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1. �¢¥¤¥­¨¥

�® ¢â®à®© ç áâ¨ à ¡®âë ­¥¯®áà¥¤áâ¢¥­­® ¯à®¤®«¦ ¥âáï ¨áá«¥¤®¢ ­¨¥ § ¤ ç¨ áã¡®¯â¨¬ «ì-
­®£® ã¯à ¢«¥­¨ï ¯®«ã«¨­¥©­ë¬ í««¨¯â¨ç¥áª¨¬ ãà ¢­¥­¨¥¬ á ä §®¢ë¬ ®£à ­¨ç¥­¨¥¬, ­ ç â®¥
¢ ¯¥à¢®© ç áâ¨ à ¡®âë [1]. � ª ¨ ¢ [1], ä §®¢®¥ ®£à ­¨ç¥­¨¥ § ¤ ç¨  ¤¤¨â¨¢­® § ¢¨á¨â ®â äã­ª-
æ¨®­ «ì­®£® ¯ à ¬¥âà  q 2 C(X), £¤¥ X � 
 | ª®¬¯ ªâ, ­  ª®â®à®¬ ¤®«¦­® ¢ë¯®«­ïâìáï
ä §®¢®¥ ®£à ­¨ç¥­¨¥, 
 | ®¡« áâì § ¤ ­¨ï í««¨¯â¨ç¥áª®© ªà ¥¢®© § ¤ ç¨. �¤¥áì, ¢ ®â«¨ç¨¥ ®â
¯¥à¢®© ç áâ¨ à ¡®âë, ®á­®¢­®¥ ¢­¨¬ ­¨¥ ã¤¥«ï¥âáï ¢®¯à®á ¬, á¢ï§ ­­ë¬ á® á¢®©áâ¢ ¬¨ à¥£ã-
«ïà­®áâ¨ ¨ ­®à¬ «ì­®áâ¨ à áá¬ âà¨¢ ¥¬®© § ¤ ç¨. �à¨ íâ®¬ ®¡®¡é îé¨¥ ª« áá¨ç¥áª¨¥ (­ ¯à.,
[2]) á®®â¢¥âáâ¢ãîé¨¥ ¯®­ïâ¨ï [3]{[6] ¡ë«¨ ®¯à¥¤¥«¥­ë ¢ ¯¥à¢®© ç áâ¨ à ¡®âë. �® ¢â®à®© ç áâ¨
¯®ª §ë¢ ¥âáï, ¢ ç áâ­®áâ¨, çâ® á«¥¤áâ¢¨¥¬ ­®à¬ «ì­®áâ¨ § ¤ ç¨ ¯à¨ ­¥ª®â®à®¬ ä¨ªá¨à®¢ ­-
­®¬ §­ ç¥­¨¨ ¯ à ¬¥âà  q 2 C(X) ï¢«ï¥âáï «¨¯è¨æ¥¢®áâì ¥¥ äã­ªæ¨¨ §­ ç¥­¨© ¢ ®ªà¥áâ­®áâ¨
â®çª¨ q. �à¨ íâ®¬, ª ª ¯®ª § ­® ¢ ¯¥à¢®© ç áâ¨ à ¡®âë, ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ ­®à¬ «ì­®áâ¨
§ ¤ ç¨ ï¢«ï¥âáï ¢ á®¢®ªã¯­®áâ¨ á ­¥ª®â®àë¬¨ áâ ­¤ àâ­ë¬¨ ¯à¥¤¯®«®¦¥­¨ï¬¨ ® ¢ë¯ãª«®áâ¨
äã­ªæ¨©, § ¤ îé¨å ¨áå®¤­ë¥ ¤ ­­ë¥ § ¤ ç¨, ãá«®¢¨¥ �«¥©â¥à . �ë ¯®ª §ë¢ ¥¬, ªà®¬¥ â®£®,
çâ® à¥£ã«ïà­®áâì § ¤ ç¨ á ä §®¢ë¬ ®£à ­¨ç¥­¨¥¬ ¥áâì â¨¯¨ç­®¥ á¢®©áâ¢® ¯®¤®¡­®£® à®¤  § ¤ ç,
â. ª. ®­® ¨¬¥¥â ¬¥áâ® ¤«ï §­ ç¥­¨© äã­ªæ¨®­ «ì­®£® ¯ à ¬¥âà  ¨§ ­¥ª®â®à®£®, ¯® ªà ©­¥© ¬¥-
à¥, ¢áî¤ã ¯«®â­®£® ¬­®¦¥áâ¢ , ¯à¨­ ¤«¥¦ é¥£® ¬­®¦¥áâ¢ã ¢á¥å â¥å §­ ç¥­¨© ¯ à ¬¥âà , ¤«ï
ª®â®àëå § ¤ ç  \¨¬¥¥â á¬ëá«" (äã­ªæ¨ï §­ ç¥­¨© ª®­¥ç­ ). �¡áã¦¤ ¥âáï â ª¦¥ ¢®§¬®¦­®áâì
ãá¨«¥­¨ï ¯®á«¥¤­¥£® à¥§ã«ìâ â .

2. �®áâ ­®¢ª  § ¤ ç¨

�ãáâì U � Rm | ª®¬¯ ªâ, 
 � Rn | ®£à ­¨ç¥­­ ï ®¡« áâì, D � fu 2 L1(
) : u(x) 2 U ¯. ¢.
­  
g. � áá¬®âà¨¬ á¥¬¥©áâ¢® § ¢¨áïé¨å ®â äã­ªæ¨®­ «ì­®£® ¯ à ¬¥âà  q ®¯â¨¬¨§ æ¨®­­ëå
§ ¤ ç

I0(u)! inf; I1(u) 2M+ q; u 2 D; q 2 C(X) � B | ¯ à ¬¥âà; (Pq)

£¤¥

I0(u) �
Z



F (x; z[u](x); u(x)) dx; I1(u) � G(�; z[u](�));
M � C(X) | ¢ë¯ãª«®¥ § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® ¢á¥å ­¥¯à¥àë¢­ëå ­¥¯®«®¦¨â¥«ì­ëå äã­ªæ¨©

­  X, X � 
 | ª®¬¯ ªâ, z[u] 2
�

W 1
2(
) | á®®â¢¥âáâ¢ãîé¥¥ ã¯à ¢«¥­¨î u 2 D á« ¡®¥ à¥è¥­¨¥

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(ª®¤ë ¯à®¥ªâ®¢ 95-01-00701, 98-01-00793).
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¢ á¬ëá«¥ [7] § ¤ ç¨ �¨à¨å«¥ ¤«ï ¯®«ã«¨­¥©­®£® í««¨¯â¨ç¥áª®£® ãà ¢­¥­¨ï á ¤¨¢¥à£¥­â­®©
£« ¢­®© ç áâìî

@

@xi
ai;j(x)zxj + a(x; z; u(x)) = 0; z(x) = 0; x 2 S:

�ç¨â ¥¬, çâ® ¢ë¯®«­ïîâáï á«¥¤ãîé¨¥ ãá«®¢¨ï ­  ¨áå®¤­ë¥ ¤ ­­ë¥ § ¤ ç¨ (Pq):

 ) äã­ªæ¨¨G, @G=@z : 
�R1 ! R1 ­¥¯à¥àë¢­ë ¯® (x; z), äã­ªæ¨¨ F , @F=@z : 
�R1�Rm !
R1, a, @a=@z : 
�R1�Rm ! R1 ¨§¬¥à¨¬ë ¢ á¬ëá«¥ �¥¡¥£  ¯® (x; z; u) ¨ ­¥¯à¥àë¢­ë ¯®
(z; u) ¯à¨ ¯. ¢. x, äã­ªæ¨¨ ai;j : 
! R1, i; j = 1; : : : ; n, «¨¯è¨æ¥¢ë;

¡) á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

�j�j2 � ai;j(x)�i�j � �j�j2; �; � > 0; ai;j(x) = aj;i(x);

ja(x; 0; u)j + j@a(x; z; u)=@zj � az(x) +N(M) 8x 2 
; z 2 S1
M ; u 2 U;

@a(x; z; u)=@z � 0 8 (x; z; u) 2 
�R1 � U;

£¤¥ az 2 Lq=2(
), q > n ([7], á. 181), Sn
M � fx 2 Rn : jxj < Mg;

¢) á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

jF (x; 0; u)j + j@F (x; z; u)=@zj � fz(x) +N(M) 8x 2 
; z 2 S1
M ; u 2 U;

jG(x; z)j; j@G(x; z)=@zj � N(M) 8 (x; z) 2 
� S1
M ;

£¤¥ fz 2 Lq=2(
), q > n, N(M) > 0 | ­¥ã¡ë¢ îé ï äã­ªæ¨ï ¯¥à¥¬¥­­®£® M > 0;
£) £à ­¨æ  S � @
 ï¢«ï¥âáï «¨¯è¨æ¥¢®©.

