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1. �¢¥¤¥¨¥

�ãáâì � = f�ng (0 < �n " 1) | ¯®á«¥¤®¢ â¥«ì®áâì, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î

lim
n!1

lnn
ln�n

= a <1: (1)

�¥à¥§ D(�; R) ®¡®§ ç¨¬ ª« áá ¢á¥å äãªæ¨© F , ¯à¥¤áâ ¢¨¬ëå ¢® ¢á¥© ¯«®áª®áâ¨ àï¤ ¬¨ �¨-
à¨å«¥

F (s) =
1X
n=1

ane
�ns; s = � + it; (2)

¨ ¨¬¥îé¨å ª®¥çë© ¯®àï¤®ª �R ¯® �¨ââã (R-¯®àï¤®ª). � ¯®¬¨¬, çâ® [1]

�R(F ) = lim
�!+1

ln lnM(�)
�

;

£¤¥ M(�) = sup
jtj<1

jF (� + it)j.
�§ ãá«®¢¨ï (1) á«¥¤ã¥â

lim
n!1

lnn
�n

= 0: (3)

� ª çâ® àï¤ (2) áå®¤¨âáï ¢® ¢á¥© ¯«®áª®áâ¨  ¡á®«îâ®,   ¥£® áã¬¬  F | æ¥« ï äãªæ¨ï [1].
�§¢¥áâ®, çâ® ¯à¨ ãá«®¢¨¨ (3) ¢¥«¨ç¨  �R ¬®¦¥â ¡ëâì ¢ëç¨á«¥  ¯® ä®à¬ã«¥ [1]:

� 1
�R

= lim
n!1

ln janj
�n ln�n

: (4)

� àï¤ã á (2) ¢¢¥¤¥¬ àï¤

F �(s) =
1X
n=1

anbne
�ns; (5)

£¤¥ ¯®á«¥¤®¢ â¥«ì®áâì fbng ª®¬¯«¥ªáëå ç¨á¥« bn (bn 6= 0 ¯à¨ n � N) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

lim
n!1

ln jbnj
�n

<1: (6)

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

£à â ò 99-01-00655.
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�®£¤  àï¤ (5)  ¡á®«îâ® áå®¤¨âáï ¢® ¢á¥© ¯«®áª®áâ¨,   F � | æ¥« ï äãªæ¨ï. �®«¥¥ â®£®, ¥á«¨
F 2 D(�; R), â® ¨§ ãá«®¢¨ï (6) ¨ ä®à¬ã«ë (4) ¤«ï ¢ëç¨á«¥¨ï R-¯®àï¤ª  á«¥¤ã¥â F � 2 D(�; R).
� ¤ «ì¥©è¥¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì

lim
n!1

1
�n

ln(jbnj+ jbnj�1) <1: (7)

�â® ¯®§¢®«¨â à áá¬ âà¨¢ âì â ª¦¥  ¡á®«îâ® áå®¤ïé¨¥áï ¢® ¢á¥© ¯«®áª®áâ¨ àï¤ë �¨à¨å«¥

1X
n=N

anb
�1
n e�ns;

¨¬¥îé¨¥ ª®¥çë© ¯®àï¤®ª ¯® �¨ââã.
�ãáâì E � [0;1) | ¨§¬¥à¨¬®¥ ¯® �¥¡¥£ã ¬®¦¥áâ¢®.
�¥àå¥© DE ¨ ¨¦¥© dE ¯«®â®áâï¬¨ ¬®¦¥áâ¢  E  §ë¢ îâáï ¢¥«¨ç¨ë

DE = lim
�!1

mes(E \ [0; �])
�

; dE = lim
�!1

mes(E \ [0; �])
�

:

�¥àå¥© DlnE ¨ ¨¦¥© dlnE «®£ à¨ä¬¨ç¥áª¨¬¨ ¯«®â®áâï¬¨ ¬®¦¥áâ¢  E  §ë¢ îâáï
¢¥«¨ç¨ë

DlnE = lim
�!1

1
ln�

Z
E\[0;�]

dt

t
; dlnE = lim

�!1

1
ln�

Z
E\[0;�]

dt

t
:

� ¤ «ì¥©è¥¬ áç¨â ¥¬, çâ® ¢á¥ ¨áª«îç¨â¥«ìë¥ ¬®¦¥áâ¢  E � [0;1), ¢¥ ª®â®àëå ¡ã¤ãâ
¯®«ãç¥ë  á¨¬¯â®â¨ç¥áª¨¥ ®æ¥ª¨, ¯à¥¤áâ ¢«ïîâ á®¡®© ®¡ê¥¤¨¥¨ï ®âà¥§ª®¢ ¢¨¤  [an; a0n], £¤¥

0 < a1 < a01 � a2 < a02 � � � � � an < a0n � � � �
�¥à¥§ L ®¡®§ ç¨¬ ª« áá ¢á¥å ¥¯à¥àë¢ëå ¨ ¥®£à ¨ç¥® ¢®§à áâ îé¨å   [0;1) ¯®«®-

