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1. �¢¥¤¥¨¥

�« áá¨ç¥áª ï § ¤ ç  ® á®¢¯ ¤¥¨ïå áä®à¬ã«¨à®¢   �®¬®àâ®¬ ¢ 1708 £. �ãáâì ¬ë ¨¬¥¥¬,
 ¯à¨¬¥à, ¤¢¥ ª®«®¤ë ª àâ. �¥à¥â áã¥¬ ª®«®¤ë ª ¦¤ãî ¢ ®â¤¥«ì®áâ¨,   § â¥¬ à §«®¦¨¬  
áâ®«¥ ®¤ã ¯®¤ ¤àã£®©. �á«¨ á¢¥àåã ¨ á¨§ã ®ª § « áì ®¤  ¨ â  ¦¥ ª àâ , â® ¡ã¤¥¬ £®¢®à¨âì ®
á®¢¯ ¤¥¨¨. �§¢¥áâ®, çâ® áà¥¤¥¥ ç¨á«® á®¢¯ ¤¥¨© ¯à¨ â ª®¬ á®¯®áâ ¢«¥¨¨ ¯à¨ «î¡®¬ ç¨á«¥
ª àâ ¢ ª®«®¤¥ à ¢® 1. �á«¨ ¦¥ ¡ã¤¥¬ ã¢¥«¨ç¨¢ âì ç¨á«® ª àâ ¢ ª®«®¤¥, à á¯à¥¤¥«¥¨¥ ç¨á« 
á®¢¯ ¤¥¨© ¡ã¤¥â áâà¥¬¨âìáï ª à á¯à¥¤¥«¥¨î �ã áá®  á ¯ à ¬¥âà®¬ 1.

� à ¡®â å [1]{[3] ¡ë«® à áá¬®âà¥® á«¥¤ãîé¥¥ ®¡®¡é¥¨¥ íâ®© § ¤ ç¨. �ãáâì ¢ë¡®àª  (ui; ti)
(i = 1; : : : ; n) ®¡ê¥¬  n ¨§¢«¥ç¥  ¨§ ¤¢ã¬¥à®© £¥¥à «ì®© á®¢®ªã¯®áâ¨ á ¯«®â®áâìî à á-
¯à¥¤¥«¥¨ï f(x; y) > 0 ¯à¨ a < x < b, c < y < d: �®§¬®¦® a, c à ¢ë �1, a b, d à ¢ë +1.
�® ª®¬¯®¥âë ª ¦¤®£® ¢ë¡®à®ç®£® ¢¥ªâ®à  (ui; ti)  ¡«î¤ îâáï ®â¤¥«ì®, â ª çâ® ¨¬¥¥¬ ¤¢ 
 ¡®à   ¡«î¤¥¨©:

~t = (t1; : : : ; tn) |  ¡«î¤¥¨ï ¯¥à¢®© ª®¬¯®¥âë,
~u = (u1; : : : ; un) |  ¡«î¤¥¨ï ¢â®à®© ª®¬¯®¥âë.
� â¥¬ í«¥¬¥âë ª ¦¤®© ¨§ ¢ë¡®à®ª à á¯®« £ îâáï ¢ á«ãç ©®¬ ¯®àï¤ª¥ («î¡ ï ¯¥à¥áâ ®¢-

ª  (t1; : : : tn) ¨ (u1; : : : un) ï¢«ï¥âáï à ¢®¢¥à®ïâ®©). �¥®¡å®¤¨¬®  ©â¨ â ª®© á¯®á®¡ á®¥¤¨¥¨ï
í«¥¬¥â®¢ ¢ë¡®à®ª ~t ¨ ~u ¢ ¯ àë, çâ®¡ë  ¨«ãçè¨¬ ®¡à §®¬ à¥¯à®¤ãæ¨à®¢ âì ¯ àë ¨áå®¤®©
¢ë¡®àª¨. B [1] ¡ë«® ¯à¥¤«®¦¥® ¥áª®«ìª® ªà¨â¥à¨¥¢ ®¯â¨¬ «ì®áâ¨, ¢ ç áâ®áâ¨,  ) ¬ ªá¨-
¬¨§ æ¨ï ¢¥à®ïâ®áâ¨ à¥¯à®¤ãªæ¨¨ ¯ à ¨ ¡) ¬ ªá¨¬¨§ æ¨ï áà¥¤¥£® ç¨á«  á®¢¯ ¤¥¨©. �¯®á®¡
á®¥¤¨¥¨ï ¢ ¯ àë, ã¤®¢«¥â¢®àïîé¨© ªà¨â¥à¨î ¡), ¡ë«  §¢  \®¯â¨¬ «ìë¬" ¢ ®â«¨ç¨¥ ®â
ã¤®¢«¥â¢®àïîé¥£® ªà¨â¥à¨î  ) \¬ ªá¨¬ «ì®£® ¯à ¢¤®¯®¤®¡¨ï" (ML). �¯®á®¡, ¯à¨ ª®â®à®¬ ¢
¯ àë ®¡ê¥¤¨ïîâáï á®®â¢¥âáâ¢ãîé¨¥ í«¥¬¥âë ¢ à¨ æ¨®ëå àï¤®¢, ¡ã¤¥¬  §ë¢ âì  âãà «ì-
ë¬ á®¢¬¥é¥¨¥¬.