�¢¥¤¥¬ ­  ¬­®¦¥áâ¢¥ D ¬¥âà¨ªã �ª« ­¤  d(u1; u2) � measfx 2 
 : u1(x) 6= u2(x)g, ¯à¥¢à -
â¨¢ ¥£® â¥¬ á ¬ë¬ ¢ ¯®«­®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢®. �®£« á­® [2] ¬¨­¨¬¨§¨àãîé¨¬ ¯à¨¡«¨-
¦¥­­ë¬ à¥è¥­¨¥¬ (¬. ¯. à.) ¢ § ¤ ç¥ (Pq) ­ §ë¢ ¥âáï ¯®á«¥¤®¢ â¥«ì­®áâì ã¯à ¢«¥­¨© ui 2 D,
i = 1; 2; : : : , â ª ï, çâ®

I0(u
i) � �(q) + 
i; ui 2 D"i

q ; 
i; "i � 0; 
i; "i ! 0; i!1;

£¤¥

D"
q � fu 2 D : �(I1(u);M + q) � "g; �(I;M+ q) � inf

x2M
jx+ q � Ij(0)X ;

�(q) � �+0(q) � lim
"!+0

�"(q) � �0(q); �"(q) � inf
u2D"

q

I0(u); �"(q) � +1; ¥á«¨ D"
q = ;;

jqj(0)X � kqkC(X).

3. �¯¯à®ªá¨¬ æ¨ï ¨áå®¤­®© § ¤ ç¨ á ä §®¢ë¬ ®£à ­¨ç¥­¨¥¬ § ¤ ç ¬¨ á
äã­ªæ¨®­ «ì­ë¬¨ ®£à ­¨ç¥­¨ï¬¨

�ãáâì
^

X | áç¥â­ ï ¢áî¤ã ¯«®â­ ï á¥âì ª®¬¯ ªâ  X,
^

Xk � fxk;1; : : : ; xk;lkg �
^

X | ª®­¥ç­ ï

1=k á¥âì ª®¬¯ ªâ  X,
^

Xk �
^

Xk+1, k = 1; 2; : : : � áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì á¥¬¥©áâ¢ ®¯â¨¬¨-
§ æ¨®­­ëå § ¤ ç, § ¢¨áïé¨å ®â ª®­¥ç­®¬¥à­®£® ¢¥ªâ®à­®£® ¯ à ¬¥âà  qk � (qk1 ; : : : ; q

k
lk
) 2 Rlk ,

 ¯¯à®ªá¨¬¨àãîé¨å ¨áå®¤­®¥ á¥¬¥©áâ¢® (Pq)

I0(u)! inf; Ik(u) 2Mk + qk; u 2 D; qk 2 Rlk | ¯ à ¬¥âà; (P k
qk)

£¤¥

Mk � fyk 2 Rlk : yk1 � 0; : : : ; yklk � 0g;
Ik(u) � (Ik1 (u); : : : ; I

k
lk
(u)); Iki (u) � G(xk;i; z[u](xk;i)):
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� ª ¨ ¢ á«ãç ¥ § ¤ ç¨ (Pq), á®£« á­® [2] ¬. ¯. à. ¢ § ¤ ç¥ (P k
qk ) ­ §ë¢ ¥âáï ¯®á«¥¤®¢ â¥«ì­®áâì

ã¯à ¢«¥­¨© ui 2 D, i = 1; 2; : : : , â ª ï, çâ® ¤«ï äã­ªæ¨¨ §­ ç¥­¨© �k : Rlk ! R1 [ f+1g
¢ë¯®«­ïîâáï á®®â­®è¥­¨ï

I0(ui) � �k(q) + 
i; ui 2 D"i

qk ; 
i; "i � 0; 
i; "i ! 0; i!1; (3.1)

£¤¥

Dk;"
qk � fu 2 D : Ikj (u)� qkj � "; j = 1; : : : ; lkg;
�k(qk) � �k;+0(qk) � lim

"!+0
�k;"(qk) � �k;0(qk);

�k;"(qk) � inf
u2Dk;"

qk

I0(u); �k;"(qk) � +1; ¥á«¨ Dk;"
qk = ;:

�¥¬¬  3.1. �ãáâì �(q) <1, q 2 C(X). �®£¤  áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì ¢¥ªâ®à®¢

qk 2 Rlk , k = 1; 2; : : : , â ª ï, çâ® �k(qk)! �(q), k !1. � ª ç¥áâ¢¥ â ª®© ¯®á«¥¤®¢ â¥«ì­®áâ¨

¬®¦¥â ¡ëâì ¢§ïâ  ¯®á«¥¤®¢ â¥«ì­®áâì qk � (qk1; : : : ; q
k
lk
), qki = q(xki ), i = 1; : : : ; lk.

�®ª § â¥«ìáâ¢®. �ãáâì us, s = 1; 2; : : : , | â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì ã¯à ¢«¥­¨©, çâ® us 2
D"s

q ¨ I0(us) ! �(q), "s � 0, "s ! 0, s ! 1. � ª ª ª ¢ á¨«ã «¥¬¬ë 3.1 ¨§ [1] ¨ ãá«®¢¨ï ¢),
­ «®¦¥­­®£® ­  äã­ªæ¨î G, äã­ªæ¨¨ á¥¬¥©áâ¢  I1(us), s = 1; 2; : : : , à ¢­®¬¥à­® ®£à ­¨ç¥­ë ¨
à ¢­®áâ¥¯¥­­® ­¥¯à¥àë¢­ë ­  
, â® ¡ã¤¥¬ áç¨â âì

jI1(us)� ^
qj(0)


! 0; s!1;

^
q 2 C(
); ^

q(x) � q(x); x 2 X;
maxf0; Ij1 (us)� qj1; : : : ; I

j
lj
(us)� qjljg ! 0; s!1; j = 1; 2; : : :

� ª ª ª ª â®¬ã ¦¥
^

Xk � ^

Xk+1, k = 1; 2; : : : , â® ­  ®á­®¢ ­¨¨ ¯®á«¥¤­¥£® ¯à¥¤¥«ì­®£® á®®â-
­®è¥­¨ï ¨ ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ �j ¢ë¡¥à¥¬ â ªãî ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì sk, k = 1; 2; : : : ,
¯®á«¥¤®¢ â¥«ì­®áâ¨ s = 1; 2; : : : , çâ® I0(usk) � �k(qk) � �k, �k � 0, �k ! 0, k ! 1, ¨, §­ -
ç¨â, ¬®¦­® ãâ¢¥à¦¤ âì, çâ® lim sup

k!1
�k(qk) � �(q). �®ª ¦¥¬, çâ® ®¤­®¢à¥¬¥­­® ¢ë¯®«­ï¥âáï

¨ ­¥à ¢¥­áâ¢® lim inf
k!1

�k(qk) � �(q), çâ®, ®ç¥¢¨¤­®, ¨ ¡ã¤¥â ®§­ ç âì ®ª®­ç ­¨¥ ¤®ª § â¥«ì-

áâ¢  «¥¬¬ë. �à¥¤¯®«®¦¨¬, çâ® íâ® ­¥à ¢¥­áâ¢® ­¥ ¢ë¯®«­ï¥âáï ¨ ¡¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨
lim
k!1

�k(qk) = � < �(q). �â® áâà®£®¥ ­¥à ¢¥­áâ¢® ®§­ ç ¥â, çâ® ­ ©¤¥âáï â ª ï ¯®á«¥¤®¢ â¥«ì-

­®áâì ã¯à ¢«¥­¨© us, s = 1; 2; : : : , çâ® maxf0; Is1 (us)�qs1; : : : ; Isls(us)�qslsg ! 0, I0(us)! �, s!1.
�¥à¢®¥ ¨§ ¯®á«¥¤­¨å ¤¢ãå ¯à¥¤¥«ì­ëå á®®â­®è¥­¨© ¢ á¨«ã à ¢­®áâ¥¯¥­­®© ­¥¯à¥àë¢­®áâ¨ ­ 

 á¥¬¥©áâ¢  äã­ªæ¨© I1(us), s = 1; 2; : : : , ¯à¨¢®¤¨â ª ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢ª«îç¥­¨© us 2 D"s

q

¤«ï ­¥ª®â®à®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ç¨á¥« "s � 0, "s ! 0, s!1, ª®â®àë¥ ¢ á®¢®ªã¯­®áâ¨ á® ¢â®-
àë¬ ¨§ ®â¬¥ç¥­­ëå ¯à¥¤¥«ì­ëå á®®â­®è¥­¨© ¯à®â¨¢®à¥çaâ â®¬ã, çâ® �(q) ¥áâì §­ ç¥­¨¥ § ¤ ç¨
(Pq).

