
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

1999 ���������� ò 10 (449)

��� 517.929

�.�. ������������

�������������� ������������ �������� ������
���������������-���������� ���������

1. �¢¥¤¥¨¥

� à ¡®â¥ ¨áá«¥¤ã¥âáï ¥®¤®à®¤ ï «¨¥© ï á¨áâ¥¬  ¤¨ää¥à¥æ¨ «ì®-à §®áâëå ãà ¢-
¥¨© _x(t) = A(t)x(t � 1) + f(t), t 2 (�1;1), ª®£¤  ¢ ¬®¬¥â t = 0 ¨§¢¥áâ® § ç¥¨¥ ¨áª®¬®©
äãªæ¨¨ x(0) = x0 [1]{[4]. �¥à¥¬¥ ï ¬ âà¨æ  A(t) ¨ ¢¥ªâ®à f(t) ¯®« £ îâáï ¯®«¨®¬ ¬¨. �¢-
â®àã ¥ ¨§¢¥áâë à¥§ã«ìâ âë, ãáâ  ¢«¨¢ îé¨¥ ãá«®¢¨ï à §à¥è¨¬®áâ¨ ¤ ®© § ¤ ç¨ ¢ ª« áá¥
  «¨â¨ç¥áª¨å äãªæ¨©. � à ¡®â¥ ¢¢®¤¨âáï ä®à¬ «ì®¥ à¥è¥¨¥ ¢ ¢¨¤¥ àï¤  ¯® áâ¥¯¥ï¬ ¥-
§ ¢¨á¨¬®© ¯¥à¥¬¥®©, ¯® ®â®è¥¨î ª ª®â®à®¬ã à áá¬ âà¨¢ ¥âáï ¯®«¨®¬ ¥ª®â®à®© áâ¥¯¥¨
N . �à¨ ¯®¤áâ ®¢ª¥ íâ®£® ¯®«¨®¬  ¢ ¨áå®¤ãî § ¤ çã ¯®ï¢«ï¥âáï ¥¢ï§ª  4(t) = O(tN+1).
�®£¤  â¥à¬¨ \¯®«¨®¬¨ «ì®¥ ª¢ §¨à¥è¥¨¥" ¯®¨¬ ¥âáï ¢ â®¬ á¬ëá«¥, çâ® ¤«ï «î¡®£® " > 0
¢á¥£¤  ¬®¦® ãª § âì â ª®¥ t� > 0, ¯à¨ ª®â®à®¬ ¤«ï ¢á¥å jtj � t� ®¯à¥¤¥«¥ ï á®®â¢¥âáâ¢ãîé¨¬
®¡à §®¬ ®à¬  k4(t)k � ".

� ¡®â  ¯®á¢ïé¥   å®¦¤¥¨î ¯®«¨®¬¨ «ìëå ª¢ §¨à¥è¥¨© ¨áá«¥¤ã¥¬®© § ¤ ç¨.

2. �®áâ ®¢ª  § ¤ ç¨

� áá¬®âà¨¬ á«¥¤ãîéãî § ¤ çã ¤«ï «¨¥©®© á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ì®-à §®áâëå ãà ¢-
¥¨©:

dx(t)=dt = A(t)x(t� 1) + f(t); t 2 J = (�1;1); x(0) = x0; (2.1)

£¤¥ x(t); f(t) : J ! Rl; A(t) : J ! Rl�l; x0 2 Rl. �ã¤¥¬ ¯®« £ âì, çâ®

A(t) =
AX

n=0

Ant
n; f(t) =

FX
n=0

fnt
n; An 2 Rl�l; fn 2 Rl; F � A; t 2 J: (2.2)

�ãáâì

x(t) =
1X
n=0

xnt
n; xn 2 Rl; (2.3)

| ä®à¬ «ì®¥ à¥è¥¨¥ § ¤ ç¨ (2.1). �à¨¬¥¨âì ª« áá¨ç¥áª¨© ¬¥â®¤ ¥®¯à¥¤¥«¥ëå ª®íää¨-
æ¨¥â®¢ ¢ íâ®¬ á«ãç ¥ ¥ ã¤ ¥âáï, ¯®áª®«ìªã ¯®áâà®¨âì à¥ªãàà¥âãî ä®à¬ã«ã ¤«ï ®¯à¥¤¥-
«¥¨ï ¥¨§¢¥áâëå ª®íää¨æ¨¥â®¢ xn ¢ (2.3) ¥ ¯à¥¤áâ ¢«ï¥âáï ¢®§¬®¦ë¬,   ¯®«ãç îé ïáï
¢ íâ®¬ á«ãç ¥ ¡¥áª®¥ç®¬¥à ï «¨¥© ï á¨áâ¥¬  ãà ¢¥¨© ®â®á¨â¥«ì® xn ¯®ª  ¥ ¯®¤-
¤ ¥âáï   «¨§ã ¢ á¬ëá«¥ ®¤®§ ç®© ¢ëç¨á«ï¥¬®áâ¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ ¢¥ªâ®à®¢ fxg1n=0 ¨,
á«¥¤®¢ â¥«ì®, á¢ï§ ®£® á ¥© ¯à¥¤áâ ¢«¥¨ï à¥è¥¨ï ¢ ¢¨¤¥ áâ¥¯¥®£® àï¤ .

