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� [1]{[2] ¡ë« ¯à¥¤«®¦¥ ¬¥â®¤ à¥è¥¨ï á¬¥è ëå § ¤ ç ¤«ï ª¢ §¨«¨¥©ëå ¯ à ¡®«¨-
ç¥áª¨å ¨ £¨¯¥à¡®«¨ç¥áª¨å ãà ¢¥¨©, á¢®¤ïé¨© ¨å à¥è¥¨¥ ª à¥è¥¨î á¨áâ¥¬ë ¨â¥£à «ìëå
ãà ¢¥¨©. � ááã¦¤¥¨ï íâ¨å à ¡®â ®£à ¨ç¥ë á«ãç ¥¬ áâ àè¨å ç áâ¥© ¢¨¤  @2u

@t2
� @2u

@x2
, @u
@t
� @2u

@x2
.

� ¤ ®© áâ âì¥ à §à ¡®â   ®¡é ï â¥®à¨ï ¢ á«ãç ¥ ¯«®áª¨å ª¢ §¨«¨¥©ëå á¬¥è ëå § ¤ ç
¤«ï ¯ à ¡®«¨ç¥áª¨å á¨áâ¥¬ á ¯¥à¥¬¥ë¬¨ ª®íää¨æ¨¥â ¬¨ ¢ áâ àè¥© ç áâ¨. � [1]-[3] ãª §  
«¨â¥à âãà  ¯® à áá¬ âà¨¢ ¥¬®¬ã ¢®¯à®áã.

1. �®áâ ®¢ª  ¯à®¡«¥¬ë ¨ ¢á¯®¬®£ â¥«ì ï £à ¨ç ï § ¤ ç 

1. � áá¬ âà¨¢ ¥âáï ª¢ §¨«¨¥© ï ¯ à ¡®«¨ç¥áª ï á¨áâ¥¬ 

c(x)
@v

@t
=
@2v

@x2
+ f

�
t; x; v;

@v

@x

�
; 0 < x < 1; 1 < t � T; (1)

U(v) =
�
a
@v

@x
+ a1v

�
x=0

+
�
b
@v

@x
+ b1v

�
x=1

= 0; 0 � t � T;

V (v) = dv(t; 0) + d1v(t; 1) = 0 0 � x � 1; (2)

v(0; x) =  (x); (3)

£¤¥ c(x),  (x), v(t; x), f(t; x; v; @v
@x
) | n� n-¢¥é¥áâ¢¥ë¥ ¬ âà¨çë¥ äãªæ¨¨, a, a1, b, b1, d, d1

| ¯®áâ®ïë¥ n� n-¬ âà¨æë.
�à¥¤¯®« £ îâáï ¢ë¯®«¥ë¬¨ á«¥¤ãîé¨¥ ãá«®¢¨ï.
1) c(x) 2 C2[0; 1].
2) � à ªâ¥à¨áâ¨ç¥áª¨¥ ª®à¨ '2

1(x); : : : ; '
2
n(x) ¬ âà¨æë c(x) à §«¨çë ¯à¨ ¢á¥å x, ¨å ¢¥-

é¥áâ¢¥ë¥ ç áâ¨ ¯®«®¦¨â¥«ìë,  à£ã¬¥âë íâ¨å ª®à¥© ¨  à£ã¬¥âë ¨å à §®áâ¥© ¥ § ¢¨-
áïâ ®â x. �®íâ®¬ã «¨¡® 'k(x) = �j'k(x)jei�, k = 1; n, ��

4
< � < �

4
, «¨¡® 'k(x) = �p(x)ei�k ,

��
4
< �k <

�
4
, p(x) > 0.

3) f(t; x; v; w) | ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ ï äãªæ¨ï ¢ ®¡« áâ¨�
0 � x � 1; 0 � t � T; kv � �(t; x)k � Q;

w � @�
@x

 � Q

�
;

£¤¥ Q = const, kv(t; x)k = max
x;t

jv(t; x)j, jvj = max
i;j

jvij j, � | à¥è¥¨¥ § ¤ ç¨ (1){(3) ¯à¨ f � 0.

4) detfad1D(0)g+(�1)n+1 detfdbD(1)g 6= 0, £¤¥ D(x) = diag('1(x); : : : ; 'n(x)) | ¤¨ £® «ì ï
¬ âà¨æ .

5)  (x) 2 C2[0; 1],  (i)(x)jx=0;1 = 0, i = 0; 1.
�¥è¥¨¥ § ¤ ç¨ (1){(3) ¨é¥âáï ¢ «¨¥©®¬ ¯à®áâà áâ¢¥ D(T ) n � n-¬ âà¨çëå äãªæ¨©

v(t; x), (t; x) 2 [0; T ]� [0; 1] (á ãª § ®© ¢ëè¥ ®à¬®© kvk) â ª¨å, çâ®

kv � �(t; x)k � Q;

@v@x � @�
@x

 � Q:
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2. �¢¥¤¥¬ ¢á¯®¬®£ â¥«ìãî ªà ¥¢ãî § ¤ çã á ª®¬¯«¥ªáë¬ ¯ à ¬¥âà®¬ �:

l(y) � y00 � �2c(x)y = 0; 0 < x < 1; (4)

U(y) = 0; V (y) = 0; (5)

£¤¥ y(x; �) | n� n-¬ âà¨æ .
�àï¬ë¬¨ Re �('i � 'j) = 0, i 6= j, Re�('i + 'j) = 0 à §®¡ì¥¬ �-¯«®áª®áâì   ª®¥ç®¥

ç¨á«® á¥ªâ®à®¢ S á ¢¥àè¨®© ¢ 0. � ª ¦¤®¬ ¨§ á¥ªâ®à®¢ S ¯à¨ ¥ª®â®à®© ã¬¥à æ¨¨ '-ª®à¥©
á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

Re �'1(x) � � � � � Re �'n(x) � 0 � Re �'n+1(x) � � � � � Re�'2n(x); � 2 S (6)

('n+k = �'n�k+1 ¯à¨ k � n).

