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� áâ âì¥ ¯à®¤®«¦ îâáï ¨áá«¥¤®¢ ¨ï ¯® ¯®¢¥¤¥¨î ª®ä®à¬®£® (¢ãâà¥¥£®) à ¤¨ãá 
®¤®á¢ï§®© ®¡« áâ¨ [1]{[4]. � ¯¥à¢®¬ ¯ à £à ä¥ ¯à¨¢®¤¨âáï ä®à¬ã«  ¤«ï ¯à¥¤áâ ¢«¥¨ï ª®-
ä®à¬®£® à ¤¨ãá  ¢ ¬ «®© ®ªà¥áâ®áâ¨ ä¨ªá¨à®¢ ®© â®çª¨ á ¢ë¤¥«¥¨¥¬ ¯à¥¤áâ ¢«¥¨ï ¤«ï
á«ãç ï, ª®£¤  â®çª  ï¢«ï¥âáï ªà¨â¨ç¥áª®©. �â  ä®à¬ã«  ¯®§¢®«ï¥â ¤ âì ®¢®¥ ¤®ª § â¥«ìáâ¢®
¨§¢¥áâ®£® ãá«®¢¨ï [5] ¥¤¨áâ¢¥®áâ¨ ªà¨â¨ç¥áª®© â®çª¨ ¢ ä®à¬¥ jff(�); �gj � 2

(1�j�j2)2
á® è¢ à-

æ¨ ®¬ ¢ «¥¢®© ç áâ¨ ¥à ¢¥áâ¢ . �® ¢â®ào¬ ¯ à £à ä¥ ¢ë¯¨á ë ¤¢  á¥¬¥©áâ¢  á¯¨à «¥®¡à §-
ëå äãªæ¨© á  àãè¥¨¥¬ ¥¤¨áâ¢¥®áâ¨ ªà¨â¨ç¥áª®© â®çª¨ á®®â¢¥âáâ¢ãîé¥£® ª®ä®à¬®-
£® à ¤¨ãá  ¨ áä®à¬ã«¨à®¢ ë ¤¢¥ â¥®à¥¬ë ® ¥¤¨áâ¢¥®áâ¨ ªà¨â¨ç¥áª®© â®çª¨ ª®ä®à¬®£®
à ¤¨ãá  ¤«ï ¯®¤ª« áá®¢ á¯¨à «¥®¡à §ëå ®¡« áâ¥©. � âà¥âì¥¬ ¯ à £à ä¥ á®¤¥à¦¨âáï ãâ¢¥à-
¦¤¥¨¥, ¤®¯®«ïîé¥¥ à¥§ã«ìâ âë ¨§ [4], á¢ï§ ë¥ á ¯®¢¥¤¥¨¥¬ ª®ä®à¬®£® à ¤¨ãá  ¯®çâ¨
¢ë¯ãª«ëå ®¡« áâ¥©.

x 1.

�®ä®à¬ë© à ¤¨ãá ®¡« áâ¨ D ¢ â®çª¥ z ¢ëç¨á«ï¥âáï á ¯®¬®éìî äãªæ¨¨ z = f(�), ª®-
ä®à¬® ®â®¡à ¦ îé¥© ªàã£ E = f� : j�j < 1g   ®¡« áâì D,

R(D; z) = R(f(E); f(�)) = jf 0(�)j(1 � j�j2) � R(�):

�®«ãç¨¬ à §«®¦¥¨¥ íâ®© ¢¥é¥áâ¢¥®© ¯®«®¦¨â¥«ì®© (â. ª. f 0(�) 6= 0, � 2 E) äãªæ¨¨ ¢
®ªà¥áâ®áâ¨ â®çª¨ a, ¯¥à¥¯¨á ¢ ¯®á«¥¤¥¥ à ¢¥áâ¢® ¨§ ¯à¥¤ë¤ãé¥© ä®à¬ã«ë ¢ ¢¨¤¥

R(a+ �ei�) = jf 0(a+ �ei�)j(1 � ja+ �ei�j2): (1)

�«ï ¢â®à®£® ¬®¦¨â¥«ï ¢ (1) ¨¬¥¥¬

1� (a+ �ei�)(a+ �e�i�) = 1� jaj2 � 2Re(aei�)�� �2: (2)

�¥à¢ë© ¬®¦¨â¥«ì § ¯¨è¥¬ ¢ ¢¨¤¥ jf 0(a+ �ei�)j = exp(ln jf 0(a+ �ei�)j) ¨ à §«®¦¨¬ ¢ ç «¥
äãªæ¨î

ln f 0(a+ �ei�) = ln f 0(a) +
f 00(a)
f 0(a)

ei��+
1
2

�
f 000(a)
f 0(a)

�

�
f 00(a)
f 0(a)

�2�
ei2��2 +O(�3):

�â® à §«®¦¥¨¥ ¯à¨¢®¤¨â ª ¯à¥¤áâ ¢«¥¨î

ln jf 0(a+ �ei�)j = Re ln f 0(a+ �ei�) = ln jf 0(a)j+ a1�+ a2�
2 +O(�3);

¨§ ª®â®à®£® á«¥¤ã¥â

jf 0(a+ �ei�)j = jf 0(a)jea1�+a2�
2+O(�3) = jf 0(a)j

�
1 + a1�+

�
a2 +

a21
2

�
�2 +O(�3)

�
;

£¤¥

a1 = Re
�
f 00(a)
f 0(a)

ei�
�
; a2 =

1
2
Re

��
f 000(a)
f 0(a)

�

�
f 00(a)
f 0(a)

�2�
ei2�

�
:
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�®íâ®¬ã á ãç¥â®¬ (2) ¡ã¤¥¬ ¨¬¥âì

R(a+ �ei�) = R(a) (1 + b1�+ b2�
2 +O(�3)); (3)

¯à¨ç¥¬

b1 = ReB1; B1 =
�
f 00(a)
f 0(a)

�
2a

1� jaj2

�
ei�; (4)

b2 =
1
2
Re

��
f 000(a)
f 0(a)

�

�
f 00(a)
f 0(a)

�2�
ei2�

�
+
1
2

�
Re

�
f 00(a)
f 0(a)

ei�
��2

�

�Re
�
f 00(a)
f 0(a)

ei�
�
2Re (aei�)
1� jaj2

�
1

1� jaj2
:

