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1. � 1925 £. �.�.�¨à®ª®¢ [1] ¨áá«¥¤®¢ « ª« áá ¯á¥¢¤®à¨¬ ­®¢ëå ¬­®£®®¡à §¨©, ¤®¯ãáª î-
é¨å ­¥¢ëà®¦¤¥­­®¥ ª®¢ à¨ ­â­® ¯®áâ®ï­­®¥ â¥­§®à­®¥ ¯®«¥ J , ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬

JjsJ
s
k = gjk; Jsk = Jkl g

ls; Jkl = �Jlk:

�â¨ ¬­®£®®¡à §¨ï, ­ §¢ ­­ë¥ �.�.�¨à®ª®¢ë¬ A-¯à®áâà ­áâ¢ ¬¨, ¡ë«¨ ¯®§¦¥ § ­®¢® ®âªàëâë
�.�¥«¥à®¬ [2] ¨ áâ «¨ ­ §ë¢ âìáï \ª¥«¥à®¢ë¬¨ ¬­®£®®¡à §¨ï¬¨". �¥â®¤ë £¥®¬¥âà¨¨ ª¥«¥à®-
¢ëå ¬­®£®®¡à §¨© ­ è«¨ è¨à®ª®¥ ¯à¨¬¥­¥­¨¥ ¢ à §«¨ç­ëå ®¡« áâïå ¬ â¥¬ â¨ª¨ ¨ á®¢à¥¬¥­­®©
â¥®à¥â¨ç¥áª®© ä¨§¨ª¨: ¢ ®¡é¥© â¥®à¨¨ ®â­®á¨â¥«ì­®áâ¨, â¥®à¨¨ áã¯¥àáâàã­ ¨ ­¥«¨­¥©­ëå áã-
¯¥àá¨¬¬¥âà¨ç­ëå á¨£¬ -¬®¤¥«¥©, ª¢ ­â®¢®© â¥®à¨¨ ¨ â.¤. (á¬., ­ ¯à., [3]{[6]).

� 1954 £. �æãª¨ ¨ � á¨à® [7] ¢¢¥«¨ ¯®­ïâ¨¥ ®¡ H-¯à®¥ªâ¨¢­®¬ ®â®¡à ¦¥­¨¨ ª¥«¥à®¢  ¬­®£®-
®¡à §¨ï, ª®â®à®¥ ï¢«ï¥âáï ®¡®¡é¥­¨¥¬ ¯®­ïâ¨ï ¯à®¥ªâ¨¢­®£®, ¨«¨ £¥®¤¥§¨ç¥áª®£® ®â®¡à ¦¥­¨ï
¯á¥¢¤®à¨¬ ­®¢  ¬­®£®®¡à §¨ï (á¬. [8], [9]). �§¢¥áâ­®, çâ® ¯à®¡«¥¬  ¨áá«¥¤®¢ ­¨ï ¤¨­ ¬¨ç¥áª¨å
á¨áâ¥¬ ¢â®à®£® ¯®àï¤ª  á ­ã«¥¢ë¬¨ ¢­¥è­¨¬¨ á¨« ¬¨, ¨¬¥îé¨å ®¡é¨¥ âà ¥ªâ®à¨¨, á¢®¤¨âáï
ª § ¤ ç¥ ®¯à¥¤¥«¥­¨ï  ää¨­­®-á¢ï§­ëå ¨ ¯á¥¢¤®à¨¬ ­®¢ëå ¬­®£®®¡à §¨©, ¤®¯ãáª îé¨å £¥®¤¥-
§¨ç¥áª¨¥ ®â®¡à ¦¥­¨ï. �®¤®¡­® íâ®¬ã, ¨áá«¥¤®¢ ­¨¥ H-¯à®¥ªâ¨¢­ëå ®â®¡à ¦¥­¨© ª¥«¥à®¢ëå
¬­®£®®¡à §¨© â¥á­® á¢ï§ ­® á ¯à®¡«¥¬®© âà ¥ªâ®à­®© íª¢¨¢ «¥­â­®áâ¨ ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬
¢â®à®£® ¯®àï¤ª  á ­¥­ã«¥¢ë¬¨ ¢­¥è­¨¬¨ á¨« ¬¨.

� ¤ ­­®© à ¡®â¥ ®¯à¥¤¥«ïîâáï ¢á¥ ­¥í©­èâ¥©­®¢ë ç¥âëà¥å¬¥à­ë¥ ª¥«¥à®¢ë ¬­®£®®¡à §¨ï
M , ¤®¯ãáª îé¨¥ H-¯à®¥ªâ¨¢­ë¥ ®â®¡à ¦¥­¨ï.

� ¯. 2 ¯à¨¢®¤ïâáï ­¥®¡å®¤¨¬ë¥ á¢¥¤¥­¨ï ® ¯®çâ¨ ª®¬¯«¥ªá­ëå ¬­®£®®¡à §¨ïå. � ¯. 3 ¤®ª §ë-
¢ ¥âáï áãé¥áâ¢®¢ ­¨¥ ¨­ä¨­¨â¥§¨¬ «ì­®© ¨§®¬¥âà¨¨ ¢ «î¡®¬ ª¥«¥à®¢®¬ ¬­®£®®¡à §¨¨, ¤®¯ãá-
ª îé¥¬ ­¥ ää¨­­®¥ H-¯à®¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥. �«¥¤ãîé¨© à §¤¥« (¯. 4) ¯®á¢ïé¥­ ¨§ãç¥-
­¨î ­¥í©­èâ¥©­®¢ëå ç¥âëà¥å¬¥à­ëå ª¥«¥à®¢ëå ¬­®£®®¡à §¨©, ¤®¯ãáª îé¨å H-¯à®¥ªâ¨¢­ë¥
®â®¡à ¦¥­¨ï. �¥®à¥¬  2 ®¯à¥¤¥«ï¥â ¬¥âà¨ª¨ ¢á¥å â ª¨å ¬­®£®®¡à §¨©, ­ §¢ ­­ëå ­ ¬¨ ®¡®¡-
é¥­­® íª¢¨¤¨áâ ­â­ë¬¨. � ¯. 5 ¯®ª § ­®, çâ® ç¥âëà¥å¬¥à­®¥ ª¥«¥à®¢® ¬­®£®®¡à §¨¥ ¤®¯ãáª ¥â
¨­ä¨­¨â¥§¨¬ «ì­®¥H-¯à®¥ªâ¨¢­®¥ ¯à¥®¡à §®¢ ­¨¥, â®«ìª® ¥á«¨ ®­® ®¡®¡é¥­­® íª¢¨¤¨áâ ­â­®.

2. � ¯®¬­¨¬, çâ® 2n-¬¥à­®¥1 ¢¥é¥áâ¢¥­­®¥ ¬­®£®®¡à §¨¥2 ­ §ë¢ ¥âáï ¯®çâ¨ ª®¬¯«¥ªá­ë¬,
¥á«¨ ­  ­¥¬ § ¤ ­  ¯®çâ¨ ª®¬¯«¥ªá­ ï áâàãªâãà  J , â. ¥. ¤¨ää¥à¥­æ¨àã¥¬®¥ ¯®«¥ «¨­¥©­ëå
®¯¥à â®à®¢ Jp : TpM ! TpM â ª¨å, çâ® J2

p = � id jTpM ¤«ï ¢á¥å â®ç¥ª p 2M .
�àãç¥­¨¥ ¯®çâ¨ ª®¬¯«¥ªá­®© áâàãªâãàë J ­  M ¥áâì â¥­§®à­®¥ ¯®«¥ N â¨¯  (1,2), ®¯à¥¤¥-

«¥­­®¥ à ¢¥­áâ¢®¬

N(X;Y ) = 2([JX; JY ]� [X;Y ]� J [X;JY ]� J [JX; Y ]);

1�® ¢á¥å à áá¬ âà¨¢ ¥¬ëå ¢ áâ âì¥ á«ãç ïå ¯à¥¤¯®« £ ¥âáï, çâ® n > 1.
2�®¤ ¢¥é¥áâ¢¥­­ë¬ ¬­®£®®¡à §¨¥¬, ®â®¡à ¦¥­¨¥¬ ¨ â¥­§®à­ë¬ ¯®«¥¬ ¯®­¨¬ îâáï ¤ «¥¥ C1-

¬­®£®®¡à §¨¥, C1-®â®¡à ¦¥­¨¥ ¨ ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬®¥ â¥­§®à­®¥ ¯®«¥.
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£¤¥ X;Y 2 TM . �á«¨ ªàãç¥­¨¥ N â®¦¤¥áâ¢¥­­® à ¢­® ­ã«î, â® J ­ §ë¢ ¥âáï ª®¬¯«¥ªá­®©

áâàãªâãà®©,   ¯®çâ¨ ª®¬¯«¥ªá­®¥ ¬­®£®®¡à §¨¥ M á ª®¬¯«¥ªá­®© áâàãªâãà®© J ­ §ë¢ ¥âáï
¨­â¥£à¨àã¥¬ë¬.