�¥®à¥¬  1. �«ï «î¡®£® ä¨ªá¨à®¢ ®£® á¥ªâ®à  S áãé¥áâ¢ã¥â äã¤ ¬¥â «ì ï á¨áâ¥-

¬  ¤¢ãå ¬ âà¨çëå à¥è¥¨© ãà ¢¥¨ï (4),   «¨â¨ç¥áª¨å ¯® � ¢ á¥ªâ®à¥ S ¯à¨ j�j � 1 ¨

¨¬¥îé¨å ¢ ¥¬  á¨¬¯â®â¨ç¥áª¨¥ ¯à¥¤áâ ¢«¥¨ï

yk(x; �) =
�
m(x) +

mk(x)
�

+
E(x; �)
�2

�(�1)k

e
�

xR
0

D(�)d�
; k = 0; 1; (7)

£¤¥ m(x) | n� n-¬ âà¨æ , ¤«ï ª®â®à®©

m�1(x)c(x)m(x) = D2(x); m 2 C2[0; 1]; (8)

  E | ¯®ª®¬¯®¥â® ®£à ¨ç¥ ï ¬ âà¨æ  ¯à¨ � 2 S, j�j � 1.

�®ª § â¥«ìáâ¢®. � ¬¥®© y0 = �y1 á¢¥¤¥¬ (4) ª á¨áâ¥¬¥

Y 0 = �C(x)Y; 0 < x < 1; (9)

C(x) =
�

0 I

c(x) 0

�
; Y =

�
y

y1

�
; (10)

I | n� n-¥¤¨¨ç ï ¬ âà¨æ .
�ãáâì M(x) | ¬ âà¨æ , ¤«ï ª®â®à®©

M�1(x)C(x)M(x) =
�D(x) 0

0 �D(x)
�
: (11)

�®¦® ¯à¨ïâì M(x) = ( m m
mD �mD ). �¥©áâ¢¨â¥«ì®,

det
�
m m

mD �mD
�
= det

�
m 0
mD �2mD

�
= (�2)n detm2D 6= 0

¨ ¤ «¥¥

C(x)M(x) =
�

0 I

c(x) 0

��
m(x) m(x)
mD �mD

�
=
�
mD �mD
c(x)m c(x)m

�
=
�
m m

mD �mD
��D 0

0 �D
�
:

� ¬¥â¨¬, çâ® ¤«ï à §ëå á¥ªâ®à®¢ S ¬ âà¨æë m(x) ®â«¨ç îâáï «¨èì ¯®àï¤ª®¬ áâ®«¡æ®¢.
�®£« á® ¨§¢¥áâ®© â¥®à¥¬¥ ([4], á. 114) á¨áâ¥¬  (9) ¨¬¥¥â äã¤ ¬¥â «ì®¥ ¬ âà¨ç®¥ à¥-

è¥¨¥

eY (x; �) = �
M(x) +

fM(x)
�

+
eE(x; �)
�2

�
e
�

xR
0

�
D(�) 0
0 �D(�)

�
d�

; (12)

fM 2 C1[0; 1], � 2 S, j eE(x; �)j � C, j�j � 1. �ç¨âë¢ ï á¢ï§ì á¨áâ¥¬ (4) ¨ (9), ¨§ à¥è¥¨ï (12)
¯®«ãç ¥¬ ¤¢  à¥è¥¨ï (7), ãª § ë¥ ¢ â¥®à¥¬¥.
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� ¯¨è¥¬ ¯®ª®¬¯®¥â® äã¤ ¬¥â «ìãî á¨áâ¥¬ã (7) ¢ ¢¨¤¥ 2n áâ®«¡æ®¢

yij(x; �) =
�
mij(x) +

�ij(x)
�

+
Eij(x; �)

�2

�
e
��

xR
0

'j(�)d�

; (13)

� 2 S, fyijgn1 � y0, fyijgj=n+1;2ni=1;n
� y1, �ij(x) 2 C1[0; 1], mij+n(x) = mij(x) ¯à¨ i � n.

�¥®à¥¬  2. � âà¨ç ï äãªæ¨ï �à¨  G(x; �; �) = fGijgn1 § ¤ ç¨ (4){(5) ¨¬¥¥â ¢¨¤

Gij(x; �; �) =
�ij(x;�;�)

�(�)
, £¤¥

�ij(x; �; �) =

��������
gij(x; �; �) yi1(x; �) : : : yi2n(x; �)

U1(gj(x; �; �))x u1;1(�) : : : u1;2n(�)
: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

U2n(gj(x; �; �))x u2n;1(�) : : : u2n;2n(�)

�������� ;
�(�) = detfuij(�)g2n1 ; uij(�) = Ui(yj(x; �)); (14)

yj | j-© áâ®«¡¥æ ¢ë¡à ®© äã¤ ¬¥â «ì®© ¬ âà¨æë à¥è¥¨© ãà ¢¥¨ï (4), Ui(yj) | à¥-

§ã«ìâ â ¯®¤áâ ®¢ª¨ ¢ i-¥ ¨§ £à ¨çëå ãá«®¢¨© (5) j-£® áâ®«¡æ  à¥è¥¨© (13). � «®£¨çë©
á¬ëá« ¨¬¥¥â Ui(gj(x; �; �))x, ¨¤¥ªá x §  áª®¡ª®© ®§ ç ¥â, çâ® äãªæ¨® « Ui ¯à¨¬¥ï¥âáï

¯® íâ®© ¯¥à¥¬¥®©,

gij(x; �; �) =

8>><>>:
nP

k=1
yik(x; �)zkj(�; �) ¯à¨ 0 � � � x;

�
2nP

k=n+1
yik(x; �)zkj(�; �) ¯à¨ x � � � b; i; j = 1; n;

zkj(�; �) =
Wj+n;k(�;�)

W (�;�)
, k = 1; 2n,

W (�; �) =

�������������

y11 : : : y1n : : : y1;2n
: : : : : : : : : : : : : : : : : : : : : : :

yn1 : : : ynn : : : yn;2n
dy11
d�

: : : dy1n
d�

: : :
dy1;2n
d�

: : : : : : : : : : : : : : : : : : : : : : :
dyn1
d�

: : : dynn
d�

: : :
dyn;2n
d�

�������������
; (15)

Wj+n;k |  «£¥¡à ¨ç¥áª®¥ ¤®¯®«¥¨¥ í«¥¬¥â®¢ á ¨¤¥ªá ¬¨ j + n, k ¢ ®¯à¥¤¥«¨â¥«¥ W .

