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�¢¥¤¥­¨¥

�¥á¬®âàï ­  ®¡¨«¨¥ ¯ã¡«¨ª æ¨© ¯® £ à¬®­¨ç¥áª¨¬ ®â®¡à ¦¥­¨ï¬ ¬­®£®®¡à §¨© (á¬. ®¡§®àë
[1]{[3]) ­  á¥£®¤­ïè­¨© ¤¥­ì ­¥â ®¯à¥¤¥«¥­¨ï ¨­ä¨­¨â¥§¨¬ «ì­®£® £ à¬®­¨ç¥áª®£® ¯à¥®¡à §®¢ -
­¨ï, ­¥ £®¢®àï ã¦¥ ® â¥®à¨¨ £àã¯¯ â ª¨å ¯à¥®¡à §®¢ ­¨©. �â® à¥§ª® ª®­âà áâ¨àã¥â á â¥®à¨ï¬¨
¨§®¬¥âà¨ç¥áª¨å, ª®­ä®à¬­ëå, ¯à®¥ªâ¨¢­ëå ¨ ¤àã£¨å ¢¨¤®¢ ®â®¡à ¦¥­¨© ¨ á®®â¢¥âáâ¢ãîé¨å
¨¬ ¨­ä¨­¨â¥§¨¬ «ì­ëå ¯à¥®¡à §®¢ ­¨© (á¬., ­ ¯à., [4]{[9]).

� ­­®© à ¡®â®©  ¢â®àë ­ ¬¥à¥­ë ¢®á¯®«­¨âì íâ®â ¯à®¡¥«. � áâ âì¥ ¨§ãç îâáï ¨­ä¨­¨â¥-
§¨¬ «ì­ë¥ £ à¬®­¨ç¥áª¨¥ ¯à¥®¡à §®¢ ­¨ï ¨ «®ª «ì­ë¥ £àã¯¯ë ¨­ä¨­¨â¥§¨¬ «ì­ëå £ à¬®­¨-
ç¥áª¨å ¯à¥®¡à §®¢ ­¨© à¨¬ ­®¢ëå ¨ ª¥«¥à®¢ëå ¬­®£®®¡à §¨©.

�®¤¥à¦ ­¨¥ ¯¥à¢ëå âà¥å ¯ à £à ä®¢ ¤ ­­®© áâ âì¨ ¡ë«®  ­®­á¨à®¢ ­® ¢ [10],   ç¥â¢¥àâ®£®
| ¢ [11].

1. � à¬®­¨ç¥áª¨¥ ®â®¡à ¦¥­¨ï à¨¬ ­®¢ëå ¬­®£®®¡à §¨©

1.1. � áá¬®âà¨¬ à¨¬ ­®¢ë ¬­®£®®¡à §¨ï (M; g) ¨ (M; g) à §¬¥à­®áâ¥© m ¨ n á®®â¢¥âáâ¢¥­­®
¨ £« ¤ª®¥ ®â®¡à ¦¥­¨¥ f : M ! M . �¡®§­ ç¨¬ ç¥à¥§ fx1; : : : ; xmg «®ª «ì­ë¥ ª®®à¤¨­ âë ¢
®ªà¥áâ­®áâ¨ U â®çª¨ x 2 M , fx1; : : : ; xng | «®ª «ì­ë¥ ª®®à¤¨­ âë ¢ ®ªà¥áâ­®áâ¨ U � f(U)
â®çª¨ x = f(x) 2 M , �kij , i; j; k = 1; : : : ;m, ¨ �

�

�
, �; �; 
 = 1; : : : ; n, | á¨¬¢®«ë �à¨áâ®ä¥«ï
á¢ï§­®áâ¥© �¥¢¨-�¨¢¨â  r ¨ r à¨¬ ­®¢ëå ¬­®£®®¡à §¨© (M; g) ¨ (M; g) á®®â¢¥âáâ¢¥­­®. �«ï
â®£® çâ®¡ë £« ¤ª®¥ ®â®¡à ¦¥­¨¥ f : M ! M à¨¬ ­®¢ëå ¬­®£®®¡à §¨© (M; g) ¨ (M; g) ¡ë«®
£ à¬®­¨ç¥áª¨¬ (á¬., ­ ¯à., [1]{[3]), ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¢ë¯®«­ï«¨áì ãà ¢­¥­¨ï
�©«¥à {� £à ­¦ 

gij(@i@jf
� � �kij@kf

� + �
�

�
@if
�@jf


) = 0 (1.1)

¤«ï ª®­âà¢ à¨ ­â­ëå ª®¬¯®­¥­â gij ¬¥âà¨ç¥áª®£® â¥­§®à  g ¨ @i = @

@xi
.

