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� ¤ ®© áâ âì¥ § ¤ ç  ® á¢®©áâ¢ å ¯à®¥ªæ¨© à¥è¥¨© «¨¥©ëå á¨áâ¥¬ á ¯®áâ®ï®© ¬ -
âà¨æ¥© ¨ ¯¥à¥¬¥ë¬ § ¯ §¤ë¢ ¨¥¬   ¯à®¨§¢®«ì® § ¤ ®¥ ¯®¤¯à®áâà áâ¢® ( §®¢¥¬ ¥£®
¨áå®¤ë¬) á¢®¤¨âáï ª ª« áá¨ç¥áª®© § ¤ ç¥ ® á¢®©áâ¢ å ®à¬ë à¥è¥¨©. � §¨á ¨áå®¤®£® ¯®¤-
¯à®áâà áâ¢  ª®áâàãªâ¨¢® ¤®¯®«ï¥âáï ¤® ¡ §¨á  â ª®£® ¯®¤¯à®áâà áâ¢ , çâ® ¯®¢¥¤¥¨¥ ¯à®-
¥ªæ¨© à¥è¥¨©   ¥£® ¬®¦® à áá¬ âà¨¢ âì ¥§ ¢¨á¨¬® ®â ¯®¢¥¤¥¨ï ¯à®¥ªæ¨© à¥è¥¨©   ¥£®
¤®¯®«¥¨¥. �á¨¬¯â®â¨ç¥áª¨¥ á¢®©áâ¢  ¯à®¥ªæ¨© à¥è¥¨ï á¨áâ¥¬ë   ¨áå®¤®¥ ¨ ¯®áâà®¥®¥
¯®¤¯à®áâà áâ¢  íª¢¨¢ «¥âë. � «®£¨çë©  «£®à¨â¬ á¢¥¤¥¨ï § ¤ ç¨ ®¡ ãáâ®©ç¨¢®áâ¨ ¯®
ç áâ¨ ¯¥à¥¬¥ëå «¨¥©ëå á¨áâ¥¬ ª ¨áá«¥¤®¢ ¨î ¥ª®â®à®© ¢á¯®¬®£ â¥«ì®© á¨áâ¥¬ë ï¢¨«-
áï ®á®¢®© ¨¤¥¥© [1], £¤¥, ®¤ ª®, ¢®§¬®¦®áâ¨ ¨á¯®«ì§®¢ ¨ï íâ®£®  «£®à¨â¬  áãé¥áâ¢¥®
®£à ¨ç¥ë â¥¬, çâ® ®® ä ªâ¨ç¥áª¨ ®¯¨à ¥âáï   à ¢®á¨«ì®áâì ãáâ®©ç¨¢®áâ¨ à¥è¥¨ï á¨-
áâ¥¬ë ¨ ãáâ®©ç¨¢®áâ¨ ¥£® ¯à®¨§¢®¤®©. �®íâ®¬ã, ¢ ç áâ®áâ¨, ¢ £« ¢¥ ®¡ ãáâ®©ç¨¢®áâ¨ á¨áâ¥¬ á
¯®á«¥¤¥©áâ¢¨¥¬ à áá¬ âà¨¢ îâáï â®«ìª® á¨áâ¥¬ë á ¯®áâ®ïë¬ § ¯ §¤ë¢ ¨¥¬.

�®«ã¦¨àë¬ èà¨äâ®¬ ®¡®§ ç îâáï ¬ âà¨æë (¯à®¯¨áë¬¨ ¡ãª¢ ¬¨) ¨ ¢¥ªâ®àë (áâà®çë-
¬¨). �à®¨§¢¥¤¥¨¥ ¢¥ªâ®à  ¨ ¬ âà¨æë áç¨â ¥âáï ¬ âà¨çë¬, ¯à¨ íâ®¬ ¢¥ªâ®à áç¨â ¥âáï áâà®ª®©
¨«¨ áâ®«¡æ®¬ ¢ § ¢¨á¨¬®áâ¨ ®â â®£®, á¯à ¢  ¨«¨ á«¥¢  ® ã¬®¦ ¥âáï   ¬ âà¨æã. �«ï ¯à®áâ®âë
¥ ¢¢®¤¨âáï à §«¨ç¨ï ¬¥¦¤ã ®¡®§ ç¥¨ï¬¨ ¢¥ªâ®à  ª ª í«¥¬¥â  «¨¥©®£® ¯à®áâà áâ¢  ¨
®¡®§ ç¥¨¥¬ ¥£® ª®®à¤¨ â®© áâà®ª¨ ¨«¨ áâ®«¡æ . � «®£¨ç®, ª®£¤  à¥çì ¨¤¥â ® ¯à¥®¡à §®-
¢ ¨¨ A, ¨¬¥¥âáï ¢ ¢¨¤ã ¯à¥®¡à §®¢ ¨¥ «¨¥©®£® ¯à®áâà áâ¢ , ®¯à¥¤¥«ï¥¬®£® ¬ âà¨æ¥© A
(¢ á®®â¢¥âáâ¢ãîé¥¬ ¡ §¨á¥). �¢¥¤¥¬ â ª¦¥ ®¡®§ ç¥¨ï R+ = [0;+1), � = f(t; s) : t � s � 0g,
Ck�k | ¯à®áâà áâ¢® ª®¬¯«¥ªáëå ¬ âà¨æ à §¬¥à  k � k, E | ¥¤¨¨ç ï ¬ âà¨æ .