�ãáâì M | ¨­â¥£à¨àã¥¬®¥ ¯®çâ¨ ª®¬¯«¥ªá­®¥ ¬­®£®®¡à §¨¥ á ª®¬¯«¥ªá­®© áâàãªâãà®© J .
�®£« á­® â¥®à¥¬¥ �ìî«¥­¤¥à  ¨ �¨à¥­¡¥à£  [10] áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ ª®¬¯«¥ªá­®¥ ¬­®£®-
®¡à §¨¥ M c, á®¢¯ ¤ îé¥¥ á M ª ª â®¯®«®£¨ç¥áª®¥ ¯à®áâà ­áâ¢®, ª®¬¯«¥ªá­®  ­ «¨â¨ç¥áª ï
áâàãªâãà  ª®â®à®£® ¨­¤ãæ¨àã¥â ­  M ª®¬¯«¥ªá­ãî áâàãªâãàã J ¨ áâàãªâãàã ¤¨ää¥à¥­æ¨àã-
¥¬®£® ¬­®£®®¡à §¨ï. � áá«®¥­¨¥ TM c C-«¨­¥©­® ¨§®¬®àä­® à áá«®¥­¨î TM á® áâàãªâãà®©
ª®¬¯«¥ªá­®£® à áá«®¥­¨ï, ¨­¤ãæ¨à®¢ ­­®© ®¯¥à â®à ¬¨ Jp, â ª çâ® áãé¥áâ¢ã¥â ª ­®­¨ç¥áª¨©
C-«¨­¥©­ë© ¨§®¬®àä¨§¬ à áá«®¥­¨©

TM 
R C �= TM c � TM c; (1)

£¤¥ TM 
R C | ª®¬¯«¥ªá¨ä¨ª æ¨ï ª á â¥«ì­®£® à áá«®¥­¨ï TM .
�ãáâì (U; z�), z� 2 C, � = 1; : : : ; n, | ª®¬¯«¥ªá­ ï ª®®à¤¨­ â­ ï á¨áâ¥¬  ¢ ®¡« áâ¨ U �

M c. �á«¨ M | á®®â¢¥âáâ¢ãîé¥¥ M c ¨­â¥£à¨àã¥¬®¥ ¯®çâ¨ ª®¬¯«¥ªá­®¥ ¬­®£®®¡à §¨¥, â® ¡ã¤¥¬
£®¢®à¨âì, çâ® (U; z�; z�), � = 1; : : : ; n, ï¢«ï¥âáï ª®¬¯«¥ªá­®© ª àâ®© ­  M . �¢¨¤ã ¨§®¬®àä¨§¬ 
(1) ¢¥ªâ®à­ë¥ ¯®«ï @� � @=@z�, @� � @=@z�, � = 1; : : : ; n, ®¯à¥¤¥«ïîâ ¡ §¨á ¢ TM 
R C. �î¡®¥
¢¥é¥áâ¢¥­­®¥ â¥­§®à­®¥ ¯®«¥ T ­  M ¬®¦¥â ¡ëâì ®¤­®§­ ç­® ¯à®¤®«¦¥­® ¤® £« ¤ª®£® ¯®«ï
í«¥¬¥­â®¢ â¥­§®à­ëå  «£¥¡à

eTpM �
1M
ki=1

((TpM
c)
k1 
 (TpM c)
k2 
 (T �pM

c)
k3 
 (T �pM c)
k4);

ª®â®à®¥ â ª¦¥ ¡ã¤¥¬ ­ §ë¢ âì â¥­§®à­ë¬ ¯®«¥¬ ¨ ®¡®§­ ç âì T [11], [12]. �£® à §«®¦¥­¨¥ ¯®
¡ §¨áã (@�, @�)�=1;:::;n ¨¬¥¥â ¢¨¤

T = T i1:::irj1:::js
@i1 
 � � � 
 @ir 
 dzj1 
 � � � 
 dzjs ; T i1:::ir

j1:::js
= T i1:::irj1:::js

;

£¤¥ « â¨­áª¨¥ ¨­¤¥ªáë i; j; k; : : : = 1; : : : ; 2n ¯à®¡¥£ îâ ¬­®¦¥áâ¢® §­ ç¥­¨© ­ ¤ç¥àª­ãâëå
(�; �; 
; : : : ) ¨ ­¥­ ¤ç¥àª­ãâëå (�; �; 
; : : : ) £à¥ç¥áª¨å ¨­¤¥ªá®¢, ¬¥­ïîé¨åáï ®â 1 ¤® n. �ã­ªæ¨¨
T i1:::irj1:::js

­ §ë¢ îâáï ª®¬¯®­¥­â ¬¨ â¥­§®à­®£® ¯®«ï T ¢ ª®®à¤¨­ â å (z�; z�).
� ç áâ­®áâ¨, ª®¬¯«¥ªá­ ï áâàãªâãà  J ¬®¦¥â ¡ëâì ®¤­®§­ ç­® ¯à®¤®«¦¥­  ¤® C-«¨­¥©­®£®

í­¤®¬®àä¨§¬  ¢ TM 
R C. �¥©áâ¢¨¥ ª®¬¯«¥ªá­®© áâàãªâãàë J ­  í«¥¬¥­âë ª®®à¤¨­ â­®£®
¡ §¨á  (@�, @�), � = 1; : : : ; n, ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢ ¬¨ J@� = i@�, J@� = �i@�.

� §®¢¥¬ ¯à¥®¡à §®¢ ­¨¥ ª®®à¤¨­ â ¢¨¤  z0� = w�(z), z0� = w�(z), £¤¥ w�(z) | ª®¬¯«¥ªá­®
 ­ «¨â¨ç¥áª¨¥ äã­ªæ¨¨, £®«®¬®àä­ë¬. �ãáâì X = �i@i, �� = �� | ¢¥é¥áâ¢¥­­®¥ ¢¥ªâ®à­®¥ ¯®«¥
­ M . X ­ §ë¢ ¥âáï £®«®¬®àä­ë¬ ¢¥ªâ®à­ë¬ ¯®«¥¬, ¥á«¨ LXJ = 0, £¤¥ LX | ¯à®¨§¢®¤­ ï �¨
¢¤®«ì X. �â® ãá«®¢¨¥ ¢ ª®¬¯«¥ªá­®© ª àâ¥ (U; z�; z�)�=1;:::;n ¯à¨¢®¤¨âáï ª à ¢¥­áâ¢ ¬ @��

� =
@��

� = 0, �; � = 1; : : : ; n. �á¯®«ì§ãï £®«®¬®àä­ë¥ ¯à¥®¡à §®¢ ­¨ï ª®®à¤¨­ â ¢ ®ªà¥áâ­®áâ¨
à¥£ã«ïà­®© â®çª¨, «î¡®¥ £®«®¬®àä­®¥ ¢¥ªâ®à­®¥ ¯®«¥ ¬®¦­® ¯à¨¢¥áâ¨ ª ¢¨¤ã X = @1 + @1 [12],
[13].

�­â¥£à¨àã¥¬®¥ ¯®çâ¨ ª®¬¯«¥ªá­®¥ ¬­®£®®¡à §¨¥ M ­ §ë¢ ¥âáï ª¥«¥à®¢ë¬, ¥á«¨ ­  ­¥¬ § -
¤ ­  ¯á¥¢¤®à¨¬ ­®¢  ¬¥âà¨ª  g, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬ [9], [11], [12]

g(JX; JY ) = g(X;Y ); rJ = 0 (X;Y 2 TM); (2)

£¤¥ r | á¢ï§­®áâì �¥¢¨-�¨¢¨â  ¬¥âà¨ª¨ g. �¨«¨­¥©­ ï ä®à¬  !, ®¯à¥¤¥«¥­­ ï à ¢¥­áâ¢®¬

!(X;Y ) = g(JX; Y ); (3)

­ §ë¢ ¥âáï äã­¤ ¬¥­â «ì­®© ä®à¬®© ª¥«¥à®¢  ¬­®£®®¡à §¨ï M . �§ (2), (3) ¨ ãá«®¢¨ï J2
p =

� id jTpM á«¥¤ã¥â, çâ® ! ï¢«ï¥âáï § ¬ª­ãâ®© ¤¨ää¥à¥­æ¨ «ì­®© ä®à¬®©: d! = 0.
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�ãáâì (U; z; z) | ª®¬¯«¥ªá­ ï ª àâ  ­ M ¨ @�, @�, � = 1; : : : ; n, | ª®®à¤¨­ â­ë¥ ¢¥ªâ®à­ë¥
¯®«ï. �®¬¯®­¥­âë ª¥«¥à®¢®© ¬¥âà¨ª¨ g, ª®¬¯«¥ªá­®© áâàãªâãàë J ¨ äã­¤ ¬¥­â «ì­®© ä®à¬ë
! ¢ íâ®© ª àâ¥ ®¯à¥¤¥«ïîâáï á®®â­®è¥­¨ï¬¨

g�� = g��; g�� = g�� = 0; g�� = g��; g�� = g�� = 0; (4)