¦¨â¥«ìëå äãªæ¨© w = w(x). �ãáâì

W =
�
w 2 L :

Z 1

1

w(x)
x2

dx <1
�
; W =

�
w 2 L : lim

x!1

1
lnx

Z x

1

w(t)
t2

dt = 0
�
;

W =
�
w 2 L :

p
x � w(x) = o(x lnx); x!1; lim

x!1

1
lnx

Z x

1

w(t)
t2

dt = 0
�
:

�¥à¥§ D(�) ®¡®§ ç¨¬ ª« áá ¢á¥å äãªæ¨© F , ¯à¥¤áâ ¢¨¬ëå ¢® ¢á¥© ¯«®áª®áâ¨ àï¤ ¬¨ �¨-
à¨å«¥ (2). �ãáâì �(�) ¨ ��(�) | ¬ ªá¨¬ «ìë¥ ç«¥ë àï¤®¢ (2) ¨ (5) á®®â¢¥âáâ¢¥®, â. ¥.

�(�) = max
n�1

fjanje�n�g; ��(�) = max
n�1

fjanj jbnje�n�g:

� [2] ¤®ª §  

�¥®à¥¬ . �«ï â®£® çâ®¡ë ¤«ï «î¡®© äãªæ¨¨ F 2 D(�) ¯à¨ � ! 1 ¢¥ ¥ª®â®à®£® ¬®-

¦¥áâ¢  E � [0;1) ª®¥ç®© «¥¡¥£®¢®© ¬¥àë ¨¬¥«® ¬¥áâ®  á¨¬¯â®â¨ç¥áª®¥ à ¢¥áâ¢®

ln�(�) = (1 + o(1)) ln��(�);

¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë áãé¥áâ¢®¢ «  äãªæ¨ï w 2W â ª ï, çâ®

jbnj+ 1
jbnj � ew(�n); n � N: (8)

�¥«ìî áâ âì¨ ï¢«ï¥âáï ¤®ª § â¥«ìáâ¢®   «®£¨ç®© â¥®à¥¬ë ¤«ï äãªæ¨¨ F ¨§ ª« áá 
D(�; R):
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2. �á®¢ ï «¥¬¬ 

�¤¥áì ¤®ª §ë¢ ¥âáï ®¤¨ ¨§ ¢ à¨ â®¢ á«¥¤ãîé¥© â¥®à¥¬ë [3].

�¥®à¥¬  1 (�®à¥«ì{�¥¢ «¨ ). �ãáâì   ¨â¥à¢ «¥ [r0;1) § ¤   ¥ã¡ë¢ îé ï ¥¯à¥-
àë¢ ï äãªæ¨ï u(r), u(r)!1 ¯à¨ r !1, '(u) | ¯®«®¦¨â¥«ì ï ¥¢®§à áâ îé ï ¨ ¥¯à¥-

àë¢ ï   ¨â¥à¢ «¥ [u0;1) (u0 = u(r0)) äãªæ¨ï, '(u)! 0 ¯à¨ u!1, ¯à¨ç¥¬Z 1

u0

'(u)du <1:

�®£¤  ¤«ï ¢á¥å r � r0, ªà®¬¥, ¢®§¬®¦®, ¬®¦¥áâ¢  ª®¥ç®© ¬¥àë, ¢ë¯®«ï¥âáï ®æ¥ª 

u(r + '(u(r))) < u(r) + 1:

�¬¥¥â ¬¥áâ® á«¥¤ãîé ï «¥¬¬  â¨¯  �®à¥«ï{�¥¢ «¨ë.

�¥¬¬  1. �ãáâì u(�) | ¥ã¡ë¢ îé ï ¥¯à¥àë¢ ï   [0;1) äãªæ¨ï, u(�)!1 ¯à¨ � !
1. �ãáâì w 2 L, v = v(�) | à¥è¥¨¥ ãà ¢¥¨ï

w(v) = eu(�): (9)

�á«¨

w(v(�))
�v(�)

= o(1); � !1; (10)

  ¤«ï ¥ª®â®à®© ¯®á«¥¤®¢ â¥«ì®áâ¨ f�jg (0 < �j " 1)

lim
�j!1

1
�j

Z v(�j)

1

w(t)
t2

dt = 0; (11)

â® ¯à¨ � ! 1 ¢¥ ¥ª®â®à®£® ¬®¦¥áâ¢  E � [0;1), mes(E \ [0; �j ]) = o(�j), �j ! 1, ¨¬¥¥â

¬¥áâ®  á¨¬¯â®â¨ç¥áª ï ®æ¥ª 

u(� +
w(v(�))
v(�)

) < u(�) + o(1):

�®ª § â¥«ìáâ¢®. � ©¤¥âáï äãªæ¨ï w�(t) = �(t)w(t) (0 < �(t) " 1, t ! 1) ¨§ ª« áá  L,
â ª¦¥ ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬ (10), (11) «¥¬¬ë. �®ª ¦¥¬, çâ® ¢¥ ¥ª®â®à®£® ¬®¦¥áâ¢ 
E � [0;1) ®âà¥§ª®¢ [�n; �0n] (0 < �1 < �01 � �2 < �02 � � � � � �n < �0n � � � � ), mes(E \ [0; �j ]) = o(�j),
�j !1, ¢ë¯®«ï¥âáï ®æ¥ª 

u

�
� +

w(v(�))
v(�)