� áá¬®âà¨¬ á¨áâ¥¬ã (
_x(t)�Ax(t� r(t)) = f(t); t � � ;

x(�) = 0; � < �;
(1)

£¤¥ � 2 R+, A 2 Cn�n, äãªæ¨ï r : R+ ! R+ ¨§¬¥à¨¬ , ¢¥ªâ®à-äãªæ¨ï f áã¬¬¨àã¥¬    ª -
¦¤®¬ ª®¥ç®¬ ®âà¥§ª¥ [�; �]. �¥è¥¨¥¬ á¨áâ¥¬ë ¡ã¤¥¬ áç¨â âì ¢¥ªâ®à-äãªæ¨î x : [�; �]! Cn á
 ¡á®«îâ® ¥¯à¥àë¢ë¬¨   ª ¦¤®¬ ª®¥ç®¬ ®âà¥§ª¥ [�; �] ª®¬¯®¥â ¬¨, ã¤®¢«¥â¢®àïîéãî
(1) ¯®çâ¨ ¢áî¤ã.

�¯à¥¤¥«¥¨¥ 1 ([2]). � âà¨æ¥© �®è¨ á¨áâ¥¬ë (1)  §®¢¥¬ ¬ âà¨æã-äãªæ¨î C : � !
Cn�n, ï¢«ïîéãîáï ¯à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ®¬ s � 0 à¥è¥¨¥¬ ¬ âà¨ç®© § ¤ ç¨

@C(t; s)
@t

�AC(t� r(t); s) = 0; t � s;

C(s; s) = E; C(�; s) = 0; � < s:

�à¨ § ¤ ¨¨  ç «ì®£® ãá«®¢¨ï à¥è¥¨¥ á¨áâ¥¬ë (1) áãé¥áâ¢ã¥â, ¥¤¨áâ¢¥® ¨ ®¯à¥¤¥«ï-
¥âáï ä®à¬ã«®© �®è¨ [2]

x(t) = C(t; �)x(�) +
Z t

�

C(t; s)f(s)ds: (2)
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� ª¨¬ ®¡à §®¬, ¬ âà¨æ  �®è¨, § ¤ ¢ ¥¬ ï á¥¬¥©áâ¢®¬ ®¤®à®¤ëå á¨áâ¥¬, á®¤¥à¦¨â ¢ á¥¡¥
¢áî ¨ä®à¬ æ¨î, ¥®¡å®¤¨¬ãî ¤«ï ¨áá«¥¤®¢ ¨ï ¯®¢¥¤¥¨ï à¥è¥¨© á¨áâ¥¬ë (1). � ç áâ®áâ¨,
¢á¥ ¢¨¤ë ãáâ®©ç¨¢®áâ¨ á¨áâ¥¬ë (1) ¬®¦® à áá¬ âà¨¢ âì ª ª á¢®©áâ¢  ¥¥ ¬ âà¨æë �®è¨.

�¯à¥¤¥«¥¨¥ 2. �¨áâ¥¬ã (1)  §®¢¥¬ ãáâ®©ç¨¢®© ¯® �ï¯ã®¢ã, ¥á«¨ áãé¥áâ¢ã¥â â ª®¥ ç¨-
á«® M <1, çâ® kC(t; s)k �M ¯à¨ ¢á¥å (t; s) 2 �; íªá¯®¥æ¨ «ì® ãáâ®©ç¨¢®©, ¥á«¨ áãé¥áâ¢ã-
îâ â ª¨¥ ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥ N ¨ �, çâ® kC(t; s)k � N exp[��(t� s)].

� ¬¥â¨¬, çâ® ¯à¨¢¥¤¥®¥ ®¯à¥¤¥«¥¨¥ ¯®¤à §ã¬¥¢ ¥â à ¢®¬¥àãî ãáâ®©ç¨¢®áâì. � á«ã-
ç ¥ r(t) � 0 (®¡ëª®¢¥®£® ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï) ¥¬ã á®®â¢¥âáâ¢ã¥â ª« áá¨ç¥áª®¥
®¯à¥¤¥«¥¨¥ à ¢®¬¥à®© ãáâ®©ç¨¢®áâ¨ ([3], áá. 70{72, 254) (á®®â¢¥âáâ¢¥® ¯® �ï¯ã®¢ã ¨ íªá-
¯®¥æ¨ «ì®©).

