = z0 � �(")
�
�(") =

1X
1

�k"
k
�
: (31)

�®áâ®ï­­ë¥ ¢¥ªâ®àë �k ¡ã¤ãâ ®¯à¥¤¥«¥­ë ­¨¦¥ ¢ å®¤¥ ¯®áâà®¥­¨ï  «£®à¨â¬ ,   äã­ªæ¨¨ �x(t; ")
¨ �z(t; "), ®âà ¦ îé¨¥ ­ «¨ç¨¥ á¨­£ã«ïà­®áâ¥© à¥è¥­¨ï, ¡ã¤ãâ ã¤®¢«¥â¢®àïâì ®¤­®à®¤­®© § ¤ ç¥

" _�x = A11(t)�x+A12(t)�z; (12)

_�z = A21(t)�x+A22(t)�z;
nX
1

Fj �x(tj ; ") = x0 �
nX
1

Fjx(tj ; ") = �("); �z(0; ") = �("): (32)

� ª ¨§¢¥áâ­® [10], [11], ¤«ï «¨­¥©­ëå á¨áâ¥¬ (¢ ¤ ­­®¬ á«ãç ¥ ¤«ï á¨áâ¥¬ (1), (11) ¨ (12))
¢á¥£¤  áãé¥áâ¢ã¥â ®¡é¥¥ à¥è¥­¨¥, ¨ ¤«ï à¥è¥­¨ï ¯®áâ ¢«¥­­®© § ¤ ç¨ (1){(3) (§ ¤ ç (1k){(3k),
k = 1; 2) ¤®áâ â®ç­® ãª § âì  «£®à¨â¬ ¯®¤¡®à  ¯®áâ®ï­­ëå ãª § ­­®£® à¥è¥­¨ï ¨ ¤®ª § âì ¥£®
à ¢­®¬¥à­ãî ®£à ­¨ç¥­­®áâì ¯à¨ "! +0 ­  ¢á¥¬ ®âà¥§ª¥ [0; 1].

�®ª ¦¥¬ ®¤­®§­ ç­ãî à §à¥è¨¬®áâì § ¤ ç¨ (11){(31). �®á«¥ ¯®¤áâ ­®¢ª¨ (7) ¢ (11) ¨ ¯à¨-
à ¢­¨¢ ­¨ï ª®íää¨æ¨¥­â®¢ ¯à¨ ®¤¨­ ª®¢ëå áâ¥¯¥­ïå ", ¯®«ãç¨¬ ­ ¡®à á®®â­®è¥­¨© (§¤¥áì ¨
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¤ «¥¥  à£ã¬¥­âë ®¯ãé¥­ë):

0 = A11x0 +A12z0 + f1;

_z = A21x0 +A22z0 + f2; z0(0) = z0;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

_xk�1 = A11xk +A12zk; k � 1;

_zk = A21x+A22zk; zk(0) = ��k;

¨ á®®â¢¥âáâ¢ãîé¨© ­ ¡®à ­ ç «ì­ëå § ¤ ç

_z0 = (A22 �A21A
�1
11 A12)z0 �A21A

�1
11 f1 + f2; z0(0) = z0

(x0 = �A�111 (A12z0 + f1));

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

_zk = (A22 �A21A
�1
11 A12)zk �A21A

�1
11
_xk�1; zk(0) = ��k;

(xk = �A�111 (A12zk � _xk�1)); k � 1;

®âªã¤  ¯®á«¥¤®¢ â¥«ì­® ¨ ®¤­®§­ ç­® ¬®£ãâ ¡ëâì ®¯à¥¤¥«¥­ë ¢á¥ ¢¥ªâ®à-äã­ªæ¨¨ xk(t), zk(t).