� ¬¥ç ­¨¥ 1.1. � á«ãç ¥ ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢  ãà ¢­¥­¨ï (1.1) ¯à¥¢à é îâáï ¢ á¨áâ¥¬ã

ãà ¢­¥­¨© � ¯« á {�¥«ìâà ¬¨ �f� =
mP
j=1

@2j f
� = 0, çâ® ¨ ®¡êïá­ï¥â ¯à®¨áå®¦¤¥­¨¥ â¥à¬¨­ 

£ à¬®­¨ç¥áª®¥ ®â®¡à ¦¥­¨¥.

1.2. �á«¨ dimM = dimM = m ¨ ®â®¡à ¦¥­¨¥ f : M ! M ï¢«ï¥âáï ¤¨ää¥®¬®àä¨§¬®¬, â®
«®ª «ì­® ®â®¡à ¦¥­¨¥ f ¡ã¤¥â ®áãé¥áâ¢«ïâìáï ([12], á. 67) ¯® ¯à¨­æ¨¯ã à ¢¥­áâ¢  ª®®à¤¨­ â
x1 = x1; : : : ; xm = xm á®®â¢¥âáâ¢ãîé¨å â®ç¥ª x = f(x). � íâ®¬ á«ãç ¥ ãà ¢­¥­¨ï �©«¥à {
� £à ­¦  (1.1) ¯à¥¤áâ îâ ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

gijT k
ij = 0; (1.2)

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(¯à®¥ªâ ò03-01-00028).
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£¤¥ T k
ij = �

k

ij � �kij | ª®¬¯®­¥­âë â¥­§®à  ¤¥ä®à¬ æ¨¨ T = r � r á¢ï§­®áâ¨ �¥¢¨-�¨¢¨â  r
¬­®£®®¡à §¨ï (M; g) ¯à¨ ®â®¡à ¦¥­¨¨ f ­  ¬­®£®®¡à §¨¥ (M; g) ([4], á. 162; [6], á. 71). �â¬¥â¨¬,
çâ® ¤«ï ¯à®¨§¢®«ì­®£® ¤¨ää¥®¬®àä¨§¬  f : M ! M â¥­§®à ¤¥ä®à¬ æ¨¨ T = r � r à áá¬ -
âà¨¢ îâ (á¬. â ¬ ¦¥) ª ª £« ¤ª®¥ á¥ç¥­¨¥ à áá«®¥­¨ï TM 
S2M . � á«ãç ¥ ¦¥ £ à¬®­¨ç¥áª®£®
¤¨ää¥®¬®àä¨§¬  â¥­§®à ¤¥ä®à¬ æ¨¨ T = r � r ¢ á¨«ã ãá«®¢¨ï (1.2) áâ ­®¢¨âáï ¡¥áá«¥¤®-
¢ë¬ á¨¬¬¥âà¨ç¥áª¨¬ â¥­§®à­ë¬ ¯®«¥¬ | á¥ç¥­¨¥¬ à áá«®¥­¨ï f�1TM 0
S20M . � ª¨¬ ®¡à §®¬,
¤®ª § ­ 

�¥¬¬  1.1. �«ï â®£® çâ®¡ë ¤¨ää¥®¬®àä¨§¬ f : M ! M à¨¬ ­®¢  ¬­®£®®¡à §¨ï (M; g)
­  à¨¬ ­®¢® ¬­®£®®¡à §¨¥ (M; g) ¡ë« £ à¬®­¨ç¥áª¨¬, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë â¥­§®à

¤¥ä®à¬ æ¨¨ T = r�r á¢ï§­®áâ¨ �¥¢¨-�¨¢¨â  r ¬­®£®®¡à §¨ï (M; g) ¯à¨ ®â®¡à ¦¥­¨¨ f ­ 

¬­®£®®¡à §¨¥ (M; g) ¡ë« á¥ç¥­¨¥¬ â¥­§®à­®£® à áá«®¥­¨ï f�1TM 0 
 S20M .