�áá«¥¤®¢ ¨¥ ãáâ®©ç¨¢®áâ¨ «¨¥©ëå á¨áâ¥¬ ¯® ç áâ¨ ¯¥à¥¬¥ëå ¯à¨¢¥«® ª ¯à¥¤áâ ¢«¥-
¨î ® ¥®¡å®¤¨¬®áâ¨ ¥áâ¥áâ¢¥®£® ®¡®¡é¥¨ï íâ®£® â¥à¬¨ . �®ïá¨¬ áª § ®¥. �áâ®©ç¨¢®áâì
á¨áâ¥¬ë ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï 1 ï¢«ï¥âáï ãáâ®©ç¨¢®áâìî ¢á¥å ª®¬¯®¥â ¥£® à¥è¥¨©. �áâ®©ç¨-
¢®áâì á¨áâ¥¬ë ¯® ç áâ¨ ¯¥à¥¬¥ëå | ãáâ®©ç¨¢®áâì â®«ìª® ¥ª®â®àëå ª®¬¯®¥â ¥£® à¥è¥¨©,
â. ¥. ®  ï¢«ï¥âáï ç áâë¬ á«ãç ¥¬ ãáâ®©ç¨¢®áâ¨ ¯à®¥ªæ¨© à¥è¥¨© á¨áâ¥¬ë   ¥ª®â®à®¥ ¯®¤-
¯à®áâà áâ¢®. �â® á¢®©áâ¢® ®âà ¦ ¥â

�¯à¥¤¥«¥¨¥ 3. �ã¤¥¬  §ë¢ âì á¨áâ¥¬ã (1) ãáâ®©ç¨¢®© ¯® ¯®¤¯à®áâà áâ¢ã S0 � Cn

(¯® �ï¯ã®¢ã ¨«¨ íªá¯®¥æ¨ «ì®), ¥á«¨ á®®â¢¥âáâ¢ãîé¥¥ á¢®©áâ¢® ®à¬ë kC(t; s)k ¬ âà¨æë
�®è¨ ¨§ ®¯à¥¤¥«¥¨ï 2 ¢ë¯®«ï¥âáï ¤«ï ®à¬ë ¢¥ªâ®à  aC(t; s) ¯à¨ «î¡®¬ a 2 S0.

� ª¨¬ ®¡à §®¬, ª« áá¨ç¥áª ï ãáâ®©ç¨¢®áâì ¨ ãáâ®©ç¨¢®áâì ¯® ç áâ¨ ¯¥à¥¬¥ëå ï¢«ïîâáï
ç áâë¬¨ á«ãç ï¬¨ ãáâ®©ç¨¢®áâ¨ ¯® ¯®¤¯à®áâà áâ¢ã, ¥á«¨ á®®â¢¥âáâ¢¥® S0 = Cn ¨ S0 |
«¨¥© ï ®¡®«®çª  ¥áª®«ìª¨å ¢¥ªâ®à®¢ ¢¨¤  (0; : : : ; 0; 1; 0; : : : ; 0).

� ¬¥ç ¨¥ 1. �ãáâì T | ¬ âà¨æ  ¯¥à¥å®¤  á¨áâ¥¬ë (1) ª ®¢®¬ã ¡ §¨áã, â. ¥. ¬ âà¨æ  A
¯¥à¥å®¤¨â ¢ TAT�1, ¢¥ªâ®à x(t) | ¢ Tx(t). �®£¤  ãáâ®©ç¨¢®áâì ¯® ¯®¤¯à®áâà áâ¢ã S ¯¥à¥å®¤¨â
¢ ãáâ®©ç¨¢®áâì ¯® ¯®¤¯à®áâà áâ¢ã ST�1. � ª¨¬ ®¡à §®¬, ¯à¨ à áá¬®âà¥¨¨ ãáâ®©ç¨¢®áâ¨ ¯®
¯®¤¯à®áâà áâ¢ã ¬®¦® ¯¥à¥å®¤¨âì ª ®¢®¬ã ¡ §¨áã, § ¬¥ïï á®®â¢¥âáâ¢ãîé¨¬ ®¡à §®¬ ¯®¤-
¯à®áâà áâ¢®.

�¥¬¬  1. � âà¨æ  �®è¨ á¨áâ¥¬ë(
_y(t)� Jy(t� r(t)) = 0; t � � ;

y(�) = 0; � < �;
(3)

£¤¥ y(t) = (y1(t); y2(t); : : : ; y�(t)) 2 C�, J =

0
BBBB@
� 1

�
. . .