�¢¥¤¥¬ ¯®«¨®¬

x(t) =
NX
n=0

xnt
n; xn 2 Rl: (2.4)
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�«ï x(t) ¨¬¥¥¬

_x(t) =
NX
n=0

nxnt
n�1; x(t� 1) =

NX
n=0

xn(t� 1)n =
NX
n=0

exntn; (2.5)

£¤¥

exn = N�nX
i=0

(�1)iC i
n+ixn+i:

� ¯¨è¥¬ á®®â®è¥¨¥

A(t)x(t� 1) =
� AX

n=0

Ant
n

�� NX
n=0

xnt
n

�
=

A+NX
n=0

� nX
i=0

An�iexi�tn: (2.6)

�à®¢¥¤¥¬   «¨§ à §¬¥à®áâ¥© ¯®«¨®¬®¢, ¯®«ãç îé¨åáï ¯à¨ ¯®¤áâ ®¢ª¥ (2.4) ¢ (2.1). �à®¨§-
¢®¤ ï _x(t) ¯à¥¤áâ ¢«ï¥âáï ¯®«¨®¬®¬ áâ¥¯¥¨ N � 1,   äãªæ¨ï f(t) ¨¬¥¥â áâ¥¯¥ì F . �®£¤ 
¤«ï â®£®, çâ®¡ë ¯à¨ ¯®¤áâ ®¢ª¥ (2.4), (2.5) ¨ (2.6) ¢ (2.1) ¨ áà ¢¥¨¨ áâ¥¯¥¥© ¯à¨ ®¤¨ ª®¢ëå
áâ¥¯¥ïå t ¯®á«¥¤¨© ª®íää¨æ¨¥â ¢ (2.4) xn ®¯à¥¤¥«ï«áï ¯®á«¥¤¨¬ § ¤ ë¬ ª®íää¨æ¨¥â®¬
¢ (2.2) fF , ¥®¡å®¤¨¬®, çâ®¡ë N = F + 1. � íâ®¬ á«ãç ¥ áâ¥¯¥ì ¯®«¨®¬  ¢ (2.6) ¡ã¤¥â à ¢ 
A+ F + 1.

�¯à¥¤¥«¨¬ ¢¥ªâ®à-äãªæ¨î f(t) ¢ ¢¨¤¥

f(t) =
F+A+1X
n=0

fnt
n; fn 2 Rl; (2.7)

£¤¥ fi = f i, i = 0; F ,   fF+i, i = 1; A+ 1, | ¥ª®â®àë¥ ¥¨§¢¥áâë¥ ª®íää¨æ¨¥âë.

�¯à¥¤¥«¥¨¥ 2.1. � ¤ çã

_x(t) = A(t)x(t� 1) + f(t); t 2 J = (�1;1); x(0) = x(0) = x0; (2.8)

¡ã¤¥¬  §ë¢ âì á®£« á®¢ ®© ¯® à §¬¥à®áâ¨ ¯®«¨®¬®¢ ®â®á¨â¥«ì® § ¤ ç¨ (2.1).

�®« £ ï ¢ (2.4), (2.5) ¨ (2.6) N = F + 1 ¨ ¯®¤áâ ¢«ïï íâ¨ ¢ëà ¦¥¨ï,   â ª¦¥ (2.7) ¢ (2.8),
¯®«ãç¨¬

F+1X
n=0

nxnt
n�1 =

A+F+1X
n=0

� nX
i=0

An�iexi�tn + A+F+1X
n=0

fnt
n:

�®áª®«ìªã F � A, ¯à¨à ¢¨¢ ï ª®íää¨æ¨¥âë ¯à¨ ®¤¨ ª®¢ëå áâ¥¯¥ïå t, ¨¬¥¥¬

nxn =

8>><>>:
n�1P
i=0

An�1�iexi + fn�1; 1 � n � A;

n�1P
i=n�(A+1)

An�1�iexi + fn�1; A+ 1 � n � F + 1;
(2.9)

0 =
F+1X

i=n�(A+1)

An�1�iexi + fn�1; F + 2 � n � A+ F + 2: (2.10)

� ¬¥â¨¬, çâ® ¢ á¨«ã (2.7) ¯¥à¢ë¥ F ª®íää¨æ¨¥â®¢ ¯®«¨®¬  f(t) ®¯à¥¤¥«ïîâáï ª®íää¨æ¨-
¥â ¬¨ ¯®«¨®¬  f(t) § ¤ ç¨ (2.1). �à¨ íâ®¬ ¤®¯ãáª ¥âáï á«ãç ©, ª®£¤  ¥ª®â®àë¥ ¯®á«¥¤¨¥
¨«¨ ¢á¥ ª®íää¨æ¨¥âë f(t) à ¢ë ã«î. �®áª®«ìªã áâ¥¯¥ì ¯®«¨®¬  x(t) à ¢  F + 1, íâ®
¯®§¢®«ï¥â ¢ë¡à âì áâ¥¯¥ì ¯®«¨®¬  f(t) ¢ § ¢¨á¨¬®áâ¨ ®â ¦¥« ¥¬®© áâ¥¯¥¨ ¯®«¨®¬  x(t),
¤®¡ ¢«ïï ª f(t) á®®â¢¥âáâ¢ãîé¥¥ ç¨á«® ã«¥¢ëå ç«¥®¢.
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�¯à¥¤¥«¥¨¥ 2.2. �á«¨ áãé¥áâ¢ã¥â ¯®«¨®¬ áâ¥¯¥¨ F + 1

x(t) =
F+1X
n=0

xnt
n; xn 2 Rl; (2.11)

ã¤®¢«¥â¢®àïîé¨© § ¤ ç¥ (2.8), â® íâ®â ¯®«¨®¬ ¡ã¤¥¬  §ë¢ âì ¯®«¨®¬¨ «ìë¬ ª¢ §¨à¥è¥-
¨¥¬ § ¤ ç¨ (2.1).