�¯à¥¤¥«¥­¨¥ 3.1 (­ ¯à., [8]{[10]). �¥ªâ®à n 2 Rm ­ §ë¢ ¥âáï ¯à®ªá¨¬ «ì­®© ­®à¬ «ìî ¨«¨
¯à®ªá¨¬ «ì­ë¬ ­®à¬ «ì­ë¬ ¢¥ªâ®à®¬ ª ¬­®¦¥áâ¢ã C � Rm ¢ â®çª¥ x 2 C, ¥á«¨ áãé¥áâ¢ãîâ
¢¥ªâ®à u =2 C ¨ ç¨á«® � > 0 â ª¨¥, çâ® n = �(u � x), ju � xj = �(u;C), �(u;C) � inf

c2C
ju � cj.

�à¨ íâ®¬ ¢¥ªâ®à u � x á®£« á­® [10] ­ §ë¢ ¥âáï ¯¥à¯¥­¤¨ªã«ïà®¬ ª C ¢ x. �­®¦¥áâ¢® ¢á¥å
¯à®ªá¨¬ «ì­ëå ­®à¬ «¥© ª C ¢ â®çª¥ x 2 C ®¡®§­ ç ¥âáï ç¥à¥§ PNC(x) ([8], [9]).

�ãáâì qk;i 2 Rlk , � i 2 Rlk , �i 2 R1, i = 1; 2; : : : , | â ª¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨, çâ®

qk;i ! qk; j�k(qk)j < +1; �k(q
k;i)! �k(q

k); �i � 0; i!1; (3.2)

(� i;��i) 2 PNepi�k(q
k;i; �k(q

k;i)):

�ãé¥áâ¢®¢ ­¨¥ â ª¨å ¯®á«¥¤®¢ â¥«ì­®áâ¥© ¢ëâ¥ª ¥â ¨§ ¯à®ªá¨¬ «ì­®© ­®à¬ «ì­®© ä®à¬ã«ë
¤«ï ª®­ãá  ­®à¬ «¥© �« àª  ([8], â¥®à¥¬  3.1; [9]; [10], ¯à¥¤«®¦¥­¨¥ 2.5.7).
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� ááã¦¤ ï, ª ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 8 ¨§ [5] (á¬. â ª¦¥ [4], «¥¬¬  4.3), ¨§ (3.2)
¬®¦¥¬ ¢ë¢¥áâ¨, çâ®, ¥á«¨ ui;s, s = 1; 2; : : : , | ¯à®¨§¢®«ì­®¥ ¬. ¯. à. ¢ § ¤ ç¥ (P k

qi;k ) ¢ á¬ëá«¥ (3.1)
(
s = 
i;s, "s = "i;s), â® ¯®á«¥¤®¢ â¥«ì­®áâì (ui;s; qk;i), s = 1; 2; : : : , ï¢«ï¥âáï ¬. ¯. à. ¢ â®¬ ¦¥
á¬ëá«¥ ¢ § ¤ ç¥

I i(u; q0) � �i�iI0(u)� h�i� i; q0i+ 1
2
k(q0; I0(u)) � (qk;i; �k(q

k;i))k2 ! inf; (3.3)

Ik(u) 2Mk + q0; q0 2 SP ; u 2 D;
£¤¥ SP | è à ¤®áâ â®ç­® ¡®«ìè®£® à ¤¨ãá  P > 0 á æ¥­âà®¬ ¢ ­ã«¥ ¯à®áâà ­áâ¢  Rlk â ª®©,
çâ® qk 2 SP , �i > 0, i = 1; 2; : : : , | ­¥ª®â®à ï ¯®á«¥¤®¢ â¥«ì­®áâì ç¨á¥«. �à¨ íâ®¬, ª ª ¡ë«®
¤®ª § ­®,

�i�iI0(u
i;s)� h�i� i; qk;ii+ 1

2
k(qk;i; I0(ui;s))� (qk;i; �k(q

k;i))k2 �

� �i�i�k(qk;i)� h�i� i; qk;ii+ �i�i
i;s +
1
2
(
i;s)2; (3.4)

Ikj (u
i;s)� qk;ij � "i;s; j = 1; : : : ; lk; 
i;s; "i;s ! 0; s!1;

  ­¨¦­ïï £à ­ì
^

�ik ¢ § ¤ ç¥ (3.3) à ¢­ 
^

�ik = �i�i�k(qk;i)� h�i� i; qk;ii. �¤¥áì
^

�ik � lim
t!0

^

�i;tk ;
^

�i;tk � inf
^

Dt

I i(u; q0);

^

Dt � f(u; q0) 2
^

D : Ikj (u)� q0j � t; j = 1; : : : ; lkg;
^

D � D � SP ;

  ¢ ª ç¥áâ¢¥ ¬¥âà¨ª¨
^

d ­ 
^

D ¡¥à¥âáï ¬¥âà¨ª 
^

d((u1; q1); (u2; q2)) � d(u1; u2) + jq1 � q2j. �ã¤¥¬ ¡¥§
®£à ­¨ç¥­¨ï ®¡é­®áâ¨ áç¨â âì, çâ® "i;s > 0 8i; s = 1; 2; : : : �§ (3.4) á«¥¤ã¥â, çâ®

I i(ui;s; qk;i) �
^

�i;"
i;s

k + ri;s; (ui;s; qk;i) 2
^

D"i;s ; ri;s �
^

�ik �
^

�i;"
i;s

k + �i�i�i;s +
1
2
(�i;s)2;

®âªã¤  ¢ á¨«ã ¯®«­®âë ¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢ 
^D"i;s , ­¥¯à¥àë¢­®áâ¨ ­  ­¥¬ äã­ªæ¨®­ « 

I i (á¬. «¥¬¬ã 3.2 ¢ [1]) ¨ ¢ à¨ æ¨®­­®£® ¯à¨­æ¨¯  �ª« ­¤  [11] á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ ¯ àë

(ui;s;1; qk;i;s) 2
^

D"i;s , ¤ îé¥© à¥è¥­¨¥ ¢ § ¤ ç¥

I i(u; q0) +
p
ri;s

^

d((u; q0); (ui;s;1; qk;i;s))! inf; (u; q0) 2
^

D"i;s ; (3.5)

¨ ã¤®¢«¥â¢®àïîé¥© ­¥à ¢¥­áâ¢ ¬

^

d((ui;s; qk;i); (ui;s;1; qk;i;s)) �
p
ri;s; I i(ui;s;1; qk;i;s) � I i(ui;s; qk;i): (3.6)

�à¨ íâ®¬ ¢ á¨«ã ¯¥à¢®© ®æ¥­ª¨ (3.6) ¨ ®æ¥­®ª «¥¬¬ 3.1, 3.3 ¨§ [1] ¬®¦­® ãâ¢¥à¦¤ âì I0(ui;s;1)�
�k(qk;i) ! 0, s!1, â. ¥. ¯®á«¥¤®¢ â¥«ì­®áâì ui;s;1, s = 1; 2; : : : , â ª¦¥ ï¢«ï¥âáï ¬. ¯. à. ¢ § ¤ ç¥
(P k

qk ) ¯à¨ q
k = qk;i. �§ (3.5) ¬®¦­® § ª«îç¨âì, çâ®

J�(u
i;s;1; qk;i;s) � inf

^

D

J�(u; q
0) + 
; 
 > 0;

^

D � D � SP ; (3.7)

£¤¥ J�(u; q0) � maxfI i(u; q0)� I i(ui;s;1; qk;i;s) + 
 +
p
ri;s

^

d((u; q0); (ui;s;1; qk;i;s)); Ikj (u)� q0j � "i;s; j =
1; : : : ; lkg. � á¨«ã (3.7) ¯à¨¬¥­¨¬ ¢ à¨ æ¨®­­ë© ¯à¨­æ¨¯ �ª« ­¤  ¥é¥ à § | â¥¯¥àì ã¦¥ ª
äã­ªæ¨®­ «ã J�, ª®â®àë© ï¢«ï¥âáï, ®ç¥¢¨¤­®, â ª¦¥ ­¥¯à¥àë¢­ë¬ äã­ªæ¨®­ «®¬ ­  ¯®«­®¬
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¬¥âà¨ç¥áª®¬ ¯à®áâà ­áâ¢¥
^

