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�ãáâì E++
3 = f(x; y; z) 2 E3 : y > 0; z > 0g | ç¥â¢¥àâì âà¥å¬¥à­®£® ¯à®áâà ­áâ¢  E3.

�¥¯¥à¥á¥ª îé¨¥áï ¯®¢¥àå­®áâ¨ �(1) ¨ �(2) à §¡¨¢ îâ ®¡« áâì E++
3 ­  âà¨ ç áâ¨. �­ãâà¥­­îî

ç áâì ®¡®§­ ç¨¬ ç¥à¥§ T (1), áà¥¤­îî | ç¥à¥§ T (2), ¢­¥è­îî | ç¥à¥§ T (3). � ª¦¥ ®¡®§­ ç¨¬
S(j)
R = SR\T (j), T (j)

R = QR\T (j), j = 1; 3, £¤¥QR = fjxj < Rg, SR = fjxj = Rg, �(0) = fz = 0; y > 0g,
�0 = fy = 0; z > 0g. �®«ã¯«®áª®áâ¨ �(0), �0 ¯à¥¤áâ ¢«ïîâ á®¡®© ®¡éãî £à ­¨æã ®¡« áâ¥© T (1),
T (2) ¨ T (3).

� à ¡®â¥ à áá¬ âà¨¢ ¥âáï á«¥¤ãîé ï § ¤ ç . �à¥¡ã¥âáï ­ ©â¨ à¥è¥­¨ï ãà ¢­¥­¨©

�Buj + �2juj = 0; j = 1; 3; (1)

£¤¥ �B = @2

@x2
+ @2

@y2
+ @2

@z2
+ k

z

@

@z
, k > 0, ¢ ®¡« áâïå á®®â¢¥âáâ¢¥­­® T (1), T (2), T (3), ã¤®¢«¥â¢®àïîé¨¥

­  �(j), j = 1; 2, ãá«®¢¨ï¬ á®¯àï¦¥­¨ï

u+j � u�j+1 = fj(P );
1
�j

@u+j
@nP

� 1
�j+1

@u�j+1
@nP

= 'j(P ); j = 1; 2; (2)

¯à¨ R!1 ãá«®¢¨ï¬ ¨§«ãç¥­¨ïZ
S3
R

ju3j2zkdS(3)
R = O(1);

Z
S3
R

����@u3@r
� i�3u3

����
2

zkdS
(3)
R = o(1); (3)

  â ª¦¥ £à ­¨ç­ë¬ ãá«®¢¨ï¬

uj j�0 = 0;
@uj
@z

���
�(0)

= 0: (4)

� ãá«®¢¨ïå á®¯àï¦¥­¨ï (2) ¢¥«¨ç¨­ë á® §­ ª ¬¨ \+" ¨ \�" ®¡®§­ ç îâ ¯à¥¤¥«ì­ë¥ §­ -
ç¥­¨ï á®®â¢¥âáâ¢ãîé¨å äã­ªæ¨© ¯à¨ ¯à¨¡«¨¦¥­¨¨ ª �(j) á®®â¢¥âáâ¢¥­­® ¨§ T (j) ¨ T (j+1); @

@nP

®§­ ç ¥â ¯à®¨§¢®¤­ãî ¯® ­®à¬ «¨ ª �(j) ¢ â®çª¥ P 2 �(j), ¢­¥è­¥© ¯® ®â­®è¥­¨î ª ®¡« áâ¨ T (j);
fj(P ), 'j(P ) | § ¤ ­­ë¥ ­  �(j) ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨.

1. � ­¥ª®â®àëå ç áâ­ëå à¥è¥­¨ïå ãà ¢­¥­¨ï �¥«ì¬£®«ìæ  á ®¯¥à â®à®¬ �¥áá¥«ï. �¥è¥­¨ï
ãà ¢­¥­¨© (1) ¨é¥¬ ¢ ¢¨¤¥

uj(M) = Rj(r) � Y (�); (5)

£¤¥ Rj(r) | äã­ªæ¨ï, § ¢¨áïé ï â®«ìª® ®â r =
p
x2 + y2 + z2,   äã­ªæ¨ï Y (�) § ¢¨á¨â ®â ã£«®-

¢ëå ª®®à¤¨­ â � = (x;y;z)p
x2+y2+z2

¯à¨ ãá«®¢¨¨, çâ® äã­ªæ¨¨ (5) ¡ã¤ãâ ã¤®¢«¥â¢®àïâì ãà ¢­¥­¨î (1)