�¨¦¥ ¨áá«¥¤ãîâáï ¢®¯à®áë, á¢ï§ ë¥ á ãá«®¢¨ï¬¨ áãé¥áâ¢®¢ ¨ï ¯®«¨®¬¨ «ìëå ª¢ §¨-
à¥è¥¨© ¨ ¨å  å®¦¤¥¨¥¬.

3. �á®¢ë¥ à¥§ã«ìâ âë

�«ï à¥è¥¨ï ¯®áâ ¢«¥®© § ¤ ç¨ ¢ëà §¨¬ ¥¨§¢¥áâë¥ ª®íää¨æ¨¥âë xn, n = 1; F + 1, ¯®-
«¨®¬¨ «ì®£® ª¢ §¨à¥è¥¨ï (2.11) ç¥à¥§ ¥¨§¢¥áâë¥ ª®íää¨æ¨¥âë fn, n = F + 1; F +A+ 1,
¯®«¨®¬  (2.7) ¨  ©¤¥¬ ãá«®¢¨ï, ¯à¨ ª®â®àëå ¯®á«¥¤¨¥ ¬®£ãâ ¡ëâì ®¯à¥¤¥«¥ë. � íâ®© æ¥«ìî
¡ã¤¥¬ ¯®á«¥¤®¢ â¥«ì® ¨§ãç âì á®®â®è¥¨ï (2.10) ¨ (2.9), ¯à¨¬¥ïï ¤«ï ¨áá«¥¤®¢ ¨ï ¬¥â®¤
¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨.

�¥à¥¯¨è¥¬ ä®à¬ã«ã (2.10) ¢ ¢¨¤¥

F+1X
i=n�(A+1)

An�1�iexi + fn�1 = 0; F + 2 � n � A+ F + 2: (3.1)

�à®¢¥¤¥¬ ¯à¥®¡à §®¢ ¨¥ ¯¥à¢®£® á« £ ¥¬®£® ¢ íâ®¬ à ¢¥áâ¢¥. �¥« ï § ¬¥ã ¨¤¥ªá  áã¬¬¨-
à®¢ ¨ï j = i� n+A+ 1 ¨ ¬¥ïï ¯®àï¤®ª áã¬¬¨à®¢ ¨ï á« £ ¥¬ëå, ¨¬¥¥¬

F+A+2�nX
j=0

AA�jexn�(A+1)+j = F+A+2�nX
j=0

An�(F+2)+jexF+1�j :
�®«®¦¨¬ n = F +A+ 2� k. �®£¤  ä®à¬ã«  (3.1) ¯¥à¥¯¨è¥âáï â ª

kX
j=0

AA�k+j exF+1�j + fF+A+1�k = 0; 0 � k � A:

�®¤áâ ¢¨¬ ¢ íâ® ¢ëà ¦¥¨¥ § ç¥¨¥ exF+1�j , ®¯à¥¤¥«¥®¥ á®£« á® (2.5),
kX

j=0

AA�k+j

jX
i=0

(�1)iC i
F+1�j+ixF+1�j+i + fF+A+1�k = 0; 0 � k � A: (3.2)

�à¥®¡à §ã¥¬ ¯¥à¢®¥ á« £ ¥¬®¥ ¢ ¯®«ãç¥®¬ á®®â®è¥¨¨

kX
j=0

AA�k+j

jX
i=0

(�1)iC i
F+1�j+ixF+1�j+i = AA�kC

0
F+1xF+1 +AA�k+1(C

0
FxF � C1

F+1xF+1) +

+AA�k+2(C
0
F�1xF�1 � C1

FxF + C2
F+1xF+1) + � � �+AA(C

0
F+1�kxF+1�k + � � �+ (�1)kCk

F+1xF+1) =

=
kX

i=0

� k�iX
j=0

(�1)jCj
F+1�iAA�k+i+j

�
xF+1�i:

�¡®§ ç ï §¤¥áì

Gk;i
s =

k�iX
j=0

(�1)jCj
sAA�k+i+j ; Gk;i

s 2 Rl�l; (3.3)
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¯¥à¥¯¨è¥¬ (3.2) ¢ ¢¨¤¥

kX
i=0

Gk;i
F+1�ixF+1�i = �fF+A+1�k; 0 � k � A: (3.4)

�ãáâì detAA 6= 0. �®£¤  ¢ á¨«ã (3.3) ¬ âà¨æë Gi;i
s = AA, i = 0; A, ¥¢ëà®¦¤¥ë¥. �®« £ ï

k = 0; 1; 2; 3, ®¯à¥¤¥«¨¬ ¢¥ªâ®àë xF+1�k, ¢ëà ¦ ï ¨å ç¥à¥§ ¢¥ªâ®àë fF+A+1�k.
�à¨ k = 0 ¨¬¥¥¬1

xF+1 = �G�0;0F+1fF+A+1;

¯à¨ k = 1
xF = �G�1;1F fF+A +G�1;1F G1;0

F+1G
�0;0
F+1fF+A+1;

¯à¨ k = 2

xF�1 = �G�2;2F�1fF+A�1+G�2;2F�1G
2;1
F G�1;1F fF+A� (G�2;2F�1G

2;1
F G�1;1F G1;0

F+1G
�0;0
F+1 �G�2;2F�1G

2;0
F+1G

�0;0
F+1)fF+A+1;