D. � à¥§ã«ìâ â¥ ¯®«ãç ¥¬ ¯ àã (ui;s;1;
 ; qk;i;s;
) 2
^

D, ï¢«ïîéãîáï
à¥è¥­¨¥¬ ¢ § ¤ ç¥

J�(u; q0) +
p

 d((u; q0); (ui;s;1;
 ; qk;i;s;
))! inf; (u; q0) 2 ^D;

¨ ã¤®¢«¥â¢®àïîéãî ­¥à ¢¥­áâ¢ ¬

^

d((ui;s;1; qk;i;s); (ui;s;1;
 ; qk;i;s;
)) � p

; I i(ui;s;1;
 ; qk;i;s;
) � I i(ui;s;1; qk;i;s): (3.8)

\�£« ¤¨¬" ¤ «¥¥ äã­ªæ¨®­ « J�, ¢¢¥¤ï äã­ªæ¨®­ « Jh� , h 2 [0; h0], h0 > 0, ¯® ä®à¬ã«¥

Jh� (u; q
0) � maxfI i(u; q0)� I i(ui;s;1; qk;i;s) + 
 +

p
ri;s

^

d((u; q0); (ui;s;1; qk;i;s)) +

+
p


^

d((u; q0); (ui;s;1;
 ; qk;i;s;
)); Ik;hj (u)� q0j � "i;s +
p


^

d((u; q0); (ui;s;1;
 ; qk;i;s;
)); j = 1; : : : ; lkg;

£¤¥ Ik;h(u) � (Ik;h1 (u); : : : ; Ik;hlk
(u)),

Ik;hj (u) � 1=meas (Sh(xk;j) \ 
)
Z
Sh(xk;j)\


G(x; z[u](x)) dx;

Sh(xk;j) | è à à ¤¨ãá  h á æ¥­âà®¬ ¢ xk;j .
�« £®¤ àï à ¢­®¬¥à­®© ®£à ­¨ç¥­­®áâ¨ ¨ à ¢­®áâ¥¯¥­­®© ­¥¯à¥àë¢­®áâ¨ (á¬. ®æ¥­ªã «¥¬¬ë

3.1 ¢ [1]) ¬­®¦¥áâ¢  à¥è¥­¨© fz[u] : u 2 Dg, ¬®¦­® ãâ¢¥à¦¤ âì, çâ®

inf
^

D

Jh� (u; q
0)! J�(ui;s;1;
 ; qk;i;s;
) � J0

� (u
i;s;1;
 ; qk;i;s;
) > 0; h! 0: (3.9)

�§ ¯à¥¤¥«ì­®£® á®®â­®è¥­¨ï (3.9) á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ â ª®© äã­ªæ¨¨ "(h) > 0, 0 < h < h0,
h0 | ­¥ª®â®à®¥ ¤®áâ â®ç­® ¬ «®¥ ç¨á«®, "(h)! 0, h!1, çâ®

Jh� (u
i;s;1;
 ; qk;i;s;
) � inf

^

D

Jh� (u; q
0) + "(h); 0 < h < h0:

�«ï ¯®«ãç¥­¨ï ­¥®¡å®¤¨¬ëå ãá«®¢¨© áã¡®¯â¨¬ «ì­®áâ¨ ("(h)-®¯â¨¬ «ì­®áâ¨) ¯ àë (ui;s;1;
 ;

qk;i;s;
) ¢ § ¤ ç¥ Jh� (u; q
0) ! inf, (u; q0) 2

^

D, ¬®¦­® ¢®á¯®«ì§®¢ âìáï à¥§ã«ìâ â ¬¨ à ¡®âë [12], ¢
ª®â®à®© ¤®áâ â®ç­® ¯®¤à®¡­® ¨§«®¦¥­ ¬¥â®¤ ¯®«ãç¥­¨ï ãá«®¢¨© áã¡®¯â¨¬ «ì­®áâ¨ ¢  ­ «®£¨ç-
­®© § ¤ ç¥ ¤«ï ª¢ §¨«¨­¥©­®£® í««¨¯â¨ç¥áª®£® ãà ¢­¥­¨ï (á¬. § ¤ çã ¤«ï äã­ªæ¨®­ «  J�;� ¢
[12], c. 1414). �à¨¬¥­¥­¨¥ ¬¥â®¤  ãª § ­­®© à ¡®âë ¢  ­ «®£¨ç­®© á¨âã æ¨¨ ­ áâ®ïé¥© à ¡®âë
¯à¨¢®¤¨â ª á«¥¤ãîé¥© â¥®à¥¬¥.

�¥®à¥¬  3.1. �ãé¥áâ¢ãîâ ¯ à  (ui;s;1;
;h; qk;i;s;
;h) 2
^

D,

d(ui;s;1;
;h; ui;s;1;
) + jqk;i;s;
;h � qk;i;s;
 j �
q
"(h); (3.10)

¢¥ªâ®à �i;s;
;h 2 Rlk+1,

lkX
j=0

�i;s;
;hj = 1; �i;s;
;hj � 0; j = 0; 1; : : : ; lk; (3.11)

�i;s;
;hj (Jh� (u
i;s;1;
;h; qk;i;s;
;h)� Ik;hj (ui;s;1;
;h) + qk;i;s;
;hj +

+"i;s �p

 d((ui;s;1;
 ; qk;i;s;
); (ui;s;1;
;h; qk;i;s;
;h))) = 0; j = 1; : : : ; lk;
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â ª¨¥, çâ®Z



max
v2U

�
�i;s;
;h0 (�i�i + I0(ui;s;1;
;h)� �k(qk;i))(H0(x; z[ui;s;1;
;h](x); v; �0[ui;s;1;
;h](x))�

�H0(x; z[ui;s;1;
;h](x); ui;s;1;
;h(x); �0[ui;s;1;
;h](x))) +

+
lkX
j=1

�i;s;
;hj (H(x; z[ui;s;1;
;h](x); v; �k;hj [ui;s;1;
;h](x))�

�H(x; z[ui;s;1;
;h](x); ui;s;1;
;h(x); �k;hj [ui;s;1;
;h](x)))
�
dx �

� 2meas
(�i;s;
;h0

p
ri;s +

p

 +

q
"(h)); (3.12)

max
q2SP

D
��i;s;
;h0 �i� i�

lkX
j=1

�i;s;
;hj ej ; q�qk;i;s;
;h
E
� 2meas
(�i;s;
;h0

p
ri;s +

p

 +

q
"(h)); (3.13)

£¤¥ �0[ui;s;1;
;h], �
k;h
j [ui;s;1;
;h] | à¥è¥­¨ï á®¯àï¦¥­­®© § ¤ ç¨ (á¬. «¥¬¬ã 3:3 ¢ [1]),

@

@xj
ai;j(x)�xi +rza(x; z[u](x); u(x))� =  (x); �(x) = 0; x 2 S; (3.14)

¯à¨ u = ui;s;1;
;h ¨ á®®â¢¥âáâ¢¥­­® ¯à¨

 (x) = �rzF (x; z[u
i;s;1;
;h](x); ui;s;1;
;h(x))

¨

 (x) = �1=meas(Sh(xk;j) \ 
)�k;hj (x)rzG(x; z[ui;s;1;
;h](x));

�k;hj | å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï è à  Sh(xk;j), ej � (

j�1z }| {
0; : : : ; 0; 1; 0; : : : ; 0), ri;s �

^

�ik �
^

�i;"
i;s

k +
�i�i�i;s + 1

2
(�i;s)2 ! 0, s!1,

H0(x; z; u; �) � �a(x; z; u) � F (x; z; u); H(x; z; u; �) � �a(x; z; u):

�¯à¥¤¥«¨¬ ­  
 ¯®«®¦¨â¥«ì­ë¥ ¬¥àë � ¤®­  �k;hj , j = 1; : : : ; lk, á®áà¥¤®â®ç¥­­ë¥ ­  ¬­®¦¥-
áâ¢ å Sh(xk;j) \ 
, j = 1; : : : ; lk, ¯®áà¥¤áâ¢®¬ à ¢¥­áâ¢

�k;hj (E) � 1=meas(Sh(x
k;j) \
)

Z
E

�k;hj (x) dx;

£¤¥ E � 
 | ¡®à¥«¥¢áª®¥ ¬­®¦¥áâ¢®. �ç¥¢¨¤­®,

j�k;hj j = 1; j�k;hj � �xk;j j ! 0; h! 0; j = 1; : : : ; lk; (3.15)

£¤¥ �xk;j | ¬¥à  �¨à ª , á®áà¥¤®â®ç¥­­ ï ¢ â®çª¥ xk;j . �ã­ªæ¨ï �k;hj [u] ¥áâì à¥è¥­¨¥ á®¯àï¦¥­-
­®© ªà ¥¢®© § ¤ ç¨ á ¬¥à®© � ¤®­  � = �k;hj ¢ ¯à ¢®© ç áâ¨ ãà ¢­¥­¨ï