�®ª § â¥«ìáâ¢®. �¯à¥¤¥«¨â¥«ì W (�; �) 6= 0, â. ª. ® ®â«¨ç ¥âáï ®â ®¯à¥¤¥«¨â¥«ï äã¤ -
¬¥â «ì®© ¬ âà¨æë | à¥è¥¨ï á¨áâ¥¬ë (9) ¬®¦¨â¥«¥¬ ��n (á¬. â ª¦¥ [4], á. 116). �à®¢¥à¨¬
¢ë¯®«¥¨¥ á¢®©áâ¢ äãªæ¨¨ �à¨  á®£« á® ¥¥ ®¯à¥¤¥«¥¨î ([4], á. 114).

1�. Gij(x; �; �) ¥¯à¥àë¢  ¯à¨ 0 � x; � � 1. �¥©áâ¢¨â¥«ì®, ¨§ ä®à¬ã« (14), (15) ¢¨¤®, çâ®
¤®áâ â®ç® ¯à®¢¥à¨âì ¥¯à¥àë¢®áâì gij(x; �; �) ¯à¨ x = �:

gij(� + 0; �; �) � gij(� � 0; �; �) =
2nX
k=1

yik(�; �)zkj(�; �) =

=

(j + n)

������������������

y11(�; �) : : : y1;2n(�; �)
: : : : : : : : : : : : : : : : : : : : :

yn1(�; �) : : : yn;2n(�; �)
dy11(�;�)

d�
: : :

dy1;2n(�;�)

d�

: : : : : : : : : : : : : : : : : : : : :

yi1(�; �) : : : yi;2n(�; �)
: : : : : : : : : : : : : : : : : : : : :
dyn1(�;�)

d�
: : :

dyn;2n(�;�)

d�

������������������

1
W (�; �)

= 0;
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(j + n) ãª §ë¢ ¥â ®¬¥à áâà®ª¨, ¢ ª®â®à®©  å®¤ïâáï í«¥¬¥âë yi1 : : : yi;2n.
2�. Gij(x; �; �) ¯à¨ «î¡®¬ ä¨ªá¨à®¢ ®¬ � 2 (0; 1) ¨¬¥¥â ¥¯à¥àë¢ë¥ ¯à®¨§¢®¤ë¥ ¤® 2-£®

¯®àï¤ª  ¢ª«îç¨â¥«ì® ¢ ª ¦¤®¬ ¨§ ¯®«ã¨â¥à¢ «®¢ [0; �), (�; 1], ¯à¨ç¥¬

@Gij(� + 0; �; �)
@x

� @Gij(� � 0; �; �)
@x

=
@gij(� + 0; �; �)

@x
� @gij(� � 0; �; �)

@x
=

=
2nX
k=1

dyik(�; �)
d�

zkj(�; �) =

(
0 ¯à¨ i 6= j;

1 ¯à¨ i = j:

� ª¨¬ ®¡à §®¬, G0
x(x; �; �) ®¡« ¤ ¥â ã¦ë¬ áª çª®¬ ¯à¨ x = �.

3�. �à¨ ä¨ªá¨à®¢ ®¬ � 2 (0; 1) á®£« á® ä®à¬ã« ¬ (12), (13) ¨¬¥¥¬

l(G(x; �; �)) =
1

�(�)

��������
l(gj)x l(y1) : : : l(y2n)
U1(gj)x u1;1(�) : : : u1;2n(�)
: : : : : : : : : : : : : : : : : : : : : : : : : : : :

U2n(gj)x u2n;1(�) : : : u2n;2n(�)

�������� = 0

¢¢¨¤ã à ¢¥áâ¢  ã«î í«¥¬¥â®¢ ¯¥à¢®© áâà®ª¨.
� «®£¨ç®, Ui(Gj(x; �; �))x = 0, i; j = 1; 2n, â. ¥. j-© áâ®«¡¥æ ¬ âà¨æë G ã¤®¢«¥â¢®àï¥â ¢á¥¬

£à ¨çë¬ ãá«®¢¨ï¬ (5) ¯à¨ «î¡®¬ j.

2. �á¨¬¯â®â¨ç¥áª®¥ ¯à¥¤áâ ¢«¥¨¥ ¬ âà¨æë �à¨  ¨ ¥¥ ¯®«îáë

�á®¢ë¢ ïáì   (7), (13){(15),  ©¤¥¬

zkj(�; �) =
1
�

�
Mj+n;k(�)
detM(�)

�
e
��

xR
0

'k(�)d�

; (16)

(Mj+n;k(�) |  «£¥¡à ¨ç¥áª®¥ ¤®¯®«¥¨¥ í«¥¬¥â  á ¨¤¥ªá ¬¨ (j + n; k) ¢ detM(�)),

gij(x; �; �) =

8>>>>>><>>>>>>:

nP
k=1

1
�

�
M(x; �; k)

�
e

�

xR
�

'kd�

¯à¨ 0 � � � x;

�
2nP

k=n+1

1
�

�
M(x; �; k)

�
e

�

xR
�

'kd�

¯à¨ x � � � 1;

(17)

� 2 S, £¤¥ M(x; �; k) = mik(x)Mj+n;k(�)

detM(�)
. �¬¥áâ® à §¢¥àãâëå § ¯¨á¥© ¡ã¤¥¬ ã¯®âà¥¡«ïâì [�] �

�+O( 1
�
), j�j � 1. � «¥¥, ¨á¯®«ì§ãï â¥®à¥¬ã � ¯« á , ¨¬¥¥¬

�(�) =
����U(y0) U(y1)
V (y0) V (y1)

���� = �n detm(0)m(1) �

�
n�

det(b dD(1)) + (�1)n+1 det(ad1D(0))�e�
1R
0

('1+���+'n)d�
+ � � �

+
�
det(ad1D(0)) + (�1)n+1 det(bdD(1))�e��

1R
0

('1+���+'n)d�o
; � 2 S: (18)
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�â¬¥â¨¬, çâ® G ¥ § ¢¨á¨â ®â ¢ë¡®à  äã¤ ¬¥â «ìëå à¥è¥¨© ¨ ®â ¨å ã¬¥à æ¨¨. � ª®¥æ,
¤«ï í«¥¬¥â®¢ ¯¥à¢®£® áâ®«¡æ  ®¯à¥¤¥«¨â¥«ï �ij(x; �; �) ãáâ ®¢¨¬