. . . 1
�

1
CCCCA | ¦®à¤ ®¢  ª«¥âª  à §¬¥à  �� �,

¨¬¥¥â âà¥ã£®«ìë© ¢¨¤

C(t; s) =

0
BBBBBB@

C1(t; s) C2(t; s) : : : C��1(t; s) C�(t; s)
C1(t; s) C��2(t; s) C��1(t; s)

. . .
...

0 C1(t; s) C2(t; s)
C1(t; s)

1
CCCCCCA
;

¯à¨ íâ®¬ ¥¥ í«¥¬¥âë á¢ï§ ë á®®â®è¥¨ï¬¨ C
{
(t; s) =

tR
s

C1(t; �)C{�1(��r(�); s)d�, { = 2; �.
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�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ í«¥¬¥â ¬ âà¨æë �®è¨,  å®¤ïé¨©áï ¢ i-© áâà®ª¥ ¨ j-¬ áâ®«¡-
æ¥, ç¥à¥§ Ci;j(t; s). �ç¥¢¨¤®, C�;j(t; s) = 0 ¯à¨ j = 1; : : : ; � � 1. �¡®§ ç¨¬ C1(t; s) = C�;�(t; s).
� «¥¥ ¯à¨¬¥¨¬ ¨¤ãªæ¨î: áç¨â ï, çâ® (i + 1)-ï áâà®ª  ¨¬¥¥â âà¥¡ã¥¬ë© ¢¨¤, ¯®ª ¦¥¬, çâ®
¥£® ¨¬¥¥â â ª¦¥ i-ï áâà®ª , £¤¥ 1 � i � � � 1. �â ª, ¯ãáâì (i + 1)-ï áâà®ª  ¨¬¥¥â ¢¨¤

(0 : : : 0 C1(t; s) : : : C��i(t; s)). �®£¤  ¢ á¨«ã ä®à¬ã«ë (2) yi+1(t) =
�P

j=i+1

Ci+1;j(t; s)yj(s). � ª

ª ª C1(t; s) | äãªæ¨ï �®è¨ áª «ïà®£® ãà ¢¥¨ï _y(t)��y(t� r(t)) = 0, â® ¢ á¨«ã ¥¤¨áâ¢¥-
®áâ¨ ¥£® à¥è¥¨ï, ä®à¬ã«ë (2) ¨ á®®â®è¥¨ï _yk(t) � �yk(t � r(t)) = yk+1(t � r(t)) ¯à¨ t � s
¨¬¥¥¬

yi(t) = C1(t; s)yi(s) +
Z t

s

C1(t; �)yi+1(� � r(�))d� =

= C1(t; s)yi(s) +
Z t

s

C1(t; �)
� �X
j=i+1

Ci+1;j(� � r(�); s)yj(s)
�
d� =

= C1(t; s)yi(s) +
�X

j=i+1

� Z t

s

C1(t; �)Ci+1;j(� � r(�); s)d� yj(s)
�
;

®âªã¤  Ci;i(t; s)=C1(t; s), Ci;j(t; s)=0 ¯à¨ j=1; : : : ; i � 1 ¨ Ci;j(t; s)=
tR
s

C1(t; �)Ci+1;j(� � r(�); s)d�

¯à¨ j = i+ 1; : : : ; �.

�«¥¤áâ¢¨¥. �á«¨ ¬ âà¨æ  J ¢ á¨áâ¥¬¥ (3) ¦®à¤ ®¢ , á®áâ®¨â ¨§ p ª«¥â®ª, â® ¬ âà¨æ 

�®è¨ á¨áâ¥¬ë ¨¬¥¥â ¢¨¤ C(t; s) =

0
B@
C1(t; s) 0

. . .
0 Cp(t; s)

1
CA, £¤¥ Ck(t; s), k = 1; p, | ¬ âà¨æë

¢¨¤ , ãª § ®£® ¢ «¥¬¬¥ 1.

�¥¯¥àì ®¯¨è¥¬ ¯®áâà®¥¨¥, ¨¬¥îé¥¥ ®á®¢®¥ § ç¥¨¥ ¤«ï ¯®«ãç¥¨ï à¥§ã«ìâ â®¢ ¨áá«¥-
¤®¢ ¨ï.

�ãáâì ¨áá«¥¤ã¥âáï ãáâ®©ç¨¢®áâì á¨áâ¥¬ë (1) ¯® ¯®¤¯à®áâà áâ¢ã S0 � Cn à §¬¥à®áâ¨ d0,
§ ¤ ®¬ã á¢®¨¬ ¡ §¨á®¬ E0 = fekg