¯à¨ k = 3

xF�2 = �G�3;3F�2fF+A�2+G
�3;3
F�2G

3;2
F�1G

�2;2
F�1fF+A�1�(G

�3;3
F�2G

3;2
F�1G

�2;2
F�1G

2;1
F G�1;1F �G�3;3F�2G

3;1
F G�1;1F )fF+A+

+ (G�3;3F�2G
3;2
F�1G

�2;2
F�1G

2;1
F G�1;1F G1;0

F+1G
�0;0
F+1 �G�3;3F�2G

3;2
F�1G

�2;2
F�1G

2;0
F+1G

�0;0
F+1 �

�G�3;3F�2G
3;1
F G�1;1F G1;0

F+1G
�0;0
F+1 +G�3;3F�2G

3;0
F+1G

�0;0
F+1)fF+A+1:

�ãáâì 0 � i � k. �®áâ ¢¨¬ £àã¯¯ë ¯®á«¥¤®¢ â¥«ì®áâ¥© ¯ à ç¨á¥« á«¥¤ãîé¨¬ ®¡à §®¬:

1 £àã¯¯ : (k; k); (k; k � 1); (k � 1; k � 1); (k � 1; k � 2); : : :

(k � i+ 1; k � i); (k � i; k � i):

2 £àã¯¯ : (k; k); (k; k � 2); (k � 2; k � 2); (k � 2; k � 3); : : :

(k � i+ 1; k � i); (k � i; k � i):

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

i £àã¯¯ : (k; k); (k; k � i); (k � i; k � i):

�¨á«® ¯ à ¢ ª ¦¤®© £àã¯¯¥ ®¡®§ ç¨¬ ç¥à¥§ �i, i = 1; s.
�¢¥¤¥¬ ¯ àã ç¨á¥« �m

j , �
m
j , £¤¥ ¢¥àå¨© ¨¤¥ªá ®¡®§ ç ¥â ¯à¨ ¤«¥¦®áâì ¯ àë ªm-£àã¯¯¥,

  j | ¯®àï¤ª®¢ë© ®¬¥à ¯ àë ¢ íâ®© £àã¯¯¥. �®£¤  ¤«ï k = 0; 3 ¨¬¥¥¬

xF+1�k =
kX

i=0

(�1)i+1Dk
i fF+A+1�k+i: (3.5)

�¤¥áì

Dk
0 = G�k;kF+1�k; Dk

i =
X
s

(�1)s+1G�k;kF+1�k

�sY
j=2

G
�(�;�)�s

j�
s
j

F+1�k+(�s
1
��s

j
); 1 � i � k: (3.6)

� íâ®¬ ¢ëà ¦¥¨¨ § ª
P
s

à á¯à®áâà ï¥âáï   ¢ëè¥ ®¯¨á ë¥ s £àã¯¯ ¯ à ç¨á¥« ¯à¨ ¤ ëå

k ¨ i,   �(�; �) =

(
�1; ¥á«¨ �s

j = �sj ;

1; ¥á«¨ �s
j 6= �sj :

�ãáâì ä®à¬ã«  (3.5) á¯à ¢¥¤«¨¢  ¤«ï ¥ª®â®à®£® k < A. �®ª ¦¥¬, çâ® ®  á¯à ¢¥¤«¨¢  ¨
¤«ï k + 1. �®£« á® (3.4) ¢ íâ®¬ á«ãç ¥ ¨¬¥¥¬

xF�k = �G�k+1;k+1F�k fF+A�k �G�k+1;k+1F�k (Gk+1;0
F+1 xF+1 +Gk+1;1

F xF + � � � +Gk+1;k
F+1�kxF+1�k): (3.7)

1�¤¥áì ¨ ¤ «¥¥ G�i;js ¯à¥¤áâ ¢«ï¥â á®¡®© ¬ âà¨æã, ®¡à âãî ª ¬ âà¨æ¥ Gi;j
s .
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�«ï áã¬¬ë, ®£à ¨ç¥®© áª®¡ª ¬¨, á ãç¥â®¬ (3.5) ¯®«ãç ¥¬

Gk+1;0
F+1 (�D

0
0)fF+A+1 +Gk+1;1

F (�D1
0fF+A +D1

1fF+A+1) + � � �

+Gk+1;k
F+1�k

kX
i=0

(�1)i+1Dk
i fF+A+1�k+i = �

kX
i=0

� iX
j=0

(�1)j+1Gk+1;k�i+j
F+1�k+i�jD

k�i+j
j

�
fF+A+1�k+i:

�®¤áâ ¢«ïï ¯®«ãç¥®¥ ¢ëà ¦¥¨¥ ¢ (3.7) ¨ ¢®áï ¬®¦¨â¥«ì G�k+1;k+1F�k ¯®¤ § ª áã¬¬ë, ¯à¨-
å®¤¨¬ ª á«¥¤ãîé¥© ä®à¬ã«¥:

xF�k = �G�k+1;k+1F�k fF+A�k +
kX
i=0

� iX
j=0

(�1)j+1G�k+1;k+1F�k Gk+1;k�i+j
F+1�k+i�jD

k�i+j
j

�
fF+A+1�k�i: (3.8)

� á¨«ã (3.6) G�k+1;k+1F�k = Dk+1
0 . � áá¬®âà¨¬ â¥¯¥àì áã¬¬ã ¢ ªàã£«ëå áª®¡ª å. �à¨ i = 0 á ãç¥â®¬

(3.6) ¯®«ãç ¥¬
G�k+1;k+1F�k Gk+1;k

F+1�kD
k
0 = G�k+1;k+1F�k Gk+1;k

F+1�kG
�k;k
F+1�k = Dk+1

1 :