Us(gj)x = �
nX
j=1

asi

2nX
k=n+1

'k(0)[M(0; �; k)]e
��

�R
0

'kd�

+
nX
i=1

b1si

nX
k=1

'k(1)[M(1; �; k)]e
�

�R
0

'kd�

¯à¨ s � n;

Us(gj)x = �
nX
i=1

dsi

2nX
k=n+1

[M(0; �; k)]
1
�
e
��

�R
0

'kd�

+
nX
i=1

d1si

nX
k=1

[M(1; �; k)]
1
�
e
�

�R
0

'kd�

¯à¨ s > n: (19)

�¥®à¥¬  3. � ª ¦¤®¬ á¥ªâ®à¥ S ¯à¨ j�j � 1 ¤«ï í«¥¬¥â®¢ ¬ âà¨æë �à¨  á¯à ¢¥¤«¨¢ë

 á¨¬¯â®â¨ç¥áª¨¥ ¯à¥¤áâ ¢«¥¨ï

Gij(x; �; �) = gij(x; �; �) +
2nX

k;l=1

"klij(x; �; �)
�

e

�

xR
c1

'kdt

e

�

�R
c2

'ldt

; (20)

£¤¥ c1; c2 = 0, ¥á«¨ k; l � n; c1; c2 = 1, ¥á«¨ k; l > n, "klij(x; �; �) | äãªæ¨¨, ®£à ¨ç¥ë¥ ¢¥

�-®ªà¥áâ®áâ¨ ã«¥© �(�),  á¨¬¯â®â¨ª  gij ®¯à¥¤¥«¥  ä®à¬ã«®© (17).
� à ªâ¥à¨áâ¨ç¥áª¨© ®¯à¥¤¥«¨â¥«ì �(�) ¨¬¥¥â áç¥â®¥ ¬®¦¥áâ¢® ã«¥©, á®áâ®ïé¥¥ ¨§

2� (� � n) £àã¯¯. � ç¥¨ï s-© £àã¯¯ë «¥¦ â ¢ ¯®«®á¥
Q

s ª®¥ç®© è¨à¨ë, á®¤¥à¦ é¥©

«ãç ds, ª®â®àë© ¢å®¤¨â ¢ ¯àï¬ãî Re�'s = 0, ¯à¨ç¥¬ ¢á¥ íâ¨ «ãç¨ à á¯®«®¦¥ë ¢ á¥ªâ®à å
�
4
< arg � < 3�

4
, 5�

4
< arg � < 7�

4
. � �-¯«®áª®áâ¨ ¢¥ ¬ «ëå ªàã£®¢ à ¤¨ãá  � á æ¥âà ¬¨ ¢ ã«ïå

�(�) ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®

j�(�)j � N�j�jn
���e��

1R
0

('1+���+'n)d����; N� > 0: (21)

�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥¨¥ â¥®à¥¬ë ® ã«ïå �(�) ¨ ¥à ¢¥áâ¢® (21) á«¥¤ã¥â ¨§ ¨§-
¢¥áâ®© â¥®à¨¨  á¨¬¯â®â¨ç¥áª¨ ¯®ª § â¥«ì®£® ¬®£®ç«¥ , ª ª¨¬ ï¢«ï¥âáï �(�) á®£« á®
ä®à¬ã«¥ (18) ([5]). �§ ãá«®¢¨ï ¯ à ¡®«¨ç®áâ¨ 2) á«¥¤ã¥â, çâ® ¢á¥ «ãç¨ ds «¥¦ â ¢ á¥ªâ®à å
�
4
< arg � < 3�

4
, 5�

4
< arg � < 7�

4
.

�«ï ¯®«ãç¥¨ï ä®à¬ã«ë (20), à §«®¦¨¢ �ij(x; �; �) ¯® ¯¥à¢®© áâà®ª¥, ¯®«ãç¨¬

Gij(x; �; �) = gij(x; �; �) +
2nX
k=1

yik(x; �)�k
j (�; �)

�(�)

¨ ¢®á¯®«ì§ã¥¬áï ä®à¬ã« ¬¨ (13), (16), (19), (21).

3. �®à¬ã«  ¨â¥£à «ì®£® ¯à¥®¡à §®¢ ¨ï

�¯à¥¤¥«¨¬ ª®âãà L = L1 [ L2,  ¯à ¢«¥ë© á¨§ã ¢¢¥àå, £¤¥ L1 = (j�j = H) \ (j arg �j �
�
4
+ "), L2 = (j�j � H) \ (arg � = �(�

4
+ ")), H � 1, " > 0 | ¬ «®¥ ç¨á«®.

�¥®à¥¬  4. �«ï «î¡®© ¥¯à¥àë¢®© n� n-¬ âà¨æë h(x), 0 � x � 1, á¯à ¢¥¤«¨¢  ä®à¬ã« 

¯à¥¤¥«ì®£® ¨â¥£à «ì®£® ¯à¥¤áâ ¢«¥¨ï

h(x) = lim
"!0

�1
�
p�1

Z
L

�e"�
2

d�

Z 1

0

G(x; �; �)c(�)h(�)d�; 0 < x < 1: (22)

�å®¤¨¬®áâì ¢ ¯à ¢®© ç áâ¨ à ¢®¬¥à  ¯® x   «î¡®¬ ®âà¥§ª¥ [�; �] � (0; 1).
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�®ª § â¥«ìáâ¢® ®á®¢ ®   ¨á¯®«ì§®¢ ¨¨ ¯à¥¤áâ ¢«¥¨© (20), (17) ¨   ¢ëç¨á«¥¨ïå
¯à ¢®© ç áâ¨ ¢ (22). �à¥¦¤¥ ¢á¥£® ãáâ ®¢¨¬, çâ® ¯à¥¤¥« ¨â¥£à «  ¢ (22), á®®â¢¥âáâ¢ãîé¨©
¢â®à®© á« £ ¥¬®© áã¬¬¥ ¢ ¯à¥¤áâ ¢«¥¨¨ (20), à ¢¥ ã«î. �â¡à áë¢ ï ¢¥«¨ç¨ë, à ¢ë¥ ã«î,
á¢¥¤¥¬ ¯à¥¤¥« ¢ (22) ª ¢ëà ¦¥¨î