�à¥¤áâ ¢¨¬ ª®íää¨æ¨¥â b2 ¢ ä®à¬¥

b2 =
1
2
Re

�
ff(a); agei2� �

2
(1� jaj2)2

�
+ c2; (5)

¢ ª®â®àãî ¢å®¤ïâ è¢ àæ¨  ff(a); ag = f 000(a)
f 0(a)

� 3
2

�
f 00(a)
f 0(a)

�2
¨ ª®íää¨æ¨¥â

c2 =
1
4
Re

�
f 00(a)
f 0(a)

ei�
�2

+
1
2

�
Re

�
f 00(a)
f 0(a)

ei�
��2

�Re
�
f 00(a)
f 0(a)

ei�
�
2Re(aei�)
1� jaj2

+
jaj2

(1� jaj2)2
:

�à¥®¡à §ã¥¬ £à®¬®§¤ª®¥ ¢ëà ¦¥¨¥ ¤«ï íâ®£® ª®íää¨æ¨¥â , § ¯¨á ¢ ¢â®à®¥ à ¢¥áâ¢® ¨§
(4) ¢ ¢¨¤¥

a

�
f 00(a)
f 0(a)

�
2a

1� jaj2

�
ei� = aB1 ) a

f 00(a)
f 0(a)

= aB1e
�i� +

2jaj2

1� jaj2
:

�âáî¤  á«¥¤ã¥â à ¢¥áâ¢® ª¢ ¤à â®¢ ¬®¤ã«¥©

jaj2
����f 00(a)
f 0(a)

����
2

= jaj2jB1j
2 +

4jaj2

1� jaj2
Re(aB1e

�i�) +
4jaj4

(1� jaj2)2

¨ ¯®á«¥ á®ªà é¥¨ï   jaj2����f 00(a)
f 0(a)

����
2

= jB1j
2 +

4Re(aB1e
�i�)

1� jaj2
+

4jaj2

(1� jaj2)2
: (6)

�çâ¥¬ à ¢¥áâ¢  (4) ¨ (6),   â ª¦¥ á®®â®è¥¨¥

Re(u+ iv)2 � 2u2 = �ju+ ivj2

¤«ï ¢¥é¥áâ¢¥ëå ¢¥«¨ç¨ u, v, ¯à¨ç¥¬

u+ iv = ei�f 00(a)=f 0(a);

¢ ¥á«®¦ëå ¯à¥®¡à §®¢ ¨ïå ª®íää¨æ¨¥â  c2. �®á«¥¤®¢ â¥«ì® ¡ã¤¥¬ ¨¬¥âì

c2 =
1
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Re

�
f 00(a)
f 0(a)

ei�
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�
1
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�
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�
f 00(a)
f 0(a)

ei�
��2

+

+Re
�
f 00(a)
f 0(a)

ei�
��

Re
�
f 00(a)
f 0(a)

ei�
�
�
2Re(aei�)
1� jaj2

�
+

jaj2

(1� jaj2)2
=

= �
1
4

����f 00(a)
f 0(a)

ei�
����
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+ b1Re
�
f 00(a)
f 0(a)

ei�
�
+

jaj2

(1� jaj2)2
(á¬. (6))
=

= �
jB1j

2

4
�
Re(aB1e
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1� jaj2

�
jaj2

(1� jaj2)2
+ b1Re

�
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f 00(a)
f 0(a)

�
+

jaj2

(1� jaj2)2
)
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c2 = �
jB1j

2

4
�
Re(aB1e

�i�)
1� jaj2

+ b1Re
�
ei�

f 00(a)
f 0(a)

�
: (7)

�®ä®à¬ë© à ¤¨ãá  £«ï¤® å à ªâ¥à¨§ã¥âáï £« ¤ª®© ¯®¢¥àå®áâìî á ãà ¢¥¨¥¬ 
 =
R(�)  ¤ £®à¨§®â «ìë¬ ªàã£®¬ E ¢ âà¥å¬¥à®¬ ¯à®áâà áâ¢¥ á ¢¥àâ¨ª «ì®© ®áìî 
. �®çª 
¨§ ªàã£  E,  ¤ ª®â®à®© «¥¦¨â â®çª  ¯®¢¥àå®áâ¨ ª®ä®à¬®£® à ¤¨ãá  á ª á â¥«ì®© ¯«®áª®-
áâìî, ¯ à ««¥«ì®© £®à¨§®â «ì®© ¯«®áª®áâ¨,  §ë¢ ¥âáï ªà¨â¨ç¥áª®© â®çª®©. �®¢¥àå®áâì
ª®ä®à¬®£® à ¤¨ãá  e
 = R(f(E); z) ¬®¦® ¯®áâà®¨âì ¨  ¤ ®¡« áâìî D = f(E). �®âï íâ¨
¯®¢¥àå®áâ¨ ¨ ¡ã¤ãâ à §«¨çë¬¨, ® ª®«¨ç¥áâ¢® ªà¨â¨ç¥áª¨å â®ç¥ª   ¨å ¡ã¤¥â ®¤¨ ª®¢ë¬.

�®ª ¦¥¬, çâ® «î¡®© ªà¨â¨ç¥áª®© â®çª¥ �0 ª®ä®à¬®£® à ¤¨ãá  R(f(E); f(�))  ¤ ªàã£®¬
E áâ ¢¨âáï ¢® ¢§ ¨¬® ®¤®§ ç®¥ á®®â¢¥âáâ¢¨¥ ªà¨â¨ç¥áª ï â®çª  z0 = f(�0) ª®ä®à¬®£®
à ¤¨ãá   ¤ ®¡« áâìî D = f(E). �¥©áâ¢¨â¥«ì®, ãà ¢¥¨ï ¤«ï ®¯à¥¤¥«¥¨ï íâ¨å ªà¨â¨ç¥áª¨å
â®ç¥ª @R

@�
= 0 ¨ @R

@z
= 0 ¬®¦® ¯¥à¥¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬:

@R

@�
= 0 )

@R

@z
=

@R

@�

@�

@z
+
@R

@�

@�

@z
= 0:

�® @�
@z

= 0 ¢ á¨«ã â®£®, çâ® � = f�1(z) |   «¨â¨ç¥áª ï äãªæ¨ï ¯® z,   � = f�1(z) |   -
«¨â¨ç¥áª ï äãªæ¨ï ¯® z, ¯®íâ®¬ã ¢ë¯®«ï¥âáï ª®¬¯«¥ªá®¥ ãá«®¢¨¥ �®è¨{�¨¬  . � ç¨â,
ãà ¢¥¨ï @R

@�
= 0 ¨ @R

@z
= @R

@�
@�
@z

= 0 ®â«¨ç îâáï   äãªæ¨® «ìë© ¬®¦¨â¥«ì, ®â«¨çë© ®â
ã«ï ¤«ï «®ª «ì® ®¤®«¨áâëå ®â®¡à ¦¥¨© f(�) ¨ f�1(z).

�¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®çë¬ ãá«®¢¨¥¬  «¨ç¨ï ªà¨â¨ç¥áª®© â®çª¨ ï¢«ï¥âáï à ¢¥áâ¢® ã«î
ª®íää¨æ¨¥â  (4) ¢ à §«®¦¥¨¨ (3). �â® à §«®¦¥¨¥ ¢ ®ªà¥áâ®áâ¨ ªà¨â¨ç¥áª®© â®çª¨ ¯à¨¬¥â
¢¨¤

R(a+ �ei�) = R(a)(1 + bb2(�)�2 +O(�3)); (8)

¯à¨ç¥¬ b1 = 0, 0 � � < 2�, , B1 = 0) c2 = 0 (¢ á¨«ã (7)) ¨ ¯®íâ®¬ã

bb2(�) = 1
2
Re

�
ff(a); agei2� �

2
(1� jaj2)2

�
: (9)

� áâë© ¢¨¤ à §«®¦¥¨© (3), (8) ¯à¨ a = 0 ¨ f 0(0) = 1 ¡ë« ¯®«ãç¥ ¨ ¯à¨¬¥¥ ¢ [2], [3].
�¬¥®, á¯à ¢¥¤«¨¢® à ¢¥áâ¢®, ¥áª®«ìª® ¨§¬¥¥®¥ ¯® áà ¢¥¨î á [2], [3],

R(�ei�) = 1 + Re(f 00(0)ei�)�+
�
1
2
Re[(f 000(0)� f 002(0))ei2� ] +

+
1
2
[Re(f 00(0)ei�)]2 � 1

�
�2 +O(�3) =

= 1 + 2Re(a2ei�)�+ fRe[(3a3 � 2a22)e
i2�] + 2[Re(a2ei�)]2 � 1g�2 +O(�3):

� ¯®¬®éìî ¯à¥¤áâ ¢«¥¨ï (8), (9) ¬®¦® ¢ëïá¨âì áâàãªâãàã ¯®¢¥àå®áâ¨ ª®ä®à¬®£®
à ¤¨ãá   ¤ ®ªà¥áâ®áâìî ªà¨â¨ç¥áª®© â®çª¨ a. �®®â®è¥¨¥ b1 = 0 ¯à¨ ¢á¥å �, 0 � � < 2�, ¨§
(4) ¯à¨¢®¤¨â ª ãà ¢¥¨î

f 00(a)
f 0(a)

=
2a

1� jaj2
; (10)

ª®â®à®¬ã ¤®«¦  ã¤®¢«¥â¢®àïâì ªà¨â¨ç¥áª ï â®çª  a.
�á«¨ jff(a); agj � 2

(1�jaj2)2
, â® bb2(�) � 0, ¯®íâ®¬ã a ¡ã¤¥â â®çª®© ¬ ªá¨¬ã¬  ¯®¢¥àå®áâ¨


 = R(�) ¨«¨ ¯®«ãá¥¤«®¢®© â®çª®© (á ¨§¬¥¥¨¥¬ § ª  ªà¨¢¨§ë å®âï ¡ë ¤«ï ®¤®© «¨¨¨ ¢
áà¥§ax ¯®¢¥àå®áâ¨). �à¨ jff(a); agj > 2

(1�jaj2)2
ª®íää¨æ¨¥â bb2(�) ¡ã¤¥â ¨¬¥âì ¯¥à¥¬¥ë© § ª,

¯®íâ®¬ã a ¥ ¡ã¤¥â â®çª®© ¬ ªá¨¬ã¬ . �â¨ íää¥ªâë ¯à¨¢®¤ïâ ª ¤¢ã¬ ¢ ¦ë¬ ¢ë¢®¤ ¬.
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10. �á«¨ ¢ë¯®«ï¥âáï ãá«®¢¨¥ ®¤®«¨áâ®áâ¨ �¥å à¨ [6]

jff(�); �gj �
2

(1� j�j2)2
; � 2 E; (11)

â® ã ¯®¢¥àå®áâ¨ ª®ä®à¬®£® à ¤¨ãá  ¡ã¤¥â ®¤  ªà¨â¨ç¥áª ï â®çª  | ¥¤¨áâ¢¥ë© ¬ ªá¨-
¬ã¬ [5], §  ¨áª«îç¥¨¥¬ á«ãç ï, ª®£¤  f(E) ï¢«ï¥âáï ¯®«®á®©.