J�� = �J�
�
= i��� ; J�

�
= J�� = 0; (5)

!�� = �ig�� ; !�� = �!��; !�� = !��; (6)

  ãá«®¢¨¥ d! = 0 § ¬ª­ãâ®áâ¨ äã­¤ ¬¥­â «ì­®© ä®à¬ë ! ¢ëà ¦ ¥âáï à ¢¥­áâ¢ ¬¨

@�g�
 = @�g�
 ; @�g�
 = @�g�
: (7)

�âáî¤  á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â ¢¥é¥áâ¢¥­­®§­ ç­ ï äã­ªæ¨ï � ­  U � M , ®¯à¥¤¥«¥­­ ï ¢
ª®®à¤¨­ â å z�, z� ãá«®¢¨¥¬

g�� = @�@��: (8)

�â  äã­ªæ¨ï, ­ §ë¢ ¥¬ ï ª¥«¥à®¢ë¬ ¯®â¥­æ¨ «®¬ ¬¥âà¨ª¨ g, ®¯à¥¤¥«¥­  á â®ç­®áâìî ¤® ¯à¥-
®¡à §®¢ ­¨© ¢¨¤ 

�0 = �+ f(z) + f(z); (9)

£¤¥ f(z) | ¯à®¨§¢®«ì­ ï £®«®¬®àä­ ï äã­ªæ¨ï. �ã¤¥¬ ­ §ë¢ âì â ª¨¥ ¯à¥®¡à §®¢ ­¨ï ª «¨-

¡à®¢®ç­ë¬¨.
�§ (4){(8) á«¥¤ã¥â, çâ® ­¥à ¢­ë¥ â®¦¤¥áâ¢¥­­® ­ã«î á¨¬¢®«ë �à¨áâ®ää¥«ï ¬¥âà¨ª¨ g ¨¬¥-

îâ ¢¨¤

���� = ��
��
= g��@�g�� ; (10)

  ­¥­ã«¥¢ë¥ ª®¬¯®­¥­âë â¥­§®à  ªà¨¢¨§­ë ¨ â¥­§®à  �¨çç¨ ®¯à¥¤¥«ïîâáï á®®â­®è¥­¨ï¬¨

R�
��� = R�

���
= �R�

��� = �R�

���
= �@�����; (11)

R�� = @�@� ln(det(g��)); R�� = R��: (12)

3. �« ¤ª ï ªà¨¢ ï 
 : [0; 1] ! M : t 7! xt ­  ª¥«¥à®¢®¬ ¬­®£®®¡à §¨¨ M ¢¥é¥áâ¢¥­­®© à §-
¬¥à­®áâ¨ 2n > 2 ­ §ë¢ ¥âáï H-¯« ­ à­®©, ¥á«¨ ¥¥ ª á â¥«ì­ë© ¢¥ªâ®à � � dx=dt ã¤®¢«¥â¢®àï¥â
ãà ¢­¥­¨î

r�� = a(t)�+ b(t)J(�);

£¤¥ a(t) ¨ b(t) | £« ¤ª¨¥ äã­ªæ¨¨ ¯ à ¬¥âà  t.
�ãáâìM ,M 0 |¤¢  ª¥«¥à®¢ëå ¬­®£®®¡à §¨ï á ¬¥âà¨ª ¬¨ g, g0 ¨ ª®¬¯«¥ªá­ë¬¨ áâàãªâãà ¬¨

J , J 0 á®®â¢¥âáâ¢¥­­®. �¨ää¥®¬®àä¨§¬ f :M !M 0 ­ §ë¢ ¥âáï £®«®¬®àä­®-¯à®¥ªâ¨¢­ë¬, ¨«¨,
ª®à®ç¥, H-¯à®¥ªâ¨¢­ë¬ ®â®¡à ¦¥­¨¥¬, ¥á«¨ ¤«ï «î¡®© H-¯« ­ à­®© ªà¨¢®© 
 ¢ M ªà¨¢ ï
f �
 ï¢«ï¥âáï H-¯« ­ à­®© ªà¨¢®© ¢ M 0. H-¯à®¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥ ¯¥à¥¢®¤¨â ª®¬¯«¥ªá­ãî
áâàãªâãàã J ¢ ª®¬¯«¥ªá­ãî áâàãªâãàã J 0, â. ¥.

f� � J = J 0 � f�; (13)

£¤¥ f� | ¤¨ää¥à¥­æ¨ « ®â®¡à ¦¥­¨ï f [13]. �« £®¤ àï íâ®¬ã ¬®¦­® ¢ë¡à âì ª®¬¯«¥ªá­ë¥
ª àâë ¢ M ¨ M 0 â ª, çâ®¡ë á®®â¢¥âáâ¢ãîé¨¥ â®çª¨ p 2 M ¨ p0 = f(p) 2 M 0 ¨¬¥«¨ ®¤¨­ ª®-
¢ë¥ ª®®à¤¨­ âë,   ª®¬¯®­¥­âë ª®¬¯«¥ªá­ëå áâàãªâãà J , J 0 á®¢¯ ¤ «¨ ¨ ¨¬¥«¨ ¢¨¤ (5). � ª¨¥
ª®¬¯«¥ªá­ë¥ á¨áâ¥¬ë ª®®à¤¨­ â ¢ M ¨ M 0 ¡ã¤¥¬ ­ §ë¢ âì á®®â¢¥âáâ¢¥­­ë¬¨. �­ «®£¨ç­®
¬®¦­® ®¯à¥¤¥«¨âì ¢¥é¥áâ¢¥­­ë¥ á®®â¢¥âáâ¢¥­­ë¥ ª®®à¤¨­ âë.

�¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç­®¥ ãá«®¢¨¥ ¤«ï â®£®, çâ®¡ë f ¡ë«® H-¯à®¥ªâ¨¢­ë¬ ®â®¡à ¦¥­¨¥¬,
¢ á®®â¢¥âáâ¢¥­­ëå ª®®à¤¨­ â å ¢ëà ¦ ¥âáï ãà ¢­¥­¨¥¬ [9]

�0ijk � �ijk = 2�i(j ;k) � 2 ;lJ l(jJ
i
k); (14)

5



£¤¥  ¥áâì ¢¥é¥áâ¢¥­­®§­ ç­ ï äã­ªæ¨ï, �0ijk, �
i
jk | á¨¬¢®«ë �à¨áâ®ää¥«ï ¬¥âà¨ª g ¨ g0 á®-

®â¢¥âáâ¢¥­­®,  i =  ;i � @i ,   § ¯ïâ ï ®§­ ç ¥â ª®¢ à¨ ­â­ãî ¯à®¨§¢®¤­ãî ®â­®á¨â¥«ì­® ¬¥-
âà¨ª¨ g. �á«¨, ¢ ç áâ­®áâ¨,  k = 0, â. ¥. äã­ªæ¨ï  ¯®áâ®ï­­ , â® H-¯à®¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥
á®åà ­ï¥â á¢ï§­®áâì ¨ ­ §ë¢ ¥âáï  ää¨­­ë¬ ®â®¡à ¦¥­¨¥¬. � ¤ «ì­¥©è¥¬ ¡ã¤¥¬ à áá¬ âà¨-
¢ âì â®«ìª® ­¥ ää¨­­ë¥ H-¯à®¥ªâ¨¢­ë¥ ®â®¡à ¦¥­¨ï. �à ¢­¥­¨¥ (14) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥
[14]

rg0(Y;Z;W ) = 2g0(Y;Z)W + g0(Z;W )Y  + g0(Y;W )Z �

� (JY )( )g0(Z; JW ) � (JZ)( )g0(Y; JW ) (Y;Z;W 2 TM): (15)

�®« £ ï §¤¥áì Y = @�, Z = @�, W = @
 , á ¯®¬®éìî (4), (5) ¯®«ãç¨¬

g0
��;


= 2g0
��
 
 + 2g0


�
 �; g0��;
 = g0��;
 = 0;

g0
��;


= 2g0
��
 
 + 2g0�
 �; g0

��;

= g0

��;

= 0:

(16)

�á¯®«ì§ãï �-¯à¥®¡à §®¢ ­¨¥ �.�. �¨­îª®¢  [9]

a�� = a�� = e2 g0��g��g�� ; a�� = a�� = 0; g�� = e�2 a��; (17)

£¤¥
a�� = a��g

��g�� ; (g0��) = (g0
��
)�1;

¬®¦­® § ¯¨á âì ãà ¢­¥­¨ï (16) ¢ ¢¨¤¥

a��;
 = ��g
�; a��;
 = ��g
�; (18)

£¤¥
�� = �� = �2 �e

2 g0��g��:

�¢¥àâë¢ ï (18) á g��, ¯®«ãç¨¬

�
 =
1
2
@
(gijaij) = @
(a��g

��); �
 =
1
2
@
(gijaij) = @
(a��g

��) = �
 : (19)

�âáî¤  á«¥¤ã¥â, çâ® �i ï¢«ï¥âáï £à ¤¨¥­â®¬, â. ¥. áãé¥áâ¢ã¥â äã­ªæ¨ï � â ª ï, çâ® �idzi = d�
¨ �i = �;i. �á«¨ íâ  äã­ªæ¨ï ¯®áâ®ï­­ , â® d� = �k =  k = 0, ¨ H-¯à®¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥
ï¢«ï¥âáï  ää¨­­ë¬.