� á®¢®ªã¯®áâ¨ ¢ [1]{[3] ¡ë«¨ ¯®«ãç¥ë á«¥¤ãîé¨¥ à¥§ã«ìâ âë. �ãáâì ¯«®â®áâì à á¯à¥¤¥-
«¥¨ï £¥¥à «ì®© á®¢®ªã¯®áâ¨ f(x; y) > 0, x 2 R, y 2 R, ¨ ®¡« ¤ ¥â ¬®®â®ë¬ ®â®è¥¨¥¬
¯à ¢¤®¯®¤®¡¨ï

f(x1; y1)f(x2; y2) � f(x1; y2)f(x2; y1) ¤«ï x1 < x2; y1 < y2:

�®£¤   ) ML-¯à ¢¨«® ¥áâì  âãà «ì®¥ á®¢¬¥é¥¨¥; ¡) ®¯â¨¬ «ì®¥ ¯à ¢¨«® ¯à¥¤¯®« £ ¥â ®¡ê-
¥¤¨¥¨¥ ¢ ¯ àë  ¨¡®«ìè¨å ¨  ¨¬¥ìè¨å í«¥¬¥â®¢ ~t ¨ ~u; ¢) ¯à¨  âãà «ì®¬ á®¢¬¥é¥¨¨
áà¥¤¥¥ ç¨á«® á®¢¯ ¤¥¨© ¥ ¬¥ìè¥ 1, â. ¥.  âãà «ì®¥ á®¢¬¥é¥¨¥ ¢á¥£¤  ¥ åã¦¥ á«ãç ©®£®
®¡ê¥¤¨¥¨ï ¢ ¯ àë.

�á¥ íâ¨ ¢ë¢®¤ë ¡ë«¨ á¤¥« ë  ¢â®à ¬¨ ¤«ï «î¡ëå ®¡ê¥¬®¢ ¢ë¡®àª¨ n. �®§¦¥ ¢ [4], [5]
¡ë«¨ ¯®«ãç¥ë ¨â¥£à «ìë¥ ¯à¥¤áâ ¢«¥¨ï ¬ â¥¬ â¨ç¥áª®£® ®¦¨¤ ¨ï ¨ ¤¨á¯¥àá¨¨ ç¨á« 
á®¢¯ ¤¥¨©,   â ª¦¥ ¢ëç¨á«¥   á¨¬¯â®â¨ª  ¯à¨ n ! +1 áà¥¤¥£® ç¨á«  á®¢¯ ¤¥¨© ¯à¨
 âãà «ì®¬ á®¢¬¥é¥¨¨.

�¥«ìî ¤ ®© áâ âì¨ ï¢«ï¥âáï ¯®«ãç¥¨¥ ¨â¥£à «ì®£® ¯à¥¤áâ ¢«¥¨ï ¢á¥å ¬®¬¥â®¢ ç¨á« 
á®¢¯ ¤¥¨© (¯.2),   â ª¦¥ ¤®ª § â¥«ìáâ¢® â®£® ä ªâ , çâ®  á¨¬¯â®â¨ç¥áª®¥ à á¯à¥¤¥«¥¨¥ ç¨á« 
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á®¢¯ ¤¥¨© | à á¯à¥¤¥«¥¨¥ �ã áá®  á ¯ à ¬¥âà®¬ � =
Z b

a

f(x; y�(x))
f2(y�(x))

dx < 1, £¤¥ f2(y) =Z b

a

f(x; y)dx > 0 | ¬ à£¨ «ì ï ¯«®â®áâì à á¯à¥¤¥«¥¨ï ¢â®à®© ª®¬¯®¥âë,

F1(x) =
Z x

a

Z d

c

f(x; y)dx dy; F2(x) =
Z b

a

Z y

c

f(x; y)dx dy

| ¬ à£¨ «ìë¥ äãªæ¨¨ à á¯à¥¤¥«¥¨ï ui ¨ ti á®®â¢¥âáâ¢¥®,   y�(x) = F�1
2 (F1(x)).

�á«¨ ¦¥ � =1; â® à á¯à¥¤¥«¥¨¥ ç¨á«  á®¢¯ ¤¥¨©  á¨¬¯â®â¨ç¥áª¨ ®à¬ «ì®, â®ç¥¥

P

�
N �MNp

DN
< x

�
! �(x) =

1p
2�

Z x

�1

exp
��u2

2

�
du:

�à®¬¥ â®£®, ¯. 5 á®¤¥à¦¨â ¤®ª § â¥«ìáâ¢® á«¥¤ãîé¥£® ãâ¢¥à¦¤¥¨ï: ¤«ï «î¡®£® n ç¨á«®
á®¢¯ ¤¥¨© à á¯à¥¤¥«¥® ¯® à ¤®¬¨§¨à®¢ ®¬ã ¡¨®¬¨ «ì®¬ã § ª®ã.

2. �â¥£à «ìë¥ ¯à¥¤áâ ¢«¥¨ï ¬®¬¥â®¢

� ¤ «ì¥©è¥¬ ¤«ï ®¯à¥¤¥«¥®áâ¨ ¯®«®¦¨¬ f(x; y) > 0, x 2 R, y 2 R. �â ª, ¯ãáâì ¨§ ¤¢ã¬¥à-
®© £¥¥à «ì®© á®¢®ªã¯®áâ¨ á ¯«®â®áâìî f(x; y) ¨§¢«¥ç¥  ¢ë¡®àª  ((t1; : : : ; tn); (u1; : : : ; un))
®â¤¥«ì® ¯® ª®¬¯®¥â ¬. �ãáâì, ªà®¬¥ â®£®, (x1; x2; : : : ; xn) | ã¯®àï¤®ç¥ë¥ (t1; t2; : : : ; tn),
  (y1; y2; : : : ; yn) | ã¯®àï¤®ç¥ë¥ (u1; u2; : : : ; un). �ã¤¥¬ ®¡ê¥¤¨ïâì ¢ ¯ àë xi c yi | ¢ íâ®¬
á®áâ®¨â  âãà «ì®¥ á®¢¬¥é¥¨¥.

�«ãç ©ë¥ ¢¥«¨ç¨ë �i ¢¢¥¤¥¬ á«¥¤ãîé¨¬ ®¡à §®¬: �i = 1, ¥á«¨ áà¥¤¨ ®¡à §®¢ ¢è¨åáï ¯ à
¯à¨áãâáâ¢ã¥â ¯ à  (ti; ui), ¨ �i = 0 ¢ ¯à®â¨¢®¬ á«ãç ¥.