�à¥¤áâ ¢¨¬ ®¢®¥ (á®¢á¥¬ ª®à®âª®¥) ¤®ª § â¥«ìáâ¢® íâ®£® ä ªâ . �¥©áâ¢¨â¥«ì®, ¯à¥¤¯®-
«®¦¥¨¥ ® áãé¥áâ¢®¢ ¨¨ ¤¢ãå ªà¨â¨ç¥áª¨å â®ç¥ª ¯à¨¢®¤¨â ª ¯à®â¨¢®à¥ç¨î. �«ï ¯®«ãç¥¨ï
¯à®â¨¢®à¥ç¨ï ã¦® ®¡¥ ªà¨â¨ç¥áª¨¥ â®çª¨ à á¯®«®¦¨âì   ¢¥é¥áâ¢¥®¬ ¤¨ ¬¥âà¥ á ¯®¬®-
éìî ¤®¯®«¨â¥«ì®£® ¤à®¡®-«¨¥©®£® ¯à¥®¡à §®¢ ¨ï, ¥  àãè îé¥£® ãá«®¢¨ï (11). �â¨
ªà¨â¨ç¥áª¨¥ â®çª¨ ï¢«ïîâáï â®çª ¬¨ ¬ ªá¨¬ã¬  ¯®¢¥àå®áâ¨ R(�) ¢ á¨«ã (11). �à¨ áâà®£®¬
¥à ¢¥áâ¢¥ (11) â ª®¥ ¥¢®§¬®¦®, â. ª. ¬¥¦¤ã ¤¢ã¬ï ¬ ªá¨¬ã¬ ¬¨ ¤®«¦¥ ¡ëâì å®âï ¡ë ®¤¨
¬¨¨¬ã¬   ¢¥àâ¨ª «ì®¬ áà¥§¥ ¯®¢¥àå®áâ¨ 
 = R(�),   íâ® ¥ ¤®¯ãáª ¥â áâà®£®¥ ¥à ¢¥-
áâ¢® (11). �á«¨ ¦¥ ¢ë¯®«ï¥âáï ¥áâà®£®¥ ¥à ¢¥áâ¢® (11), â® ¯®ï¢«¥¨¥ ¤¢ãå ¬ ªá¨¬ã¬®¢
 ¤ ¤¥©áâ¢¨â¥«ìë¬ ¤¨ ¬¥âà®¬ ¯à¨¢¥¤¥â ª á¯«®è®¬ã ¬ ªá¨¬ã¬ã ¬¥¦¤ã ¤¢ã¬ï ®â¬¥ç¥ë¬¨
¬ ªá¨¬ã¬ ¬¨, â. ¥. ª ª®â¨ãã¬ã ªà¨â¨ç¥áª¨å â®ç¥ª, ª®â®àë¥ ¡ã¤ãâ ã¤®¢«¥â¢®àïâì ãà ¢¥¨î

f 00(t)
f 0(t)

=
2t

1� t2
:

�à¨ ®à¬¨à®¢ª¥ f 0(0) = 1, f(0) = 0 íâ®¬ã ãà ¢¥¨î ã¤®¢«¥â¢®àï¥â ¥¤¨áâ¢¥ ï äãªæ¨ï
f(t) = 1

2
ln 1+t

1�t
. �  ®¯à¥¤¥«¥  ¢® ¢á¥¬ ªàã£¥ E ¨ ®â®¡à ¦ ¥â ¥£®   £®à¨§®â «ìãî ¯®«®áã

è¨à¨®© �
2
. �¯à®¢¥à¦¥¨¥ ¢®§¬®¦®áâ¨ â®çª¨ ¯¥à¥£¨¡  ¢¬¥áâ® ¢â®à®£® ¬ ªá¨¬ã¬  ¬®¦® ¤ âì

¯à¨ à §«®¦¥¨¨ 1=R(D; z).

20. � ª ¡ë«® ®â¬¥ç¥®, ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï

jff(a); agj >
2

(1� jaj2)2
(12)

â®çª  a ¥ ¡ã¤¥â â®çª®© ¬ ªá¨¬ã¬ . � ª ª ª ¯à¨ ¥áâ¥áâ¢¥ëå ®£à ¨ç¥¨ïå ( ¯à., ¯à¨ ¥-
¯à¥àë¢®áâ¨ f(�) ¢ E [1]) å®âï ¡ë ®¤¨ ¬ ªá¨¬ã¬ ã R(�) ¢á¥£¤  áãé¥áâ¢ã¥â, â® ãá«®¢¨¥ (12)
¢ ªà¨â¨ç¥áª®© â®çª¥ a ï¢«ï¥âáï £ à â¨¥© áãé¥áâ¢®¢ ¨ï ¡®«¥¥ ®¤®© ªà¨â¨ç¥áª®© â®çª¨ ¯®-
¢¥àå®áâ¨ ª®ä®à¬®£® à ¤¨ãá . �®íâ®¬ã ¢ë¯®«¥¨¥ ãá«®¢¨ï (12) ¤«ï ª®ªà¥âëå äãªæ¨©
®§ ç ¥â, çâ® ª®ä®à¬ë¥ à ¤¨ãáë, á¢ï§ ë¥ á íâ¨¬¨ äãªæ¨ï¬¨, ¨¬¥îâ ¥ ¬¥¥¥ ¤¢ãå ªà¨â¨-
ç¥áª¨å â®ç¥ª. �àã£®¥ ®¡®á®¢ ¨¥ ¥¥¤¨áâ¢¥®áâ¨ ªà¨â¨ç¥áª®© â®çª¨ ¯à¨ ãá«®¢¨¨ (12) ¤ ®
¢ ([7], â¥®à¥¬  3) á ¨á¯®«ì§®¢ ¨¥¬ ¨¤¥ªá®¢ ªà¨â¨ç¥áª¨å â®ç¥ª.

x 2.

�® ®â®è¥¨î ª ª« ááã á¯¨à «¥®¡à §ëå äãªæ¨© ¢ ªàã£¥ E á ãá«®¢¨¥¬

Re
�
ei�

f 0(�)
f(�)

�
� 0; �

�

2
<  <

�

2
; (13)

¤¢  ¯à®¡ëå á¥¬¥©áâ¢  ¬®¦® ¯®áâà®¨âì á ¨á¯®«ì§®¢ ¨¥¬ äãªæ¨¨
�
� = w�1

w+e�i2

�
w =

1 + e�i2�

1� �
=
1 + e�i�1
1� ei�1

;

®â®¡à ¦ îé¥© ªàã£ E   ¯®«ã¯«®áª®áâì Re(wei) > 0 (ª®â®à®© ¯à¨ ¤«¥¦¨â 1 = w(0)) á £à -
¨ç®© ¯àï¬®©, ¯à®å®¤ïé¥© ç¥à¥§ â®çª¨ 0 ¨ i sine�i , â. ª.