�®«ì§ãïáì â®¦¤¥áâ¢®¬ �¨çç¨, § ¯¨è¥¬ ¯¥à¢ãî á¥à¨î ãá«®¢¨© ¨­â¥£à¨àã¥¬®áâ¨ ãà ¢­¥­¨©
(18)

2akl;[ij] = aslR
s
kij + aksR

s
lij : (20)

�à¨ (ijkl) = (
���); (
���) á ¯®¬®éìî (11) ®âáî¤  ¯®«ãç¨¬

a��R
�
�
� + a��R

�

�
�
= g
���;� � g����;
; (21)

g
���;� � g����;
 = 0: (22)

�áâ «ì­ë¥ ãá«®¢¨ï ¨­â¥£à¨àã¥¬®áâ¨ ¯®«ãç îâáï ¨§ (21), (22) ª®¬¯«¥ªá­ë¬ á®¯àï¦¥­¨¥¬ «¨¡®
á¢®¤ïâáï ª â®¦¤¥áâ¢ ¬. �¢¥àâë¢ ï (21) c g�� ¨ ãç¨âë¢ ï, çâ® R�

�
�g
�� = �R�


 , ­ ©¤¥¬

�a��R
�

 + a��R

�

�


�
= g
�g

����;� � n��;
:

�ëç¨â ï ®âáî¤  ª®¬¯«¥ªá­® á®¯àï¦¥­­®¥ ãà ¢­¥­¨¥, ¢ ª®â®à®¬ ¨­¤¥ªá � § ¬¥­¥­ ­  
, á ãç¥-
â®¬ (19) ¨ â®¦¤¥áâ¢  a��R

�

�


�
= a��R

�


�

�, ¢ëâ¥ª îé¥£® ¨§ (11) ¡« £®¤ àï ¢¥é¥áâ¢¥­­®áâ¨ ¨

á¨¬¬¥âà¨ç­®áâ¨ â¥­§®à­®£® ¯®«ï a, ¡ã¤¥¬ ¨¬¥âì a��R
�

 � a
�R

�

�
= 0. �âáî¤ , á¢¥àâë¢ ï á g�� ,

¯®«ãç¨¬

a��R
�

 � a�
R

�
� = 0: (23)
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� ¬¥â¨¬, çâ® a�� = a�
�
= 0 ¢¢¨¤ã (4) ¨ (18). �¢¥àâë¢ ï (22) á g
�, ­ ©¤¥¬ (n � 1)��;� = 0, â. ¥.

��;� = 0 ¨ ��;� = 0, ¨«¨ ¢¢¨¤ã à ¢¥­áâ¢ ���i = 0

@��
� = 0; @��

� = 0: (24)

�«¥¤®¢ â¥«ì­®, � = �i@i ï¢«ï¥âáï £®«®¬®àä­ë¬ ¢¥ªâ®à­ë¬ ¯®«¥¬, ®¡« ¤ îé¨¬ á¢®©áâ¢®¬
L�J = 0 (á¬. ¯. 2). �®«®¬®àä­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ ª®®à¤¨­ â íâ® ¢¥ªâ®à­®¥ ¯®«¥ ¬®¦¥â ¡ëâì
¯à¨¢¥¤¥­® ª ¢¨¤ã

� = @1 + @1; �� = ��1 ; �� = ��1 : (25)

�¬¥¥â ¬¥áâ®

�¥®à¥¬  1. �ãáâì f ¥áâì ­¥ ää¨­­®¥ H-¯à®¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥ ª¥«¥à®¢  ¬­®£®®¡à -

§¨ï (M; g) ­  ª¥«¥à®¢® ¬­®£®®¡à §¨¥ (M 0; g0). �ãáâì d� = ��dz
� + ��dz

� ¥áâì â®ç­ ï 1-ä®à¬ ,
®¯à¥¤¥«¥­­ ï ãà ¢­¥­¨ï¬¨ (16){(19). �®£¤  ¢¥é¥áâ¢¥­­®¥ ¢¥ªâ®à­®¥ ¯®«¥ J� = i��@� � i��@�
ï¢«ï¥âáï ¨­ä¨­¨â¥§¨¬ «ì­®© ¨§®¬¥âà¨¥© ¬­®£®®¡à §¨ï M , â. ¥. ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

�¨««¨­£  LJ�g = 0.

�®ª § â¥«ìáâ¢®. �á¯®«ì§ãï (10), (19) ¨ (24), ­ ©¤¥¬

�i��;� + i��;� = �i@�@�(a��g
��) + i@�@�(a��g

��) = 0;

i��;� + i��;� = 0; �i��;� � i��;� = 0;

¨«¨

L�gij � �i;j + �j;i = 0; � = J�; (26)

£¤¥ �i = gil�
l. � ª ª ª � ¨, á«¥¤®¢ â¥«ì­®, � ­¥ à ¢­ë ­ã«î ¢ á¨«ã ­¥ ää¨­­®áâ¨ ®â®¡à ¦¥­¨ï

f ¨ �i@i = J�, â® J� ï¢«ï¥âáï ¨­ä¨­¨â¥§¨¬ «ì­®© ¨§®¬¥âà¨¥©.

�á«¨ � ¯à¨¢¥¤¥­® ª ¢¨¤ã (25), â® ãà ¢­¥­¨ï �¨««¨­£  á¢®¤ïâáï ª ãá«®¢¨ï¬

(@1 � @1)g�� = 0: (27)

�¥¬¬  1. �á«¨ ª¥«¥à®¢  ¬¥âà¨ª  g ¤®¯ãáª ¥â ¨­ä¨­¨â¥§¨¬ «ì­ãî ¨§®¬¥âà¨î J�, £¤¥ �
®¯à¥¤¥«¥­® à ¢¥­áâ¢ ¬¨ (25), â® ¥e ª¥«¥à®¢ ¯®â¥­æ¨ « ¯à¨¢®¤¨âáï ª ¢¨¤ã

� = �(z1 + z1; z2; z2; : : : ): (28)

�®ª § â¥«ìáâ¢®. �§ (27), ãç¨âë¢ ï (8), ¯®«ãç¨¬

(@1 � @1)g�� = @�@�(@1 � @1)� = 0; (29)

á«¥¤®¢ â¥«ì­®,(@1�@1)� = f(z)+h(z), £¤¥ f | £®«®¬®àä­ ï,   h|  ­â¨£®«®¬®àä­ ï äã­ªæ¨¨.
� ª ª ª (@1�@1)� = �(@1 � @1)� ¢ á¨«ã ¢¥é¥áâ¢¥­­®áâ¨ äã­ªæ¨¨ �, â® h(z) = �f(z). �á¯®«ì§ãï
ª «¨¡à®¢®ç­ë¥ ¯à¥®¡à §®¢ ­¨ï (9), ¯à®¨§¢¥¤¥¬ § ¬¥­ã ª¥«¥à®¢  ¯®â¥­æ¨ « 

� = �0 +
Z
f(z)dz1 +

Z
f(z)dz1 =

Z
f(z)dz1 �

Z
h(z)dz1:

�®¤áâ ¢¨¢ íâ® ¢ëà ¦¥­¨¥ ¢ (29), ­ ©¤¥¬ (@1 � @1)�
0 = 0, ®âáî¤ , ®¯ãáâ¨¢ èâà¨å¨, ¯®«ãç¨¬

(28).
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� ¤ «ì­¥©è¥¬ ¢á¥£¤  ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ª¥«¥à®¢ ¯®â¥­æ¨ « ¯à¨¢¥¤¥­ ª ¢¨¤ã, ãª § ­-
­®¬ã ¢ «¥¬¬¥ 1, ¥á«¨ ãá«®¢¨ï íâ®© «¥¬¬ë ¢ë¯®«­¥­ë.