�ãáâì N | ç¨á«® á®¢¯ ¤¥¨©. �ç¥¢¨¤®, N =
nP
i=1

�i ¨ �i § ¢¨á¨¬ë á¨¬¬¥âà¨ç®. �®£¤ 

MNk =M

� nX
i=1

�i

�k
=M

X
(k1;:::;kn)

�k11 �
k2
2 � � ��knn

k1!k2! � � � kn! k! =
kX
j=1

cjkn!
(n� j)!

M(
jY

m=1

�m); (2.1)

â. ª. �ki = �i ¤«ï «î¡ëå æ¥«ëå i ¨ k, M�i1�i2 � � ��ij =M�1�2 � � ��j ¢ á¨«ã á¨¬¬¥âà¨ç®© § ¢¨á¨-
¬®áâ¨ �i: �¥®¡å®¤¨¬® ¢ëç¨á«¨âì ¬®¬¥âë ¢¨¤  M(�1 � � ��k):

�¥âàã¤® ¢¨¤¥âì, çâ® M(�1 : : : �k) = P (�1 = 1; : : : ; �k = 1): � ä¨ªá¨àã¥¬ ¯¥à¢ë¥ k ¯ à
(t1; u1); : : : ; (tk; uk): �ãáâì ¢á¥ íâ¨ ¯ àë ¨áâ¨ë ¯à¨  âãà «ì®¬ á®¢¬¥é¥¨¨, (x1; : : : ; xk) ã¯®-
àï¤®ç¥ë ¯® ¢®§à áâ ¨î (t1; : : : ; tk),   (y1; : : : ; yk) ã¯®àï¤®ç¥ë (u1; : : : ; uk). �®£¤  ¬®¦¥-
áâ¢  ¯ à f(x1; y1); : : : ; (xk; yk)g ¨ f(t1; u1); : : : ; (tk; uk)g á®¢¯ ¤ îâ. �®á¬®âà¨¬, ª ª ¬®£ãâ à á¯à¥-
¤¥«¨âìáï ®áâ «ìë¥ n�k ¯ à. �á®, çâ®, á«®¦¨¢ ¢¥à®ïâ®áâ¨ ¢®§¬®¦ëå ¨áå®¤®¢, ¡ã¤¥¬ ¨¬¥âì
¨áª®¬ãî ¢¥à®ïâ®áâì.

�â®¡ë ®¡«¥£ç¨âì ®¯¨á ¨¥ ¯à®æ¥¤ãàë ¯®¤áç¥â , ¢¢¥¤¥¬ ¥áª®«ìª® ¯®ïâ¨©.
�ãáâì ¯ àë (xi; yi), i 2 1; : : : ; k, ¨áâ¨ë ¯à¨  âãà «ì®¬ á®¢¬¥é¥¨¨. �®çª¨ á ª®®à¤¨ â -

¬¨ (xi; yi), i 2 1; : : : ; k,  §®¢¥¬ ã§« ¬¨. � ¦¤ë© ã§¥« ¯àï¬ë¬¨ y = yi ¨ x = xi ¤¥«¨â ¯«®áª®áâì
  ç¥âëà¥ ç áâ¨. �ç¥¢¨¤®, ¤«ï ª ¦¤®£® ã§«  ç¨á«® ®áâ «ìëå ¯ à, ¯®¯ ¢è¨å ¢ «¥¢ãî ¢¥àå-
îî ç¥â¢¥àâì, ¨ ¢ ¨¦îî ¯à ¢ãî ¤®«¦ë á®¢¯ ¤ âì. �â® ç¨á«® ¤«ï i-© ¨áâ¨®© ¯ àë ¡ã¤¥¬
 §ë¢ âì i-¬ ïé¨ª®¬ ¨ ®¡®§ ç âì Si. � «¥¥, «¥¢ãî ¢¥àåîî ç¥â¢¥àâì  §®¢¥¬ ¤«ï ã¤®¡áâ¢ 
i-¬ ¢¥àå¨¬ ïé¨ª®¬, ¯à ¢ãî ¨¦îî | i-¬ ¨¦¨¬ ïé¨ª®¬.

� ¦¤®© ª«¥âª¥ á®¯®áâ ¢¨¬ ¢¥à®ïâ®áâì ¯®¯ ¤ ¨ï ¢ ¥¥ ¨ ç¨á«® ¯ à, ¢ ¥¥ ¯®¯ ¢è¨å. �«¥âª 
| ¯àï¬®ã£®«ì¨ª, ®£à ¨ç¥ë© ¯àï¬ë¬¨ y = yi, y = yi+1, x = xi, x = xi+1, £¤¥ x0 = y0 = �1,
xk+1 = yk+1 = +1. �ã¬¥à æ¨î áâà®ª ¡ã¤¥¬ ¢¥áâ¨ á¨§ã ¢¢¥àå, áâ®«¡æ®¢ | á«¥¢   ¯à ¢®.

�«ï ª ¦¤®£® ïé¨ª  ç¨á«® ¯ à, ¯®¯ ¢è¨å ¢ ª«¥âª¨, ¯à¨«¥£ îé¨¥ ª £« ¢®© ¤¨ £® «¨ (á®-
¥¤¨ïîé¥© «¥¢ãî ¨¦îî ª«¥âªã á ¯à ¢®© ¢¥àå¥©), ¡ã¤¥¬ ¢ëç¨á«ïâì ª ª Si ¬¨ãá ç¨á«®
¯ à, ¯®¯ ¢è¨å ¢ ®áâ «ìë¥ ª«¥âª¨ ïé¨ª . �â¨ ª«¥âª¨  §®¢¥¬ á®®â¢¥âáâ¢¥® à¥§ã«ìâ¨àãîé¨-
¬¨ ¢¥àå¥£® (¨¦¥£®) ïé¨ª . �«¥âª¨ ïé¨ª , ¥ ¯à¨«¥£ îé¨¥ ª £« ¢®© ¤¨ £® «¨,  §®¢¥¬
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í«¥¬¥â ¬¨ ïé¨ª . �®   «®£¨¨ á ¯®ïâ¨¥¬ ïé¨ª  ¡ã¤¥¬ ç¨á«ã ¯ à, ¯®¯ ¢è¨å ¢ ª«¥âªã, ¤ ¢ âì
â® ¦¥  §¢ ¨¥, çâ® ¨ á ¬®© ª«¥âª¥.