I(x) = lim
"!0

�1
�
p�1

Z x

0

� nX
k=1

M(x; �; k)
Z
L

e

"�2+�

xR
�

'kd�

d�

�n

1

c(�)h(�)d� +

+ lim
"!0

�1
�
p�1

Z 1

x

� 2nX
k=n+1

M(x; �; k)
Z
L

e

"�2+�

xR
�

'kd�

d�

�n

1

c(�)h(�)d�;

£¤¥ M(x; �; k) = mik(x)Mj+n;k(�)

detM(�)
. �ëç¨á«¨¢ ¨â¥£à « ¯® L (á¬. «¥¬¬ã 1 ¨§ x 4), ¯®«ãç¨¬

I(x) = � lim
"!0

1p
�"

Z x

0

� nX
k=1

M(x; �; k)e�

�
xR
�

'kd�

�2
4"

�n

1

c(�)h(�)d� +

+ lim
"!0

1p
�"

Z 1

x

� 2nX
k=n+1

M(x; �; k)e�

�
xR
�

'kd�

�2
4"

�n

1

c(�)h(�)d�:

�â ª, ¯à¨å®¤¨¬ ª ¢ëç¨á«¥¨î ¨â¥£à « 

Ik(x) = lim
"!0

Z x

0

f(�)p
"
e�

�
xR
�

'kd�

�2
4" d� = (¢ á¨«ã ãá«®¢¨ï 2)   á. 3) = lim

"!0

Z x

0

f(�)p
"
e��

2
k

�
xR
�

j'kjd�

�2
4" d�:

�®¢¥àè¨¢ ¢ ¯®á«¥¤¥¬ ¨â¥£à «¥ § ¬¥ã 2
p
" yk =

xR
�

j'k(�)jd�, d� = � �2p"
j'k(�)jdyk, ¨¬¥¥¬

Ik(x) = lim
"!0

0Z
xR
0

j'kjd�

2
p
"

2f(�(y)k)e��
2
ky

2
k

j'k(�(yk))j dyk = � 2f(x)
j'k(x)j

0Z
1
e��

2
ky

2
kdyk =

2f(x)
j'k(x)j�k

+1Z
0

e�z
2

dz;

â. ª. 3�
4
< arg�k < 5�

4
.

� ª¨¬ ®¡à §®¬, Ik(x) = � f(x)
p
�

'k(x)
. �«¥¤®¢ â¥«ì®,

I(x) =
� nX

k=1

M(x; x; k)
'k(x)

�n

1

c(x)h(x) +
� 2nX

k=n+1

M(x; x; k)
'k(x)

�n

1

c(x)h(x) =
� 2nX

k=1

M(x; x; k)
'k(x)

�n

1

c(x)h(x):
(23)

� âà¨æ  f: : : gn1 ¢ ä®à¬ã«¥ (23) ¯à¥¤áâ ¢«ï¥â ¯à ¢ë© ¢¥àå¨© ¬ âà¨çë© ¡«®ª à §¬¥à  n� n ¢
¬ âà¨æ¥ M

�
D�1 0
0 �D�1

�
M�1 = ¢ á¨«ã (11) = C�1(x) ¨ â. ª. á®£« á® (10) C�1(x) =

�
0 c�1(x)
E 0

�
, â®

I(x) = c�1(x)c(x)h(x) = h(x). �

4. �¥¬¬ë ®¡ ¨â¥£à « å, á¢ï§ ëå á § ¤ ç¥© (1){(3)

�¥¯®áà¥¤áâ¢¥ë¬ ¢ëç¨á«¥¨¥¬ ¨â¥£à «®¢ ¯à¨ k = 0 á ¯®á«¥¤ãîé¨¬ ¤¨ää¥à¥æ¨à®¢ ¨¥¬
¤®ª §ë¢ ¥âáï
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�¥¬¬  1. �ãáâì t > 0, � 6= 0, â®£¤ 

Z
L

�2ke�
2t���d� = i

p
�
dk

dtk
e�

�2

4tp
t
;

Z
L

�2k+1e�
2t���d� =

i
p
�

2
�
dk

dtk
e�

�2

4t

t3=2
; k = 0; 1; 2; : : : ;

Z 1

R

e�x
2

dx �
p
�

2
e�R

2

; R > 0:

�å®¤¨¬®áâì ¨â¥£à «®¢ à ¢®¬¥à  ¯® t 2 (0; T ).

�¥¬¬  2. �â¥£à «ë ¢¨¤ 

Js =
Z
L

�se�
2(t��)d�

Z 1

0

e

��
��� xR
�

'd�

���
�ij(�)d�

Z t

0

fjs(�; �; v; w)d�; j�ij j < C; '(x) > 0;

Is =
Z
L

�se�
2(t��)d�

Z 1

0

"ij(x; �; �)e
��
� xR

0

'kd�+

�R
0

'ld�

�
d�

Z t

0

fjs(�; �; v; w)dt;

s = 0; 1, j"ij j < C, áå®¤ïâáï  ¡á®«îâ® ¨ à ¢®¬¥à® ¯à¨ 0 � x � 1, 0 � t � T , ¯à¨ç¥¬

á¯à ¢¥¤«¨¢ë ®æ¥ª¨

max(jJ1j; jI1j) � C
p
tmax

D
jfjsj; max(jJ0j; jI0j) � Ct�max

D
jfjsj

¤«ï «î¡®£® � 2 [ 1
2
; 1).