�á«¨ ª¥«¥à®¢® ¬­®£®®¡à §¨¥ (M; g) ¤®¯ãáª ¥â ­¥ ää¨­­®¥H-¯à®¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥, â® ¢
á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 1 ¨ «¥¬¬®© 1 ®­® ¤®¯ãáª ¥â ¨­ä¨­¨â¥§¨¬ «ì­ãî ¨§®¬¥âà¨î J� = i(@1�
@1) ¨ ¥£® ª¥«¥à®¢ ¯®â¥­æ¨ « ¯à¨¢®¤¨âáï ª ¢¨¤ã (28),   ãà ¢­¥­¨ï (18) á¢®¤ïâáï ª á®®â­®è¥­¨ï¬

a��;
 = @
a
�
� = ��1 g�
; a�� = g��a��; (30)

a��;
 = �;��
�

 (31)

¨ ª®¬¯«¥ªá­® á®¯àï¦¥­­ë¬ à ¢¥­áâ¢ ¬. �§ (31) á«¥¤ã¥â � = a�� = a�� = a��g
�� . �­â¥£à¨àãï

(30), ­ ©¤¥¬

a�� = a�
�
= ��1 @��+ h�� ; (32)

£¤¥ h�� | ¯à®¨§¢®«ì­ë¥ £®«®¬®àä­ë¥ äã­ªæ¨¨. �âáî¤  á«¥¤ã¥â � = @1�+ h��. � ª ª ª � ¨ @1�
¢¥é¥áâ¢¥­­ë,   £®«®¬®àä­ ï äã­ªæ¨ï ¢¥é¥áâ¢¥­­  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­  ¯®áâ®ï­­ ,
â®

h�� = h�� � n� = const; � = @1�+ n�: (33)

�®¤áâ ¢¨¢ íâ® à ¢¥­áâ¢® ¢ (31), ­ ©¤¥¬

a��;
 = g�1�
�

 : (34)

4. �ãáâì (M4; g) | ­¥í©­èâ¥©­®¢® ª¥«¥à®¢® ¬­®£®®¡à §¨¥ (Ri
j 6= ��ij) ¢¥é¥áâ¢¥­­®© à §-

¬¥à­®áâ¨ dimRM4 = 4 á ª¥«¥à®¢ë¬ ¯®â¥­æ¨ «®¬ �, ¤®¯ãáª îé¥¥ ­¥ ää¨­­®¥ H-¯à®¥ªâ¨¢­®¥
®â®¡à ¦¥­¨¥ ­  ª¥«¥à®¢® ¬­®£®®¡à §¨¥ (M 0

4; g
0), ¨ ¯ãáâì â¥­§®à­®¥ ¯®«¥ a ®¯à¥¤¥«¥­® à ¢¥­-

áâ¢ ¬¨ (17). �¢¥¤¥¬ â¥­§®à­®¥ ¯®«¥ bij = LJ�a
i
j , £¤¥ J� | ¨­ä¨­¨â¥§¨¬ «ì­ ï ¨§®¬¥âà¨ï (á¬.

â¥®à¥¬ã 1).
�ë¡¥à¥¬ á¨áâ¥¬ã ª®®à¤¨­ â â ª, çâ®

� = �i@i = @1 + @1; J� = i(@1 � @1): (35)

� íâ®© á¨áâ¥¬¥ ª®®à¤¨­ â á®£« á­® (32) ¨ «¥¬¬¥ 1

a�� = a�
�
= ��1 @��+ f�� (z

1; z2) + ���� ; f�� = f�� = 0; (36)

� = �(z1 + z1; z2; z2); (37)

£¤¥ f�� � h�� � ���� | £®«®¬®àä­ë¥ äã­ªæ¨¨. �âáî¤  ¯®«ãç¨¬

b�� = i(@1 � @1)a
�
� = i@1f

�
� = b�

�
; b�� = b�

�
= 0; b�� = b�� = 0: (38)

�®¯ãáâ¨¬ë¥ ¯à¥®¡à §®¢ ­¨ï ª®®à¤¨­ â, ­¥ ¬¥­ïîé¨¥ ¢¨¤  ¢¥ªâ®à­®£® ¯®«ï � = @1 + @1
(¨, á«¥¤®¢ â¥«ì­®, (36)) ¨ ¤®¯ãáâ¨¬ë¥ ¯à¥®¡à §®¢ ­¨ï (9), ­¥ ¬¥­ïîé¨¥ ä®à¬ë (37) ª¥«¥à®¢ 
¯®â¥­æ¨ « , ®¯à¥¤¥«ïîâáï à ¢¥­áâ¢ ¬¨

z0
1 = z1 + l(z2); z0

2 = m(z2); (39)

�0 = �+ r � (z1 + z1) + p(z2) + p(z2); r 2 R; (40)

£¤¥ l, m, p | £®«®¬®àä­ë¥ äã­ªæ¨¨ z2. �§ï¢ ¯à®¨§¢®¤­ãî �¨ ¢¤®«ì J� ®â ®¡¥¨å ç áâ¥© à ¢¥­-
áâ¢  (23), ¯®«ãç¨¬

b��R
�

 � b�
R

�
� = 0; (41)
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¨«¨

b12R
2
1 � b21R

1
2 = 0;

2b11R
1
2 + b12(R

2
2 �R1

1) = 0;

2b11R
2
1 + b21(R

2
2 �R1

1) = 0:

(42)

�§ (38) ¢¨¤­®, çâ® b�� § ¢¨áïâ «¨èì ®â z. �®«®¬®àä­ë¥ ¯à¥®¡à §®¢ ­¨ï ª®®à¤¨­ â ­¥ ¬¥­ïîâ
íâ®£® à¥§ã«ìâ â  ¨ ¬®£ãâ ¡ëâì ¨á¯®«ì§®¢ ­ë ¤«ï â®£®, çâ®¡ë ®¡à â¨âì ¢ ­ã«ì b12.

�ã¤¥¬ áç¨â âì, çâ® b12 = 0 ¨ à áá¬®âà¨¬ á«¥¤ãîé¨¥ ¢®§¬®¦­®áâ¨. �ãáâì b21 = 0 ¨ â¥­§®à­®¥
¯®«¥ bij ®â«¨ç­® ®â ­ã«ï, â®£¤  «¨¡® b

1
1 = b22 = 0, çâ® ¯à®â¨¢®à¥ç¨â ¯à¥¤¯®«®¦¥­¨î ® ­¥à ¢¥­áâ¢¥

­ã«î â¥­§®à  bij , «¨¡® R
1
2 = R2

1 = 0 ¨ R1
1 6= R2

2 ¢ á¨«ã ãá«®¢¨ï ­¥í©­èâ¥©­®¢®áâ¨. � ¯®á«¥¤­¥¬
á«ãç ¥ ­ ©¤ãâáï â ª¨¥ (¢®®¡é¥ £®¢®àï, ª®¬¯«¥ªá­®§­ ç­ë¥) äã­ªæ¨¨ v1 ¨ v2 ¯¥à¥¬¥­­ëå z; z,
çâ®

b�� = v1R
�
� + v2�

�
� : (43)

�á«¨ b21 6= 0 ¨ b11 6= 0, â® ¨§ (42) ¨¬¥¥¬

R1
2 = 0;

R1
1 �R2

2

2b11
=
R2

1

b21
;

â. ¥. b11 � b22 = v1(R1
1 � R2

2), b
2
1 = v1R

2
1, b

1
2 = v1R

1
2 ¤«ï ­¥ª®â®à®© äã­ªæ¨¨ v1. �âáî¤ , ¯®«®¦¨¢

b�� = v1R
�
� + eb�� , ­ ©¤¥¬ eb11 � eb22 = eb12 = eb21 = 0 ¨«¨ eb�� = v2�

�
� , £¤¥ v2 | äã­ªæ¨ï ¢ ®¡« áâ¨ U .