�â ª, ¯ãáâì kij | í«¥¬¥â ïé¨ª . �¨¬¢®«®¬
P(1)
i ¡ã¤¥¬ ®¡®§ ç âì áã¬¬ë í«¥¬¥â®¢ i-£®

¢¥àå¥£® ïé¨ª , á¨¬¢®«®¬
P(2)
i | i-£® ¨¦¥£®. �ãáâì,  ª®¥æ, pij | ¢¥à®ïâ®áâì ¯®¯ ¤ ¨ï

¢ ª«¥âªã (i; j), g = 1� P
i6=j

pij ,  
P� | ç¨á«® ¯ à, ¥ ¯®¯ ¢è¨å   £« ¢ãî ¤¨ £® «ì. �áª®¬ ï

¢¥à®ïâ®áâì à ¢ 

X
kij ;Si

(n� k)!
Q

ji�jj�2

p
kij
ij

Q
i

�
p
Si�
P

(2)

i

i;i+1

��
p
Si�
P

(1)

i

i+1;i

��
gn�k�
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Q
ji�jj�2
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Q
i

�
Si �

P(1)
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�
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�
Si �

P(2)
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�
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�
n� k �P�

�
!
;

£¤¥ áã¬¬¨à®¢ ¨¥ ¯à®¢®¤¨âáï ¯à¨ ¥®âà¨æ â¥«ì®áâ¨ ¢á¥å ç¨á¥«, áâ®ïé¨å ¢ § ¬¥ â¥«¥ ¯®¤
§ ª®¬ ä ªâ®à¨ « ; kij ¨áç¥§«¨ ¯à¨ áã¬¬¨à®¢ ¨¨ (á¬. [4]).

�¥£ª® ¢¨¤¥âì, çâ® ª ¦¤ë© ç«¥ áã¬¬ë à ¢¥

1
(2�i)k2+k

Z

��Ck2+k

�
g +

P
i6=j

pijuij
�n�k

du

Q
i6=j

uij
Q

ji�jj�2

u
kij
ij

Q
i

�
u
Si�
P

(1)

i

i;i+1 u
Si�
P

(2)

i

i+1;i

� ;

£¤¥ � | ¤¥ª àâ®¢® ¯à®¨§¢¥¤¥¨¥ k2+k § ¬ªãâëå ª®âãà®¢   ª®¬¯«¥ªáëå ¯«®áª®áâïå, á®¤¥à-
¦ é¨å â®çªã (0; 0) ¢ãâà¨ á¥¡ï. �á«¨ ª ª ï-â® ¨§ áâ¥¯¥¥© ¢ § ¬¥ â¥«¥ ¡ã¤¥â ¡®«ìè¥ n�k, â®
á®®â¢¥âáâ¢ãîé¨© ¨â¥£à « ®¡à â¨âáï ¢ ã«ì; ¯®íâ®¬ã áã¬¬¨à®¢ ¨¥ ¯® ¢á¥¬ ¯¥à¥¬¥ë¬ ¬®¦-
® ¢¥áâ¨ ¤® ¡¥áª®¥ç®áâ¨. �¥¯¥àì ¢á¥ áã¬¬ë ¯® kij | ¡¥áª®¥çë¥ £¥®¬¥âà¨ç¥áª¨¥ ¯à®£à¥áá¨¨.
�ë¡¥à¥¬ ª®âãà ¨â¥£à¨à®¢ ¨ï â ª, çâ®¡ë íâ¨ ¯à®£à¥áá¨¨ ¡¥áª®¥ç® ã¡ë¢ «¨.

�¡®§ ç¨¢ ¨áª®¬ãî ¢¥à®ïâ®áâì ¯à¨ ä¨ªá¨à®¢ ëå (x1; y1); (x2; y2); : : : ; (xk; yk) ç¥à¥§ P , ¡ã-
¤¥¬ ¨¬¥âì

P =
1

(2�i)k2+k
X
Si

Z

��Ck2+k

�
g +

P
i6=j

pijuij
�n�k

Q
i

(ui;i+1ui+1;i)Si
Q
i6=j

uij
Q

i�j>1

�
1�

i�1Q
m=j

um+1;m=uij
� �

� du

Q
i�j<�1

�
1�

j�1Q
m=i

um;m+1=uij
� :

�à®¨â¥£à¨àã¥¬ ¯® uij , £¤¥ ji � jj > 1, § â¥¬ ¯à®áã¬¬¨àã¥¬ ¯® ïé¨ª ¬ ¨ ¯à®¨â¥£à¨àã¥¬ ¯®
ui+1;i, â. ¥. ¯® á®®â¢¥âáâ¢ãîé¨¬ à¥§ã«ìâ¨àãîé¨¬ ¢¥àå¨å ïé¨ª®¢. � ¨â®£¥ ¯®«ãç¨¬

P =
1

(2�i)k

Z
��Ck

f(u)du;

£¤¥

f(u) =

�
g +

P
i<j

�
pij

j�1Q
m=i

um;m+1 + pji
j�1Q
m=i

u�1m;m+1

��n�k

kQ
i=1

ui;j+1

:

�áâ «®áì ®áà¥¤¨âì P ¯® ¢®§¬®¦ë¬ § ç¥¨ï¬ (x1; y1); (x2; y2); : : : ; (xk; yk) ¨ ãç¥áâì, çâ® ¢á¥£®
áãé¥áâ¢ã¥â k! ¯¥à¥áâ ®¢®ª (x1; y1); (x2; y2); : : : ; (xk; yk). �®£¤  ¤«ï ¬®¬¥â  M(�1 : : : �k) ¨¬¥¥¬
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¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥

k!
(2�i)k

Z
� � �
Z

x1<���<xk

�
Z
� � �
Z

y1<���<yk

�
Z

��Ck

f(u)du�
kY
i=1

(f(xi; yi)dxidyi): (2.2)

�«ï  å®¦¤¥¨ï MNk ®áâ «®áì ¯à¨¬¥¨âì (2.1).