�à¨ íâ®¬ ç áâ¨ç­ë¥ áã¬¬ë x(N)(t; ") =
NP
0
xk(t)"k ¨ z(N)(t; ") =

NP
0
zk(t)"k ¡ã¤ãâ ã¤®¢«¥â¢®àïâì

§ ¤ ç¥

" _x(N) = A11x(N) +A12z(N) + f1 + "N+1b1;

_z(N) = A21x(N) +A22z(N) + f2;

z(N)(0; ") = z0 �
NX
1

�k"
k +O("N+1); b1(t) = _xN(t):

�â®¡ë ¤®ª § âì á¯à ¢¥¤«¨¢®áâì ¤«ï ¤®áâ â®ç­® ¬ «ëå " > 0  á¨¬¯â®â¨ç¥áª®£® ¯à¥¤áâ ¢«¥-
­¨ï à¥è¥­¨© § ¤ ç¨ (11){(31)

x(t; ") = x(N)(t; ") + "N+1r1(t; ");

z(t; ") = z(N)(t; ") + "N+1r2(t; ") (8)

(jrj(t; ")j � C; j = 1; 2; t 2 [0; 1]);

à áá¬®âà¨¬ ãà ¢­¥­¨ï ¤«ï ®áâ â®ç­ëå ç«¥­®¢ r1(t; ") ¨ r2(t; ")

" _r1 = A11(t)r1 +A12(t)r2 � "N+1b1(t);

_r2 = A21(t)r1 +A22(t)r2; (9)
nX
1

Fjr1(tj ; ") = �("); r2(0; ") = �("):

�®ª ¦¥¬, çâ® íâ  § ¤ ç ,  ­ «®£¨ç­ ï § ¤ ç¥ (11){(31), ¨¬¥¥â à ¢­®¬¥à­® ®£à ­¨ç¥­­®¥ ­ 
[0; 1] à¥è¥­¨¥ ¯à¨ " ! +0 (áãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì â ª®£® à¥è¥­¨ï ¤®ª §ë¢ ¥âáï ¯®
®¯¨á ­­®© ¢ëè¥ áå¥¬¥). � ¯®¬®éìî ¯à¥®¡à §®¢ ­¨ï á¤¢¨£ 

r1 = v0 + v1 (v0 = �A�111 (A12r2 + f1) � A0r2 + '0)
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ã¯à®áâ¨¬ § ¤ çã (9):

"( _v0 + _v1) = A11(v0 + v1) +A12r2 + f1;

_r2 = A21(v0 + v1) +A22r2 + f2 = A21(A0r2 + '0) +A21v1 +A22r2 + f2 =

(= A21v1 + (A21A0 +A22)r2 +A21'0 + f1 =)

= eA21v1 + eA22r2 + '2;

¯à¨ íâ®¬

" _v1 = A11v1 � " _v0 = A11v1 � "(A0r2 + '0)� = A11v1 � "( _A0r2 +A0 _r2 + _'0) =

= A11v1 � " _A0r2 � "A0( eA21v1 + eA22r2 + '2)� " _'0 = eA11v1 + " eA12r2 + "'1

(£¤¥, ¢ ç áâ­®áâ¨, eA11 = A11 � "A0
eA21), ®âªã¤  ¯®á«¥ ¢¢¥¤¥­­ëå ¯¥à¥®¡®§­ ç¥­¨© ¨¬¥¥¬

" _v1 = eA11v1 + " eA12r2 + "'1;

_r2 = eA21v1 + eA22r2 + '2;
nX
1

Fjv1(tj ; ") = �(")�
nX
1

Fjv0(tj ; ") � �(");

r2(0; ") = �("):

� ãá«®¢¨ïå â¥®à¥¬ë ¢á¥£¤  áãé¥áâ¢ã¥â ­¥¢ëà®¦¤¥­­ ï ¬ âà¨æ  S(t) â ª ï, çâ®
S�1(t)A11(t)S(t) = �0(t) = diagf�01(t); : : : ; �0n(t)g. �¥¢ëà®¦¤¥­­ ï § ¬¥­  v1 = S(t)v ¯®§¢®«ï¥â
¯¥à¥©â¨ ª ¡®«¥¥ ã¤®¡­®© ¤«ï  ­ «¨§  § ¤ ç¥

" _v = (�1 + "B)v + "B12r2 + "h1;

_r2 = B21v +B22r2 + h2; (10)
nX
1

Tjv(tj ; ") = �("); r2(0; ") = �(");