@

@xj
ai;j(x)�xi +rza(x; z[u](x); u(x))� = �rzG(x; z[u](x))�; �(x) = 0; x 2 S: (3.16)

� á¨«ã «¥¬¬ë 3.4 ¨§ [1] ¨ ¯à¥¤¥«ì­®£® á®®â­®è¥­¨ï (3.15) ¬®¦­® ãâ¢¥à¦¤ âì, çâ®

k�k;hj [u]� �kj [u]k(1)�;
 ! 0; h! 0; � < n=(n� 1); (3.17)

£¤¥ �kj [u] | à¥è¥­¨¥ á®¯àï¦¥­­®© § ¤ ç¨ (3.16) á ¬¥à®© �¨à ª  � = �xk;j .
� á®®â­®è¥­¨ïå (3.10){(3.13) ¬®¦­® ¯¥à¥©â¨ ª ¯à¥¤¥«ã á­ ç «  ¯à¨ h ! 0,   § â¥¬ | ¯à¨


 ! 0. � ª®© ¤®áâ â®ç­® ®ç¥¢¨¤­ë© ¯®¢â®à­ë© ¯à¥¤¥«ì­ë© ¯¥à¥å®¤ ®áãé¥áâ¢¨¬ ¢ á¨«ã ®æ¥­®ª
(3.8), (3.10), ãá«®¢¨ï ­®à¬¨à®¢ª¨ (3.11), ª®¬¯ ªâ­®áâ¨ è à  ¢ Rlk , ®æ¥­®ª «¥¬¬ 3.1, 3.3, 3.4
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¨§ [1] (­ ¯à., ¯à¥¤¥«ì­®¥ á®®â­®è¥­¨¥ (3.17)). � à¥§ã«ìâ â¥ ãª § ­­®£® ¯à¥¤¥«ì­®£® ¯¥à¥å®¤ 
¯®«ãç ¥¬ á«¥¤ãîéãî â¥®à¥¬ã.

�¥®à¥¬  3.2. �ãé¥áâ¢ã¥â ¢¥ªâ®à �i;s 2 Rlk+1,

lkX
j=0

�i;sj = 1; �i;sj � 0; j = 0; 1; : : : ; lk; �i;sj (Ikj (u
i;s;1)� qk;i;sj � "i;s) = 0; j = 1; : : : ; lk;

â ª®©, çâ®

Z



max
v2U

�
�i;s0 (�i�i + I0(ui;s;1)� �k(qk;i))(H0(x; z[ui;s;1](x); v; �0[ui;s;1](x)) �

�H0(x; z[u
i;s;1](x); ui;s;1(x); �0[u

i;s;1](x))) +
lkX
j=1

�i;sj (H(x; z[ui;s;1](x); v; �kj [u
i;s;1](x))�

�H(x; z[ui;s;1](x); ui;s;1(x); �kj [u
i;s;1](x)))

�
dx � 2meas 
�i;s0

p
ri;s;

max
q2SP

D
� �i;s0 �

i� i �
lkX
j=1

�i;sj e
j ; q � qk;i;s

E
� 2meas
�i;s0

p
ri;s;

£¤¥ ¢¥«¨ç¨­  ri;s ®¯à¥¤¥«¥­  ¢ â¥®à¥¬¥ 3:1.

�®á¯®«ì§®¢ ¢è¨áì ãá«®¢¨¥¬ ¡«¨§®áâ¨ (3.6) ¢ ¬¥âà¨ª¥
^

d ¤¢ãå ¯ à (ui;s;1; qk;i;s), (ui;s; qk;i), ­ 
®á­®¢¥  ¯à¨®à­ëå ®æ¥­®ª «¥¬¬ 3.1, 3.3, 3.4 ¨§ [1], ¬®¦¥¬ ¯¥à¥¯¨á âì â¥®à¥¬ã 3.2 ¢ á«¥¤ãîé¥¬
¢¨¤¥ ¢ â¥à¬¨­ å ¯ àë (ui;s; qk;i).

�¥®à¥¬  3.3. �ãáâì ui;s, s = 1; 2; : : : , | ¯à®¨§¢®«ì­®¥ ¬. ¯. à. ¢ á¬ëá«¥ (3:1) ¢ § ¤ ç¥ (P k
qk)

¯à¨ qk = qk;i. �®£¤  áãé¥áâ¢ãîâ ¯®á«¥¤®¢ â¥«ì­®áâì ç¨á¥«


i;s � 0; s = 1; 2; : : : ; 
i;s ! 0; s!1;

®£à ­¨ç¥­­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ¢¥ªâ®à®¢ �i;s 2 Rlk+1,

lkX
j=0

�i;sj = 1; �i;sj � 0; j = 0; 1; : : : ; lk;

�i;sj = 0; ¥á«¨ jIkj (ui;s)� qk;ij j � 
i;s; j = 1; : : : ; lk;

â ª¨¥, çâ®

Z


max
v2U

�
�i;s0 (�i�i + I0(u

i;s)� �k(q
k;i))(H0(x; z[u

i;s](x); v; �0[u
i;s](x))�

�H0(x; z[u
i;s](x); ui;s(x); �0[u

i;s](x))) +

+
lkX
j=1

�i;sj (H(x; z[ui;s](x); v; �kj [u
i;s](x))�H(x; z[ui;s](x); ui;s(x); �kj [u

i;s](x)))
�
dx � 
i;s;

max
q2SP

D
� �i;s0 �

i� i �
lkX
j=1

�i;sj e
j ; q � qk;i

E
� 
i;s:

� ª ¨ ¢ [3]{[6], ¯à¨¬¥¬ ¤«ï § ¤ ç¨ (P k
qk ) §  ®¯à¥¤¥«¥­¨¥ áâ æ¨®­ à­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨

á«¥¤ãîé¥¥ ®¯à¥¤¥«¥­¨¥.
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�¯à¥¤¥«¥­¨¥ 3.2. �®á«¥¤®¢ â¥«ì­®áâì ã¯à ¢«¥­¨© ui 2 D, i = 1; 2; : : : , ­ §®¢¥¬ áâ æ¨®­ à-
­®© ¯®á«¥¤®¢ â¥«ì­®áâìî ¢ § ¤ ç¥ (P k

qk ), ¥á«¨ áãé¥áâ¢ãîâ ¯®á«¥¤®¢ â¥«ì­®áâì ç¨á¥« 
i � 0,
i = 1; 2; : : : , 
i ! 0, i!1,

ui 2 Dk;
i

qk � fu 2 D : Ikj (u)� qkj � 
i; j = 1; : : : ; lkg;

¨ ®£à ­¨ç¥­­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ¢¥ªâ®à®¢ �i 2 Rlk+1, i = 1; 2; : : : ,

lkX
j=0

�k;ij 6= 0; �ij � 0; j = 0; 1; : : : ; lk;

�ij = 0; ¥á«¨ jIkj (ui)� qkj j � 
i; j = 1; 2; : : : ; lk;

â ª¨¥, çâ®

Z



max
v2U

�
�i0(H0(x; z[ui](x); v; �0[ui](x)) �H0(x; z[ui](x); ui(x); �0[ui](x))) +

+
lkX
j=1

�ij(H(x; z[ui](x); v; �kj [u
i](x))�H(x; z[ui](x); ui(x); �kj [u

i](x)))
�
dx � 
i;

£¤¥ �0[ui] | à¥è¥­¨¥ § ¤ ç¨ (3.14) c u = ui,  (x) = �rzF (x; z[ui](x); ui(x)), �kj [u
i] | à¥è¥­¨¥

§ ¤ ç¨ (3.16) á u = ui, � = �xk;j , ¯à¨ç¥¬ ¯®á«¥¤®¢ â¥«ì­®áâì �i, i = 1; 2; : : : , ¨¬¥¥â â®«ìª®
­¥­ã«¥¢ë¥ ¯à¥¤¥«ì­ë¥ â®çª¨.