�
< u(�) +

1
�(v(�))

: (12)

�¥©áâ¢¨â¥«ì®, ¯ãáâì e | § ¬ªãâ®¥ ¬®¦¥áâ¢®,   ª®â®à®¬

u

�
� +

w(v(�))
v(�)

�
� u(�) +

1
�(v(�))

: (13)

�®«®¦¨¬ e(�) = e \ [�;1). �á«¨ e(�) = ; ¤«ï ¥ª®â®à®£® � � 0, â® «¥¬¬  á¯à ¢¥¤«¨¢ . �
¯à®â¨¢®¬ á«ãç ¥ ç¥à¥§ �1 ®¡®§ ç¨¬  ¨¬¥ìè¥¥ ç¨á«® â ª®¥, çâ® �1 � 0 ¨ �1 2 e.

�ãáâì �01 |  ¨¬¥ìè¥¥ ¨§ â¥å �, ¤«ï ª®â®àëå u(�) = u(�1) + 1
�(v(�1))

. �®£¤  ¨§ (13) á«¥¤ã¥â

0 < �01 � �1 � w(v(�1))

v(�1)
.

�ãáâì �2 = inff� : � 2 e(�01)g. �®§ì¬¥¬ §  �02  ¨¬¥ìè¥¥ ¨§ ¢á¥å �, ¤«ï ª®â®àëå u(�) =
u(�2) + 1

�(v(�2))
. �á®, çâ® 0 < �02 � �2 � w(v(�2))

v(�2)
, u(�2) � u(�1) � 1

�(v(�1))
. � ááã¦¤ ï ¤ «¥¥ ¯®

¨¤ãªæ¨¨,  ©¤¥¬ ¯®á«¥¤®¢ â¥«ì®áâ¨ f�ng, f�0ng â ª¨¥, çâ®

0 < �0n � �n � w(v(�n))
v(�n)

; u(�n)� u(�n�1) � 1
�(v(�n�1))

; (14)
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¯à¨ç¥¬ e � E, £¤¥ E =
1S
n=1

[�n; �0n].

�ãáâì vn = v(�n), �n =
w(vn)

vn
, n � 1. �«ï «î¡®£® j � 1  ©¤¥âáï k � 2 â ª®¥, çâ® �k�1 � �j <

�k. �«¥¤®¢ â¥«ì®,

mes(e \ [0; �j ])
�j

� mes(E \ [0; �j ])
�j

=
1
�j

k�1X
n=1

�n; �n =
w(vn)
vn

: (15)

�á«¨ 2vn � vn+1, â®

�n � 2
Z vn+1

vn

w(t)
t2

dt < 2
Z vn+1

vn

w�(t)
t2

dt: (16)

�á«¨ 2vn > vn+1, â® á ãç¥â®¬ (9), (14) ¨ ¬®®â®®áâ¨ äãªæ¨© w = w(t) ¨ � = �(t) ¨¬¥¥¬

�n � w�(vn)
vn

[u(�n+1)� u(�n)] � w�(vn)
vn

Z vn+1

vn

d lnw�(t) �

� 2
Z vn+1

vn

w�(t)
t

d lnw�(t) = 2
�
w�(vn+1)
vn+1

� w�(vn)
vn

+
Z vn+1

vn

w�(t)
t2

dt

�
: (17)

� ª ª ª
vn+1R
vn

dw�(t)

t
� 0, â®

Z vn+1

vn

w�(t)
t2

dt � w�(vn+1)
vn+1

� w�(vn)
vn

+ 2
Z vn+1

vn

w�(t)
t2

dt:

�®íâ®¬ã ¨§ (16), (17) § ª«îç ¥¬, çâ® ¢á¥£¤ 

�n � 2
�
w�(vn+1)
vn+1

� w�(vn)
vn

�
+ 4

Z vn+1

vn

w�(t)
t2

dt; n � 1:

�«¥¤®¢ â¥«ì®, ¨§ (15) ¯®«ãç ¥¬, çâ® ¥á«¨ �k�1 � �j < �k, â®

mes(E \ [0; �j ]) � 2
w�(vk�1)
vk�1

+ 4
Z vk�1

v1

w�(t)
t2

dt � 2
w�(vk�1)
vk�1

+ 4
Z v(�j)

v1

w�(t)
t2

dt: (18)

� ª¨¬ ®¡à §®¬, ãç¨âë¢ ï (10), (11), ¨§ (18) ®ª®ç â¥«ì® ¯®«ãç ¥¬, çâ® ¥á«¨ �k�1 � �j < �k ¨
�j !1, â®

mes(E \ [0; �j ]) �
�
2
w�(v(�k�1))
v(�k�1)

+ 4
Z v(�j)

v1

w�(t)
t2

dt

�
= o(�j): (19)

�®áª®«ìªã ®æ¥ª  (12) á¯à ¢¥¤«¨¢  ¯à¨ � !1 ¢¥ E, â® «¥¬¬  ¤®ª §  .