¨ ¯à¨ R!1| ãá«®¢¨ï¬ ¨§«ãç¥­¨ï (3). �®¤áâ ¢¨¢ (5) ¢ (1) ¨ à §¤¥«¨¢ ­ ©¤¥­­®¥ ¢ à¥§ã«ìâ â¥
¯®¤áâ ­®¢ª¨ à ¢¥­áâ¢® ­  RjY (�)=r2, ¯®«ãç¨¬

r2 d
2Rj

dr2
+ (k + 2)r dRj

dr
+ �2jr

2Rj

Rj

= ��B(�)Y (�)
Y (�)

:
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�â® à ¢¥­áâ¢® ¢®§¬®¦­® «¨èì â®£¤ , ª®£¤  ¥£® «¥¢ ï ¨ ¯à ¢ ï ç áâ¨ à ¢­ë ¯®áâ®ï­­®©. �¡®-
§­ ç ï íâã ¯®áâ®ï­­ãî ç¥à¥§ �, ¯®«ãç ¥¬

r2
d2Rj

dr2
+ (k + 2)r

dRj

dr
+ (�2jr

2 � �2)Rj = 0; j = 1; 3; (6)

��B(�)Y (�) = �Y (�):

�§¢¥áâ­® [1], çâ® §­ ç¥­¨ï �2m = m(m+k+1), m = 0; 1; 2; : : : , | áãâì á®¡áâ¢¥­­ë¥ ç¨á«  ®¯¥-
à â®à  �B(�) ªà â­®áâ¨ �(m),   á®®â¢¥âáâ¢ãîé¨¥ á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ Y k

ms(�), m = 0; 1; 2; : : : ,
s = 1; �(m), ­ §¢ ­­ë¥ ¢¥á®¢ë¬¨ áä¥à¨ç¥áª¨¬¨ äã­ªæ¨ï¬¨, ®¡à §ãîâ ¯®«­ãî ®àâ®­®à¬¨à®¢ ­-
­ãî á¨áâ¥¬ã ¢ L2k(S1), £¤¥ S1 | ¥¤¨­¨ç­ ï áä¥à  á æ¥­âà®¬ ¢ ­ ç «¥ ª®®à¤¨­ â. �à ¢­¥­¨¥ (6)
¯à¨ � = �2m ¯à¨­¨¬ ¥â ¢¨¤

r2
d2Rjm

dr2
+ (k + 2)r

dRjm

dr
+ (�2jr

2 � �2m)Rjm = 0:

�¡é¥¥ à¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï ¨¬¥¥â ¢¨¤

Rjm = Ajmr
�
k+1
2 Jpm(�jr) +Bjmr

�
k+1
2 Ypm(�jr);

£¤¥ Jpm(t) | ¡¥áá¥«¥¢  äã­ªæ¨ï ¯¥à¢®£® à®¤  ¯®àï¤ª  pm, Ypm(t) | ¡¥áá¥«¥¢  äã­ªæ¨ï ¢â®à®£®
à®¤  ¯®àï¤ª  pm, pm =

p
(k + 1)2 + 4�2m=2. �¤¥áì Am ¨ Bm | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥. �å

­ ©¤¥¬ ¨§ âà¥¡®¢ ­¨ï, çâ®¡ë äã­ªæ¨¨ Rjm(r)Y k
ms(�) ¡ë«¨ à¥£ã«ïà­ë¬¨ à¥è¥­¨ï¬¨ ¢ ®¡« áâïå

T (j),   à¥è¥­¨¥ R3m(r)Y k
ms(�) ã¤®¢«¥â¢®àï«® ¯à¨ R ! 1 ãá«®¢¨ï¬ ¨§«ãç¥­¨ï (3). �§ ä®à¬ã«

à §«®¦¥­¨ï äã­ªæ¨¨ �¥áá¥«ï J�(t) ¢ áâ¥¯¥­­®© àï¤ ¨  á¨¬¯â®â¨ç¥áª®£® à §«®¦¥­¨ï äã­ªæ¨¨
� ­ª¥«ïH(1)

� (t) á«¥¤ã¥â, çâ® à¥è¥­¨¥Rjm(r)Y k
ms(�) ã¤®¢«¥â¢®àï¥â ¢ëè¥ãª § ­­ë¬ âà¥¡®¢ ­¨ï¬,

¥á«¨ B1m = B2m = 0, B3m = A3m � i (i | ¬­¨¬ ï ¥¤¨­¨æ ). � ª¨¬ ®¡à §®¬, ¨áª®¬ë¥ ç áâ­ë¥
à¥è¥­¨ï ¯à¨ Ajm = 1 ¬®£ãâ ¡ëâì ¯à¥¤áâ ¢«¥­ë ¢ ¢¨¤¥

ulms(r; �) = �lm(r)Y
k
ms(�) = r�

k+1
2 � Jpm(�lr)Y k

ms(�); l = 1; 2; 3:

2. �¤¨­áâ¢¥­­®áâì à¥è¥­¨ï § ¤ ç¨ ¤¨äà ªæ¨¨ á ®¡é¥© £à ­¨æ¥©. �®ª § ­  á«¥¤ãîé ï â¥-
®à¥¬  ¥¤¨­áâ¢¥­­®áâ¨.