3. �á¨¬¯â®â¨ª  MNk ¯à¨ n!1

� ª ¨ ¢ ¯à¥¤ë¤ãé¥¬ ¯ãªâ¥, § ©¬¥¬áï á ç «  ¬®¬¥â ¬¨ ¢¨¤  M(�1 � � ��k),   § â¥¬ ¢®á-
¯®«ì§ã¥¬áï ä®à¬ã«®© (2.1).

�«ï  å®¦¤¥¨ï  á¨¬¯â®â¨ª¨M(�1 � � ��k) ¯à¨¬¥¨¬ ¬¥â®¤ ¯¥à¥¢ «  ¯® ¯¥à¥¬¥ë¬ um;m+1

¨ ¬¥â®¤ � ¯« á  ¯® ¯¥à¥¬¥ë¬ yi. �¡®§ ç¨¬

H = H(u; x; y) = g +
X
i<j

�
pij

j�1Y
m=i

um;m+1 + pji

j�1Y
m=i

u�1m;m+1

�
;

£¤¥

g = 1�
X
i<j

(pij + pji);

u = (u12; u23; : : : ; uk;k+1); x = (x1; : : : ; xk); y = (y1; : : : ; yk);

¯à¨ç¥¬ y1 < y2 < � � � < yk, x1 < x2 < � � � < xk.
�«ï  å®¦¤¥¨ï  á¨¬¯â®â¨ª¨ ¨â¥£à «  ¯® § ¬ªãâ®¬ã ª®âãàã � ¥®¡å®¤¨¬®  ©â¨ â®çªã,

¢ ª®â®à®© ¤®áâ¨£ ¥âáï ¬¨¨¬ ªá

min
�2G

max
u2�

ReH(u; x; y); (3.1)

£¤¥ G | ¬®¦¥áâ¢® ¢á¥å ª®âãà®¢, á®åà ïîé¨å § ç¥¨¥ ¨â¥£à « . � ª ç¥áâ¢¥ ª®âãà®¢ G
¡ã¤¥¬ à áá¬ âà¨¢ âì ®ªàã¦®áâ¨ um;m+1 = rm exp(i m), m = 1; : : : ; k. �®£¤  ¤«ï  å®¦¤¥¨ï
 á¨¬¯â®â¨ª¨ ¨â¥£à «  (2.2) ã¦®  ©â¨ â®çªã (y�; u�), ¢ ª®â®à®© ¤®áâ¨£ ¥âáï ¬¨¨¬ ªá

L(x) = max
y

min
rm

max
 m

Re H(u; x; y): (3.2)

�¥®à¥¬  1. �¨¨¬ ªá ¢ (3:2) L(x) � 1 8x ¨ ¤®áâ¨£ ¥âáï ¯à¨

u�m;m+1 = 1; m = 1; : : : ; k; y�i (xi) = F�1
2 (F1(xi)); i = 1; : : : ; k;

£¤¥

F1(x) =
Z x

�1

Z +1

�1

f(x; y)dx dy; F2(y) =
Z +1

�1

Z y

�1

f(x; y)dx dy:

�®ª § â¥«ìáâ¢®. � ©¤¥¬ á ç «  max
 m

ReH(u; x; y). �¬¥¥¬

ReH(u; x; y) = Re
�
g +

X
i<j

(pijri : : : rj�1 exp (i( 1 + � � �+  j�1))) +

+ pjir
�1
i : : : r�1j�1 exp(�i( 1 + � � �+  j�1))

�
=

= g +
X
i<j

(pijri : : : rj�1 cos( 1 + � � �+  j�1) + pjir
�1
i : : : r�1j�1 cos( 1 + � � � +  j�1));

¨ ¬ ªá¨¬ã¬ ¤®áâ¨£ ¥âáï ¯à¨  1 =  2 = � � � =  k = 0:
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� â®çª¥ ¬¨¨¬ ªá  @H

@y1
= 0 , ¯®íâ®¬ã

@H

@y1
= �(1� r1)

Z x1

�1

f(x; y1)dx+
�
1� 1

r1

�Z x2

x1

f(x; y1)dx+

+
�
1� 1

r1r2

�Z x3

x2

f(x; y1)dx+ � � �+
�
1� 1

r1 : : : rk�1

�Z +1

xk

f(x; y1)dx�

�
�
1� 1

r2

�Z x3

x2

f(x; y1)dx�
�
1� 1

r2r3

�Z x4

x3

f(x; y1)dx� � � � �
�
1� 1

r2 : : : rk�1

�Z +1

xk

f(x; y1)dx =

= (r1 � 1)
�Z x1

�1
f(x; y1)dx+

1
r1

Z x2

x1

f(x; y1)dx+
1
r1r2

Z x3

x2

f(x; y1)dx+ � � �+

+
1

r1 : : : rk�1

Z +1

xk

f(x; y1)dx
�
= 0:

�âáî¤  r1 = 1. � «®£¨ç®, ¨§ ãá«®¢¨ï @H

@yi
= 0 á«¥¤ã¥â ri = 1, i = 2; : : : ; k.

�â ª, ¬¨¨¬ ªá ¤®áâ¨£ ¥âáï ¯à¨ u�m;m+1 = 1, m = 1; : : : ; k, ¯®íâ®¬ã @H

@um;m+1

��
u�=1

= 0. � ç¨â,

@H

@um;m+1

����
u�=1

=
X
i<j

(pij � pji) =
Z xm

�1

Z +1

ym

f(x; y)dx dy �
Z +1

xm

Z ym

�1

f(x; y)dx dy = 0:

�®áª®«ìªã F1(x) ¨ F2(y) | ¢®§à áâ îé¨¥ ¥¯à¥àë¢ë¥ äãªæ¨¨, â® 8xm 2 R 9 z 2 (0; 1) :
F1(xm) = z,   ¤«ï z 9 ym : F2(ym) = z. �«¥¤®¢ â¥«ì®, F1(xm) = F2(ym),   L(x) = 1.