� ¬¥ç ¨¥ 1. �à¨ ¡®«¥¥ á¨«ìëå ®£à ¨ç¥¨ïå «¥¬¬  ¤®ª §   ¢ [4].

3. �á®¢ë¥ à¥§ã«ìâ âë

�ã¤¥¬ £®¢®à¨âì, çâ® ¯®á«¥¤®¢ â¥«ì®áâì fbng (bn 6= 0 ¯à¨ n � N) W -®à¬ «ì , ¥á«¨  ©-
¤¥âáï äãªæ¨ï � 2W â ª ï, çâ® � ln jbnj � �(�n), n � N .

�¯à ¢¥¤«¨¢ 

�¥®à¥¬  2. �ãáâì fbng | ¯®á«¥¤®¢ â¥«ì®áâì ª®¬¯«¥ªáëå ç¨á¥« (bn 6= 0 ¯à¨ n � N),
ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î (7).

�«ï â®£® çâ®¡ë ¤«ï «î¡®© äãªæ¨¨ F 2 D(�; R) ¯à¨ � ! 1 ¢¥ ¥ª®â®à®£® ¬®¦¥áâ¢ 

E � [0;1) ã«¥¢®© ¨¦¥© ¯«®â®áâ¨ ¨¬¥«® ¬¥áâ®  á¨¬¯â®â¨ç¥áª®¥ à ¢¥áâ¢®

ln�(�) = (1 + o(1)) ln��(�);
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¤®áâ â®ç®,   ¤«ï W -®à¬ «ìëå ¯®á«¥¤®¢ â¥«ì®áâ¥© fbng ¨ ¥®¡å®¤¨¬®, çâ®¡ë áãé¥áâ¢®-

¢ «  äãªæ¨ï w 2W â ª ï, çâ®

jbnj+ 1
jbnj � ew(�n); n � N: (20)

� ¬¥ç ¨¥ 2. �á«¨ fbng = f�mn g1n=1 (m = 1; 2; : : : ), â® ¨§ â¥®à¥¬ë 2 ¢ëâ¥ª ¥â, çâ® ¤«ï
«î¡®© äãªæ¨¨ F 2 D(�; R) ¯à¨ � !1 ¢¥ ¥ª®â®à®£® ¬®¦¥áâ¢  E � [0;1) ã«¥¢®© ¨¦¥©
¯«®â®áâ¨

ln�(�) = (1 + o(1)) ln�m(�);

£¤¥ �m(�) | ¬ ªá¨¬ «ìë© ç«¥ àï¤ 

Fm(s) =
1X
n=1

an�
m
n e

�ms:

� ¬¥ç ¨¥ 3. �á«¨

lim
n!1

ln jbnj
�n

= 0;

â® ¯®á«¥¤®¢ â¥«ì®áâì fbng W -®à¬ «ì .

�ãáâì P = fpng | ¢®§à áâ îé ï ¯®á«¥¤®¢ â¥«ì®áâì  âãà «ìëå ç¨á¥«. �¥à¥§ S(P ) ®¡®-
§ ç¨¬ ª« áá ¢á¥å æ¥«ëå âà áæ¥¤¥âëå äãªæ¨©

f(z) =
1X
n=1

anz
pn ; (21)

¨¬¥îé¨å ª®¥çë© ¯®àï¤®ª, â. ¥.

� = lim
r!1

ln lnMf (r)
ln r

<1; Mf (r) = max
jzj=r

jf(z)j:

�®£¤ , ¯®« £ ï z = es, ¨¬¥¥¬

F (s) = f(es) =
1X
n=1

ane
pns; s = � + it:

�á®, çâ® F 2 D(P;R), ¥á«¨ f 2 S(P ). �à®¬¥ â®£®, ¯à¨ ®â®¡à ¦¥¨¨ jzj = r = e� ¬®¦¥áâ¢® ã-
«¥¢®© ¨¦¥© ¯«®â®áâ¨ ¯¥à¥å®¤¨â ¢ ¬®¦¥áâ¢® ã«¥¢®© ¨¦¥© «®£ à¨ä¬¨ç¥áª®© ¯«®â®áâ¨.
�«¥¤®¢ â¥«ì®, ¨§ â¥®à¥¬ë 2 ¢ëâ¥ª ¥â

�¥®à¥¬  3. �ãáâì fbng | ¯®á«¥¤®¢ â¥«ì®áâì ª®¬¯«¥ªáëå ç¨á¥« (bn 6= 0 ¯à¨ n � N),
ã¤®¢«¥â¢®àïîé ï ¯à¨ �n = pn ãá«®¢¨î (7).