�¬¥áâ¥ á íâ¨¬ ®¯à¥¤¥«¥­¨¥¬, ª ª ¨ ¢ [3]{[6], ¢¢¥¤¥¬ ¬­®¦¥áâ¢  ¬­®¦¨â¥«¥©

Lk;�
qk �

n
�

lkP
j=1

�je
j 2 Rlk : � � (�0; �1; : : : ; �lk) 2 Rlk+1; � 6= 0; �0 = �, áãé¥áâ¢ã¥â áâ æ¨®­ à­ ï

¢ § ¤ ç¥ (P k
qk ) ¯®á«¥¤®¢ â¥«ì­®áâì ¯ à, ¤«ï ª®â®à®© á®®â¢¥âáâ¢ãîé ï ¥©, á®£« á­® ®¯à¥¤¥«¥­¨î

áâ æ¨®­ à­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨, ¯®á«¥¤®¢ â¥«ì­®áâì ¢¥ªâ®à®¢ �i, i = 1; 2; : : : , ¨¬¥¥â ¢¥ªâ®à �

¢ ª ç¥áâ¢¥ á¢®¥© ¯à¥¤¥«ì­®© â®çª¨
o
, � = 0; 1; Mk;0

qk � Lk;0
qk

Sf0g, cMk;1
qk � Lk;1

qk .

� ááã¦¤ ï â ª ¦¥, ª ª ¨ ¯à¨ ®¡®á­®¢ ­¨¨ â¥®à¥¬ë 4.1 ¨§ [5] (á¬. â ª¦¥ [4]), ¬®¦­® ãâ¢¥à-
¦¤ âì, çâ® á¯à ¢¥¤«¨¢ 

�¥®à¥¬  3.4. �ãáâì �k(qk) < +1. �®£¤ 

(@�k(q
k)
\
Mk;1

qk )
[
(@1�k(q

k)
\
Mk;0

qk ) n f0g 6= ;;

¨ ®¡®¡é¥­­ë© £à ¤¨¥­â �« àª  äã­ªæ¨¨ §­ ç¥­¨© �k ¢ â®çª¥ qk à ¢¥­

@�k(qk) = convf@�k(qk)
\
Mk;1

qk + @1�k(qk)
\
Mk;0

qk g:

�«¥¤áâ¢¨¥ 3.1. �á«¨ ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ Oqk â®çª¨ qk ¢á¥ § ¤ ç¨ (P k
yk), y

k 2 Oqk , ­®à-
¬ «ì­ë, â. ¥. Mk;0

yk = f0g, yk 2 Oqk , ¯à¨ç¥¬ ¬­®¦¥áâ¢  Mk;1
yk à ¢­®¬¥à­® ¯® yk 2 Oqk ®£à ­¨ç¥­ë

¯®áâ®ï­­®© K ¢ ­¥ª®â®à®© ­®à¬¥ k � k (­ ¯à., ¥¢ª«¨¤®¢®©, k � k = j � j), â® äã­ªæ¨ï §­ ç¥­¨© �k
ï¢«ï¥âáï «¨¯è¨æ¥¢®© ¢ íâ®© ­®à¬¥ ­  Oqk á â®© ¦¥ ¯®áâ®ï­­®© K.

�â¢¥à¦¤¥­¨¥ á«¥¤áâ¢¨ï ­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª ¥â ¨§ à ¢¥­áâ¢  â¥®à¥¬ë 3.4, â¥®à¥¬ë 2.3.7
(ä®à¬ã«  ª®­¥ç­ëå ¯à¨à é¥­¨© ¢ «¨¯è¨æ¥¢®¬ á«ãç ¥) ¨ ¯à¥¤«®¦¥­¨ï 2.9.7 ¨§ [10].
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4. �¨¯è¨æ¥¢®áâì äã­ªæ¨¨ §­ ç¥­¨©, â¨¯¨ç­®áâì à¥£ã«ïà­®áâ¨

�®ª ¦¥¬ á­ ç « , çâ® ­®à¬ «ì­®áâì § ¤ ç¨ (Pq) (á¬. ®¯à¥¤¥«¥­¨¥ 5.2 ¢ [1]) ¢«¥ç¥â «¨¯è¨æ¥-
¢®áâì ¥¥ äã­ªæ¨¨ §­ ç¥­¨© ¢ ®ªà¥áâ­®áâ¨ â®çª¨ q 2 C(X). �®ª ¦¥¬ ¤«ï íâ®£® ¯à¥¤¢ à¨â¥«ì­®,
çâ® ¨§ ­®à¬ «ì­®áâ¨ § ¤ ç¨ (Pq) á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â â ª®¥ � > 0, ¤«ï ª®â®à®£® ¢á¥ ¬­®¦¥-
áâ¢  Mk;1

yk 2 Rlk , k = 1; 2; : : : , ¯à¨ jyk � qkj1 � � à ¢­®¬¥à­® ¯® k = 1; 2; : : : ¨ ¯® yk ®£à ­¨ç¥­ë ¢
c-­®à¬¥ j � j1, £¤¥ ¯®¤ c-­®à¬®© jxj1 ¯®­¨¬ ¥âáï, ª ª ®¡ëç­®, ¢¥«¨ç¨­  maxfjx1j; : : : ; jxlk jg. �à¥¤-
¯®«®¦¨¬, çâ® íâ® ­¥ â ª ¨, §­ ç¨â, áãé¥áâ¢ãîâ â ª¨¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢¥ªâ®à®¢ eyk 2 Rlk ,
�k 2Mk;1

yk , k = 1; 2; : : : , çâ®

jeyk � qkj1 ! 0; j�kj1 !1; k !1:

�â® ®§­ ç ¥â, çâ® ¤«ï ª ¦¤®£® k = 1; 2; : : : áãé¥áâ¢ãîâ ¯®á«¥¤®¢ â¥«ì­®áâì ã¯à ¢«¥­¨© uk;i 2 D,
i = 1; 2; : : : , ¯®á«¥¤®¢ â¥«ì­®áâì ç¨á¥« 
k;i � 0, i = 1; 2; : : : , 
k;i � 0, 
k;i ! 0, i!1,

uk;i 2 Dk;
k;ieyk � fu 2 D : Ikj (u)� eykj � 
k;i; j = 1; : : : ; lkg;

¨ ®£à ­¨ç¥­­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ¢¥ªâ®à®¢ �k;i � (�k;i0 ; e�k;i) 2 Rlk+1, i = 1; 2; : : : ,

lkX
j=0

�k;ij 6= 0; �k;ij � 0; j = 0; 1; : : : ; lk;

�k;ij = 0; ¥á«¨ jIkj (uk;i)� eykj j � 
k;i; j = 1; 2; : : : ; lk;

â ª¨¥, çâ®Z



max
v2U

�
�k;i0 (H0(x; z[u

k;i](x); v; �0[u
k;i](x))�H0(x; z[u

k;i](x); uk;i(x); �0[u
k;i](x))) +

+
lkX
j=1

�k;ij (H(x; z[uk;i](x); v; �kj [u
k;i](x)) �H(x; z[uk;i](x); uk;i(x); �kj [u

k;i](x)))
�
dx � 
k;i;

£¤¥ �0[uk;i] | à¥è¥­¨¥ § ¤ ç¨ (3.14) c u = uk;i,  (x) = �rzF (x; z[uk;i](x); uk;i(x)), �kj [u
k;i] |

à¥è¥­¨¥ § ¤ ç¨ (3.16) á u = uk;i, � = �xk;j , ¯à¨ç¥¬ ¯®á«¥¤®¢ â¥«ì­®áâì �k;i, i = 1; 2; : : : , ¨¬¥¥â
á¢®¨¬ ¯à¥¤¥«®¬ â®çªã (1; �k).

�ãáâì ik, k = 1; 2; : : : , | â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì, çâ®


k;ik ! 0; 
k;ik=j�kj1 � 
k ! 0; �k;ik0 =j�kj1 � �k0 ! 0;

je�k;ik=j�kj1j1 ! 1; e�k;ik=j�kj1 � �k = (�k1 ; : : : ; �
k
lk
):

�®£¤  «¥£ª® § ¬¥â¨âì, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì uk � uk;ik 2 D
k
1

q , k = 1; 2; : : : , 
k1 ! 0, k ! 1,
ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨ï¬Z




max
v2U

f�k0(H0(x; z[u
k ](x); v; �0[u

k](x)) �H0(x; z[u
k](x); uk(x); �0[u

k](x))) +

+ (H(x; z[uk](x); v; �k [uk](x))�H(x; z[uk](x); uk(x); �k [uk](x)))g dx � 
k;