� ª®­¥æ, ¢ á«ãç ¥ b21 6= 0, b11 = b22 = 0 ¨¬¥¥¬ R1
2 = R1

1 � R2
2 = 0. �«¥¤®¢ â¥«ì­®, ­ ©¤ãâáï v1,

v2 â ª¨¥, çâ® ¢ë¯®«­ï¥âáï (43). �®¤áâ ¢¨¢ ¢ (43) v1 = v2 = 0, ¯®«ãç¨¬ bij = 0. � ª¨¬ ®¡à §®¬,
ä®à¬ã«  (43) ®å¢ âë¢ ¥â ¢á¥ ¢®§¬®¦­ë¥ á«ãç ¨. � ª ¦¥ ¯®«ãç îâáï á®®â­®è¥­¨ï

b�
�
= v1R

�

�
+ v2�

�
� ; b�� = v1R

�
� + v2�

�
� � 0: (44)

�âáî¤  ¢ á¨«ã ¢¥é¥áâ¢¥­­®áâ¨ ¨ á¨¬¬¥âà¨ç­®áâ¨ â¥­§®à®¢ aij , b
i
j , R

i
j á«¥¤ã¥â, çâ® v1, v2 |

¢¥é¥áâ¢¥­­ë¥ äã­ªæ¨¨, â. ¥. (43), (44) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ â¥­§®à­®£® á®®â­®è¥­¨ï

bij = v1R
i
j + v2�

i
j : (45)

�âáî¤ 

v1
R

2
+ nv2 = 0; v2 = �

v1R

2n
;

£¤¥ R = R�
� +R�

� | áª «ïà­ ï ªà¨¢¨§­ . �§ (45) ¢ë¢®¤¨¬

b�� = v1(R
�
� �

R

2n
��� ); (46)

b��;j = v1;j(R
�
� �

R

2n
��� ) + v1(R�

� �
R

2n
��� );j :

� ª ª ª b��;j = 0 ¢¢¨¤ã (10), (34) ¨ (38), â®, ®¡®§­ ç¨¢ A = ln v1, ¯®«ãç¨¬

A;j =
(R�

� � ���R=2n);j
R�
� � ���R=2n

:

�®áª®«ìªã ¯à ¢ ï ç áâì íâ®£® á®®â­®è¥­¨ï ­¥ § ¢¨á¨â ®â ¯¥à¥¬¥­­®© z1 � z1, â® ¨ «¥¢ ï ç áâì
­¥ § ¢¨á¨â ®â íâ®© ¯¥à¥¬¥­­®©, ®âáî¤  ¢ á¨«ã ¢¥é¥áâ¢¥­­®áâ¨ äã­ªæ¨¨ A á«¥¤ã¥â

A = ef(z1 + z1; z2; z2) + ie� � (z1 � z1); e� 2 R;
v1 = expA = f(z1 + z1; z2; z2) exp(i� � (z1 � z1)); � 2 R;
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¨ (¨§ (46)) b�� = exp(2i�z1)ec��(z2). �§ íâ®£® à ¢¥­áâ¢ , ãç¨âë¢ ï (38), ­ ©¤¥¬
f�� = �i

Z
b��dz

1 = exp(2i�z1)c��(z
2) + d��(z

2); (47)

£¤¥ c�� = d�� = 0 ¢ á¨«ã ãá«®¢¨ï f�� = 0.
�§ (36), (47) ¨ (23) á«¥¤ã¥â

��1 @��R
�
� � @��R�

1 + d��R
�
� � d��R

�
� = 0; (48)

c��R
�
� � c��R

�
� = 0: (49)

� áá¬®âà¨¬ ¯® ®â¤¥«ì­®áâ¨ ¤¢  á«ãç ï: c21 6= 0 ¨ c21 = 0. �à¨ ¤®¯ãáâ¨¬ëå ¯à¥®¡à §®¢ ­¨ïå
ª®®à¤¨­ â (39), ­¥ ¬¥­ïîé¨å ¢¨¤  ¢¥ªâ®à­®£® ¯®«ï � = @1+@1, ª®¬¯®­¥­âë t�� â¥­§®à­®£® ¯®«ï
t â¨¯  (1,1) ¯à¥®¡à §ãîâáï ¯® § ª®­ã

t1
0

10 = t11 +
dl

dz2
t21;

t1
0

20 =
�
dm

dz2

��1�
�
dl

dz2
t11 �

�
dl

dz2

�2

t21 +
dl

dz2
t22 + t21

�
; (50)

t2
0

10 =
dm

dz2
t21; t2

0

20 = �
dl

dz2
t21 � t22:

�âáî¤  ¢¨¤­®, çâ® ¢ á«ãç ¥ c21 6= 0 ª®¬¯®­¥­âë â¥­§®à­®£® ¯®«ï c ¬®¦­® ¯à¨¢¥áâ¨ ª ¢¨¤ã

c�� = ��1 �
2
��+ ��2 �

1
�;

£¤¥ �| £®«®¬®àä­ ï äã­ªæ¨ï z2 ¨ èâà¨å¨ ®¯ãé¥­ë. �®¤áâ ¢¨¢ íâ® ¢ëà ¦¥­¨¥ ¢ (49), ¯®«ãç¨¬
�R2

1 = R1
2, R

1
1 = R2

2, ®âáî¤  á ¯®¬®éìî (48) ­ ©¤¥¬

(@1�+ 2d11)R
1
2 = 0; (@1�+ 2d11)R

2
1 = 0:

�á«¨ R1
2 6= 0 ¨«¨ R2

1 6= 0, â® @1� = �2d11 | £®«®¬®àä­ ï äã­ªæ¨ï ¨ g11 = g12 = 0, â. ¥.
¬¥âà¨ª  ®ª §ë¢ ¥âáï ¢ëà®¦¤¥­­®©. �«¥¤®¢ â¥«ì­®, R1

2 = R2
1 = R1

1 � R2
2 = 0, çâ® ¯à®â¨¢®à¥ç¨â

­ è¥¬ã ¯à¥¤¯®«®¦¥­¨î ® ­¥í©­èâ¥©­®¢®áâ¨ ¬­®£®®¡à §¨ï M4. �®íâ®¬ã c21 = 0. � íâ®¬ á«ãç ¥
á ¯®¬®éìî ¤®¯ãáâ¨¬ëå ¯à¥®¡à §®¢ ­¨© ª®®à¤¨­ â â¥­§®à­ë¥ ¯®«ï c, d ¬®¦­® ¯à¨¢¥áâ¨ ª ¢¨¤ã

c�� = c�
�
= c11�

�
� "�; "� = (�1)�+1; (51)

d�� = d�
�
= d11�

�
� "� + 
(z2)��1 �

2
� + ���2 �

1
�;

£¤¥ � = 0; 1 ¨ èâà¨å¨ ®¯ãé¥­ë. �®á«¥ ª «¨¡à®¢®ç­®£® ¯à¥®¡à §®¢ ­¨ï �0 = � +
R

(z2)dz2 +R


(z2)dz2 á ãç¥â®¬ (36) ¨ (47) ¯®«ãç¨¬

d�� = d�
�
= d11�

�
� "� + ���2 �

1
�: (52)

�®¤áâ ¢¨¢ (51) ¢ (49), ­ ©¤¥¬ c11R
1
2 = 0, c11R

2
1 = 0, á«¥¤®¢ â¥«ì­®, c11 = 0 «¨¡® R1

2 = R2
1 = 0.

� ¯®á«¥¤­¥¬ á«ãç ¥ ¨§ (48), (52) ¨¬¥¥¬ @2�(R2
2 � R1

1) = 0, ¨«¨ R2
2 � R1

1 = 0 ¢¢¨¤ã @2� 6= 0. �ë
¢­®¢ì ¯à¨è«¨ ª ¯à®áâà ­áâ¢ã �©­èâ¥©­ . �«¥¤®¢ â¥«ì­®, c11 = 0: f�� = d��(z

2). �®¤áâ ¢¨¢ íâ®â
à¥§ã«ìâ â ¢ (36), ¯®«ãç¨¬ á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥.

�¥¬¬  2. �á«¨ ­¥í©­èâ¥©­®¢® ç¥âëà¥å¬¥à­®¥ ª¥«¥à®¢® ¬­®£®®¡à §¨¥ M4 ¤®¯ãáª ¥â ­¥ ä-

ä¨­­®¥ H-¯à®¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥, â® ¢ ®ªà¥áâ­®áâ¨ ª ¦¤®© â®çª¨ p 2 M4 áãé¥áâ¢ãîâ

ª®¬¯«¥ªá­ë¥ ª®®à¤¨­ âë, ¢ ª®â®àëå ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï

a�� = ��1 @��+ f�� (z
2) + ���� ; (@1 � @1)� = 0: (53)
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�®¯ãáâ¨¬ë¥ ¯à¥®¡à §®¢ ­¨ï ª®®à¤¨­ â ¨ ª «¨¡à®¢®ç­ë¥ ¯à¥®¡à §®¢ ­¨ï, ­¥ ¬¥­ïîé¨¥ ¢¨¤ 
á®®â­®è¥­¨© (53), ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨ (39), (40). �á¯®«ì§ãï íâ¨ ¯à¥®¡à §®¢ ­¨ï, ¬®¦­®
¯à¨¢¥áâ¨ f�� ª ¢¨¤ã 1) f�� = ��2 �

1
� ¯à¨ f

2
1 6= 0 ¨«¨ 2) f�� = �"��

�
� , "� = (�1)�+1, ¯à¨ f 21 = 0 (èâà¨å¨

®¯ãé¥­ë). � áá¬®âà¨¬ íâ¨ á«ãç ¨ ¯® ®â¤¥«ì­®áâ¨.
� á«ãç ¥ 1) ¨§ (53) ¨ (23) ­ ©¤¥¬