�«ï â®£® çâ®¡ë ¤«ï «î¡®© äãªæ¨¨ f 2 S(P ) ¯à¨ r ! 1 ¢¥ ¥ª®â®à®£® ¬®¦¥áâ¢  E �
[0;1) ã«¥¢®© ¨¦¥© «®£ à¨ä¬¨ç¥áª®© ¯«®â®áâ¨ ¨¬¥«® ¬¥áâ®  á¨¬¯â®â¨ç¥áª®¥ à ¢¥áâ¢®

ln�f (r) = (1 + o(1)) ln��f (r);

¤®áâ â®ç®,   ¤«ï W -®à¬ «ìëå ¯®á«¥¤®¢ â¥«ì®áâ¥© fbng ¨ ¥®¡å®¤¨¬®, çâ®¡ë áãé¥áâ¢®-

¢ «  äãªæ¨ï w 2W , ¤«ï ª®â®à®© ¢ë¯®«ï«¨áì ¡ë ®æ¥ª¨ (20).
�¤¥áì �f (r) | ¬ ªá¨¬ «ìë© ç«¥ àï¤  (21),   ��f (r) | ¬ ªá¨¬ «ìë© ç«¥ ¨§¬¥¥®£®

áâ¥¯¥®£® àï¤ 
1P
n=1

anbnz
pn .
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4. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 2

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2 ¯® ¤®¡ïâáï ¥ª®â®àë¥ á¢®©áâ¢  ¬ ªá¨¬ «ì®£® ç«¥  àï¤ 
�¨à¨å«¥ (2), á¢ï§ ë¥ á â ª  §ë¢ ¥¬ë¬ ¢ë¯ãª«ë¬ ¯®«¨£®®¬ �ìîâ® .

� ¯®¬¨¬, ª ª áâà®¨âáï ¢ë¯ãª«ë© ¯®«¨£® �ìîâ®  ¤«ï àï¤  �¨à¨å«¥ (2),  ¡á®«îâ® áå®-
¤ïé¥£®áï ¢® ¢á¥© ¯«®áª®áâ¨. �«ï íâ®£® ®â¬¥â¨¬   ¯«®áª®áâ¨ XoY â®çª¨ Pn = (�n; gn), £¤¥
gn = � ln janj. (�¥ ã¬ «ïï ®¡é®áâ¨, áç¨â ¥¬ a1 6= 0. �á«¨ an = 0, â® ¯®« £ ¥¬ gn = 1.) �®-
áª®«ìªã àï¤ (2) áå®¤¨âáï ¢® ¢á¥© ¯«®áª®áâ¨, â®

lim
n!1

ln janj
�n

= �1: (22)

�ç¨âë¢ ï íâ®, ç¥à¥§ Q(F ) ®¡®§ ç¨¬ ¢ë¯ãª«ãî ®¡®«®çªã â®ç¥ª Pn (n � 1). �ãáâì(x) =
inf fy : (x; y) 2 Q(F )g. �¨¨ï, ®¯¨áë¢ ¥¬ ï ãà ¢¥¨¥¬ y = (x) (x � �1),  §ë¢ ¥âáï ¤¨ £à ¬-
¬®© ¨«¨ ¢ë¯ãª«ë¬ ¯®«¨£®®¬ �ìîâ®  ¤«ï àï¤  (2) [1]. �§ (22) á«¥¤ã¥â, çâ® ¤¨ £à ¬¬ �ìîâ® 
(®¡®§ ç¨¬ ¥¥ L(F )) ¥áâì ¢ë¯ãª« ï ¢¨§ «®¬  ï «¨¨ï.

�ãáâì(�n) = Gn, n � 1. �®£¤  (�n; Gn) 2 L(F ). �«ï ¡¥áª®¥ç®£® ¬®¦¥áâ¢  § ç¥¨© �n,
¢ ç áâ®áâ¨, ¤«ï  ¡áæ¨áá �ni , i � 1, n1 = 1, ¢á¥å ¢¥àè¨ ¯®«¨£®  L(F ) ¨¬¥¥¬ Gn = � ln janj.
�â¬¥â¨¬, çâ® â®çª  Pn = (�n;� ln janj) «¥¦¨â «¨¡®   ¯®«¨£®¥ L(F ) (â®çª  Pni ®¡ï§ â¥«ì®
«¥¦¨â   ¯®«¨£®¥), «¨¡®  ¤ ¨¬. �£«®¢®© ª®íää¨æ¨¥â ®âà¥§ª , á®¥¤¨ïîé¥£® ¢¥àè¨ë Pni
¨ Pni+1 ¯®«¨£®  L(F ), à ¢¥

Ri =
Gni+1 �Gni

�ni+1 � �ni
; i � 1; �1 = 1:

�á®, çâ® Ri " 1 ¯à¨ i!1: �«¥¤®¢ â¥«ì®, ¯à¨ Ri�1 � � < Ri æ¥âà «ìë© ¨¤¥ªá �(�) = ni =
const,   ln�(�) = ln jani j + �ni� [1]. �§¢¥áâ® â ª¦¥, çâ® äãªæ¨ï �(�) ¥¯à¥àë¢ , �(�) " 1
¯à¨ � !1.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �®áâ â®ç®áâì.
�ãáâì ¢ë¯®«¥® ãá«®¢¨¥ (20), £¤¥ w 2 W . �®£¤  áãé¥áâ¢ã¥â äãªæ¨ï w� 2 W â ª ï, çâ®

w(x) = o(w�(x)) ¯à¨ x!1.
�ãáâì v = v(�) | à¥è¥¨¥ ãà ¢¥¨ï

w�(v) = 3 ln�(�): (23)