¨ § ¯¨á âì á¯¥æ¨ «ì­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥,  «£®à¨â¬ ¯®áâà®¥­¨ï ª®â®à®£® ¡¥§ ¨á¯®«ì§®-
¢ ­¨ï äã­ªæ¨¨ �à¨­  ãª § ­ ¢ [4], [7], ¤«ï ¬­®£®â®ç¥ç­®© ªà ¥¢®© § ¤ ç¨ ¤«ï äã­ªæ¨¨ v(t; ")

v = �(t; ")C01 +
nX
1

�j(t; ")
Z t

tj

��1(s; ")(B(s)v +B12(s)r2 + h1(s))ds; (11)

£¤¥ C01 ®¤­®§­ ç­® ®¯à¥¤¥«ï¥âáï ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ á ãç¥â®¬ (4),   äã­¤ ¬¥­â «ì­ ï ¬ âà¨æ 

�(t; ") = diag
�
exp

�
"�1

Z t

t1

�01(s)ds
�
; : : : ; exp

�
"�1

Z t

tn

�0n(s)ds
��

=
nX
1

�j(t; ");

�j(t; ") = diag
�
0; : : : ; 0| {z }
j�1 à §

; exp
�
"�1

Z t

tj

�0j(s)ds
�
0; : : : ; 0

�

ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨î " _� = �0(t)�. �®®â¢¥âáâ¢ãîé¥¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥, íª¢¨¢ -
«¥­â­®¥ ­ ç «ì­®© § ¤ ç¥ ¤«ï äã­ªæ¨¨ r2(t; "), ¯à¨­¨¬ ¥â ¢¨¤

r2 = 	(t)
�
�(") +

Z t

0

	�1(s)(B21(s)v + h2(s))ds
�
; (12)

£¤¥ äã­¤ ¬¥­â «ì­ ï ¬ âà¨æ  	(t) ®¯à¥¤¥«ï¥âáï á®®â­®è¥­¨¥¬ _	 = B22(t)	, 	(0) = E.
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� ãá«®¢¨ïå â¥®à¥¬ë á ãç¥â®¬ á®®â­®è¥­¨© (2) ¨ ®æ¥­®ª

je
'j (t)

" j � C

�
'j(t) =

Z t

tj

�0j(s)ds; _'j = �0j(t); 'j(tj) = 0; j = 1; n
�
;����e'j (t)

"

Z t

tj

e�
'j (s)

" ds

���� = "

����e'j (t)

"

Z t

tj

��10j (s)de
�

'j (s)

"

���� � "C1

����e'j (s)

"

Z t

tj

d(e�
'j (s)

" )
���� =

= "C1je
'j (s)

" (e�
'j (t)

" � 1)j = "C1j(1� e
'j (t)

" )j � "C2;

£¤¥ C, C1 ¨ C2 | ­¥ª®â®àë¥ ¯®áâ®ï­­ë¥, ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï (11), (12) ¯®§¢®«ïîâ § ¯¨á âì
­¥à ¢¥­áâ¢ 

kr2k � K1 +K2kvk; kvk � K3 + "K4kvk + "K5kr2k �

� K3 + "K4kvk + "K5(K1 +K2kvk) � K6 + "K7kvk;

kvk �
K6

1� "K7

� K8; kr2k � K1 +K2kvk � K9

(kr(t)k = max
[0;1]

jr(t)j; Kj , j = 1; 9, | ­¥ª®â®àë¥ ¯®áâ®ï­­ë¥), çâ® á ãç¥â®¬ ¯à®¤¥« ­­ëå § ¬¥­ ¨

¤®ª §ë¢ ¥â áãé¥áâ¢®¢ ­¨¥ ¥¤¨­áâ¢¥­­®£® ¨ à ¢­®¬¥à­® ®£à ­¨ç¥­­®£® ­  ¢á¥¬ ®âà¥§ª¥ [0; 1] ¯à¨
"! +0 à¥è¥­¨ï § ¤ ç¨ (9) ¨ ¨áå®¤­®© § ¤ ç¨ (1){(3),   â ª¦¥ á¯à ¢¥¤«¨¢®áâì  á¨¬¯â®â¨ç¥áª¨å
¯à¥¤áâ ¢«¥­¨© (8).