R1
2 = @2�R2

1; R1
2@1�+ @2�(R2

2 �R1
1) = 0: (54)

� ¯¨á ¢ ãá«®¢¨ï á¨¬¬¥âà¨ç­®áâ¨ a�� = a��g�� = a�� = a�
�
g�� â¥­§®à­®£® ¯®«ï a, á ¯®¬®éìî (53)

¯®«ãç¨¬

g21 = g12; g11@2� = g21@1�+ g22; (55)

g12@1�+ g22 = g11@2�; (56)

g12@2�� g21@2� � g12(@2�� @2�) = 0:

�§ ¯®á«¥¤­¥£® ãà ¢­¥­¨ï ¢ëâ¥ª ¥â @2� = @2� «¨¡® g12 = g21 = 0.
�ãáâì á­ ç «  g21 = 0. �®£¤  ¨§ (7) á«¥¤ã¥â à ¢¥­áâ¢® @1g22 = @2g11 = 0, ¨§ ª®â®à®£® ¢¢¨¤ã

(12) ¯®«ãç¨¬ R2
1 = R1

2 = 0. �ç¨âë¢ ï, çâ® @2� 6= 0, ¨§ (54) ­ ©¤¥¬ R1
2 = R2

1 = 0, R1
1 � R2

2 = 0,
â. ¥. ¬­®£®®¡à §¨¥ M4 í©­èâ¥©­®¢®, çâ® ¯à®â¨¢®à¥ç¨â ­ è¥¬ã ¯à¥¤¯®«®¦¥­¨î. �«¥¤®¢ â¥«ì­®,
@2� = @2� ¢ ¤®¯®«­¥­¨¥ ª @1� = @1�. �âáî¤ , ¯®«ì§ãïáì (8){(12), ¬®¦­® ¢ë¢¥áâ¨, çâ® ¢á¥
ª®¬¯®­¥­âë ¬¥âà¨ç¥áª®£® â¥­§®à , á¨¬¢®«®¢ �à¨áâ®ää¥«ï ¨ â¥­§®à®¢ ªà¨¢¨§­ë ¢¥é¥áâ¢¥­­ë.
�®£¤  (23) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

R��a
�

�
�R��a

�
� = 0:

�®« £ ï ¢ íâ®© ä®à¬ã«¥ �; � = 1; 2 ¨ ¯®«ì§ãïáì â¥¬, çâ® @2� 6= 0, a�� = a�
�
¨ R�� = R��, ®âáî¤ 

­ ©¤¥¬ R�� = 0, â.¥. ¬­®£®®¡à §¨¥ M4 ï¢«ï¥âáï �¨çç¨-¯«®áª¨¬, çâ® ¯à®â¨¢®à¥ç¨â ¯à¥¤¯®«®¦¥-
­¨î ® ¥£® ­¥í©­èâ¥©­®¢®áâ¨.

� á«ãç ¥ 2) (c21 = 0) ¨¬¥¥¬

a�� = ��1 @��+ �"��
�
� + ���� ; "� = (�1)�+1; � = �(z2);

¨ ¨§ ãà ¢­¥­¨© (23)

R2
1 = 0; (@1�+ 2�)R1

2 + @2�(R
2
2 �R1

1) = 0: (57)

�§ ãá«®¢¨ï á¨¬¬¥âà¨ç­®áâ¨ ¨ ¢¥é¥áâ¢¥­­®áâ¨ â¥­§®à  a ­ ©¤¥¬

g11(�� �) = 0; (58)

g21@2�� g12@2� = g22(�� �);

g11@2�� g12@1� = g12(�+ �): (59)

�§ (58) á«¥¤ã¥â, çâ® � = � ¯à¨ g11 6= 0. � á«ãç ¥ g11 = 0 ¨§ (59) ¯®«ãç¨¬ @1� = �(�+�). � ª
ª ª ¢ á¨«ã ãá«®¢¨ï ­¥¢ëà®¦¤¥­­®áâ¨ ¬¥âà¨ª¨ g12 6= 0, â®, ãç¨âë¢ ï (8) ¨ (7), ¯®«ãç¨¬

@1g12 = @1g21 = @1g22 = 0: (60)

�«¥¤®¢ â¥«ì­®, R1
1 = 0 (á¬. (12)) ¨ (¨§ (57)) @2�R2

2 + R1
2(� � �) = 0. �á«¨ R2

2 6= 0, â® ®âáî¤  á
¯®¬®éìî (60) á«¥¤ã¥â @1@2� = g12 = 0 ¨ ¬¥âà¨ª  g ®ª §ë¢ ¥âáï ¢ëà®¦¤¥­­®©. �®íâ®¬ã R2

2 = 0
¨ R1

2 = 0 ¯à¨ � 6= �, â. ¥. Ri
j = 0 ¨ ¬­®£®®¡à §¨¥ M4 ï¢«ï¥âáï ¯à®áâà ­áâ¢®¬ �©­èâ¥©­ , çâ®

¯à®â¨¢®à¥ç¨â ­ è¥¬ã ¯à¥¤¯®«®¦¥­¨î. �«¥¤®¢ â¥«ì­®, � = � = const ¢ á¨«ã £®«®¬®àä­®áâ¨
äã­ªæ¨¨ �.

�ë¯®«­¨¢ § ¬¥­ã �0 = �� �; �0 = �+ 2�(z1 + z1) ¨ ®¯ãáâ¨¢ èâà¨å¨, ¯à¨¢¥¤¥¬ a�� ª ¢¨¤ã

a�� = ��1 @��+ ���� : (61)
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�á«®¢¨ï ¢¥é¥áâ¢¥­­®áâ¨ ¨ á¨¬¬¥âà¨ç­®áâ¨ â¥­§®à  a ¨¬¥îâ ¢¨¤ g21@2�� g12@2� = 0, g11@2��
g12@1� = 0, çâ® à ¢­®á¨«ì­®

@2� = '@1�; (62)

£¤¥ ' = '(z2; z2) | £« ¤ª ï äã­ªæ¨ï ¯¥à¥¬¥­­ëå x2 = z2 + z2 ¨ y2 = i(z2 � z2). �âáî¤  á
¯®¬®éìî (8) ¯®«ãç¨¬

g21 = 'g11; g12 = 'g11; g22 = @2'@1�+ ''g11:

�§ ãá«®¢¨ï g22 = g22 á«¥¤ã¥â @2'@1� = @2'@1�, ®âáî¤  ¢ á¨«ã «¥¬¬ë 1 ¨ â®£®, çâ® @1� 6= 0,
­ ©¤¥¬

@2' = @2': (63)

�â® à ¢¥­áâ¢® ¬®¦­® à áá¬ âà¨¢ âì ª ª ãá«®¢¨¥ ¨­â¥£à¨àã¥¬®áâ¨ á¨áâ¥¬ë ãà ¢­¥­¨©

' = @2F; ' = @2F; (64)

£¤¥ F | ¢¥é¥áâ¢¥­­ ï äã­ªæ¨ï ¯¥à¥¬¥­­ëå z2, z2. �á«¨ (63) ¢ë¯®«­¥­®, â® á¨áâ¥¬  (64) ¨¬¥¥â
à¥è¥­¨¥ F . �®¤áâ ¢¨¢ ¥£® ¢ (62), ­ ©¤¥¬

@2� = @2F@1�; (65)

£¤¥ @2@2� 6= 0, â. ª. ¢ ¯à®â¨¢­®¬ á«ãç ¥ det(g��) = @1@1�@1�@2' = 0 ¨ ¬¥âà¨ª  g ¢ëà®¦¤ ¥âáï.
� á¨«ã ä®à¬ã« (61), (62) ¨ (65) ãà ¢­¥­¨¥ (18) ¢ë¯®«­ï¥âáï â®¦¤¥áâ¢¥­­®.