d0
k=1. �à¨¢¥¤¥¬  «£®à¨â¬ ¯®áâà®¥¨ï â ª®£® ¯®¤¯à®áâà áâ¢ 

S, çâ® 1) S0 � S, 2) ¥á«¨ x 2 S, â® xA 2 S, 3) à §¬¥à®áâì S ¬¨¨¬ «ì . � ¬¥â¨¬, çâ® áâà®ïé -
ïáï ¢ ([1], á. 27{29) ¤«ï á¨áâ¥¬ ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢á¯®¬®£ â¥«ì ï
�-á¨áâ¥¬  ï¢«ï¥âáï, ¯® áãâ¨, áã¦¥¨¥¬ á¨áâ¥¬ë (1)   ®¡« ¤ îé¥¥ á¢®©áâ¢ ¬¨ 1){3) ¯®¤¯à®-
áâà áâ¢® S ¢ á«ãç ¥, ª®£¤  S0 ï¢«ï¥âáï «¨¥©®© ®¡®«®çª®© ¥áª®«ìª¨å ¯¥à¢ëå ª®¬¯®¥â
¡ §¨á , ¢ ª®â®à®¬ § ¤ ® «¨¥©®¥ ¯à¥®¡à §®¢ ¨¥.

�®«®¦¨¬ F0 = ff : f = eA, e 2 E0g. �á«¨ F0 6� S0, â® ®¡®§ ç¨¬ ç¥à¥§ S1 «¨¥©ãî ®¡®«®çªã
¬®¦¥áâ¢  ¢¥ªâ®à®¢ E0 [F0 ¨ ¤®¯®«¨¬ ¬®¦¥áâ¢® E0 ¤® ¡ §¨á  E1 = fekg

d1
k=1 ¯à®áâà áâ¢  S1.

�®«®¦¨¬ F1 = ff : f = eA, e 2 E1g. �á«¨ F1 6� S1, ¤®¯®«¨¬ ¬®¦¥áâ¢® E1 ¤® ¡ §¨á  E2 =
fekg

d2
k=1 «¨¥©®© ®¡®«®çª¨ S2 ¬®¦¥áâ¢  ¢¥ªâ®à®¢ E1[F1. �®«®¦¨¬ F2 = ff : f = eA, e 2 E2g ¨,

¥á«¨ F2 6� S2, ¯à®¤®«¦¨¬ ®¯¨á ë© ¯à®æ¥áá ¯®áâà®¥¨ï ¡ §¨á®¢ E0�E1�E2� � � � ¯à®áâà áâ¢
S0 � S1 � � � � � Cn. �ç¥¢¨¤®, ¤«ï ¥ª®â®à®£®  âãà «ì®£® m � n � d0 ¯®«ãç¨¬ Fm � Sm.
�®«®¦¨¬ S = Sm. �§ ¯à¥¤áâ ¢«¥®£®  «£®à¨â¬  ¯®áâà®¥¨ï Sm ®ç¥¢¨¤®, çâ® ãá«®¢¨ï 1){3)
¢ë¯®«¥ë.

� á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© ® ¦®à¤ ®¢®© ä®à¬¥ ¬ âà¨æë ([4], á. 384) áãé¥áâ¢ã¥â ¡ §¨á ¯à®-
áâà áâ¢  Cn, ¢ ª®â®à®¬ ¬ âà¨æ  ¯à¥®¡à §®¢ ¨ï A ¨¬¥¥â ¦®à¤ ®¢ ¢¨¤. � §®¢¥¬ íâ®â ¡ §¨á
¦®à¤ ®¢ë¬.

�á®¢®© ¤«ï ¯®«ãç¥¨ï à¥§ã«ìâ â®¢ ¨áá«¥¤®¢ ¨ï ®¡®¨å à áá¬ âà¨¢ ¥¬ëå ¢¨¤®¢ ãáâ®©ç¨-
¢®áâ¨ ¯® ¯®¤¯à®áâà áâ¢ã ï¢«ï¥âáï

�¥¬¬  2. �¨áâ¥¬  (1) ãáâ®©ç¨¢  ¯® ¯®¤¯à®áâà áâ¢ã S0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ® 
ãáâ®©ç¨¢  ¯® ¯®¤¯à®áâà áâ¢ã S.
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�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ á«ãç © ãáâ®©ç¨¢®áâ¨ ¯® �ï¯ã®¢ã. �«ãç © íªá¯®¥æ¨ «ì-
®© ãáâ®©ç¨¢®áâ¨ ¢¯®«¥   «®£¨ç¥.