�®ª § â¥«ìáâ¢®. �æ¥¨¬ Js. �«ï ã¤®¡áâ¢  ¤¥ä®à¬¨àã¥¬ ª®âãà L ¢ L�
3
= farg � = ��

3
,

j�j � 0g. �«ï l 2 L�
3
¨¬¥¥¬

Z 1

0

���e��
��� xR
�

'd�

������d� = Z 1

0

e

� 1
2 j�j

��� xR
�

'd�

���
d� =

2
j�j

Z 1

0

�
sign(x� �)

1
'(�)

d

d�
e

� 1
2 j�j
��� xR
�

'd�

����
d� =

=
2e
� 1

2 j�j
��� xR
�

'd�

���
j�j'(�)

�����
x

0

� 2e
� 1

2 j�j
��� xR
�

'd�

���
j�j'(�)

����1
x

+
2
j�j

Z x

0

e

� 1
2 j�j

xR
�

'd�
'0(�)
'2(�)

d�� 2
j�j

Z 1

x

e

� 1
2 j�j

xR
�

'd�
'0(�)
'2(�)

d� � C

j�j :

�â ª,
1R
0

���e��
��� xR
�

'd�

������d� � C
j�j . �¥¯¥àì ¨¬¥¥¬ ¯à¨ s = 1

jJ1j � C

Z t

0

max
D

jfjsjd�
Z 1

0

e�(t��)
1
2 j�j2dj�j < Cmax

D
jfjsj

Z t

0

d�p
t� �

Z 1

0

e�y
2

dy = Cmax
D

jfjsj
p
�

2

p
t:

�«ï ¯à®¢¥àª¨ à ¢®¬¥à®© áå®¤¨¬®áâ¨ ¨â¥£à «  J1 à áá¬®âà¨¬ ¯à¨ ¡®«ìè®¬ R ¨â¥£à «

JIR = Cmax
D

jfjsj
Z t

0

d�

Z 1

R

e�(t��)
1
2 j�j2dj�j < Cmax jfjsjp

2

Z t

0

d�p
t� �

Z 1

R
p

t��
2

e�y
2

dy:

�  ®á®¢ ¨¨ «¥¬¬ë 1
1R

R
p

t��
2

e�y
2

dy �
p
�
2
e�

R2(t��)
2 . �«¥¤®¢ â¥«ì®,

JIR < Cmax jfjsj
Z t

0

e�
R2(t��)

2p
t� �

d� =
2
p
2Cmax jfjsj

R

Z R
p

t
2

0

e�y
2

dy � Cmax jfjsj
R

p
2�
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¨ JIR ¬®¦® á¤¥« âì ª ª ã£®¤® ¬ «ë¬, ¢ë¡¨à ï ¡®«ìè®¥ R. � ª¨¬ ®¡à §®¬, ®¡®á®¢    ¡á®-
«îâ ï ¨ à ¢®¬¥à ï áå®¤¨¬®áâì ¨â¥£à «  J1. � á«ãç ¥ J0 ¤¥©áâ¢ã¥¬ ¯®¤®¡ë¬ ¦¥ ®¡à §®¬:

J0 =
Z

� j�j=H
j arg �j��

3

� e�2(t��)d�
1Z

0

e

��
��� xR
�

'd�

���
�ij(�)d�

tZ
0

fjs(�; �; v; w)d� +

+
Z

� j�j=H
j arg �j���

3

� e�2(t��)d�
1Z

0

e

��
��� xR
�

'd�

���
�ij(�)d�

tZ
0

fjs(�; �; v; w)d�:

�á¯®«ì§ãï ¯®«ãç¥ë¥ ¢ëè¥ ®æ¥ª¨,  ©¤¥¬

jJ0j � C1tmaxD
jfjsj+ C2

Z t

0
max
D

jfjsjd�
Z 1

H

e�
1
2 (t��)j�j2

j�j dj�j =

= C1tmaxD
jfjsj+ C2maxD

jfjsj
Z t

0
d�

Z 1

H
p

t��
2

e�y
2

y
dy �

� C1tmaxD
jfjsj+C2maxD

jfjsj
Z t

0

�
lnH

r
t� �

2
+
r
�

2

�
d�

¨ ®æ¥ª  ¤«ï J0 ®ç¥¢¨¤ . � ª¨¥ ¦¥ à ááã¦¤¥¨ï ¯à®¢®¤ïâáï ¤«ï ®æ¥®ª I1 ¨ I0. � «®£¨ç®
ãáâ  ¢«¨¢ ¥âáï

�¥¬¬  3. �â¥£à «ë ¢¨¤ 

Z
L

�se�
2(t��)d�

Z 1

0

e
��
� �R

0

'kd�+

xR
0

'ld�

�
"sj(x; �; �)d�

Z t

0

fsj(�; �; v; w)d�

¯®ª®¬¯®¥â® áå®¤ïâáï  ¡á®«îâ® ¨ à ¢®¬¥à® ¯® (�; 1], � > 0 ¨ t 2 (0; T ) ¯à¨ «î¡®¬ s 2 Z.
�â¥£à «ë ¢¨¤ 

Z
L
�se�

2td�

Z 1

0
e

��
��� xR
�

'd�

���
�ij(�)d�;

Z
L
�se�

2td�

Z 1

0
"ij(x; �; �)e

��
� �R

0

'kd�+

xR
0

'ld�

�
c(�) (�)d�

¯®ª®¬¯®¥â® ¨ à ¢®¬¥à® áå®¤ïâáï ¯® t 2 [t0; T ], t0 > 0, 0 < x < 1, s 2 Z.
�¥¬¬  4. � ¤ ç  (1){(3) ¯à¨ f � 0 ¨ ¯à¨ ãá«®¢¨ïå 1, 2, 4, 5 ¨¬¥¥â ¥¤¨áâ¢¥®¥ ¡¥áª®¥ç®

¤¨ää¥à¥æ¨àã¥¬®¥ ¯® t ¯à¨ 0 < t � T , 0 < x < 1, ª« áá¨ç¥áª®¥ à¥è¥¨¥, ¯à¥¤áâ ¢¨¬®¥ ¢ ¢¨¤¥

�(t; x) = � 1
�i

Z
L
�e�

2td�

Z 1

0
G(x; �; �)c(�) (�)d�: (24)

�®ª § â¥«ìáâ¢®. �ë¯®«ïï ¤¨ää¥à¥æ¨à®¢ ¨¥ ¯®¤ § ª®¬ ¨â¥£à «®¢, çâ® ¢®§¬®¦®  
®á®¢ ¨¨ «¥¬¬ 1, 3,  ©¤¥¬

c(x)
@�
@t

� @2�
@x2

= � 1
�i

Z
L

�3e�
2td�

Z 1

0

c(x)G(x; �; �)c(�) (�)d� +

+
1
�i

Z
L

�e�
2td�

�Z 1

0

�2c(x)G(x; �; �)c(�) (�)d� +  (x)
�
= 0;