�¢¥¤ï ­®¢ë¥ ¯¥à¥¬¥­­ë¥ u = F (z2; z2), v = eF (z2; z2), £¤¥ ¢¥é¥áâ¢¥­­®§­ ç­ ï äã­ªæ¨ï eF
¢ë¡à ­  â ª, çâ®¡ë äã­ªæ¨¨ F , eF ¡ë«¨ äã­ªæ¨®­ «ì­® ­¥§ ¢¨á¨¬ë, ¨§ (65) ¯à¨ ãá«®¢¨¨ @2F 6=
0 ¯®«ãç¨¬

@u�+
@2 eF
@2F

@v� = @1�:

�âáî¤ , ãç¨âë¢ ï ¢¥é¥áâ¢¥­­®áâì äã­ªæ¨© F , u, v ¨ à ¢¥­áâ¢® (@1 � @1)� = 0, ­ ©¤¥¬

�
@2 eF
@2F

�
@2
eF

@2F

�
@v� = 0:

� ª ª ª F , eF äã­ªæ¨®­ «ì­® ­¥§ ¢¨á¨¬ë, â® @v� = 0. � ª¨¬ ®¡à §®¬, � = �(z1 + z1 + F ).
�®ª § ­ 

�¥®à¥¬  2. �ãáâì f | ­¥ ää¨­­®¥ H-¯à®¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥ ­¥í©­èâ¥©­®¢  ç¥âë-

à¥å¬¥à­®£® ª¥«¥à®¢  ¬­®£®®¡à §¨ï (M4; g) ­  ª¥«¥à®¢® ¬­®£®®¡à §¨¥ (M 0

4; g
0). �®£¤  ¢ ®ªà¥áâ­®-

áâ¨ ª ¦¤®© â®çª¨ p 2M4 áãé¥áâ¢ã¥â ª®¬¯«¥ªá­ ï á¨áâ¥¬  ª®®à¤¨­ â (z�; z�), � = 1; : : : ; n,
¢ ª®â®à®© ª¥«¥à®¢ ¯®â¥­æ¨ « � ¬­®£®®¡à §¨ï M4 ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢ ¬¨

� = 
(z1 + z1 + F (z2; z2)); F = F ; (66)

  ª®¬¯®­¥­âë ¬¥âà¨ç¥áª®£® â¥­§®à  g ¢ëà ¦ îâáï ä®à¬ã«®©

g�� = @�@��: (67)

� á®®â¢¥âáâ¢¥­­ëå ª®®à¤¨­ â å ¢ ®ªà¥áâ­®áâ¨ â®çª¨ f(p) 2 M 0

4 ª®¬¯®­¥­âë ¬¥âà¨ç¥-

áª®£® â¥­§®à  g0 ®¯à¥¤¥«ïîâáï á®®â­®è¥­¨ï¬¨ (17), ¢ ª®â®àëå

a�� = a�� = @��@1@��+ �@�@��; a�� = a�� = 0; � 2 R: (68)
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� ç áâ­®áâ¨, ¯à¨ 
 = exp(z1+ z1+F (z2; z2)) ä®à¬ã«  (67) ®¯à¥¤¥«ï¥â ¬¥âà¨ªã íª¢¨¤¨áâ ­â-
­ëå ª¥«¥à®¢ëå ¬­®£®®¡à §¨© ®á­®¢­®£® â¨¯ , à áá¬®âà¥­­ëå �.�. �¨­îª®¢ë¬ [9]. �¨ª¥è [15]
¯®ª § «, çâ® íª¢¨¤¨áâ ­â­ë¥ ª¥«¥à®¢ë ¬­®£®®¡à §¨ï ®á­®¢­®£® â¨¯  ¤®¯ãáª îâ ­¥ ää¨­­ë¥
H-¯à®¥ªâ¨¢­ë¥ ®â®¡à ¦¥­¨ï. �¥®à¥¬  2 ¯®¤â¢¥à¦¤ ¥â íâ®â à¥§ã«ìâ â.

�ã¤¥¬ ­ §ë¢ âì ª¥«¥à®¢ë ¬­®£®®¡à §¨ï á ª¥«¥à®¢ë¬ ¯®â¥­æ¨ «®¬ ¢¨¤  (66) ®¡®¡é¥­­® íª¢¨-
¤¨áâ ­â­ë¬¨ ª¥«¥à®¢ë¬¨ ¬­®£®®¡à §¨ï¬¨.

� ¬¥ç ­¨¥. � ª ª ª ãà ¢­¥­¨ï (18) ã¤®¢«¥â¢®àïîâáï â®¦¤¥áâ¢¥­­® ¤«ï «î¡®© ª¥«¥à®¢®©
¬¥âà¨ª¨ g á ª¥«¥à®¢ë¬ ¯®â¥­æ¨ «®¬ (66), â¥­§®à­®£® ¯®«ï a, ®¯à¥¤¥«¥­­®£® à ¢¥­áâ¢ ¬¨ (68),
¨ £à ¤¨¥­â­®£® ª®¢¥ªâ®à  �� = g�1, �� = g�1, â® «î¡®¥ ®¡®¡é¥­­® íª¢¨¤¨áâ ­â­®¥ ª¥«¥à®-
¢® ¬­®£®®¡à §¨¥ ¤®¯ãáª ¥â ­¥ ää¨­­®¥ H-¯à®¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥. �©­èâ¥©­®¢ë ®¡®¡é¥­­®
íª¢¨¤¨áâ ­â­ë¥ ª¥«¥à®¢ë ¬­®£®®¡à §¨ï ¢ë¤¥«ïîâáï ãá«®¢¨ï¬¨

@1(@1�)
2@2@2F = f(z2)f(z2) exp(2�� + a � (z1 + z1)); a 2 R;

£¤¥ f(z2) | ¯à®¨§¢®«ì­ ï £®«®¬®àä­ ï äã­ªæ¨ï z2,   ç¥âëà¥å¬¥à­ë¥ ª¥«¥à®¢ë ¬­®£®®¡à §¨ï
¯®áâ®ï­­®© £®«®¬®àä­®© á¥ªæ¨®­­®© ªà¨¢¨§­ë ®¯à¥¤¥«ïîâáï à ¢¥­áâ¢®¬


 = ln(1 + exp(z1 + z1 + ln(1 + "z2z2))); " = �1:

5. �ãáâì (M; g; J) | ª¥«¥à®¢® ¬­®£®®¡à §¨¥, ! | ä®à¬  á¢ï§­®áâ¨ �¥¢¨-�¨¢¨â  ª¥«¥à®¢®©
¬¥âà¨ª¨ g. �®«®¬®àä­®¥ ¢¥ªâ®à­®¥ ¯®«¥ X 2 TM (â. ¥. ¢¥ªâ®à­®¥ ¯®«¥, ®¡« ¤ îé¥¥ á¢®©áâ¢®¬
LXJ = 0, á¬. ¯. 1) ­ §ë¢ ¥âáï ¨­ä¨­¨â¥§¨¬ «ì­ë¬ H-¯à®¥ªâ¨¢­ë¬ ¯à¥®¡à §®¢ ­¨¥¬ ¬­®£®-
®¡à §¨ï M , ¥á«¨

LX! = � �+ � �� � � J� � � J� � � � J� � � J�;

£¤¥ � : TM � ^pT �M ! ^p�1T �M , �Y � � �(Y; : : : ), Y 2 TM , � 2 ^pT �M ¨ J� : T �M ! T �M |
á®¯àï¦¥­­ë© ª J «¨­¥©­ë© ®¯¥à â®à.

�¨®á ª ¨ � ¤¤ ¤ [16] ¤®ª § «¨, çâ® í©­èâ¥©­®¢ë ç¥âëà¥å¬¥à­ë¥ ª¥«¥à®¢ë ¬­®£®®¡à §¨ï
¤®¯ãáª îâ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ H-¯à®¥ªâ¨¢­ë¥ ¯à¥®¡à §®¢ ­¨ï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
®­¨ ¨¬¥îâ ¯®áâ®ï­­ãî £®«®¬®àä­ãî á¥ªæ¨®­­ãî ªà¨¢¨§­ã [11]. �­ «®£¨ç­ë© à¥§ã«ìâ â ¤«ï
ª®¬¯ ªâ­ëå á¢ï§­ëå ª¥«¥à®¢ëå ¬­®£®®¡à §¨© ¯®áâ®ï­­®© áª «ïà­®© ªà¨¢¨§­ë ¡ë« ¯®«ãç¥­
�­® ¨ �¨à ¬ âã ¢ [17].

� ª ª ª ª¥«¥à®¢® ¬­®£®®¡à §¨¥, ¢ ª®â®à®¬ áãé¥áâ¢ã¥â ­¥ ää¨­­®¥ ¨­ä¨­¨â¥§¨¬ «ì­®¥ H-
¯à®¥ªâ¨¢­®¥ ¯à¥®¡à §®¢ ­¨¥, ¤®¯ãáª ¥â ­¥ ää¨­­®¥ H-¯à®¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥ [9], â® ¨§ â¥-
®à¥¬ë 2 á«¥¤ã¥â

�¥®à¥¬  3. �á«¨ ç¥âëà¥å¬¥à­®¥ ª¥«¥à®¢® ¬­®£®®¡à §¨¥ ¤®¯ãáª ¥â ¨­ä¨­¨â¥§¨¬ «ì­®¥ ­¥-

 ää¨­­®¥ H-¯à®¥ªâ¨¢­®¥ ¯à¥®¡à §®¢ ­¨¥, â® ®­® ï¢«ï¥âáï ®¡®¡é¥­­® íª¢¨¤¨áâ ­â­ë¬ ª¥«¥-

à®¢ë¬ ¬­®£®®¡à §¨¥¬.
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