�«ï i = 1 ¨¬¥¥¬

G�k+1;k+1F�k Gk+1;k�1
F+2�k Dk�1

0 �G�k+1;k+1F�k Gk+1;k
F+1�kD

k
1 =

= G�k+1;k+1F�k Gk+1;k�1
F+2�k G�k�1;k�1F+2�k �G�k+1;k+1F�k Gk+1;k

F+1�kG
�k;k
F+1�kG

k;k�1
F+2�kG

�k�1;k�1
F+2�k = �Dk+1

2

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

�à¨ i = k

G�k+1;k+1F�k

kX
j=0

(�1)jGk+1;j
F+1�jD

j
j = G�k+1;k+1F�k (Gk+1;0

F+1 D
0
0�G

k+1;1
F D1

1+� � �+(�1)
kGk+1;k

F+1�kD
k
k) = (�1)kDk+1

k+1:

�®§¢à é ïáì ª ä®à¬ã«¥ (3.8), ¯¥à¥¯¨è¥¬ ¥¥ ¢ ¢¨¤¥

xF�k =
k+1X
i=0

(�1)i+1Dk+1
i fF+A�k+i:

�â¨¬ ¯®ª §   á¯à ¢¥¤«¨¢®áâì ä®à¬ã«ë (3.5) ¤«ï k = 0; A.
�áá«¥¤ã¥¬ â¥¯¥àì ä®à¬ã«ã (2.9). �¥à¥¯¨è¥¬ á®®â®è¥¨¥, á®®â¢¥âáâ¢ãîé¥¥ ¨¦¥© ¥¥ ç áâ¨

nxn =
AX
i=0

Aiexn�i�1 + fn�1; A+ 1 � n � F + 1:

�¥« ï § ¬¥ã ¨¤¥ªá  áã¬¬¨à®¢ ¨ï k = n� A� 1 ¨ ¬¥ïï ¯®á«¥¤®¢ â¥«ì®áâì ¯®à®¦¤ ¥¬ëå
¨¤¥ªá®¬ ä®à¬ã«, ¯à¨å®¤¨¬ ª á¨áâ¥¬¥ à ¢¥áâ¢

(F + 1� k)xF+1�k =
AX
i=0

AiexF�k�i + fF�k; 0 � k � F �A:

�®¤áâ ¢«ïï áî¤  ¢ëà ¦¥¨¥ ¤«ï exn ¢ á®®â¢¥âáâ¢¨¨ á (2.5), ¯®«ãç ¥¬

(F + 1� k)xF+1�k =
AX
i=0

Ai

k+1+iX
j=0

(�1)jCj
F�k�i+jxF�k�i+j + fF�k; 0 � k � F �A:

�®«®¦¨¬ k = 0. �®£¤ 

(F + 1)xF+1 =
AX
i=0

Ai

i+1X
j=0

(�1)jCj
F�i+jxF�i+j + fF =

=
� A+1X

j=1

(�1)jCj
F+1Aj�1

�
xF+1 +

A+1X
i=1

�A+1�iX
j=1

(�1)jCj
F+1�iAj+i�1

�
xF+1�i + fF ;
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¨«¨ ¢ ¤àã£®© ä®à¬¥� A+1X
j=1

(�1)jCj
F+1Aj�1 �E(F + 1)

�
xF+1 +

A+1X
i=1

�A+1�iX
j=0

(�1)jCj
F+1�iAj+i�1

�
xF+1�i = �fF :

�¤¥áì E 2 Rl�l | ¥¤¨¨ç ï ¬ âà¨æ . � ª¨¬ ¦¥ ®¡à §®¬ ¤«ï k = 1; 2; : : : ; s, 1 � s � F � A,
¯®«ãç ¥¬

s�1X
i=0

� AX
j=0

(�1)s+1�i+jCs+1�i+j
F+1�i Aj

�
xF+1�i +

� AX
j=0

(�1)j+1Cj+1
F+1�sAj �E(F + 1� s)

�
xF+1�s +

+
A+s+1X
i=s+1

�A+s+1�iX
j=0

(�1)jCj
F+1�iAj+i�(s+1)

�
xF+1�i = �fF�s: (3.9)

�¡®§ ç ï ¯à¨ s = 0

GA+1;i
F+1�i =

8>><>>:
AP
j=0

(�1)j+1Cj+1
F+1Aj �E(F + 1); i = 0;

A+1�iP
j=0

(�1)jCj
F+1�iAj+i�1; 1 � i � A+ 1;

(3.10)

¨ ¯à¨ 1 � s � F �A

GA+1+s;i
F+1�i =

8>>>>>>><>>>>>>>:

AP
j=0

(�1)s+1�i+jCs+1�i+j
F+1�i Aj ; 0 � i � s� 1;

AP
j=0

(�1)j+1Cj+1
F+1�sAj �E(F + 1� s); i = s;

A+s+1�iP
j=0

(�1)jCj
F+1�iAj+i�(s+1); s+ 1 � i � A+ s+ 1;

(3.11)

¯¥à¥¯¨è¥¬ á®®â®è¥¨¥ (3.9) á«¥¤ãîé¨¬ ®¡à §®¬:

A+1+sX
i=0

GA+1+s;i
F+1�i xF+1�i = �fF�s; 0 � s � F �A;

¨«¨, ¬¥ïï ¨¤¥ªá s = k � (A+ 1),

kX
i=0

Gk;i
F+1�ixF+1�i = �fF+A+1�k; A+ 1 � k � F + 1:

�®¯®áâ ¢«ïï íâã ä®à¬ã«ã á (3.4), ¢¨¤¨¬, çâ® ®¨ ¬®£ãâ ¡ëâì ®¡ê¥¤¨¥ë ¢ ¢¨¤¥ ®¤®£® ¢ëà -
¦¥¨ï

kX
i=0

Gk;i
F+1�ixF+1�i = �fF+A+1�k; 0 � k � F + 1;

£¤¥ ¬ âà¨æë Gk;i
F+1�i ®¯à¥¤¥«ïîâáï á®£« á® (3.3) ¤«ï 0 � k � A, (3.10) ¨ (3.11) ¤«ï A+ 1 � k �

F + 1.
� ¤àã£®© áâ®à®ë, ¯à¨ ¯à¨¢¥¤¥¨¨ ä®à¬ã«ë (3.4) ª ¢¨¤ã (3.5) ¡ë«  ¯®ª §   á¯à ¢¥¤«¨¢®áâì

(3.6) ¤«ï 0 � k � A. �à¨ íâ®¬ § ç¥¨¥ ç¨á«  A ¥ ¢«¨ï«®   ¯à®æ¥áá ¨ ª®¥çë© à¥§ã«ìâ â
¯à¥®¡à §®¢ ¨©. �«¥¤®¢ â¥«ì®, â¥¬ ¦¥ ¯ãâ¥¬ ãáâ  ¢«¨¢ ¥âáï á¯à ¢¥¤«¨¢®áâì íâ®© ä®à¬ã«ë
¨ ¤«ï A+ 1 � k � F + 1, â. ¥.

xF+1�k =
kX
i=0

(�1)i+1Dk
i fF+A+1�k+i; 0 � k � F + 1:
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� íâ®¬ ¢ëà ¦¥¨¨ § ç¥¨ï Dk
i  å®¤ïâáï ¯® (3.6). �®£¤  ¯¥à¥¯¨è¥¬ íâ® á®®â®è¥¨¥ â ª

xk =
F+1�kX
i=0

(�1)i+1DF+1�k
i fA+k+i; 0 � k � F + 1: (3.12)

�¥à¥¬áï ª ä®à¬ã«¥ (2.9) ¨ à áá¬®âà¨¬ ¥¥ ¯à¨ 1 � n � A

nxn =
n�1X
i=0

An�1�iexi + fn�1:

�®¤áâ ¢«ïï áî¤  exi ¢ ¢¨¤¥ (2.5), ¯®«ãç ¥¬
nxn =

n�1X
i=0

An�1�i

F+1�iX
j=0

(�1)jCj
i+jxi+j + fn�1: (3.13)

�à¨ 1 � n � A à áá¬®âà¨¬ ¢ëà ¦¥¨¥, áâ®ïé¥¥ ¯®¤ § ª®¬ áã¬¬ë

n�1X
i=0

An�1�i

F+1�iX
j=0

(�1)jCj
i+jxi+j =

8>>><>>>:
F+1P
i=0

iP
j=0

(�1)jCj
iAn�1�i+j ; 0 � i � n� 1;

F+1P
i=0

iP
j=i�(n�1)

(�1)jCj
iAn�1�i+j ; i � n:

�ç¨âë¢ ï íâ® á®®â®è¥¨¥, ¯¥à¥¯¨è¥¬ (3.13) ¢ ¢¨¤¥

F+1X
i=0

Sn�1
i xi = �fn�1; 1 � n � A; (3.14)

£¤¥

Sn�1
i =

8>>>>>>><>>>>>>>:

iP
j=0

(�1)jCj
iAn�1�i+j ; 0 � i � n� 1;

nP
j=0

(�1)jCj
nAj�1 �En; i = n;

iP
j=i�(n�1)

(�1)jCj
iAn�1�i+j ; i � n+ 1:

�®¤áâ ¢«ïï á®£« á® (3.12) § ç¥¨¥ xk ¢ (3.14), ¯à¨¢¥¤¥¬ ¯®á«¥¤îî ä®à¬ã«ã ª ¢¨¤ã

F+1X
i=1

Sn�1
i

F+1�iX
j=0

(�1)j+1DF+1�i
j fA+i+j = �fn�1 � Sn�1

0 x0; 1 � n � A: (3.15)

�à¥®¡à §ã¥¬ «¥¢ãî ç áâì íâ®£® à ¢¥áâ¢ 

F+1X
i=1

Sn�1
i

F+1�iX
j=0

(�1)j+1DF+1�i
j fA+i+j =

F+1X
i=1

iX
j=1

(�1)i+jDF+1�i
i�j Sn�1

j fA+i:

�®« £ ï §¤¥áì

Pn;F+2�i =
iX

j=1

(�1)i+jDF+1�i
i�j Sn�1

j ; 1 � n � A; 1 � i � F + 1; (3.16)

¯¥à¥¯¨è¥¬ (3.15) â ª

F�AX
i=1

Pn;F+2�ifA+i +
F+1X

i=F�A+1

Pn;F+2�ifA+i = �fn�1 � Sn�1
0 x0; 1 � n � A:
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�®£¤ 

A+1X
i=1

Pn;ifF+A+2�i = �fn�1 � Sn�1
0 x0 �

F�AX
i=1

Pn;F+2�ifA+i; 1 � n � A: (3.17)

� «¥¥, ¨§ (3.12) ¯à¨ k = 0 ¨¬¥¥¬

x0 =
F�AX
i=0

(�1)i+1DF+1
i fA+i +

F+1X
i=F�A+1

(�1)i+1DF+1
i fA+i: (3.18)