�®«®¦¨¬

Rv =
X
�j>v

jaj je�j�; h =
w�(v)
v

; v = v(�):

�ãé¥áâ¢ã¥â (íâ® á«¥¤ã¥â ¨§ ãá«®¢¨ï (1)) m � 1 â ª®¥, çâ®

1X
n=1

1
�mn

<1:

�«¥¤®¢ â¥«ì®,
Rv � �(� + h)

X
�n>v

e��nh � �(� + h)Cm exp(max
t�v

'(t));

£¤¥ '(t) = m ln t� ht, Cm =
1P
n=1

1
�mn
. �®áª®«ìªã '0(t) = 0 ¢ â®çª¥ t0,

t0 =
m

h
= m

v

w�(v)
� m

vp
v
= m

p
v < v = v(�)

¯à¨ � � �0, â® ¯à¨ � !1
Rv � Cm�(� + h) exp[�v(1 + o(1))h] = Cm�(� + h) exp[�(1 + o(1))w�(v)]: (24)
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�®«®¦¨¬ u(�) = ln 3 + ln ln�(�). �®áª®«ìªã �(�) �M(�),   F 2 D(�; R), â®

lim
�!1

u(�)
�

<1:

�«¥¤®¢ â¥«ì®, á ãç¥â®¬ (23) ¯à¨ � � �0 ¨¬¥¥¬

lnw�(v(�)) = u(�) � A�; 0 < A <1:

�®
p
x � w�(x). �«¥¤®¢ â¥«ì®,

1
�
� 2A
ln v(�)

; � � �0: (25)

� «¥¥, ¯®áª®«ìªã w� 2W , â®

lim
x!1

w�(x)
x lnx

= 0; (26)

  ¤«ï ¥ª®â®à®© ¯®á«¥¤®¢ â¥«ì®áâ¨ ftjg (0 < tj " 1)

lim
tj!1

1
ln tj

Z tj

1

w�(t)
t2

dt = 0: (27)

� ç¨â, ¨§ (25), (26) á«¥¤ã¥â

lim
�!1

w�(v(�))
�v(�)

= 0:

�®«¥¥ â®£®, ¥á«¨ �j | ª®à¥ì ãà ¢¥¨ï v(�) = tj, â® ¨§ (25), (27) ¯®«ãç ¥¬

lim
�j!1

1
�j

Z v(�j)

1

w�(t)
t2

dt = 0:

�¨¤¨¬, çâ® ¤«ï ¯ àë äãªæ¨© u ¨ w� ¢á¥ ãá«®¢¨ï ®á®¢®© «¥¬¬ë ¢ë¯®«¥ë. �®íâ®¬ã, ¯à¨¬¥-
ïï íâã «¥¬¬ã ¨ ãç¨âë¢ ï ¯à¨ íâ®¬ (19), (25), (26),   â ª¦¥ â®, çâ® o(ln v(�j)) = o(�j); �j !1,
¯à¨ �j !1 ¢¥ ¥ª®â®à®£® ¬®¦¥áâ¢  E1 � [0:1),

mes(E1 \ [0; �j ]) � o(ln v(�j)) + 4
Z v(�j)

v(�1)

w�(t)
t2

dt = o(�j); �j !1; (28)

¨§ (24) ¯®«ãç ¥¬

Rv � Cm�(�)
1+o(1) exp[�w�(v)(1 + o(1))] = �(�)�2(1+o(1)):

� ç¨â, ¯à¨ � � �1, � =2 E1, ¯®«ãç ¥¬ ��(�) � v(�), £¤¥ � = �(�) | æ¥âà «ìë© ¨¤¥ªá àï¤  (2).
�®£¤  á ãç¥â®¬ (20) ¯à¨ � !1 ¢¥ E1 ¨¬¥¥¬

�(�) = ja� je��� = ja�b� je���jb� j�1 � ��(�)ew(�� ) � ��(�)ew(v) = ��(�)�(�)o(1):

�â® ®§ ç ¥â

(1 + o(1)) ln�(�) � ln��(�): (29)

� «¥¥, ¯®áª®«ìªã jbnj � ew(�n), n � N , â® ¯à¨ k � N

��(�) = jakbkje�k� � �(�)ew(�k); (30)

£¤¥ k = k(�) | æ¥âà «ìë© ¨¤¥ªá àï¤  (5).
�ãáâì p = p(�) | à¥è¥¨¥ ãà ¢¥¨ï w�(p) = 3 ln��(�),  

R�
p =

X
�n>p

janbnje�n�; p = p(�):
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�®áª®«ìªã F � 2 D(�; R), â®

lim
�!1

u�(�)
�

<1; u�(�) = ln 3 + ln ln��(�):