£¤¥ �k[uk] | à¥è¥­¨¥ á®¯àï¦¥­­®© § ¤ ç¨ (3.16) á u = uk ¨ á � = �k �
lkP
j=1

�kj �xk;j (§¤¥áì ¤«ï

¬¥àë á®åà ­¥­® â® ¦¥ ®¡®§­ ç¥­¨¥, ª®â®à®¥ ¢ëè¥ ¨á¯®«ì§®¢ «®áì ¤«ï ¢¥ªâ®à  ¬­®¦¨â¥«¥©),
¯à¨ç¥¬, ®ç¥¢¨¤­®, �k0 ! 0, j�kj ! 1, k ! 1,   ¯®«®¦¨â¥«ì­ ï ¬¥à  �k 2 M(
) (ª ª ¨ ¢ [1],
M(
) � C�0 (
), C0(
) | ¯à®áâà ­áâ¢® ¢á¥å ­¥¯à¥àë¢­ëå äã­ªæ¨© ­  
, § ­ã«ïîé¨åáï ­  @
)
á®áà¥¤®â®ç¥­  ­  ¬­®¦¥áâ¢¥ fx 2 X : jG(x; z[uk](x) � q(x))j � 
k2g, 
k2 ! 0, k ! 1. �¤¥áì ¨
¢ëè¥ 
ks , k = 1; 2; : : : , s = 1; 2, | ­¥ª®â®àë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ­¥®âà¨æ â¥«ì­ëå ç¨á¥«. � -
ª¨¬ ®¡à §®¬, ¯®á«¥¤®¢ â¥«ì­®áâì uk, k = 1; 2; : : : , ï¢«ï¥âáï áâ æ¨®­ à­®© ¯®á«¥¤®¢ â¥«ì­®áâìî
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¢ § ¤ ç¥ (Pq) (
k = maxf
k; 
k1; 
k2g), ­® ­¥ ï¢«ï¥âáï ­®à¬ «ì­®© áâ æ¨®­ à­®© ¯®á«¥¤®¢ â¥«ì-
­®áâìî. �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ £®¢®à¨â ® â®¬, çâ® ãª § ­­®¥ ¢ëè¥ á¢®©áâ¢® à ¢­®¬¥à­®©
®£à ­¨ç¥­­®áâ¨ ¬­®¦¥áâ¢ Mk;1

yk ¤¥©áâ¢¨â¥«ì­® ¨¬¥¥â ¬¥áâ®. �à ªâ¨ç¥áª¨ ¯®¢â®àïï ¯à®¢¥¤¥­-
­ë¥ à ááã¦¤¥­¨ï, ¬®¦­® ¯®ª § âì, çâ® ¢á¥ § ¤ ç¨ (P k

yk) ¯à¨ y
k, ã¤®¢«¥â¢®àïîé¥¬ ­¥à ¢¥­áâ¢ã

jyk � qkj1 � �, ï¢«ïîâáï ¡¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¨ ­®à¬ «ì­ë¬¨.
� ª¨¬ ®¡à §®¬, ¯® á«¥¤áâ¢¨î 3.1 äã­ªæ¨¨ §­ ç¥­¨© �k(yk), jyk � qkj1 � �=2, ï¢«ïîâáï

«¨¯è¨æ¥¢ë¬¨ á ­¥ § ¢¨áïé¥© ®â k = 1; 2; : : : ¯®áâ®ï­­®© �¨¯è¨æ  K. �âáî¤  á«¥¤ã¥â, çâ®
ãá«®¢¨î �¨¯è¨æ  á â®© ¦¥ ¯®áâ®ï­­®© ¢ �=2-®ªà¥áâ­®áâ¨ â®çª¨ q 2 C(X) ã¤®¢«¥â¢®àï¥â ¨
äã­ªæ¨ï §­ ç¥­¨© ¨áå®¤­®© § ¤ ç¨ (Pq). �¥©áâ¢¨â¥«ì­®, ¯ãáâì q1; q2 2 C(X), kqi�qk(0)X � �=2, i =
1; 2. T®£¤  â ª¦¥ ¢ë¯®«­ïîâáï ¨ ­¥à ¢¥­áâ¢  jqi;k � qkj1 � �=2, i = 1; 2, £¤¥ qi;k � (qi;k1 ; : : : ; qi;klk ),
qi;kj = qi(xkj ), j = 1; : : : ; lk, ¨§ ª®â®àëå ¯® ¤®ª § ­­®¬ã á«¥¤ã¥â, çâ® j�k(q1;k)� �k(q2;k)j � Kjq1;k �
q2;kj1, k = 1; 2; : : : �¥à¥å®¤ï ¢ á¨«ã «¥¬¬ë 3.1 ª ¯à¥¤¥«ã ¯à¨ k ! 1 ¢ ¯®á«¥¤­¥¬ ­¥à ¢¥­áâ¢¥,
¯®«ãç ¥¬ j�(q1)� �(q2)j � Kkq1 � q2k(0)X .

�ª §ë¢ ¥âáï, á¯à ¢¥¤«¨¢, ¢ ¨§¢¥áâ­®¬ á¬ëá«¥, ¨ ®¡à â­ë© à¥§ã«ìâ â.

�¥®à¥¬  4.1. �ãáâì äã­ªæ¨ï §­ ç¥­¨© � § ¤ ç¨ (Pq) ï¢«ï¥âáï «¨¯è¨æ¥¢®© ¢ ®ªà¥áâ­®áâ¨

â®çª¨ q 2 C(X). �®£¤  ¢ § ¤ ç¥ (Pq) ¤«ï ¢á¥å q0 ¨§ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ q áãé¥áâ¢ãîâ

à¥£ã«ïà­ë¥ ¬.¯.à.

�®ª § â¥«ìáâ¢®. �à¨¢¥¤¥¬ «¨èì ®á­®¢­ãî ¨¤¥î ¤®ª § â¥«ìáâ¢ . � áá¬®âà¨¬ á¥¬¥©áâ¢®
§ ¢¨áïé¨å ®â ç¨á«®¢®£® ¯ à ¬¥âà  � § ¤ ç (P �) � (Pq+�eq), £¤¥ eq � 1. � ª ª ª äã­ªæ¨ï � ï¢«ï-
¥âáï «¨¯è¨æ¥¢®© ¢ ®ªà¥áâ­®áâ¨ q, â®, ®ç¥¢¨¤­®, äã­ªæ¨ï ®¤­®£® ¯¥à¥¬¥­­®£® �(�) � �(q + �eq)
ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  ¢ ®ªà¥áâ­®áâ¨ ­ã«ï. �®íâ®¬ã ¢ á¨«ã ¯à®ªá¨¬ «ì­®© ­®à¬ «ì-
­®© ä®à¬ã«ë ¤«ï ­®à¬ «ì­®£® ª®­ãá  �« àª  (­ ¯à., [10], ¯à¥¤«®¦¥­¨¥ 2.5.7) ­ ©¤ãâáï â ª¨¥
¯®á«¥¤®¢ â¥«ì­®áâ¨ ç¨á¥« �i, � i, �i, i = 1; 2; : : : , çâ®

�i ! 0; �(�i)! �(�); (� i;��i)! (�;��) 6= 0; i!1; � > 0;

(� i;��i) 2 PNepi�(�
i; �(�i)):

�®«ì§ãïáì §¤¥áì â®© ¦¥  à£ã¬¥­â æ¨¥©, ­  ®á­®¢¥ ª®â®à®© ¡ë«  § ¯¨á ­  ¢á¯®¬®£ â¥«ì­ ï § -
¤ ç  (3.3), ®¯ïâì á¤¥« e¬ ¢ë¢®¤, çâ® «î¡®¥ ¬. ¯. à. ui;k 2 D, k = 1; 2; : : : , ¢ á¬ëá«¥ (3.1) ¢ § ¤ ç¥
(P �i) ï¢«ï¥âáï ¬. ¯. à. (¢ ¯ à¥ á �i) ¨ ¢ § ¤ ç¥

�i�iI0(u)� �i� i� 0 +
1
2
k(� 0; I0(u))� (�i; �(�i))k2 ! inf; (4.1)

I1(u) 2M+ q + � 0eq; � 0 2 SP ; u 2 D;