�à¨ ¤®ª § â¥«ìáâ¢¥  á¨¬¯â®â¨ç¥áª®© ®æ¥­ª¨ (8) ¨ ¯à¨ ¢ë¢®¤¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (11)
¡ë«  ¨á¯®«ì§®¢ ­  «¥¬¬  [4], [7], ¯®§¢®«ïîé ï à áá¬ âà¨¢ âì ­ ç «ì­ë¥ ¨ ¬­®£®â®ç¥ç­ë¥ ªà -
¥¢ë¥ § ¤ ç¨ á ¥¤¨­®© â®çª¨ §à¥­¨ï á ¯®¬®éìî ¨å á¢¥¤�¥­¨ï ª íª¢¨¢ «¥­â­®¬ã á¯¥æ¨ «ì­®¬ã
¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î, ­¥ âà¥¡ãîé¥¬ã ¯®áâà®¥­¨ï äã­ªæ¨¨ �à¨­ .

�¥¬¬ . �­®£®â®ç¥ç­ ï ªà ¥¢ ï § ¤ ç  ¢ Rn (n � 2)

_x = A(t)x+ f(t);
nX
1

Fjx(tj) = x0;

x; f 2 Rn; A(t); f(t) 2 C[0; 1]; 0 = t1 < t2 < � � � < tn = 1;

Fj, j = 1; n, | ­¥ª®â®àë¥ ¯®áâ®ï­­ë¥ ª¢ ¤à â­ë¥ ¬ âà¨æë, ¯à¨ ãá«®¢¨¨ detF 6= 0, £¤¥

F =
nP
1
Fj�(tj), �(t)| ¯à®¨§¢®«ì­ ï äã­¤ ¬¥­â «ì­ ï ¬ âà¨æ  á®®â¢¥âáâ¢ãîé¥© ®¤­®à®¤­®©

á¨áâ¥¬ë, ®¤­®§­ ç­® à §à¥è¨¬  ¨ ¥¥ à¥è¥­¨¥ ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥

x(t) = �(t)C +
nX
1

�k(t)
Z t

tk

��1(s)f(s)ds;

C = F�1
�
x0 �

nX
j=1

Fj

nX
k=1

�k(tj)
Z tj

tk

��1(s)f(s)ds
�
;

_�k = A(t)�k (k = 1; n);
nX
1

�k(t) = �(t):

�¤¥ï ¤®ª § â¥«ìáâ¢  áâ ­®¢¨âáï ¯®­ïâ­®©, ¥á«¨ ¯à®¢¥à¨âì, çâ® ¢ëà ¦¥­¨¥
nP
1
�k(t)

tR
tk

��1(s)f(s)ds

ï¢«ï¥âáï ç áâ­ë¬ à¥è¥­¨¥¬ ­¥®¤­®à®¤­®© á¨áâ¥¬ë.
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� áá¬®âà¨¬ ¤ «¥¥ § ¤ çã (12){(32), ª®â®à ï ¯®á«¥ ­¥¢ëà®¦¤¥­­®£® ¯à¥®¡à §®¢ ­¨ï �x = S(t)�y
¬®¦¥â ¡ëâì § ¯¨á ­  ¢ ¢¨¤¥

" _�y = (�0 + "B)�y +B12�z; (13)

_�z = B21�y +B22�z;
nX
1

Tj �y(tj ; ") = �("); �z(0; ") = �("); Tj = FjS(tj); j = 1; n: (131)

�¥è¥­¨¥ § ¤ ç¨ (13) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥

�y = H(t; ")�(t; ")~1; �z = "P (t; ")�(t; ")~1;

£¤¥ ~1 = (1; 1; : : : ; 1)>,   äã­¤ ¬¥­â «ì­ ï ¬ âà¨æ  �(t; ") ®¯à¥¤¥«¥­  ¢ëè¥. �à¨ íâ®¬ à¥£ã«ïà­ë¥

¯® " ¬ âà¨ç­ë¥ äã­ªæ¨¨ H(t; ") =
1P
0
Hk(t)"k ¨ P (t; ") =

1P
0
Pk(t)"k ¡ã¤ãâ ã¤®¢«¥â¢®àïâì á¨áâ¥¬¥

¬ âà¨ç­ëå ãà ¢­¥­¨© (¤ «¥¥ ¢¥§¤¥  à£ã¬¥­âë ®¯ãé¥­ë):