0 < x < 1, t > 0. �à¨ ¤¨ää¥à¥æ¨à®¢ ¨¨ ¯® x ¬ë ¢®á¯®«ì§®¢ «¨áì á¢®©áâ¢®¬ 2� ¬ âà¨æë
�à¨  (á¬. â¥®à¥¬ã 2). � «¥¥, lim

t!0
�(t; x) =  (x) á®£« á® â¥®à¥¬¥ 4. �ç¥¢¨¤® â ª¦¥ ¢ë¯®«¥¨¥

ãá«®¢¨ï (2).
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5. �â¥£à «ìë¥ ãà ¢¥¨ï ¨ ¢á¯®¬®£ â¥«ìë¥ ãâ¢¥à¦¤¥¨ï

�¥®à¥¬  5. �áïª®¥ à¥è¥¨¥ v(t; x) § ¤ ç¨ (1){(3) á«ã¦¨â ¯¥à¢®© ª®¬¯®¥â®© à¥è¥¨ï

á¨áâ¥¬ë ¨â¥£à «ìëå ãà ¢¥¨©

v(t; x) = �(t; x)� 1
�i

Z
L

�d�

Z 1

0

G(x; �; �)d�
Z t

0

f(t; �; v; w)e�
2(t��)d�;

w(t; x) =
@�
@x

� 1
�i

Z
L

�d�

Z 1

0

G0
x(x; �; �)d�

Z t

0

f(t; �; v; w)e�
2(t��)d�;

(25)

£¤¥ �(t; x) | à¥è¥¨¥ (24) § ¤ ç¨ (1){(3) ¯à¨ f � 0.

�®ª § â¥«ìáâ¢®. �¡¥ ç áâ¨ à ¢¥áâ¢  @ve��
2�

@�
= @v

@�
e��

2� � �2ve��
2� ¤«ï à¥è¥¨ï v § ¤ ç¨

(1){(3) ¯à®¨â¥£à¨àã¥¬ ¯® � ®â 0 ¤® t ¨ á®£« á® (1) ¯®«ãç¨¬

v(t; �) =  (�)e�
2t +

Z t

0

�
c�1(�)

@2v

@�2
� �2v

�
e�

2(t��)d� +
Z t

0

c�1(�)f
�
�; �; v(�; �);

@v

@�

�
e�

2(t��)d�:

�à¨¬¥¨¢ ª ®¡¥¨¬ ç áâï¬ íâ®£® á®®â®è¥¨ï ®¯¥à â®à «¥¢®© ç áâ¨ ä®à¬ã«ë (22),  ©¤¥¬

v(t; x) = � 1
�i

Z
L
�e�

2td�

Z 1

0
G(x; �; �)c(�) (�)d� �

� 1
�i

Z
L

�d�

Z 1

0

G(x; �; �)d�
Z t

0

e�
2(t��)f

�
�; �; v;

@v

@�

�
d� �

� 1
�i

Z
L

d�

Z
L

�e�
2(t��)d�

Z 1

0

G(x; �; �)
�
@2

@�2
� �2c(�)

�
v d�: (26)

�®£« á® «¥¬¬ ¬ 2, 3 ¨ ä®à¬ã« ¬ (17), (20) ¨¬¥¥â ¬¥áâ® à ¢®¬¥à ï áå®¤¨¬®áâì ¨â¥£à «®¢ ¢

ä®à¬ã«¥ (26). � ª ª ª ®¯¥à â®à
1R
0

G(x; �; �) : : : d� ®¡à â¥ ®¯¥à â®àã @2

@�2
� �2c(�), ¯®«ãç¨¬, çâ®

¯®á«¥¤¨© ¨â¥£à « ¢ ¯à ¢®© ç áâ¨ (26) à ¢¥ � 1
�i

tR
0

v(�; x)d�
R
L

�e�
2(t��)d� = 0.

�à¨å®¤¨¬ ª â®¬ã, çâ® v á«ã¦¨â à¥è¥¨¥¬ ¨â¥£à®¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï

v(t; x) = �(t; x)� 1
�i

Z
L

�d�

Z 1

0

G(x; �; �)d�
Z t

0

f

�
�; �; v;

@v

@�

�
e�

2(t��)d�: (27)

�¢®¤ï ®¡®§ ç¥¨¥ @v
@�
� w(t; �) ¨ ¤¨ää¥à¥æ¨àãï ¯® x ®¡¥ ç áâ¨ (27), ¯à¨¤¥¬ ª á¨áâ¥¬¥ (25).

�¨ää¥à¥æ¨à®¢ âì ¯® ¯ à ¬¥âàã x ¯®¤ § ª®¬ ¨â¥£à «  ¬®¦® ¢¢¨¤ã «¥¬¬ 2, 3.

�¯à¥¤¥«¥¨¥. �ãáâì (v(t; x); w(t; x)) | à¥è¥¨¥ á¨áâ¥¬ë ¨â¥£à «ìëå ãà ¢¥¨© (25).
�ãªæ¨î v(t; x)  §®¢¥¬ ®¡®¡é¥ë¬ à¥è¥¨¥¬ § ¤ ç¨ (1){(3). �à¨ íâ®¬ w = @v

@x
.

�¥®à¥¬  6. � ¤ ç  (1){(3) ¯à¨ ãá«®¢¨ïå 1){5) x 1 ¨¬¥¥â ¥¤¨áâ¢¥®¥ ®¡®¡é¥®¥ à¥è¥¨¥

¢ ®¡« áâ¨ D(T ).
�®ª § â¥«ìáâ¢®. �®£« á® â¥®à¥¬¥ 5 ¤®áâ â®ç® ãáâ ®¢¨âì ®¤®§ çãî à §à¥è¨¬®áâì

¢ D(T ) á¨áâ¥¬ë (25). �§ «¥¬¬ë 2 ¨ ä®à¬ã« (17), (20) á«¥¤ã¥â, çâ® ¨â¥£à «ìë¥ ®¯¥à â®àë
A(v; w), B(v; w) ¯à ¢ëå ç áâ¥© á¨áâ¥¬ë (25) ¨¬¥îâ ®æ¥ª¨

max(kA(v; w)k; kB(v; w)k) � Cmax
D(T )

kfk
p
t: (28)