£¤¥ SP � (�P; P ) | ¨­â¥à¢ « ¤®áâ â®ç­® ¡®«ìè®© ¤«¨­ë â ª®©, çâ® �i 2 SP , �i > 0, i = 1; 2; : : : ,
| ­¥ª®â®à ï ¯®á«¥¤®¢ â¥«ì­®áâì ç¨á¥«. � ¯¨è¥¬ ¤ «¥¥ ­¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ­  ¬. ¯. à. (ui;k; �i),
k = 1; 2; : : : , ¢ § ¤ ç¥ (4.1) (íâ® ¤¥« ¥âáï ¯® â®© ¦¥ áå¥¬¥, çâ® ¯à¨¬¥­ï« áì ¯à¨ ¤®ª § â¥«ìáâ¢¥
â¥®à¥¬ë 4.1 ¢ [1]),   § â¥¬ ¯¥à¥©¤¥¬ ¢ ­¨å ª ¯à¥¤¥«ã ¯à¨ i ! 1 (â ª®© ¯à¥¤¥«ì­ë© ¯¥à¥å®¤
®áãé¥áâ¢«ï¥âáï ¯® â®© ¦¥ áå¥¬¥, çâ® ¨  ­ «®£¨ç­ë© ¯à¥¤¥«ì­ë© ¯¥à¥å®¤ ¯à¨ i!1 ¢ [5], ¢ à¥-
§ã«ìâ â¥ ª®â®à®£® «¥¬¬  9 æ¨â¨à®¢ ­­®© à ¡®âë ï¢¨« áì á«¥¤áâ¢¨¥¬ «¥¬¬ë 8 â®© ¦¥ à ¡®âë).
�áâ¥áâ¢¥­­®, ¯à¨ â ª®¬ ¯à¥¤¥«ì­®¬ ¯¥à¥å®¤¥ áãé¥áâ¢¥­­®¥ §­ ç¥­¨¥ ¨¬¥¥â �-á« ¡ ï ª®¬¯ ªâ-
­®áâì è à  ¢ ¯à®áâà ­áâ¢¥ ¬¥à � ¤®­  (¢ [5] ¤ ­­ë© à¥§ã«ìâ â, ¥áâ¥áâ¢¥­­®, ­¥ ¨á¯®«ì§®¢ «áï,
â. ª. à áá¬®âà¥­­ ï â ¬ § ¤ ç  á®¤¥à¦ «  «¨èì ª®­¥ç­®¥ ç¨á«® äã­ªæ¨®­ «ì­ëå ®£à ­¨ç¥­¨©).
� à¥§ã«ìâ â¥ ¤¥©áâ¢¨© ¯® ãª § ­­®© áå¥¬¥ ¯®«ãç ¥¬ ¬. ¯. à. us, s = 1; 2; : : : , ¢ § ¤ ç¥ (Pq), ã¤®¢«¥-
â¢®àïîé¥¥ ¢á¥¬ á®®â­®è¥­¨ï¬ â¥®à¥¬ë 4.1 ¢ [1], ¯à¨ç¥¬ �s0 ! � > 0, çâ® ¨ ¯®§¢®«ï¥â £®¢®à¨âì
® à¥£ã«ïà­®áâ¨ § ¤ ç¨ (Pq).
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� ®¡é¥© ¦¥ á¨âã æ¨¨, ª®£¤  «¨¯è¨æ¥¢®áâì äã­ªæ¨¨ §­ ç¥­¨© �(q), ¢®®¡é¥ £®¢®àï, ­¥ ¨¬¥¥â
¬¥áâ , á¯à ¢¥¤«¨¢ á«¥¤ãîé¨© ®¡é¨© à¥§ã«ìâ â, ª®â®àë© ¬®¦­® ¨­â¥à¯à¥â¨à®¢ âì ª ª à¥§ã«ì-
â â ® â¨¯¨ç­®áâ¨ à¥£ã«ïà­®£® ¯à¨­æ¨¯  ¬ ªá¨¬ã¬ . �à¨ íâ®¬ ¯®¤ â¨¯¨ç­®áâìî ¢ë¯®«­¨¬®áâ¨
­¥ª®â®à®£® á¢®©áâ¢  ­  ­¥ª®â®à®¬ ¬¥âà¨ç¥áª®¬ ¯à®áâà ­áâ¢¥ \¢®§¬®¦­ëå á¨âã æ¨©", ¢ ª ¦¤®©
¨§ ª®â®àëå ¤ ­­®¥ á¢®©áâ¢® \¬®¦¥â ¨¬¥âì ¬¥áâ®", ¬ë ¯®­¨¬ ¥¬ ¢ë¯®«­¨¬®áâì íâ®£® á¢®©áâ¢ 
­  ¢áî¤ã ¯«®â­®¬ ¢ ¯à®áâà ­áâ¢¥ "¢®§¬®¦­ëå á¨âã æ¨©" ¬­®¦¥áâ¢¥.

�¥®à¥¬  4.2. �­®¦¥áâ¢® â¥å â®ç¥ª q 2 dom�, ¤«ï ª®â®àëå ¢ § ¤ ç¥ (Pq) ¢á¥ ¬. ¯. à.

ï¢«ïîâáï à¥£ã«ïà­ë¬¨, ¢áî¤ã ¯«®â­® ¢ dom�.

�®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë, ¯® áãâ¨ ¤¥« , ¯®¢â®àï¥â ¯¥à¢ãî ç áâì ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë
4.1. �¥©áâ¢¨â¥«ì­®, ¯ãáâì q 2 dom�, eq 2 C(X) | ¯à®¨§¢®«ì­ ï ¯®«®¦¨â¥«ì­ ï äã­ªæ¨ï. �®£¤ 
q + �eq 2 dom�, � 2 dom� ¯à¨ � � 0 ¨ äã­ªæ¨ï §­ ç¥­¨© �(�) � �(q + �eq), ® ª®â®à®© ¨¤¥â à¥çì
¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 4.1, ï¢«ï¥âáï «¨èì ¯®«ã­¥¯à¥àë¢­®© á­¨§ã äã­ªæ¨¥© ç¨á«®¢®£®
¯ à ¬¥âà  � � 0, â. ª. ¨¬¥­­® â ª¨¬ á¢®©áâ¢®¬ ®¡« ¤ ¥â á®£« á­® «¥¬¬¥ 3.2 ¢ [1] äã­ªæ¨ï �(q).
�âáî¤  ¢ á¨«ã ([8], â¥®à¥¬  7.1; [9]) á«¥¤ã¥â, çâ® ¢áî¤ã ¯«®â­® ­  ®âà¥§ª¥ [0; �0], �0 > 0, «¥¦ â
â®çª¨ �, ¤«ï ª®â®àëå áãé¥áâ¢ã¥â ¯à®ªá¨¬ «ì­ ï ­®à¬ «ì (�;��) 2 PNepi�(�; �(�)) á � > 0.
�®á«¥¤­¥¥, ª ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 4.1, ®§­ ç ¥â, çâ® ¤«ï ­¥ª®â®à®£® � > 0 «î¡®¥
¬. ¯. à. uk 2 D, k = 1; 2; : : : , ¢ § ¤ ç¥ (P �) ï¢«ï¥âáï ¬. ¯. à. (¢ ¯ à¥ á �) ¨ ¢ § ¤ ç¥ (4.1) ¯à¨ �i = �,
�i = �, � i = �, �i = �. � ¯¨áë¢ ï ¯à¨­æ¨¯ ¬ ªá¨¬ã¬  ¤«ï íâ®£® ¬. ¯. à. ¢ ãª § ­­®© § ¤ ç¥ (çâ®
¤¥« ¥âáï ¯® áå¥¬¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 4.1 ¢ [1]), ¯®«ãç ¥¬ à¥£ã«ïà­ë© ¯à¨­æ¨¯ ¬ ªá¨¬ã¬ 
¤«ï ¬. ¯. à. uk, k = 1; 2; : : : , ¢ § ¤ ç¥ (Pq+�eq). � ª ª ª â®çª  � ¬®¦¥â ¡ëâì ¢§ïâ  áª®«ì ã£®¤­®
¡«¨§ª®© ª ­ã«î, â® ¬®¦­® ãâ¢¥à¦¤ âì, çâ® ¢ «î¡®© ®ªà¥áâ­®áâ¨ í«¥¬¥­â  q 2 dom� ­ å®¤¨âáï
í«¥¬¥­â q+ �eq, ¤«ï ª®â®à®£® § ¤ ç  (Pq+�eq) à¥£ã«ïà­ , ¨, á«¥¤®¢ â¥«ì­®, ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë
¬®¦­® áç¨â âì ¤®ª § ­­ë¬.

� ¬¥ç ­¨¥ 4.1. �á¯®«ì§ãï ¢¬¥áâ® ¯à®ªá¨¬ «ì­ëå ­®à¬ «¥© [8]{[10] ¨§ ®¯à¥¤¥«¥­¨ï 3.1
­®à¬ «¨ ¢ á¬ëá«¥ [13], [14], ¬®¦­® ãá¨«¨âì à¥§ã«ìâ â â¥®à¥¬ë 4.2. � ¨¬¥­­®, ¬®¦­® ¯®ª -
§ âì, çâ® ¤«ï «î¡®£® q 2 dom� ¨ «î¡®© ¯®«®¦¨â¥«ì­®© äã­ªæ¨¨ eq 2 C(X) ¢ § ¤ ç¥ (Pq+�eq) ¯à¨
¯. ¢. � � 0 áãé¥áâ¢ãîâ â®«ìª® à¥£ã«ïà­ë¥ ¬. ¯. à.
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