�¥¯¥àì ¬®¦® ¯®«ãç¨âì  á¨¬¯â®â¨ªã ¨â¥£à «  (2.2) (á¬. [6], á. 418, ¯à¥¤«®¦¥¨¥ 4.1, á. 122,
â¥®à¥¬  4.1) ¢ ¢¨¤¥

k!
Z
� � �
Z

x1<���<xk

Q
i

f(xi; y�i )dxir
detH(z; x; y)00zz

��
z=1
y=y�

detH(r�; x; y)00xy
��
r�=1
y=y�

; (3.3)

£¤¥ r�(x; y) | à ¤¨ãá ¯¥à¥¢ «ì®£® ª®âãà ,   y� : F1(xm) = F2(y�m) 8m. � ¬¥â¨¬, çâ® ¢ â®çª¥
(r� = 1; y = y�) pij = pji ¤«ï «î¡ëå i ¨ j.

4. �ëà ¦¥¨¥ ¤«ï DN

�®«ãç¨¬ ¢ëà ¦¥¨¥ DN = MN 2 � (MN)2 = nM�1 + n(n � 1)M�1�2 � n2(M�1)2. � ©¤¥¬
lim

n!+1
n(n� 1)M�1�2. � á®®â¢¥âáâ¢¨¨ á (3.3) ¨¬¥¥¬

n2M�1�2 � 2!
ZZ

x1<x2

f(x1; y�1(x1))f(x2; y
�
2(x2))dx1dx2r

detH(z; x; y)00zz
��
z=1
y=y�

detH(r�; x; y)00xy
��
r�=1
y=y�

:

�¥®à¥¬  2. �¬¥¥â ¬¥áâ® à ¢¥áâ¢®
r
detH(z; x; y)00zz

��
z=1
y=y�

detH(r�; x; y)00xy
��
r�=1
y=y�

= f2(y�1)f2(y
�
2) > 0: (4.1)

�®ª § â¥«ìáâ¢®. �«ï k = 2 ¨¬¥¥¬

H = g + p12z1 + p21
1
z1
+ p23z2 + p32

1
z2

+ p13z1z2 + p31
1
z1z2

¨
detH(z; x; y)00zz

��
z=1
y=y�

= 4(p12p23 + p12p13 + p23p13):
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�«ï ¯®«ãç¥¨ï ¢â®à®£® ®¯à¥¤¥«¨â¥«ï  ©¤¥¬ ¯à®¨§¢®¤ë¥ ¢¨¤  (r�i )
0
yj
¢ â®çª¥ (r� = 1; y =

y�). � ª ª ª r� | à ¤¨ãá ¯¥à¥¢ «ì®£® ª®âãà , â® H(r�; x; y)0r�
i
= 0, â. ¥.

p12 � p21
(r�1)2

+ p13r
�
2 �

p31
(r�1)2r�2

= 0; p23 � p32
(r�2)2

+ p13r
�
2 �

p31
(r�2)2r�1

= 0:

�à®¤¨ää¥à¥æ¨àã¥¬ ª ¦¤®¥ ¨§ íâ¨å ãà ¢¥¨© ¯® y1

f2(y1) + 2r�
0

1 y1
(p12 + p13) + 2p13r�

0

2y1
= 0; 2r�

0

1 y1
(p23 + p13) + 2p13r�

0

1 y1
= 0:

�âáî¤ 

r�
0

1y1
= �f2(y1)

2
p23 + p13

p23p13 + p12p13 + p23 + p12
; r�

0

2y1
=
f2(y1)
2

p13
p23p13 + p12p13 + p23 + p12

: (4.2)

� «®£¨ç®,

r�
0

1y2
=
f2(y2)
2

p13
p23p13 + p12p13 + p23p12

; r�
0

2y2
= �f2(y2)

2
p13 + p12

p23p13 + p12p13 + p23p12
: (4.20)

�¢¥¤¥¬ ®¡®§ ç¥¨ï r�
0

iyj
= aij ; (p12�p21)0yj = b1j ; (p13�p31)0yj = b2j ; (p23�p32)0yj = b3j . �ç¨âë¢ ï,

çâ® b21 = �b31 = f2(y1)� b11; b22 = �b12 = f2(y2)� b32, ¨¬¥¥¬

H 00
y1y1

= 2a11b11 + 2a21b31 + 2a211p12 + 2a221p23 + 2b21(a11 + a21) + 2p13(a11 + a21)
2 =

= 2a11f2(y1) + 2a211p12 + 2a221p23 + 2p13(a11 + a21)
2;

H 00
y2y2

= 2a22f2(y2) + 2a212p12 + 2a222p23 + 2p13(a12 + a22)
2; (4.3)

H 00
y1y2

= a12f2(y1) + a212f2(y2) + 2a11a12p12 + 2a21a22p23 + 2p13(a12 + a22)(a11 + a21):

�®¤áâ ¢¨¢ (4.2), (4.20) ¢ (4.3), ¯®«ãç¨¬

H 00
y1y1

H 00
y2y2

� (H 00
y1y2

)2 = f 22 (y1)f
2
2 (y2)

�
a11a22

1
f2(y1)f2(y2)

�
�

a12
f2(y2)

+
a21
f2(y1)

�2�
=

= f 22 (y1)f
2
2 (y2)

1
4(p12p13 + p12p23 + p23p13)

;

®âáî¤  ¢ëâ¥ª ¥â (4.1).