�®áª®«ìªã
F+1X

i=F�A+1

(�1)i+1DF+1
i fA+i =

A+1X
i=1

(�1)A�iDF+1
F+2�ifF+A+2�i;

¯¥à¥¯¨è¥¬ (3.18)

A+1X
i=1

(�1)A�iDF+1
F+2�ifF+A+2�i = x0 �

F�AX
i=0

(�1)i+1DF+1
i fA+i: (3.19)

�¡®§ ç ï

PA+1;i = (�1)A�iDF+1
F+2�i (3.20)

¨ ®¡ê¥¤¨ïï ä®à¬ã«ë (3.17) ¨ (3.19), ¯®«ãç ¥¬

A+1X
i=1

Pn;ifF+A+2�i = hA+2�n; 1 � n � A+ 1; (3.21)

£¤¥

hA+2�n =

8>><>>:
�fn�1 � Sn�1

0 x0 �
F�AP
i=1

Pn;F+2�ifA+i; 1 � n � A;

x0 �
F�AP
i=0

(�1)i+1DF+1
i fA+i; n = A+ 1:

� ®¥ á®®â®è¥¨¥ ¯à¥¤áâ ¢«ï¥â á®¡®© «¨¥©ãî á¨áâ¥¬ã  «£¥¡à ¨ç¥áª¨å ¬ âà¨çëå ãà ¢-
¥¨© ®â®á¨â¥«ì® ¥¨§¢¥áâëå ¢¥ªâ®à®¢ fF+i, i = 1; A+ 1, ª®â®àãî § ¯¨è¥¬ ¢ ¢¨¤¥


 bf = bh; 
 2 R(A+1)l�(A+1)l: (3.22)

�¤¥áì


 =

���������
P1;1 P1;2 : : : P1;A+1

P2;1 P2;2 : : : P2;A+1

...
...

...
...

PA+1;1 PA+1;2 : : : PA+1;A+1

��������� ;
bf = jfF+A+1; fF+A; : : : ; fF+1j

T ; bh = jhA+1; hA; : : : ; h1j
T :

�¥®à¥¬  3.1. �ãáâì ¢ § ¤ ç¥ (2:8) ¯®«¨®¬¨ «ì ï ¬ âà¨æ  A(t), § ¤  ï ¢ ¢¨¤¥ (2:2), ¨
¬ âà¨æ  
 «¨¥©®© á¨áâ¥¬ë (3:22), ®¯à¥¤¥«¥ ï ¢ á¨«ã § ¤ ç¨ (2:8), â ª®¢ë, çâ® detAA 6= 0
¨ det
 6= 0.

�®£¤  ¤«ï «î¡®£® x0 2 Rl § ¤ ç  (2:8) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ¢ ¢¨¤¥ ¯®«¨®¬  áâ¥¯¥¨

F + 1.
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�®ª § â¥«ìáâ¢®. �§ (3.3), (3.10) ¨ (3.11) ¢ëâ¥ª ¥â, çâ® ¬ âà¨æë Gk;k
s = AA, s; k = 0; F + 1.

�á«¨ detAA 6= 0, â® ¬ âà¨æë Dk
i , i; k = 0; F + 1, (3.12) â ª¦¥ ¥¢ëà®¦¤¥ë¥. �®íâ®¬ã á®£« á®

(3.16) ¨ (3.20) ¥¢ëà®¦¤¥ë¬¨ ï¢«ïîâáï ¨ ¬ âà¨æë Pi;j , i; j = 1; A + 1. � «¥¥, ¯®áª®«ìªã ®¯à¥-
¤¥«¨â¥«ì ¬ âà¨æë 
 ®â«¨ç¥ ®â ã«ï, «¨¥© ï á¨áâ¥¬  ®¤®§ ç® à §à¥è¨¬  ®â®á¨â¥«ì®
¢¥ªâ®à®¢ fF+i, i = 1; A+ 1. �«¥¤®¢ â¥«ì®, ¯® ä®à¬ã«¥ (3.12) ¯à¨ k = 1; 2; : : : ; F + 1 ®¤®§ ç®
¢ëç¨á«ïîâáï ¢¥ªâ®àë xk ¯®«¨®¬¨ «ì®£® ¯à¨¡«¨¦¥¨ï (2.11), çâ® ¨ ¤®ª §ë¢ ¥â â¥®à¥¬ã.

�®¤áâ ¢«ïï ¯®«ãç¥®¥ ¯®«¨®¬¨ «ì®¥ ª¢ §¨à¥è¥¨¥ ¢ ¢¨¤¥ (2.11) ¢ ¨áå®¤ãî § ¤ çã (2.1),
¯à¨å®¤¨¬ ª à ¢¥áâ¢ã _x(t) = A(t)x(t � 1) + f(t) +4(t), t 2 J , £¤¥ ¢ á®®â¢¥âáâ¢¨¨ á® á¯®á®¡®¬

 å®¦¤¥¨ï x(t) ¥¢ï§ª  ®¯à¥¤¥«ï¥âáï à ¢¥áâ¢®¬ 4(t) =
A+1P
i=1

fF+it
F+i.