�®áâ â®ç®áâì ®ç¥¢¨¤ . �®ª ¦¥¬ ¥®¡å®¤¨¬®áâì.
�ãáâì ¯à¨ «î¡®¬ a 2 S0 äãªæ¨ï kaC(t; s)k ®£à ¨ç¥ . �®áª®«ìªã «î¡®© ¢¥ªâ®à ¯®¤¯à®-

áâà áâ¢  S ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥© ¢¥ªâ®à®¢ ¢¨¤  aAk, £¤¥ a 2 S0 ¨ k � 0, ¤®áâ â®ç®
¯®ª § âì ®£à ¨ç¥®áâì äãªæ¨© kaAkC(t; s)k. � á®®â¢¥âáâ¢¨¨ á § ¬¥ç ¨¥¬ 1 á¨áâ¥¬ã (1)
¬®¦® à áá¬®âà¥âì ¢ ¦®à¤ ®¢®¬ ¡ §¨á¥. �«ï ¯à®áâ®âë ¡ã¤¥¬ áç¨â âì, çâ® ¬ âà¨æ  J, § ¤ -
îé ï ¯à¥®¡à §®¢ ¨¥ A ¢ íâ®¬ ¡ §¨á¥, | ¦®à¤ ®¢  ª«¥âª . �à¨¬¥¨¬ ¨¤ãªæ¨î: ¯®ª ¦¥¬,
çâ® ®£à ¨ç¥®áâì kaC(t; s)k ¯à¨ (t; s) 2 � ¢«¥ç¥â ®£à ¨ç¥®áâì kaJC(t; s)k. �¥©áâ¢¨â¥«ì®,

kaJC(t; s)k = k�aC(t; s) + aNC(t; s)k � j�j kaC(t; s)k + kaNC(t; s)k;

£¤¥ N | ¬ âà¨æ  ¢¨¤ 

0
BBBB@
0 1 0

0
. . .
. . . 1

0 0

1
CCCCA, ¯à¨ íâ®¬ ®£à ¨ç¥®áâì kaNC(t; s)k á«¥¤ã¥â ¨§ ¢¨¤ 

¬ âà¨æë �®è¨ á¨áâ¥¬ë (3) ¢ ¦®à¤ ®¢®¬ ¡ §¨á¥ (á¬. «¥¬¬ã 1). �®ª § â¥«ìáâ¢®   «®£¨ç®,
¥á«¨ J á®áâ®¨â ¨§ ¥áª®«ìª¨å ¦®à¤ ®¢ëå ª«¥â®ª.

�¥à¥¬áï ª  «£®à¨â¬ã ¯®áâà®¥¨ï ¯à®áâà áâ¢  S = Sm. �¡®§ ç¨¬ d = dm. �®¯®«¨¬
¬®¦¥áâ¢® Em = fekg

d
k=1 ¤® ¡ §¨á  E = fekg

n
k=1 ¯à®áâà áâ¢  C

n. �ãáâì T| n�n-¬ âà¨æ , k-©
áâ®«¡¥æ ª®â®à®©, 1 � k � n, § ¤ ¥âáï ¢¥ªâ®à®¬ ek. �®£¤  ¯à¥®¡à §®¢ ¨¥ A : Cn ! Cn § ¤ ¥âáï
¢ ¡ §¨á¥ E ¬ âà¨æ¥© B = T�1AT. �à¨ íâ®¬, â. ª. í«¥¬¥â ¬¨ ¯®¤¯à®áâà áâ¢  S ¢ ¡ §¨á¥ E
ï¢«ïîâáï ¢¥ªâ®àë, ¯®á«¥¤¨¥ n� d ª®®à¤¨ â ª®â®àëå ã«¥¢ë¥, ¨ x 2 S ) xA 2 S, â®

B =
�
P 0

Q R

�
; (4)

£¤¥ P | d� d-¬ âà¨æ .
�®ª § â¥«ìáâ¢  á«¥¤ãîé¨å ¤¢ãå ãâ¢¥à¦¤¥¨© ¤®á«®¢® á®¢¯ ¤ îâ.

�¥®à¥¬  1. �¨áâ¥¬  (1) ãáâ®©ç¨¢  ¯® �ï¯ã®¢ã ¯® ¯®¤¯à®áâà áâ¢ã S0 â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤  ãáâ®©ç¨¢  ¯® �ï¯ã®¢ã á¨áâ¥¬ 

(
_u(t)�Pu(t� r(t)) = 0; t � � ;

u(�) = 0; � < �:
(5)

�¥®à¥¬  2. �¨áâ¥¬  (1) íªá¯®¥æ¨ «ì® ãáâ®©ç¨¢  ¯® ¯®¤¯à®áâà áâ¢ã S0 â®£¤  ¨ â®«ì-
ª® â®£¤ , ª®£¤  íªá¯®¥æ¨ «ì® ãáâ®©ç¨¢  á¨áâ¥¬  (5).