�¥¯¥àì  á¨¬¯â®â¨ª  M�1�2 § ç¨â¥«ì® ã¯à®é ¥âáï. �à¨ n! +1 ¨¬¥¥¬

n2M�1�2 � 2
ZZ

x1<x2

f(x1; y�1)f(x2; y
�
2)

f2(y�1)f2(y�2)
dx1dx2 =

=
Z +1

�1

Z +1

�1

f(x1; y�1)f(x2; y
�
2)

f2(y�1)f2(y�2)
dx1dx2 =

�Z +1

�1

f(x1; y�1)
f2(y�1)

dx1

�2
= (nM�1)

2:

� ¨â®£¥

DN �MN �
Z +1

�1

f(x1; y�1)
f2(y�1)

dx1 = � > 0:
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5. �¨¤ à á¯à¥¤¥«¥¨ï ç¨á«  á®¢¯ ¤¥¨©

�à¥¤«®¦¥¨¥ ([7], á. 265). �ãáâì á«ãç ©ë¥ ¢¥«¨ç¨ë �1; : : : ; �n ¯à¨¨¬ îâ â®«ìª® § -
ç¥¨ï 0 ¨ 1 ¨ á¨¬¬¥âà¨ç® § ¢¨á¨¬ë. �®£¤ 

1. ¬®¬¥âë Cnk = M(�1 � � ��k) ®¡à §ãîâ ¢¯®«¥ ¬®®â®ãî ¯®á«¥¤®¢ â¥«ì®áâì (â. ¥.
§ ª¨ ª®¥çëå à §®áâ¥© í«¥¬¥â®¢ ¯®á«¥¤®¢ â¥«ì®áâ¨ ç¥à¥¤ãîâáï) ¤«ï ª ¦¤®£® n;

2. áãé¥áâ¢ã¥â á«ãç © ï ¢¥«¨ç¨  �n, à á¯à¥¤¥«¥¨¥ ª®â®à®© á®áà¥¤®â®ç¥®   à¥è¥âª¥
j=n, j = 0; : : : ; n, â ª ï, çâ® M�kn = Cnk;

3. á«ãç ©ë¥ ¢¥«¨ç¨ë Nn à á¯à¥¤¥«¥ë ¯® à ¤®¬¨§¨à®¢ ®¬ã ¡¨®¬¨ «ì®¬ã § ª®ã

P (Nn = k) =
nX
l=0

Ck
n

�
l

k

�k�
1� l

k

�nk
P

�
�n =

l

k

�
:

�¥®à¥¬  3. �ãáâì Nn | ç¨á«® á®¢¯ ¤¥¨© ¤«ï ®¡ê¥¬  ¢ë¡®àª¨ n,

Cnk =M(�1 � � ��k); Sk = lim
n!+1

nkCnk:

�®£¤ 

 ) áãé¥áâ¢ã¥â á«ãç © ï ¢¥«¨ç¨  �, à á¯à¥¤¥«¥¨¥ ª®â®à®© á®áà¥¤®â®ç¥®   à¥è¥âª¥

j=n, j = 0; : : : ; n, â ª ï, çâ® M�kn = Cnk, ¨ p(Nn = k) =
nP
l=0

Ck
nl
k(1� l)n�kP

�
�n = l

k

�
;

¡) ¤«ï «î¡®£® ç áâ¨ç®£® á« ¡®£® ¯à¥¤¥«  N ¯®á«¥¤®¢ â¥«ì®áâ¨ Nn áãé¥áâ¢ã¥â �
D=

lim
n!+1

n�n : M�k = Sk ¨ à á¯à¥¤¥«¥¨¥ N | à ¤®¬¨§¨à®¢ ®¥ ¯® ¯ à ¬¥âàã à á¯à¥¤¥-

«¥¨¥ �ã áá® 

P (N = k) =
+1X
l=0

e�llk

k!
P (� = l):

�®ª § â¥«ìáâ¢®. �¥£ª® ¢¨¤¥âì, çâ® ãâ¢¥à¦¤¥¨¥  ) ¯àï¬® á«¥¤ã¥â ¨§ ¯¯. 2, 3 ¯à¥¤«®¦¥¨ï,
â. ª. �1; �2; : : : ; �k á¨¬¬¥âà¨ç® § ¢¨á¨¬ë.

¡) �ãáâì �n = n�n, Fn | äãªæ¨ï à á¯à¥¤¥«¥¨ï �n. �¥£ª® ¯®ª § âì, çâ® ¯®á«¥¤®¢ â¥«ì-
®áâì �n áâ®å áâ¨ç¥áª¨ ®£à ¨ç¥ . �¥©áâ¢¨â¥«ì®, ¨§ ¥à ¢¥áâ¢  �¥¡ëè¥¢ 

P (�n � t) � 1
t2
M(�2n):

�«ï ä¨ªá¨à®¢ ®£® "�(n > n�) ! P (�n � t) � 1
t2
(S2 + "�): �®£¤  8(" > 0; n > n�) áãé¥áâ¢ã¥â

a =
p
S2 + "�= " : P (�n � a) � ", çâ® ¨ ®§ ç ¥â áâ®å áâ¨ç¥áªãî ®£à ¨ç¥®áâì ¯®á«¥¤®¢ -

â¥«ì®áâ¨ �n. �¥¯¥àì ¨§ â¥®à¥¬ë �¥««¨ ® ¢ë¡®à¥ ([7], á. 307) ïá®, çâ® ¥á«¨ ¯®á«¥¤®¢ â¥«ì®áâì
Fn ¨ ¥ ¨¬¥¥â ¯à¥¤¥« , â® ¢á¥ ¥¥ ç áâ¨çë¥ ¯à¥¤¥«ë ¡ã¤ãâ äãªæ¨ï¬¨ à á¯à¥¤¥«¥¨ï ¨ ¡ã¤ãâ
®¡« ¤ âì â¥¬ á¢®©áâ¢®¬, çâ® ¨å k-© ¬®¬¥â à ¢¥ Sk. �ë¡¥à¥¬ «î¡®© ¨§ íâ¨å ¯à¥¤¥«®¢. �ãáâì �
{ á«ãç © ï ¢¥«¨ç¨ , ¥¬ã á®®â¢¥âáâ¢ãîé ï. � «¥¥ ãâ¢¥à¦¤¥¨¥ ¡) áâ ®¢¨âáï ®ç¥¢¨¤ë¬.