� = 1 7! w =1; � = �ei2 7! w = 0;

� = �1 7! w = (1� e�i2)=2 = e�ii sin;
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  ¤«ï «î¡®© £à ¨ç®© â®çª¨   ¥¤¨¨ç®© ®ªàã¦®áâ¨ ¨¬¥¥¬

� = ei� 7! w =
ei(�+�=2)2 cos( � �

2
)

ei�=2(�2i sin �
2
)

= ei(�=2�)
cos( � �

2
)

sin �
2

:

�¥à¢®¥ á¥¬¥©áâ¢® ¡ë«® ®¯à¥¤¥«¥® ¢ [4] á ¯®¬®éìî à ¢¥áâ¢ 

�
f 0(�)
f(�)

=
1 + e�i��2

1� ei��2
; �; � 2 (�1; 1]: (14)

�«ï íâ®£® á¥¬¥©áâ¢  ¯®«ãç¥ â ª®© à¥§ã«ìâ â ¢ [4]. �¢ àæ¨  ¯à¨ � = 0 ®¯à¥¤¥«ï¥â á®®â®è¥¨¥

jff(�); �gj
��
�=0

= 3j�ei + �e�i j > 2 ) �2 + �2 + 2�� cos 2 > 4=9:

� ¯«®áª®áâ¨ � + i� ¯®«ãç¨¬ ¬®¦¥áâ¢® D(), ª®â®à®¥ ï¢«ï¥âáï ¢¥è®áâìî í««¨¯á  á  6=
��=4, ¢¥è®áâìî ®ªàã¦®áâ¨ (¯à¨  = ��=4), ¢¥è®áâìî ¯®«®áë á ¤¢ã¬ï ¯ à ««¥«ìë¬¨
£à ¨çë¬¨ ¯àï¬ë¬¨ (¯à¨  = 0 ¨  = ��=2). �à¨ ¤«¥¦®áâì � + i� 2 D() ®§ ç ¥â, çâ®
ª®ä®à¬ë© à ¤¨ãá ¤«ï ®¡« áâ¨ f(E) á f(�), ®¯à¥¤¥«ï¥¬®© ¨§ ãà ¢¥¨ï (14), ¡ã¤¥â ¨¬¥âì
¡®«ìè¥ ®¤®© ªà¨â¨ç¥áª®© â®çª¨.

�â®à®¥ á¥¬¥©áâ¢® ¯à®¡ëå äãªæ¨© ¯®«ãç¨âáï ¯à¨ â ª®© ¯®á«¥¤®¢ â¥«ì®© ª®áâàãªæ¨¨

w =
�
cos 

1 + ��

1� ��
+ i sin

�
e�i =

cos  + i sin + (� cos  � i� sin)�
1� ��

e�i =

=
1 + (� cos  � i� sin)e�i�

1� ��
;

â. ¥.

w =
1 + c�

1� ��
; c = (� cos  � i� sin)e�i ; �; � 2 (�1; 1]; (15)

ª®â®à ï ¯à¨ � = � = 1 ¯¥à¥å®¤¨â ¢ ¢ëà ¦¥¨¥

w =
�
cos 

1 + �

1� �
+ i sin

�
e�i =

cos  + i sin + (cos  � i sin)�
1� �

e�i =
1 + e�i2�

1� �
: (16)

�¥®¬¥âà¨ç¥áª¨© á¬ëá« äãªæ¨¨ (16) ¡ë« ¢ëïá¥ ¢ëè¥.
�¥¯¥àì á ¨á¯®«ì§®¢ ¨¥¬ (15) äãªæ¨¨ ¢â®à®£® á¥¬¥©áâ¢  ®¯à¥¤¥«ïîâáï ¨§ ãà ¢¥¨ï

�f 0(�)
f(�)

=
1 + c�2

1� ��2
; c = (� cos  � i� sin)e�i : (17)

�âáî¤  «¥£ª® ¯®«ãç¨âì

ff(�); �g
��
�=0

=
��

f 00

f 0

�0

�
1
2

�
f 00

f 0

�2�����
�=0

= 3(�+ c):

�æ¥ª  jff(�); �g
��
�=0
j > 2 ¯à¨¢®¤¨â ª ¥à ¢¥áâ¢ã j�+ �j > 2=(3 cos ), â. ª. c+� = e�i(� cos  +

� cos ). �¤¥áì   «®£®¬ ¬®¦¥áâ¢  D() (¤«ï ¯¥à¢®£® á¥¬¥©áâ¢  äãªæ¨©) ¡ã¤¥â ¢¥è®áâì
¯®«®áë á £à ¨çë¬¨ ¯àï¬ë¬¨

�+ � = �2=(3 cos ): (18)

�à¨  = 0 ¯®«ãç îâáï á®®â¢¥âáâ¢ãîé¨¥ ¯àï¬ë¥ ¤«ï §¢¥§¤®®¡à §ëå äãªæ¨© [4].
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�®   «®£¨¨ á® §¢¥§¤®®¡à §ë¬¨ äãªæ¨ï¬¨ [4] ¨¬¥îâáï ®á®¢ ¨ï ¯à¥¤¯®« £ âì, çâ® ¢ã-
âà¨ ¯®«®áë á £à ¨çë¬¨ «¨¨ï¬¨ (18)  ©¤ãâáï ®¡« áâ¨ ¢ ¯«®áª®áâ¨ ¯ à ¬¥âà®¢ � + i�, £ -
à â¨àãîé¨¥ ¥¤¨áâ¢¥®áâì ªà¨â¨ç¥áª®© â®çª¨ ª®ä®à¬®£® à ¤¨ãá  ¥ â®«ìª® ¤«ï äãªæ¨©
á ãà ¢¥¨¥¬ (17), ® ¨ ¤«ï ¢á¥å äãªæ¨©, ®¯à¥¤¥«ï¥¬ëå ¯®¤ç¨¥¨¥¬

�
f 0(�)
f(�)

�
1 + c�

1� ��
; jc+ �j = je�i(�+ �) cos j �

2
3
; (19)

¯à¨ç¥¬ ¯®áâ®ï ï c ¯à¥¤áâ ¢«¥  ä®à¬ã«®© (17).
� ©¬¥¬áï ®æ¥ª ¬¨, ¢ à¥§ã«ìâ â¥ ª®â®àëå ¯®«ãç¨¬ ®¤® ¨§ ®á®¢ëå ãâ¢¥à¦¤¥¨© áâ âì¨.