�¥®à¥¬ . �¨­£ã«ïà­ ï § ¤ ç  ¤¨äà ªæ¨¨ (1){(4) ­¥ ¬®¦¥â ¨¬¥âì ¡®«¥¥ ®¤­®£® à¥è¥­¨ï.

3. �¥è¥­¨¥ á¨­£ã«ïà­®© § ¤ ç¨ ¤¨äà ªæ¨¨ á ®¡é¥© £à ­¨æ¥© ¬¥â®¤®¬ ¯®â¥­æ¨ «®¢.

�§¢¥áâ­® [2], çâ® äã­ªæ¨¨

 j(r) =
1
2i

�
�j
2

��

r��H(1)
� (�jr)

�
�
�
k + 1
2

�
; j = 1; 3; (7)

£¤¥ r =
p
x2 + y2 + z2, � = k

2
, ï¢«ïîâáï äã­¤ ¬¥­â «ì­ë¬¨ à¥è¥­¨ï¬¨ (ä. à.) ãà ¢­¥­¨© (1) á

®á®¡¥­­®áâìî ¢ ­ ç «¥ ª®®à¤¨­ â. �­¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ ¨§«ãç¥­¨ï (3). �á«¨ ª äã­ª-
æ¨ï¬ (7) ¯à¨¬¥­¨¬ ®¯¥à â®à ®¡®¡é¥­­®£® á¤¢¨£  T �;�;�

x;y;z , â® ¯®«ãç¨¬ ä. à. á ®á®¡¥­­®áâìî ¢ ¯à®-
¨§¢®«ì­®© â®çª¥ M(�; �; �).

�¡à §ã¥¬ á ¯®¬®éìî äã­ªæ¨©

gj(M;P ) =
1
2i

�
�j
2

���
T �;�;�
x;y;z r

��H(1)
� (�jr)� T �;��;�

x;y;z r��H(1)
� (�jr)

��
�
�
k + 1
2

�
; j = 1; 3;
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¯®¢¥àå­®áâ­ë¥ ¯®â¥­æ¨ «ë â¨¯  ¯à®áâ®£® ¨ ¤¢®©­®£® á«®¥¢

V1(M; �1) =
Z
�(1)

�1(P )g1(M;P )�kdP�
(1);

V2(M;�1) =
Z
�(1)

�1(P )g2(M;P )�kdP�
(1); P 2 �(1);

V2(M;�3) =
Z
�(2)

�3(P )g2(M;P )�kdP�(2);

V3(M;�3) =
Z
�(2)

�3(P )g3(M;P )�kdP�(2); P 2 �(2);

W1(M;�2) =
Z
�(1)

�2(P )
@

@nP
g1(M;P )�kdP�(1);

W2(M;�2) =
Z
�(1)

�2(P )
@

@nP
g2(M;P )�kdP�

(1); P 2 �(1);

W2(M;�4) =
Z
�(2)

�2(P )
@

@nP
g2(M;P )�kdP�

(2);

W3(M;�4) =
Z
�(2)

�4(P )
@

@nP
g3(M;P )�kdP�(2); P 2 �(2):

�ç¥¢¨¤­®, ®­¨ ï¢«ïîâáï à¥è¥­¨ï¬¨ ãà ¢­¥­¨© (1) á®®â¢¥âáâ¢¥­­® ¢ ®¡« áâïå T (j), j = 1; 3.
�á¯®«ì§ãï ¯à¥¤áâ ¢«¥­¨¥ £ ­ª¥«¥¢®© äã­ªæ¨¨ ¢ ¢¨¤¥ àï¤  ¨ á¢®©áâ¢  ®¯¥à â®à  ®¡®¡é¥­­®£®
á¤¢¨£ , ¯®«ãç ¥¬, çâ® äã­ªæ¨¨ gj(M;P ) ¨¬¥îâ â ªãî ¦¥ ®á®¡¥­­®áâì, çâ® ¨ ä. à. ãà ¢­¥­¨ï
�Bu = 0. �®íâ®¬ã ¯®â¥­æ¨ «ë Vj ¨ Wj , j = 1; 3, ¨¬¥îâ ­  á®®â¢¥âáâ¢ãîé¨å ¯®¢¥àå­®áâïå
�(j), j = 1; 3, â ª¨¥ ¦¥ ¯à¥¤¥«ì­ë¥ §­ ç¥­¨ï, çâ® ¨ ¨å  ­ «®£¨ ¤«ï ãà ¢­¥­¨ï �Bu = 0. �â¨
¯à¥¤¥«ì­ë¥ §­ ç¥­¨ï ­  �(1) ¨¬¥îâ ¢¨¤