" _H = �0H �H�0 + "BH + "B12P;

" _P = B21H � P�0 + "B22P;
(14)

  \­ ç «ì­® ªà ¥¢ë¥ ãá«®¢¨ï" (131) ¯à¥®¡à §ãîâáï ª ¢¨¤ã

nX
1

TjH(tj ; ")�(tj ; ")~1 = �(") �
nX
1

TjH(tj ; ")�(tj ; ")~1 = �(");

"P (0; ")�(0; ")~1 = �("):

�¤¥áì á«¥¤ã¥â ®â¬¥â¨âì, çâ® ¯à¨ ¤®áâ â®ç­® ¬ «ëå ", 0 < " � 1, ¨¬¥îâ ¬¥áâ® á®®â­®è¥­¨ï
�(tj ; ")~1 = (0; : : : ; 0; 1; 0; : : : ; 0)> + O("N+1), £¤¥ (0; : : : ; 0; 1; 0; : : : ; )> | j-© ®àâ, 0 = t1 < t2 <

� � � < tn = 1. �à¨à ¢­¨¢ ï ¢ (14) ª®íää¨æ¨¥­âë ¯à¨ ®¤¨­ ª®¢ëå áâ¥¯¥­ïå ", ¯®«ãç¨¬ á¨áâ¥¬ë
¬ âà¨ç­ëå ãà ¢­¥­¨© ¤«ï ¯®á«¥¤®¢ â¥«ì­®£® ¨ ®¤­®§­ ç­®£® ®¯à¥¤¥«¥­¨ï ¢á¥å ¬ âà¨æ Hk(t) ¨
Pk(t), k � 0: (

0 = �0H0 �H0�0;

0 = B21H0 � P0�0 � P0�0; P0(0)�(0; ")~1 = �1;
(15)

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :(
_Hk�1 = �0Hk �Hk�0 +BHk�1 +B12Pk�1;
_Pk�1 = B21Hk � Pk�0 +B22Pk�1; k � 1;

(16k)

nX
1

TjHk(tj)�(tj ; ")~1 = �k;

Pk(0)�(0; ")~1 = �k+1;

®âªã¤  ¯à¨ "0 ¨¬¥¥¬ H0 � 0, P0 = B21H0�
�1
0 � P0(H0).

� «¥¥ ¯à¨ "1 à áá¬®âà¨¬ § ¤ çã ¤«ï á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ¬ âà¨ç­ëå ãà ¢­¥­¨©

_H0 = �0H1 �H1�0 +BH0 +B12P0; (171)
nX
1

TjH0(tj)�(tj ; ")~1 = �0;

_P0 = B21H1 � P1�0 +B22P0; P1(0)�(0; ")~1 = �2: (172)
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�á«®¢¨ï ®¤­®§­ ç­®© à §à¥è¨¬®áâ¨ á¨áâ¥¬ë (171) ¯®§¢®«ïîâ § ¯¨á âì § ¤ çã ¤«ï ®¯à¥¤¥-
«¥­¨ï \¤¨ £®­ «ì­®©" ¬ âà¨æë H0(t):

_H0 = BH0 + (B12B21�
�1
0 )H0;

nX
1

TjH0(tj)�(tj ; ")~1 = �0;

®âªã¤  ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬ ®¯à¥¤¥«ïîâáï ¬ âà¨æë H0(t), P0(t), H1(t) = H1(H0; P0) ¨ ¯®áâ®-
ï­­ë© ¢¥ªâ®à �1 = P0(0)�(0; ")~1, ¯à¨ íâ®¬ P1 = (B21H1 +B22P0 � _P0)�

�1
0 � P1(P0;H1).