�§ ãá«®¢¨ï ¯®¤ç¨¥¨ï (19) á«¥¤ã¥â

�
f 0(�)
f(�)

=
1 + c'(�)
1� �'(�)

; '(�) � �2 ®ª®«® � = 0: (20)

� ¯®¬®éìî «®£ à¨ä¬¨ç¥áª®© ¯à®¨§¢®¤®© ¨§ á®®â®è¥¨ï (20) ¨¬¥¥¬

1
�
+
f 00

f 0
�
f 0

f
=

(c+ �)'0

(1 + c')(1 � �')
)

�
f 00

f 0
= (c+ �)

�
�'0

(1 + c')(1 � �')
+

'

1� �'

�
:

�¥âàã¤ë¥ ®æ¥ª¨ á ¨á¯®«ì§®¢ ¨¥¬ «¥¬¬ë �¢ àæ  ([8], £«. 8, x 1) ¯à¨¢®¤ïâ ª ¥ã«ãçè ¥¬®¬ã
¨â®£®¢®¬ã ¥à ¢¥áâ¢ã����� f 00(�)

f 0(�)

���� � jc+ �j

�
j�j2j�j(1 � j'j2)(1� j�j4)�1

j1 + c'jj1 � �'j
+

j�j2

j1� �'j

�
�

� jc+ �j
j�j2

1� j�j2

�
2(1 + j'j)
1 + j�j2

1� j'j
j1 + c'j j1 � �'j

+
1� j�j2

1� j'j
1� j'j
j1� �'j

�
�

�
j�j2

1� j�j2
jc+ �j

�
2

1� j'j
j1 + c'jj1 � �'j

+
1� j'j
j1� �'j

�
def=

=
j�j2

1� j�j2
jc+ �j�(') �

3jc+ �jj�j2

1� j�j2
:

� ¯®á«¥¤¥¬ ¥à ¢¥áâ¢¥ ãçâ¥  ®æ¥ª 

�(') �
2(1 � j'j)

(1� jcjj'j)(1 � j�j j'j)
+

1� j'j
1� j�jj'j

def=

= �1(j'j) + �2(j'j) � �1(0) + �2(0) = �(0);

¤«ï ®¡®á®¢ ¨ï ª®â®à®© ¯®ª ¦¥¬, çâ® äãªæ¨¨ �1(t) ¨ �2(t) ¥ ¢®§à áâ îâ   ®âà¥§ª¥ [0; 1]
¯à¨ ãá«®¢¨¨

j�j+ jcj � 1: (21)

�®áâ â®ç® ¯®¤áç¨â âì ¨ ®æ¥¨âì ¯à®¨§¢®¤ë¥ íâ¨å äãªæ¨©. �®«ãç¨¬

�0
1(t) = 2

j�j jcj
�
(t� 1)2 + (j�j+ jcj � 1� j�j jcj)(j�j jcj)�1

�
(1� j�jt)2(1� jcjt)2

� 0;

â.ª. ª¢ ¤à â ï áª®¡ª  ¢ ç¨á«¨â¥«¥ ®æ¥¨¢ ¥âáï ¯à¨ ãá«®¢¨¨ (21) ¢¥«¨ç¨®©

[(t� 1)2 + (j�j+ jcj � 1� j�j jcj)(j�j jcj)�1 ] � (t� 1)2 � 1 � 0; t 2 [0; 1]:

�«ï ¢â®à®© äãªæ¨¨ ¯®¤áç¥â á®¢á¥¬ ¯à®áâ®© �0
2(t) =

�1+j�j

(1�j�jt)2
� 0 ¯à¨ j�j � 1.
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� ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢  ®æ¥ª ����� f 00(�)
f 0(�)

���� < 2j�j2

1� j�j2
; � 2 E; � 6= 0;

¥á«¨ jc+ �j < 2
3
¨ jcj+ j�j � 1, çâ® íª¢¨¢ «¥â® ¥à ¢¥áâ¢ ¬

j�+ �j cos  < 2=3 ¨ j�j+
q
�2 sin2  + �2 cos2  � 1: (22)

�®íâ®¬ã ãà ¢¥¨¥ (10) ¥ ¡ã¤¥â ¨¬¥âì à¥è¥¨©, ªà®¬¥ a = 0.
�¥¬ á ¬ë¬ ¤®ª §  

�¥®à¥¬  1. �î¡ ï á¯¨à «¥®¡à § ï äãªæ¨ï f(�), ã¤®¢«¥â¢®àïîé ï á®®â®è¥¨î (20), ¢
ª®â®à®¬ ¯ à ¬¥âàë ¯®¤ç¨¥ë ãá«®¢¨î (22), ®¡¥á¯¥ç¨¢ ¥â ¥¤¨áâ¢¥®áâì ªà¨â¨ç¥áª®© â®ç-

ª¨ ¢ 0 ª®ä®à¬®£® à ¤¨ãá  ®¡« áâ¨ f(E). �¢¥«¨ç¨âì ¯à ¢ãî ç áâì ¢ ¯¥à¢®¬ ¨§ ¥à ¢¥áâ¢

(22) ¥«ì§ï ¢ á¨«ã (17), (18).

�  ¬¥¦¤ã à®¤®© ª®ä¥à¥æ¨¨ 1999 £®¤  ¢ �ã¬ë¨¨ ¡ë« ¤®«®¦¥ à¥§ã«ìâ â ¯® á¯¨à -
«¥®¡à §ë¬ äãªæ¨ï¬, ®âà ¦¥ë© ¢ â¥§¨á å [9]. �á¯®«ì§ã¥¬ ®¤ã ¨¬¯«¨ª æ¨î ¨§ íâ¨å â¥§¨-
á®¢:

Re(ei�
f 0(�)
f(�)

) > 0; jj > �=3; )
����f 00(�)
f 0(�)

���� < 2
1 + (4=3) sin(2jj)

1� j�j2
; � 2 E:

� ¯à¨¬¥¥¨¨ ª äãªæ¨¨ F(�) = f(��) ¯à ¢®¥ ¥à ¢¥áâ¢® ¯¥à¥¯¨è¥âáï����F 00(�)
F 0(�)

���� < 2�
1 + (4=3) sin(2jj)

1� j��j2
<

2
1� j�j2

¢ ¯à¥¤¯®«®¦¥¨¨, çâ®

� <
�
1 + (4=3) sin(2jj)