�®ª ¦¥¬, çâ® ®¯¥à â®à ¯à ¢®© ç áâ¨ á¨áâ¥¬ë (25) ï¢«ï¥âáï ®¯¥à â®à®¬ á¦ â¨ï ¢ ¯à®áâà áâ¢¥
D(t0) ¯à¨ ¬ «®¬ t0. �â® ¯à¨¢®¤¨â ª ®æ¥ª¥ â¥å ¦¥ ¢ëà ¦¥¨© A, B á â®© «¨èì à §¨æ¥©, çâ® ¢
¨å ¢¬¥áâ® f ¯®áâ ¢«¥  à §®áâì

�(v1; w1; v2; w2) � f(�; �; v1(�; �); w1(�; �)) � f(�; �; v2(�; �); w2(�; �));
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£¤¥ v1, v2, w1, w2 | «î¡ë¥ äãªæ¨¨ ¨§ D(t0). �® â¥®à¥¬¥ ® ª®¥çëå ¯à¨à é¥¨ïå ([6], á. 249)
¨¬¥¥â ¬¥áâ® ®æ¥ª 

k�(v1; w1; v2; w2)k �M max(jv1 � v2j; jw1 � w2j); (29)

£¤¥ M = max
D(T )

�@f
@v

;  @f
@w

�. �§ (28), (29) á«¥¤ã¥â ®æ¥ª 
max(kA(v1 � v2; w1 � w2)k; kB(v1 � v2; w1 � w2)k) � Cmax(jv1 � v2j; jw1 � w2j)

p
t0;

¯®ª §ë¢ îé ï, çâ® ¨â¥£à «ìë© ®¯¥à â®à á¨áâ¥¬ë (25) ï¢«ï¥âáï ®¯¥à â®à®¬ á¦ â¨ï ¢ ¯à®-
áâà áâ¢¥ D(t0) ¯à¨ ¤®áâ â®ç® ¬ «ëå t0, çâ® ¤®ª §ë¢ ¥â áãé¥áâ¢®¢ ¨¥ ¨ ¥¤¨áâ¢¥®áâì ®¡®¡-
é¥®£® à¥è¥¨ï § ¤ ç¨ (1){(3) ¢ D(t0). � ©¤¥®¥ à¥è¥¨¥ ¬®¦¥â ¡ëâì ¯à®¤®«¦¥®   [t0; 2t0],
¥á«¨ ¥ ¢ëè«¨ ¨§ ®¡« áâ¨ ®¯à¥¤¥«¥¨ï äãªæ¨¨ f . �«ï ®áãé¥áâ¢«¥¨ï ãª § ®£® ¯à®¤®«¦¥-
¨ï á«¥¤ã¥â ¯à¨ïâì §   ç «ìë© ¬®¬¥â t = t0,   §   ç «ìãî äãªæ¨î | § ç¥¨¥ ã¦¥
¯®áâà®¥®£® à¥è¥¨ï v ¯à¨ t = t0. � ª¨¬¨ ¯à®¤®«¦¥¨ï¬¨ ¬®¦® ¯®áâà®¨âì à¥è¥¨ï á¨áâ¥¬ë
(25)   ¢á¥¬ ¯à®áâà áâ¢¥ D(T ).

� § ª«îç¥¨¥ à áá¬®âà¨¬ ç áâë© á«ãç © § ¤ ç¨ (1){(3), ª®£¤  ¯à ¢ ï ç áâì á¨áâ¥¬ë (1)
¥ § ¢¨á¨â ®â @v

@x
. �®£¤  ¨â¥£à®¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ (27) ®¡à é ¥âáï ¢ ¨â¥£à «ì®¥

¬ âà¨ç®¥ ãà ¢¥¨¥

v(t; x) = �(t; x)� 1
�i

Z
L

� d�

Z 1

0

G(x; �; �)d�
Z 1

0

f(t; �; v)e�
2(t��)d�: (30)

�¦¥ ¥âàã¤® ãáâ ®¢¨âì, çâ® à¥è¥¨¥ v ãà ¢¥¨ï (30) á«ã¦¨â ª« áá¨ç¥áª¨¬ à¥è¥¨¥¬ § ¤ -
ç¨ (1){(3). �«ï íâ®£® á«¥¤ã¥â ¯®ª § âì ¢®§¬®¦®áâì ¢¢¥¤¥¨ï ®¯¥à â®à®¢ @

@x
, @2

@x2
, @
@t
¯®¤ § ª¨

¨â¥£à «®¢ ¢ (30). �à¥¦¤¥ ¢á¥£® ¯à¨ ¤¨ää¥à¥æ¨à®¢ ¨¨ ¯® x ¯®¤ § ª®¬ ¨â¥£à «  ¢ (30) ¯®
ä®à¬ã« ¬ (17), (20) ¯à¨å®¤¨¬ ª ¨â¥£à « ¬ ¨§ «¥¬¬ë 2, áå®¤ïé¨¬áï à ¢®¬¥à® ¯à¨ 0 � x � 1,
0 � t � T . �§ïâ¨¥ ¢â®à®© ¯à®¨§¢®¤®© ¯® x ¯®¤ § ª®¬ ¨â¥£à «  ¯à¨¢¥¤¥â ª ¤®¯®«¨â¥«ì®¬ã
¬®¦¨â¥«î � ¯®¤ § ª®¬ ¨â¥£à « . �â¥£à¨à®¢ ¨¥¬ ¯® ç áâï¬ ¯® � ¯à¨¤¥¬ ª á¨âã æ¨¨ ¨â¥-
£à «®¢ «¥¬¬ë 2. � «®£¨ç® ¯®«ãç¨¬ ¨â¥£à «ë ¯® � ¨ � , ¯à®¨áå®¤ïé¨¥ ®â ¢¥¨â¥£à «ìëå
á« £ ¥¬ëå ¨ áå®¤ïé¨¥áï à ¢®¬¥à® ¯® 0 < x < 1, 0 � t � T . � ª¨¬ ®¡à §®¬, ¤®ª §  

�¥®à¥¬  7. � á«ãç ¥, ª®£¤  ¥«¨¥© ï ç áâì f ¢ ãà ¢¥¨¨ (1) ¥ § ¢¨á¨â ®â @v
@x
, ®¡®¡-

é¥®¥ à¥è¥¨¥ § ¤ ç¨ (1){(3) ï¢«ï¥âáï ª« áá¨ç¥áª¨¬.
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