�®íâ®¬ã, ¯à¨¬¥ïï «¥¬¬ã, ¨§ â¥å ¦¥ à ááã¦¤¥¨©, ¯à¨ ¯®¬®é¨ ª®â®àëå ¡ë«  ¯®«ãç¥  ®æ¥ª 
¤«ï Rv, ¯®«ãç ¥¬

R�
p � Cm�

�(�)�2(1+o(1)); Cm =
1X
n=1

1
�mn

;

¥á«¨ � !1 ¢¥ ¥ª®â®à®£® ¬®¦¥áâ¢  E2 � [0;1),

mes(E2 \ [0; xj ]) � o(ln p(xj)) + 4
Z p(xj)

p(x1)

w�(t)
t2

dt; xj !1: (31)

�¤¥áì xj |à¥è¥¨¥ ãà ¢¥¨ï p(�) = tj,   ftjg|¯®á«¥¤®¢ â¥«ì®áâì, ä¨£ãà¨àãîé ï ¢ ãá«®¢¨¨
(27). �âáî¤  á«¥¤ã¥â �k(�) � p(�), ¥á«¨ � � �2, � =2 E2. �«¥¤®¢ â¥«ì®, ¨§ (30) ¯®«ãç ¥¬, çâ®
¯à¨ � !1 ¢¥ E2

��(�) � �(�)ew(p(�)) = �(�)��(�)o(1);

â. ¥.

(1 + o(1)) ln��(�) � ln�(�): (32)

� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì®áâì f��j g, £¤¥ f��j g = min(�j ; xj). �®áª®«ìªã tj = p(xj) = v(�j), â®
¨§ ®æ¥®ª â¨¯  (25) ¯®«ãç ¥¬

1
��j

� B

ln tj
; j � 1:

�«¥¤®¢ â¥«ì®, ¥á«¨ E = E1 [E2, â®, ãç¨âë¢ ï (28), (31), ¯à¨ ��j !1 ¨¬¥¥¬

mes(E \ [0; ��j ])
��j

� B

ln tj
(mes(E1 \ [0; �j ]) + mes(E2 \ [0; xj ])) �

� B

ln tj

�
o(ln tj) + 8

Z tj

t1

w�(t)
t2

dt

�
= o(1):

� ª¨¬ ®¡à §®¬, ¨§ (29), (32) ®ª®ç â¥«ì® ¯®«ãç ¥¬, çâ® ¯à¨ � !1 ¢¥ E, dE = 0,

ln�(�) = (1 + o(1)) ln��(�):

�®áâ â®ç®áâì ¤®ª §  .
�¥®¡å®¤¨¬®áâì. �á«®¢¨¥ (20) à ¢®á¨«ì® ¯à¥¤«®¦¥¨î: áãé¥áâ¢ã¥â äãªæ¨ï ' 2 W â -

ª ï, çâ® ¯à¨ n � N

1) jbnj � e'(�n); 2) jbnj�1 � e'(�n):

�¥©áâ¢¨â¥«ì®, â®, çâ® 1), 2) á«¥¤ãîâ ¨§ (20), ®ç¥¢¨¤®. �¡à â®, ¨§ 1), 2) ¨¬¥¥¬

jbnj+ jbnj�1 � 2e'(�n); n � N:

�«¥¤®¢ â¥«ì®, (20) ¨¬¥¥â ¬¥áâ® á ¬ ¦®à â®© w(x) = ln 2 + '(x). � ç¨â, ¥á«¨ ¯®á«¥¤®¢ â¥«ì-
®áâì fbng W -®à¬ «ì ,   ãá«®¢¨¥ (20) ¥ ¢ë¯®«¥®, â® ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¨

fln jbnjg1n=N
¥ áãé¥áâ¢ã¥â ¬ ¦®à âë ¢¨¤  '(�n), £¤¥ ' 2 W . �®áª®«ìªã ¯®á«¥¤®¢ â¥«ì®áâì fbng ã¤®¢«¥-
â¢®àï¥â ãá«®¢¨î (7), â® �(t) = o(t ln t), t!1, ¨, á«¥¤®¢ â¥«ì®, ãç¨âë¢ ï ®¯à¥¤¥«¥¨¥ ª« áá 
W , ¯®«ãç ¥¬

lim
r!1

1
ln r

Z r

�N

�(t)
t2

dt > 0; (33)
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£¤¥ �(t) = max
�n�t

fln jb(�n)j : n � Ng, b(�n) = bn. �¥ â¥àïï ®¡é®áâ¨, ¬®¦¥¬ áç¨â âì, çâ® �(t) > 0

¯à¨ t � �N . �á®, çâ® �(t) | ¥ã¡ë¢ îé ï áâã¯¥ç â ï äãªæ¨ï, ¥¯à¥àë¢ ï á¯à ¢ . � ¬¥-
â¨¬, çâ® �(t) ï¢«ï¥âáï  ¨¬¥ìè¥© ¥ã¡ë¢ îé¥© ¬ ¦®à â®© ¯®á«¥¤®¢ â¥«ì®áâ¨ fln jbnjg1n=N .