�®ª § â¥«ìáâ¢®. � ¡ §¨á¥ E ®¤®à®¤ ï á¨áâ¥¬ , á®®â¢¥âáâ¢ãîé ï á¨áâ¥¬¥ (1), ¨¬¥¥â ¢¨¤

(
_y(t)�By(t� r(t)) = 0; t � � ;

y(�) = 0; � < �:
(6)

� á¨«ã (4) ¨ ®¤®§ ç®© à §à¥è¨¬®áâ¨ § ¤ ç¨ �®è¨ ¤«ï á¨áâ¥¬ë (6) ¢¥ªâ®à-äãªæ¨ï
u(t) = (u1(t); u2(t); : : : ; ud(t)) ï¢«ï¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë (5) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥-
áâ¢ã¥â à¥è¥¨¥ á¨áâ¥¬ë (6) ¢¨¤  y(t) = (u1(t); u2(t); : : : ; ud(t); ud+1(t); : : : ; un(t)). �àã£¨¬¨ á«®¢ -
¬¨, à¥è¥¨ï¬¨ á¨áâ¥¬ë (5) ï¢«ïîâáï ¯à®¥ªæ¨¨   ¯®¤¯à®áâà áâ¢® S à¥è¥¨© á¨áâ¥¬ë (6) ¨
â®«ìª® ®¨. �à¨¬¥¥¨¥ «¥¬¬ë 2 § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®.
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� ¬¥ç ¨¥ 2. � á®®â¢¥âáâ¢¨¨ á  «£®à¨â¬®¬ ¯®áâà®¥¨ï ¡ §¨á  E ã ¬ âà¨æë P d�d0 áâà®ª
¨¬¥îâ ¢¨¤ (0 : : : 0 1 0 : : : 0) á ¥¤¨¨æ¥© ¯à ¢¥¥ £« ¢®© ¤¨ £® «¨. � ç áâ®áâ¨, ¥á«¨ d0 = 1, â®

P =

0
BBB@
0 1 0
...

. . .
0 0 1
p1 p2 : : : pd

1
CCCA :

� ¬¥ç ¨¥ 3. � ®â«¨ç¨¥ ®â á¨áâ¥¬ ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¨«¨ ãà ¢-
¥¨© á ¯®áâ®ïë¬ § ¯ §¤ë¢ ¨¥¬, ¤«ï á¨áâ¥¬ë (1) á¢®©áâ¢  ãáâ®©ç¨¢®áâ¨ ¨ à ¢®¬¥à®©

ãáâ®©ç¨¢®áâ¨ ¥ à ¢®á¨«ìë. � ¯à¨¬¥à, ¯ãáâì ¢ á¨áâ¥¬¥ (3) � = 0, J =
�
�1 1
0 �1

�
, r(t) =(

t; t < 1;

t� 1; t � 1:
�¬¥¥¬ y2(t) =

(
y2(0)(1 � t); t < 1;

0; t � 1;
y1(1) = y1(0) �

1R
0

[y2(0) + y1(0)]ds = �y2(0).

�á«¨ y2(0) 6= 0, â® y1(t) = y1(1) �
tR
1

[y2(1) + y1(1)]ds = y2(0)(t � 2) !1 ¯à¨ t!1. �à¨¢¨ «ì®¥

à¥è¥¨¥ á¨áâ¥¬ë ãáâ®©ç¨¢® ¯® y2 ¨ ¥ãáâ®©ç¨¢® ¯® y1.

�à¨§ ª íªá¯®¥æ¨ «ì®© ãáâ®©ç¨¢®áâ¨ á¨áâ¥¬ë (1) ¯®«ãç¨¬, ¯à¨¬¥¨¢ ª á¨áâ¥¬¥ (4) â¥®-
à¥¬ã 2 ¨§ [5].

�¥®à¥¬  3. �á«¨ ¤«ï á®¡áâ¢¥ëå ç¨á¥« �i ¬ âà¨æë P ¨ äãªæ¨¨ r á¯à ¢¥¤«¨¢® å®âï ¡ë
®¤® ¨§ ãá«®¢¨©:

a) �i 2 R, 0 < �ivrailim
t!1

r(t) < 3=2;

¡) �i 2 R, 0 < �ivrailim
t!1

r(t) < �=2;

¢) j�ij2vrailim
t!1

r(t) < Re �i;

£) �ivrailim
t!1

r(t) 2 fz 2 C : jzj < j arg zj � �=2g,

â® á¨áâ¥¬  (1) íªá¯®¥æ¨ «ì® ãáâ®©ç¨¢  ¯® ¯®¤¯à®áâà áâ¢ã S0.

� ª®¥æ, ¯®«ãç¨¬ ¤¢  à¥§ã«ìâ â  ® á¢ï§¨ ¬¥¦¤ã ãáâ®©ç¨¢®áâìî á¨áâ¥¬ë (1) ¯® ¯®¤¯à®áâà -
áâ¢ã ¨ ®æ¥ª ¬¨   ¥¥ äãªæ¨î �®è¨,   «®£¨çë¥ ¢ ¥ª®â®à®¬ á¬ëá«¥ â¥®à¥¬ ¬ ® á®®â¢¥â-
áâ¢ãîé¥© á¢ï§¨ ¤«ï ãáâ®©ç¨¢®áâ¨ ¢á¥å ª®¬¯®¥â «¨¥©®© á¨áâ¥¬ë,  §ë¢ ¥¬ë¬ â¥®à¥¬ ¬¨
�®«ï{�¥àà®  ([6], áá. 105, 106, â¥®à¥¬ë 3.3.1{3.3.3).