6. �á¨¬¯â®â¨ç¥áª®¥ à á¯à¥¤¥«¥¨¥ ç¨á«  á®¢¯ ¤¥¨©

�«ï  å®¦¤¥¨ï ¯à¥¤¥«ì®£® à á¯à¥¤¥«¥¨ï ç¨á«  á®¢¯ ¤¥¨© ¢®á¯®«ì§ã¥¬áï ¬¥â®¤®¬ ¬®-
¬¥â®¢. �à¥¦¤¥ ¢á¥£® ¬¥â®¤®¬ ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨ ¢ë¢¥¤¥¬ à¥ªãàà¥âë¥ á®®â®è¥¨ï
¤«ï ª®íää¨æ¨¥â®¢ cjk ¢ (2.1).

�à¨ k = 1, ®ç¥¢¨¤®, c11 = 1. �à¥¤¯®«®¦¨¬, çâ® ¨§¢¥áâë cjk, j = 1; : : : ; k, ¨

MNk+1
n =M

� kX
j=1

cjk
X

� � �
X

i1 6=i2 6=���6=ij

�i1 : : : �ij

�� nX
i=1

�i

�
=

=M

� kX
j=1

cjk
X

� � �
X

i1 6=���6=ij+1

�i1 : : : �ij+1
+

kX
j=1

jcjk
X

� � �
X

i1 6=���6=ij

�i1 : : : �ij

�
:

� ª¨¬ ®¡à §®¬, c1;k+1 = 1, cj;k+1 = cj�1;k + jcjk .
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�à¥¤¯®«®¦¨¬, çâ® ájk áãâì ª®íää¨æ¨¥âë ¯®«¨®¬  �k(�) =
kP
j=1

cjk�
k, â®£¤ 

�1(�) = 1;

�k+1(�) = �(�k(�) + �0k(�)); k = 2; 3; : : :
(6.1)

�§ (2.1) ¨ (3.3) ¨¬¥¥¬ lim
n!1

MNk
n =

kP
j=1

cjk�
j = �k(�), £¤¥ � = lim

n!1
nM�1.

� ç «ìë¥ ¬®¬¥âë á«ãç ©®© ¢¥«¨ç¨ëW , ¯®¤ç¨¥®© à á¯à¥¤¥«¥¨î�ã áá® , ã¤®¢«¥-
â¢®àïîâ (6.1). �¥©áâ¢¨â¥«ì®, MW = � = �1(�). �à¥¤¯®«®¦¨¬ MW k = �k(�). �â® ®§ ç ¥â,

çâ® �(k)(t) = (Meitw)(k) = e�(e
it�1)(�k(�eit))ik = e�(e

it�1)
kP
j=1

cjk�
jeijtik. �¨ää¥à¥æ¨àãï ¯®á«¥¤-

¥¥ à ¢¥áâ¢®, ¨¬¥¥¬ �(k+1)(t) = e�(e
it�1)

� kP
j=1

�eiticjk�
jeijt + ijcjk�

jeijt
�
ik = e�(e

it�1)�k+1(�eit)ik+1.

�«¥¤®¢ â¥«ì®, MW k+1 = �k+1(�).
� ª ª ª à á¯à¥¤¥«¥¨¥ �ã áá®  ®¤®§ ç® ®¯à¥¤¥«ï¥âáï á¢®¨¬¨ ¬®¬¥â ¬¨, ¯à¥¤¥«ì®¥

à á¯à¥¤¥«¥¨¥ Nn ¯ã áá®®¢áª®¥.
� ¬¥â¨¬, çâ® ¯à¨ � <1 íâ®â à¥§ã«ìâ â á«¥¤ã¥â ¨§ â¥®à¥¬ë 3, ¯®áª®«ìªã

M� = lim
n!1

M�n = � < +1;

M�2n = (M�n)
2 + o((M�n)

2) = (M�n)
0 + o(1);

â. ª. n2M�1�2 � (nM�1)
2 ¨ D� = lim

n!1
D�n = 0:

�®ª ¦¥¬, çâ® ¯à¨ � ! 1 à á¯à¥¤¥«¥¨¥ ç¨á«  á®¢¯ ¤¥¨© N  á¨¬¯â®â¨ç¥áª¨ ®à¬ «ì-
®. �ãáâì fWng | ¯®á«¥¤®¢ â¥«ì®áâì á«ãç ©ëå ¢¥«¨ç¨, ¯®¤ç¨¥ëå § ª®ã �ã áá®  á
¯ à ¬¥âà ¬¨ �n = nM�1. �«ãç ©ë¥ ¢¥«¨ç¨ë Nn ¨ Wn ®¯à¥¤¥«¥ë   ®¤®¬ ¨ â®¬ ¦¥ ¢¥à®-
ïâ®áâ®¬ ¯à®áâà áâ¢¥ Z ¨ áå®¤ïâáï ¯® à á¯à¥¤¥«¥¨î ª ®¤®© ¨ â®© ¦¥ á«ãç ©®© ¢¥«¨ç¨¥
W , ¯®íâ®¬ã Nn �Wn

p!
n!0

0: �¬¥¥¬ Nn = Wn + (Nn �Wn), ¯®áª®«ìªã ¯à¨ �!1 à á¯à¥¤¥«¥¨¥

Wn  á¨¬¯â®â¨ç¥áª¨ ®à¬ «ì®, â ª¨¬ ¦¥ ï¢«ï¥âáï ¨ ¯à¥¤¥«ì®¥ à á¯à¥¤¥«¥¨¥ Nn, â.¥.

P

�
Nn �MNnp

DNn

< x

�
! �(x):

�¨â¥à âãà 
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