�­ «¨§  ­ «®£¨ç­ëå § ¤ ç ¯à¨ "k, k � 2, ¯®§¢®«ï¥â ¨ ¤ «¥¥ ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬ ( ­ «®-
£¨ç­® ¯à¥¤ë¤ãé¥¬ã) ®¯à¥¤¥«¨âì, ¯à¨¤¥à¦¨¢ ïáì  «£®à¨â¬ 

zk(t)! xk(t)! �k ! Hk(t)! Hk(t)! Pk(t)! �k+1 ! zk+1(t); k � 0;

¢á¥ á®áâ ¢«ïîé¨¥ à¥è¥­¨ï

x(t; ") =
1X
0

xk(t)"
k + S(t)

� 1X
0

Hk(t)"
k
�
�(t; ")~1;

z(t; ") =
1X
0

zk(t)"
k +

� 1X
0

Pk(t)"
k
�
�(t; ")~1

¨áå®¤­®© § ¤ ç¨ (1) á ãç¥â®¬ \­ ç «ì­® ªà ¥¢ëå" ãá«®¢¨© (3). �ã¬¬¨àãï ¬ âà¨ç­ë¥ ãà ¢­¥­¨ï
(15) ¨ (16k) á á®®â¢¥âáâ¢ãîé¨¬¨ áâ¥¯¥­ï¬¨ ", ¬®¦­® § ¯¨á âì § ¤ ç¨ ¤«ï ç áâ¨ç­ëå áã¬¬

H(N)(t; ") =
NP
0
Hk(t)"k ¨ P(N)(t; ") =

NP
0
Pk(t)"k:

" _H(N) = �0H(N) �H(N)�0 + "BH(N) +B12P(N) +O("N+1);

" _P(N) = B21H(N) � P(N)�0 +B22P(N) +O("N+1)
(18)

á á®®â¢¥âáâ¢ãîé¨¬¨ \­ ç «ì­® ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨".
�¬­®¦ ï á¯à ¢  ª ¦¤®¥ ¨§ ¬ âà¨ç­ëå ãà ¢­¥­¨© á¨áâ¥¬ë (18) ­  ®£à ­¨ç¥­­ë© ¢¥ªâ®à

�(t; ")~1, ¯®«ãç¨¬ § ¤ ç¨ ¤«ï �y(N)(t; ") = H(N)(t; ")�(t; ")~1, �z(N)(t; ") = "P(N)(t; ")�(t; ")~1:

" _�y(N) = (�0 + "B)�y(N) +B12�z(N) +O("N+1);

_�z(N) = B21�y(N) +B22�z(N) +O("N+1);
nX
1

Tj �y(N)(tj ; ") = �(") +O("N+1);

�z(N)(0; ") = �(") +O("N+1):

�«ï ¤®ª § â¥«ìáâ¢  á¯à ¢¥¤«¨¢®áâ¨  á¨¬¯â®â¨ç¥áª¨å ¯à¥¤áâ ¢«¥­¨© �y(t; ") = �y(N)(t; ") +
"N+1R1(t; "), �z(t; ") = �z(N)(t; ") + "N+1R2(t; ") ¤®áâ â®ç­® à áá¬®âà¥âì á®®â¢¥âáâ¢ãîé¨¥ § ¤ ç¨
¤«ï äã­ªæ¨© R1(t; ") ¨ R2(t; ")

" _R1 = (�0 + "B)R1 +B12R2 + q1(t; ");

_R2 = B21R1 +B22R2 + q2(t; ");
nX
1

TjR1(tj ; ") = a(") =
1X
0

ak"
k; R2(0; ") = b(") =

1X
0

bk"
k;

 ­ «®£¨ç­ë¥ § ¤ ç ¬ (10) ¨ ¨¬¥îé¨¥ ¢ á¨«ã íâ®£® ¥¤¨­áâ¢¥­­ë¥ ¨ à ¢­®¬¥à­® ®£à ­¨ç¥­­ë¥
­  [0; 1] ¯à¨ "! +0 à¥è¥­¨ï R1(t; ") ¨ R2(t; "). � ª¨¬ ®¡à §®¬, ¤®ª § ­  ®¤­®§­ ç­ ï à §à¥è¨-
¬®áâì ¨ à ¢­®¬¥à­ ï ®£à ­¨ç¥­­®áâì ­  [0; 1] à¥è¥­¨© ¨áå®¤­®© § ¤ ç¨ (1){(3) ¯à¨ " ! +0 ¨
á¯à ¢¥¤«¨¢®áâì  á¨¬¯â®â¨ç¥áª¨å ¯à¥¤áâ ¢«¥­¨© (5) ¨ (6).
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