�¥à¥§ Lp, £¤¥ 1�p<1, ¡ã¤¥¬ ®¡®§ ç âì «¨¥©®¥ ¯à®áâà áâ¢® ¢¥ªâ®à-äãªæ¨© f : R+ ! T ,
f : R+!Cn, áã¬¬¨àã¥¬ëå á p-© áâ¥¯¥ìî; ç¥à¥§ L1 | ¯à®áâà áâ¢® äãªæ¨© f : R+!C, ®£à ¨-
ç¥ëå ¢ áãé¥áâ¢¥®¬. �¥à¥§ K ¡ã¤¥¬ ®¡®§ ç âì ®¯¥à â®à �®è¨, ®¯à¥¤¥«¥ë© à ¢¥áâ¢®¬

(Kf)(t) =
tR
0

C(t; s)f(s)ds   ¯à®áâà áâ¢¥ áã¬¬¨àã¥¬ëå   ª ¦¤®¬ ª®¥ç®¬ ®âà¥§ª¥ [�; �] äãª-

æ¨© f : R+ ! Cn.

�¥¬¬  3. �â®¡ë aKf 2 L1 ¯à¨ «î¡®¬ a 2 S0, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë aKf 2 L1
¯à¨ «î¡®¬ a 2 S.

�®ª § â¥«ìáâ¢®. �®áâ â®ç®áâì ®ç¥¢¨¤ . �®ª ¦¥¬ ¥®¡å®¤¨¬®áâì.
�ãáâì aKf 2 L1 ¯à¨ «î¡®¬ a 2 S0. �®áª®«ìªã «î¡®© ¢¥ªâ®à ¯à®áâà áâ¢  S ï¢«ï¥âáï «¨¥©-

®© ª®¬¡¨ æ¨¥© ¢¥ªâ®à®¢ ¢¨¤  aAk, £¤¥ a 2 S0 ¨ k � 0, ¤®áâ â®ç® ¯®ª § âì, çâ® aAkKf 2 L1.
� «®£¨ç® â®¬ã, ª ª íâ® ¤¥« «®áì ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 2, à áá¬®âà¨¬ á¨áâ¥¬ã (1) ¢
¦®à¤ ®¢®¬ ¡ §¨á¥ ¨ ¡ã¤¥¬ ¤«ï ¯à®áâ®âë ¨§«®¦¥¨ï ¨ ¡¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¨§«®¦¥¨ï
áç¨â âì, çâ® ¬ âà¨æ  J, § ¤ îé ï ¯à¥®¡à §®¢ ¨¥ A, | ¦®à¤ ®¢  ª«¥âª . �à¨¬¥¨¬ ¨¤ãª-
æ¨î: ¯®ª ¦¥¬, çâ® ¥á«¨ aKf 2 L1, â® aJKf 2 L1. �¥©áâ¢¨â¥«ì®, aJKf = �aKf + aNKf , £¤¥
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N | ¬ âà¨æ  ¢¨¤ 

0
BBBB@
0 1 0

0
. . .
. . . 1

0 0

1
CCCCA, ¯à¨ íâ®¬ ¨§ ¢¨¤  ¬ âà¨æë �®è¨ ¢ ¦®à¤ ®¢®¬ ¡ §¨á¥ (á¬.

«¥¬¬ã 1) á«¥¤ã¥â, çâ® aNKf 2 L1.

�¥®à¥¬  4. �«ï â®£® çâ®¡ë á¨áâ¥¬  (1) ¡ë«  ãáâ®©ç¨¢  ¯® �ï¯ã®¢ã ¯® ¯®¤¯à®áâà áâ¢ã
S0, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë aKf 2 L1 ¯à¨ «î¡®¬ a 2 S.

�®ª § â¥«ìáâ¢® ¯à¥¤áâ ¢«ï¥â á®¡®© ¯à¨¬¥¥¨¥ â¥®à¥¬ë 1, â¥®à¥¬ë 3.3.3 ¨§ [6] ¨ «¥¬¬ë 3.

�¥®à¥¬  5. �â®¡ë ¯à¨ r(t) � � <1, t 2 R+, á¨áâ¥¬  (1) ¡ë«  íªá¯®¥æ¨ «ì® ãáâ®©ç¨¢ 
¯® ¯®¤¯à®áâà áâ¢ã S0, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë aKf 2 L1 ¯à¨ «î¡®¬ a 2 S.

�¥®à¥¬  áà §ã á«¥¤ã¥â ¨§ â¥®à¥¬ë 2, â¥®à¥¬ë 3.3.2 ¨§ [6] ¨ «¥¬¬ë 3.
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