��1
: (23)

�®íâ®¬ã á¯à ¢¥¤«¨¢ 

�¥®à¥¬  2. �á«¨ äãªæ¨ï f(�) ï¢«ï¥âáï á¯¨à «¥®¡à §®© ¢ E, â. ¥. ã¤®¢«¥â¢®àï¥â ¥à -

¢¥áâ¢ã Re
�
ei� f

0(�)

f(�)

�
> 0, á ¤®¯®«¨â¥«ìë¬¨ ãá«®¢¨ï¬¨ �=3 < jj < �=2 ¨ f 00(0) = 0, â®

®¡« áâì f(�E) ¡ã¤¥â ¨¬¥âì ª®ä®à¬ë© à ¤¨ãá á ¥¤¨áâ¢¥®© ªà¨â¨ç¥áª®© â®çª®© ¢ 0 ¯à¨
¢ë¯®«¥¨¨ ¥à ¢¥áâ¢  (23).

x 3.

�«ï ä®à¬ã«¨à®¢ª¨ ãâ¢¥à¦¤¥¨ï ® ª®ä®à¬®¬ à ¤¨ãá¥ ¢ ¯®¤ª« áá¥ ¯®çâ¨ ¢ë¯ãª«ëå äãª-
æ¨© ¯® ¤®¡¨âáï â¥®à¥¬  1 ¨§ [4], ª®â®à ï ¡ã¤¥â ¯à¥¤áâ ¢«¥  ª ª

�¥¬¬  [4]. �¡« áâ¨ Dm ¢ ¯«®áª®áâ¨ �+ i�, £¤¥ ¢ë¯®«ï¥âáï ¨¬¯«¨ª æ¨ï�
f 0(�) � T (�; �; �) =

1 + ��

1� ��
; �+ i� 2 Dm

�
)

����f 00(�)
f 0(�)

���� � 2mj�j
1� j�j2

; 0 � m � 2; (24)

¯à¥¤áâ ¢«ïîâ á®¡®© âà ¯¥æ¨¨ á ¢¥àè¨ ¬¨ 1 � i, 1 + i(m � 1), m � 1 + i, �1 + i, ª®£¤  1 �
m < 2 (¯à¨ m = 2 ¯®«ãç ¥âáï âà¥ã£®«ì¨ª), ¨ ªà¨¢®«¨¥©ë¥ âà ¯¥æ¨¨ á ¯àï¬®«¨¥©ë¬¨

®á®¢ ¨ï¬¨ [m�1
2

+ im+1
2
; m+1

2
+ im�1

2
], [�1+ i; 1� i] ¨ ¡®ª®¢ë¬¨ ªà¨¢®«¨¥©ë¬¨ áâ®à® ¬¨ Lm

¨ eLm, ª®£¤  0 < m < 1. �à ¢¥¨¥ «¨¨¨ Lm : � = (1+m)2�
4m��(1�m)2

(á®¥¤¨ï¥â â®çª¨ m�1
2

+ im+1
2

¨

�1+ i), ãà ¢¥¨¥ «¨¨¨ eLm : � = (1�m)2�

4m��(1+m)2
(á®¥¤¨ï¥â â®çª¨ m+1

2
+ im�1

2
¨ 1� i). � áè¨à¨âì

íâ¨ ®¡« áâ¨ ¥«ì§ï, â. ª. § ª¨ à ¢¥áâ¢  ¢ (24) ®áãé¥áâ¢«ïîâáï   äãªæ¨ïå á f 0
0(�) =

1+��2

1���2
.

� ¯®¬®éìî íâ®© «¥¬¬ë ¡ã¤¥â ¤®ª §  
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�¥®à¥¬  3. �á«¨ à¥£ã«ïà ï ¢ E äãªæ¨ï f(�) ¨¬¥¥â ¯à®¨§¢®¤ãî, ã¤®¢«¥â¢®àïîéãî ¯®¤-

ç¨¥¨î

f 0(�) � T (�; �; �); �+ i� 2 Dm (Dm | ¨§ â¥ªáâ  «¥¬¬ë);

¨ f 00(0) = 0, â® ¢ á«ãç ¥ äãªæ¨¨ F(�) á® á¢ï§ìî F 0(�) = f 0c(�), á®¤¥à¦ é¥© ª®¬¯«¥ªáãî

¯®áâ®ïãî c, ª®ä®à¬ë© à ¤¨ãá ®¡« áâ¨ F(E) ¡ã¤¥â ¨¬¥âì ¥¤¨áâ¢¥ãî ªà¨â¨ç¥áªãî

â®çªã ¢ 0 ¯à¨ ãá«®¢¨¨

mjcj < 1: (25)

�®ª § â¥«ìáâ¢®. � ª ª ª F 00(0) = cf 0c�1(0)f 00(0) = 0 , â® ãà ¢¥¨¥ (10), § ¯¨á ®¥ ¤«ï
F(�), ¡ã¤¥â ã¤®¢«¥â¢®à¥® ¯à¨ a = 0. �â®¡ë ¤®ª § âì ®âáãâáâ¢¨¥ ¤àã£¨å ªà¨â¨ç¥áª¨å â®ç¥ª ã
ª®ä®à¬®£® à ¤¨ãá  ®¡« áâ¨ F(E), ¢ë¢¥¤¥¬ ¥à ¢¥áâ¢®����F 00(�)

F 0(�)

���� < 2j�j
1� j�j2

¯à¨ � 6= 0: (26)

�«ï íâ®£® ¢®á¯®«ì§ã¥¬áï «®£ à¨ä¬¨ç¥áª®© ¯à®¨§¢®¤®© á®®â®è¥¨ï F 0(�) = [f 0(�)]c ¢ ä®à-
¬¥

F 00

F 0
= c

f 00

f 0
:

�®¤áâ ¢¨¢ íâ® à ¢¥áâ¢® ¢ (24), á ãç¥â®¬ (25) ¯®«ãç¨¬����F 00(�)
F 0(�)

���� � 2mjcj j�j
1� j�j2

) (26): �

�¯à¥¤¥«ïîéãî à®«ì ¢ â¥®à¥¬¥ 3 ¨£à îâ ¯®¤ç¨ïîé¨¥ äãªæ¨¨ T (�; �; �) = (1+��)=(1���),
ª®â®àë¥ «¥£ª® ã¯®àï¤®ç¨âì á«¥¤ãîé¨¬ ®¡à §®¬:

T (�; �; �) � T (�0; �0; �), (T (�; �; 1) � T (�0; �0; 1); T (�; �;�1) � T (�0; �0;�1)),

, f�(1 + �0) + �(1� �0) � �0 + �0; �(1� �0) + �(1 + �0) � �0 + �0g: (27)

�¥à ¢¥áâ¢  (27) ®âà ¦ îâ  £«ï¤ë© £¥®¬¥âà¨ç¥áª¨© ä ªâ, ª®â®àë© ¬®¦® ¯®ïá¨âì á ¯®¬®-
éìî ¤¨ää¥®¬®àä®£® á®®â¢¥âáâ¢¨ï ([7], á. 47)

a =
1 + ��

1� �2
; b =

�+ �

1� �2
, � =

a� 1
b

; � = b�
a(a� 1)

b
: (28)

�¬¥®, ªà¨â¥à¨¥¬ â®£®, çâ® ªàã£ E(a0; b0) = fw : jw � a0j < b0g á ¢¥é¥áâ¢¥ë¬ æ¥âà®¬ a0
á®¤¥à¦¨â ªàã£ E(a; b) á ¢¥é¥áâ¢¥ë¬ æ¥âà®¬ a, ï¢«ïîâáï ¤¢  ¥à ¢¥áâ¢ 

a+ b � a0 + b0; a� b � a0 � b0 (, E(a; b) � E(a0; b0)); (29)

¢ ª®â®àëå § ¤¥©áâ¢®¢ ë â®çª¨ ¯¥à¥á¥ç¥¨ï ®ªàã¦®áâ¥© @E(a; b) ¨ @E(a0; b0) á ¢¥é¥áâ¢¥®©
®áìî.

�¥à ¢¥áâ¢  (29) ®¯à¥¤¥«ïîâ ¤¢¥ ¯®«ã¯«®áª®áâ¨ ¢ ¯«®áª®áâ¨ ¯ à ¬¥âà®¢ a+ib. � «®£¨çë¥
¯®«ã¯«®áª®áâ¨, ª®â®àë¥ ®¡®§ ç¨¬ ç¥à¥§ �1(�0; �0) ¨ �2(�0; �0), ¢ ¯«®áª®áâ¨ � + i� ï¢«ïîâáï
¨§®¡à ¦¥¨ï¬¨ ¥à ¢¥áâ¢ (27), ª®â®àë¥ ¬®¦® ¯®«ãç¨âì ¨§ (29) «¥¢®© ¯®¤áâ ®¢ª®© ¢ (28).
�à ¨ç ï ¯àï¬ ï ¯®«ã¯«®áª®áâ¨ �1(�0; �0) ¯à®å®¤¨â ç¥à¥§ â®çª¨ �0 + i�0 ¨ 1 � i,   ¯àï¬ ï
@�2(�0; �0) § ¤ ¥âáï â®çª ¬¨ �0 + i�0 ¨ �1 + i. �¡¥¨¬ ¯®«ã¯«®áª®áâï¬ ¯à¨ ¤«¥¦¨â  ç «®
ª®®à¤¨ â. �¥à¥á¥ç¥¨¥ �1(�0; �0) \ �2(�0; �0) \ Dm ®¯à¥¤¥«ï¥â ®¡« áâì § ç¥¨© ¯ à ¬¥âà®¢
¢ ¯«®áª®áâ¨ � + i�, ¤«ï ª®â®àëå â¥®à¥¬  3 ¤ ¥â à¥§ã«ìâ â á« ¡¥¥, ç¥¬ ¯à¨ �0 + i�0. �®íâ®¬ã
 ¨«ãçè¨¥ íää¥ªâë á¢ï§ ë á ãá«®¢¨ï¬¨ ¯®¤ç¨¥¨ï ¢ (24) ¨ ¢ â¥®à¥¬¥ 3, ª®£¤  m < 1=jcj ¨

�+ i� 2 @Dm n [�1 + i; 1 � i]; (30)

â. ¥. �+ i� «¥¦¨â   £à ¨æ¥ ®¡« áâ¨ Dm á ¨áª«îç¥¨¥¬ ®âà¥§ª , á®¥¤¨ïîé¥£® â®çª¨ �1 + i ¨
1� i. �«¥¤®¢ â¥«ì®, ¢ ¯¥à¢®© ç áâ¨ ¨¬¯«¨ª æ¨¨ (24) ¢¬¥áâ® �+ i� 2 Dm ¬®¦® ¢áâ ¢¨âì (30).
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� ¬¥â¨¬, çâ® ¢ [4] ¡ë«  ®¡®á®¢   ¥¤¨áâ¢¥®áâì ªà¨â¨ç¥áª®© â®çª¨ ª®ä®à¬®£® à ¤¨ãá 
®¡« áâ¨ f(E) ¯à¨ ãá«®¢¨¨

ff 0~a(�) � T (�; �; �); �+ i� 2 Dmg ¨ m � jeaj:
�¤¥áì â ª¦¥ ¢ª«îç¥¨¥ � + i� 2 Dm ¬®¦® § ¬¥¨âì   (30). � «®£¨çë¥ ã«ãçè¥¨ï ¬®¦®
¢¥áâ¨ á ¯®¬®éìî ¢ª«îç¥¨ï ¢¨¤  (30) ¤«ï ®¡« áâ¨ Gm ¢ â¥®à¥¬ã 2 ¨§ [4].

�àã£¨¥ ¢¨¤ë ãá«®¢¨©, £ à â¨àãîé¨å ¥¤¨áâ¢¥®áâì ªà¨â¨ç¥áª®© â®çª¨ ª®ä®à¬®£® à -
¤¨ãá , ¨ ¯à¨«®¦¥¨ï íâ¨å ãá«®¢¨© ª ¢¥è¨¬ ®¡à âë¬ ªà ¥¢ë¬ § ¤ ç ¬ [10], [11] ¡ã¤ãâ ¨§«®-
¦¥ë ¢ ¤àã£®© áâ âì¥  ¢â®à®¢.
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