 ) V �

j (P; �1) = fVj(P; �1),
¡)

@V �

j (P; �1)

@nP
= ��1(P )

2
+
@fVj(P; �1)

@nP
,

¢) W�

j (P; �2) = ��2(P )
2

+gWj(P; �2),

£)
@W+

j (P; �2)
@nP

� @W�

j (P; �2)
@nP

= 0, P 2 �(1);

  ­  �(2) |
¤) V �

j+1(P; �3) = gVj+1(P; �3),
¥)

@V �

j+1(P; �3)
@nP

= ��3(P )
2

+
@ gVj+1(P; �3)

@nP
,

¦) W�

j+1(P; �4) = ��4(P )
2

+]Wj+1(P; �4),

§)
@W+

j+1(P; �4)

@nP
� @W�

j+1(P; �2)

@nP
= 0, P 2 �(2), j = 1; 2.

�¤¥áì ¢¥«¨ç¨­ë á ¢®«­¨áâ®© «¨­¨¥© ®¡®§­ ç îâ â ª ­ §ë¢ ¥¬ë¥ ¯àï¬ë¥ §­ ç¥­¨ï ¯®â¥­æ¨ -
«®¢ ¨ ¨å ­®à¬ «ì­ëå ¯à®¨§¢®¤­ëå ­  á®®â¢¥âáâ¢ãîé¨å ¯®¢¥àå­®áâïå �(j), ª®â®àë¥ ï¢«ïîâáï
­¥¯à¥àë¢­ë¬¨ äã­ªæ¨ï¬¨ â®çª¨ P 2 �(j),   á®®â¢¥âáâ¢ãîé¨¥ ï¤à  ¨¬¥îâ á« ¡ãî ®á®¡¥­­®áâì
­  �(j).

�¥è¥­¨¥ § ¤ ç¨ (1){(4) ¨é¥¬ ¢ ¢¨¤¥

u1(M) = V1(M;�1) +W1(M;�2);

u2(M) = V2(M;�1) +W2(M;�2) + V2(M;�3) +W2(M;�4);

u3(M) = V3(M;�3) +W3(M;�4):

77



�â¨ äã­ªæ¨¨ ï¢«ïîâáï à¥è¥­¨ï¬¨ ãà ¢­¥­¨© (1) á®®â¢¥âáâ¢¥­­® ¢ ®¡« áâïå T (j), j = 1; 3, ã¤®-
¢«¥â¢®àïîâ £à ­¨ç­ë¬ ãá«®¢¨ï¬ (4), ¨ äã­ªæ¨ï u3(M) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ ¨§«ãç¥­¨ï (3).

�¥¨§¢¥áâ­ë¥ ¯«®â­®áâ¨ �j, j = 1; 4, ­ ©¤¥¬ ¨§ âà¥¡®¢ ­¨ï, çâ®¡ë íâ¨ äã­ªæ¨¨ ã¤®¢«¥â¢®àï-
«¨ ãá«®¢¨ï¬ á®¯àï¦¥­¨ï (2). �®¤áâ ¢«ïï ¨å ¢ íâ¨ ãá«®¢¨ï, á ãç¥â®¬ ä®à¬ã«  ){§), ¯®«ãç ¥¬
á¨áâ¥¬ã ¨­â¥£à «ì­ëå ãà ¢­¥­¨© �à¥¤£®«ì¬  ¢â®à®£® à®¤ , ª®â®à ï ®¤­®§­ ç­® à §à¥è¨¬ , çâ®
®§­ ç ¥â íª¢¨¢ «¥­â­®áâì § ¤ ç¨ ¤¨äà ªæ¨¨ (1){(4) á íâ®© á¨áâ¥¬®© ¨­â¥£à «ì­ëå ãà ¢­¥­¨©
¨, á«¥¤®¢ â¥«ì­®, ®¤­®§­ ç­ãî à §à¥è¨¬®áâì § ¤ ç¨ ¤¨äà ªæ¨¨.
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