�ãáâì t0 = �N ,   ftng | ¯®á«¥¤®¢ â¥«ì®áâì ¢á¥å â®ç¥ª à §àë¢  äãªæ¨¨ �(t). �®£¤  �(t) =
�n ¯à¨ tn � t < tn+1, n � 0. �á®, çâ® tn = �jn , n � 1. � «¥¥, ¨§ (33) á«¥¤ã¥â

1
ln tn

Z tn

�N

�(t)
t2

dt � � > 0; n � 1: (34)

�¢¥¤¥¬ ¯®á«¥¤®¢ â¥«ì®áâì fxng1n=1,

xn =
Gn+1 �Gn

tn+1 � tn
; Gn = tnI(tn);

£¤¥

I(tn) =
Z tn

�N

g(t)
t2

dt; g(t) = q�(t); 0 < q < 1; n � 1:

�à®¢¥àï¥âáï, çâ®

xn = I(tn) +
tn+1

tn+1 � tn

Z tn

�N

g(t)
t2

dt:

�®áª®«ìªã I(tn)!1 ¯à¨ n!1, â® lim
n!1

xn =1. �§ ¥ã¡ë¢ ¨ï äãªæ¨¨ g(t) â ª¦¥ á«¥¤ã¥â

xn < xn+1, n � 1. � ª¨¬ ®¡à §®¬, 0 < xn " 1 ¯à¨ n!1.
�ãáâì Pn = (tn;Gn). �®áª®«ìªã 0 < xn " 1, â® fPng ¥áâì ¯®á«¥¤®¢ â¥«ì®áâì ¢¥àè¨,  

á®¢®ªã¯®áâì ¢á¥å ®âà¥§ª®¢ ¯àï¬ëå y = 'n(x), á®¥¤¨ïîé¨å â®çª¨ Pn ¨ Pn+1, n � 0, ¥áâì
¢ë¯ãª«ë© ¯®«¨£® �ìîâ®  L ¤«ï àï¤  �¨à¨å«¥

F (s) =
1X
k=1

ake
�ks; s = � + it; (35)

£¤¥

ak =

(
e�Gn ; ¥á«¨ k = jn (�jn = tn);

0; ¥á«¨ k 6= jn:
(36)

� ¬¥â¨¬, çâ® ftng1n=1 | ¯®á«¥¤®¢ â¥«ì®áâì æ¥âà «ìëå ¨¤¥ªá®¢ àï¤  (36),  ¡á®«îâ® áå®-
¤ïé¥£®áï ¢® ¢á¥© ¯«®áª®áâ¨. �¬¥ï íâ® ¢ ¢¨¤ã, ®æ¥¨¬ ¬ ªá¨¬ «ìë© ç«¥ àï¤  (35) á¢¥àåã.

�«ï xn�1 � � < xn ¨¬¥¥¬

ln�(�) = tn(�I(tn) + �) <
tntn+1

tn+1 � tn

Z tn+1

tn

g(t)
t2

dt = q�n; n � 1:

� ¤àã£®© áâ®à®ë,
��(�) � jajnbjn je�jn�; �jn = tn; n � 1:

�®áª®«ìªã bjn = e�(tn) = e�n , â® ¤«ï xn�1 � � < xn ¯®«ãç ¥¬

ln��(�) � �n � tnI(tn) + tn� = �n + ln�(�) > �n; n � 1:

� ª¨¬ ®¡à §®¬, ¤«ï xn�1 � � < xn, n � 1, ¢ë¯®«ï¥âáï ®æ¥ª 

ln�(�)
ln��(�)

< q;

â. ¥.

lim
�!1

ln�(�)
ln��(�)

� q < 1: (37)
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�¡¥¤¨¬áï, çâ® F 2 D(�; R). �¥©áâ¢¨â¥«ì®, ¨¬¥¥¬

F (s) =
1X
n=1

e�tnI(tn)etns:

�® ¨§ (34) á«¥¤ã¥â I(tn) � � ln tn, n � 1, â. ¥.

M(�) = sup
jtj<1

jF (� + it)j �
1X
n=1

e��tn ln tn+tn�:

�® íâ® ®§ ç ¥â, çâ® [1] �R(F ) � ��1 <1.
� ª¨¬ ®¡à §®¬, ¥á«¨ ãá«®¢¨¥ (20) ¥ ¢ë¯®«ï¥âáï, a ¯®á«¥¤®¢ â¥«ì®áâì fbng W -®à¬ «ì ,

â®  ©¤¥âáï äãªæ¨ï F 2 D(�; R), ¤«ï ª®â®à®© ¨¬¥¥â ¬¥áâ® ®æ¥ª  (37).
�¥®¡å®¤¨¬®áâì ãáâ ®¢«¥ , ¨ â¥¬ á ¬ë¬ â¥®à¥¬  ¤®ª §  .
�¢â®àë ¯à¨§ â¥«ìë �.�.�¡ ¨ã §  ®¡áã¦¤¥¨¥ à ¡®âë ¨ ¯®«¥§ë¥ § ¬¥ç ¨ï.
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