�¢¥¤¥¬ ®à¬ã ¢¥ªâ®à  g(t) = jg1(t); g2(t); : : : ; gn(t)jT á«¥¤ãîé¨¬ ®¡à §®¬:

kg(t)kJ� = max
i

max
t
jgi(t)j; i = 1; n; t 2 J� = [�t�; t�]:

�®£¤  á¯à ¢¥¤«¨¢®

�«¥¤áâ¢¨¥ 3.1. �ãáâì x(t) | ¯®«¨®¬¨ «ì®¥ ª¢ §¨à¥è¥¨¥ § ¤ ç¨ (2.1). �®£¤  ¤«ï «î¡®£®
" > 0 ¢á¥£¤   ©¤¥âáï â ª®¥ t� > 0, ¯à¨ ª®â®à®¬ ¤«ï ¢á¥å jtj � t� ¡ã¤¥â ¢ë¯®«ïâìáï á®®â®è¥¨¥

k4(t)kJ� = tF
 A+1X

i=1

fF+it
i


J�

� ":

� ¬¥ç ¨¥ 3.1. � ª ®â¬¥ç «®áì ¢ëè¥, ¤«ï § ¤ ç¨ (2.1) ¬®£ãâ ¡ëâì ¯®«ãç¥ë à §ë¥ á®-
£« á®¢ ë¥ ¯® à §¬¥à®áâ¨ ¯®«¨®¬®¢ § ¤ ç¨ â¨¯  (2.8), ª ¦¤ ï ¨§ ª®â®àëå ®â«¨ç ¥âáï áâ¥-
¯¥ìî ¯®«¨®¬  f(t). �â® ¯®§¢®«ï¥â  å®¤¨âì ¤«ï § ¤ ç¨ (2.1) ¯®«¨®¬¨ «ìë¥ ª¢ §¨à¥è¥¨ï
à §«¨çëå áâ¥¯¥¥©.

3.1. �à¨¬¥àë

�à¨¬¥à 3.1. Cª «ïà®¥ ¤¨ää¥à¥æ¨ «ì®-à §®áâ®¥ ãà ¢¥¨¥ á § ¤ ë¬  ç «ìë¬
ãá«®¢¨¥¬

dx(t)=dt = x(t� 1); x(0) = x0: (3.23)

� á¨«ã ®¯à¥¤¥«¥¨ï 2.1 § ¤ ç 

_x(t) = x(t� 1) + fN t
N ; x(0) = x0 = x0;

£¤¥

x(t) = xN(t) =
NX
n=0

xnt
n; �N(t) = fnt

N ;

¡ã¤¥â á®£« á®¢ ®© ¯® à §¬¥à®áâ¨ ¯®«¨®¬®¢ ®â®á¨â¥«ì® § ¤ ç¨ (3.23). �à¨ x0 = 1 ¯®«ã-
ç ¥¬

x4(t) = 1 + 0:56705t + 0:16092t2 + 0:03065t3 + 0:00383t4;

�4(t) = �0:00383t4;

x6(t) = 1 + 0:56714t + 0:16083t2 + 0:03040t3 + 0:00431t4 + 0:00049t5 + 0:00004t6;

�6(t) = �0:00004t6:

�â¬¥â¨¬, çâ® ¯à¨¡«¨¦¥®¥ ç áâ®¥ à¥è¥¨¥ § ¤ ç¨ (3.23), á®®â¢¥âáâ¢ãîé¥¥ ¯à¨¡«¨¦¥®-
¬ã ¢¥é¥áâ¢¥®¬ã ª®àî å à ªâ¥à¨áâ¨ç¥áª®£® ª¢ §¨¯®«¨®¬  k1 � 0:56714, ¯à¨ x0 = 1 ¨¬¥¥â
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¢¨¤

x1(t) = e0:56714t =

= 1 + 0:56714t + 0:16082t2 + 0:03040t3 + 0:00431t4 + 0:00049t5 + 0:00005t6 +
1X
n=7

(0:56714)n

n!
tn:

�à ¢¨¢ ï x1(t) á x4(t) ¨ x6(t), ¯à¨å®¤¨¬ ª ¢ë¢®¤ã, çâ® ¢ ¤ ®¬ á«ãç ¥ ¯®«¨®¬¨ «ìë¥
ª¢ §¨à¥è¥¨ï ï¢«ïîâáï ¯à¨¡«¨¦¥¨ï¬¨ ª ç áâ®¬ã   «¨â¨ç¥áª®¬ã à¥è¥¨î § ¤ ç¨ (3.23).

�à¨¬¥à 3.2. Cª «ïà ï § ¤ ç  �®è¨ ¤«ï ¤¨ää¥à¥æ¨ «ì®-à §®áâ®£® ãà ¢¥¨ï

dx(t)=dt = (1 + t+ t2)x(t� 1) + t2; x(0) = x0 = 1:

�®£« á®¢ ®© ¯® à §¬¥à®áâ¨ ¯®«¨®¬®¢ ¡ã¤¥â § ¤ ç 

_x(t) = (1 + t+ t2)x(t� 1) + t2 + f3t
3 + f4t

4 + f5t
5; x(0) = x0 = 1;

£¤¥

x(t) =
3X

n=0

xnt
n; �(t) = f3t

3 + f4t
4 + f5t

5:

� á®®â¢¥âáâ¢¨¨ á (3.21) «¨¥© ï á¨áâ¥¬  (3.22) ¤«ï ®¯à¥¤¥«¥¨ï ¥¨§¢¥áâëå ª®íää¨æ¨¥-
â®¢ f3, f4, f5 ¨¬¥¥â ¢¨¤ 8<:

�4f5 = x0 + 1
�3f4 � 4f5 = x0

�2f3 � f4 � f5 = x0:

�à¨ x0 = 1 ¯®«ãç ¥¬ f3 = �0:416; f4 = 0:333; f5 = 0:5. �®£¤ 

x(t) = 1 + 0:583t + 0:666t2 + 0:5t3; �(t) = �0:416t3 + 0:333t4 � 0:5t5

.
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