2. �¯à¥¤¥«¥­¨¥ ¨ ¯à¨¬¥àë ¨­ä¨­¨â¥§¨¬ «ì­®£® £ à¬®­¨ç¥áª®£®

¯à¥®¡à §®¢ ­¨ï

2.1. �à®¨§¢®«ì­®¥ ¢¥ªâ®à­®¥ ¯®«¥ � 2 C1TM ¯®à®¦¤ ¥â ¢ ®ªà¥áâ­®áâ¨ U ª ¦¤®© â®çª¨ x
à¨¬ ­®¢  ¬­®£®®¡à §¨ï (M; g) «®ª «ì­ãî 1-¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã ¨­ä¨­¨â¥§¨¬ «ì­ëå ¯à¥-
®¡à §®¢ ­¨© 't : U !M , § ¤ ¢ ¥¬ëå ä®à¬ã« ¬¨ 't(x) = xk = xk + t�k ¤«ï «®ª «ì­®© á¨áâ¥¬ë
ª®®à¤¨­ â fx1; : : : ; xmg ¢ ®ªà¥áâ­®áâ¨ U , ¯ à ¬¥âà  t 2 (�";+") � R ¨ � = �k@k ([13], á. 21{23;
[14], á. 39{41). �  íâ®¬ ®á­®¢ ­¨¨ ¢¥ªâ®à­®¥ ¯®«¥ � 2 C1TM ­ §ë¢ îâ ¥é¥ ¨­ä¨­¨â¥§¨¬ «ì-
­ë¬ ¯à¥®¡à §®¢ ­¨¥¬ ¢ (M; g).

�®ª «ì­ë¥ ª®¬¯®­¥­âë gij ¬¥âà¨ç¥áª®£® â¥­§®à  g ¨ á¨¬¢®«ë �à¨áâ®ä¥«ï �kij á¢ï§­®áâ¨
�¥¢¨-�¨¢¨â  r ¢ à¥§ã«ìâ â¥ ¨­ä¨­¨â¥§¨¬ «ì­®£® ¯à¥®¡à §®¢ ­¨ï ¯à¥¤áâ ­ãâ ¢ á«¥¤ãîé¥¬
¢¨¤¥ ([14], áá. 40, 41):

gij = gij + t(L� gij); �
k

ij = �kij + t(L� �kij): (2.1)

�¤¥áì

L� gij = ri�j +rj�i; L� �kij = rirj�
k �Rk

ijl�
l; (2.2)

£¤¥ Rk
ijl | ª®¬¯®­¥­âë â¥­§®à  ªà¨¢¨§­ë R á¢ï§­®áâ¨ r, ï¢«ïîâáï ¢ëà ¦¥­¨ï¬¨ ¯à®¨§¢®¤­ëå

�¨ ([13], á. 37) ª®¬¯®­¥­â gij â¥­§®à  g ¨ á¨¬¢®«®¢ �à¨áâ®ä¥«ï �kij ¯® ®â­®è¥­¨î ª ¢¥ªâ®à­®¬ã
¯®«î �.

� á®®â¢¥âáâ¢¨¨ á ®¡é¥© â¥®à¨¥© ([9], á. 9; [13], á. 19) £ à¬®­¨ç¥áª¨© ¤¨ää¥®¬®àä¨§¬ f à¨¬ ­®-
¢  ¬­®£®®¡à §¨ï (M; g) ­  á¥¡ï ­ §®¢¥¬ £ à¬®­¨ç¥áª¨¬ ¯à¥®¡à §®¢ ­¨¥¬ ¢ ¬­®£®®¡à §¨¨ (M; g).
�­ «®£¨ç­®, ¢¥ªâ®à­®¥ ¯®«¥ � ­ §®¢¥¬ ¨­ä¨­¨â¥§¨¬ «ì­ë¬ £ à¬®­¨ç¥áª¨¬ ¯à¥®¡à §®¢ ­¨¥¬ ¢
(M; g), ¥á«¨ «®ª «ì­ ï ®¤­®¯ à ¬¥âà¨ç¥áª ï £àã¯¯  ¨­ä¨­¨â¥§¨¬ «ì­ëå ¯à¥®¡à §®¢ ­¨©, ¯®-
à®¦¤¥­­ ï ¢¥ªâ®à­ë¬ ¯®«¥¬ � ¢ ®ªà¥áâ­®áâ¨ U ª ¦¤®© â®çª¨ x ¬­®£®®¡à §¨ï (M; g), á®áâ®¨â
¨§ ¨­ä¨­¨â¥§¨¬ «ì­ëå £ à¬®­¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨©.

�®£« á­® à ¢¥­áâ¢ ¬ (2.1) § ª«îç ¥¬, çâ® ®¯à¥¤¥«ïîé¨¬¨ ¤«ï ¨­ä¨­¨â¥§¨¬ «ì­®£® £ à¬®-
­¨ç¥áª®£® ¯à¥®¡à §®¢ ­¨ï � ¡ã¤ãâ ãà ¢­¥­¨ï

gij(L� �kij) = 0: (2.3)

�¥®à¥¬  2.1. �«ï â®£® çâ®¡ë ¢¥ªâ®à­®¥ ¯®«¥ � 2 C1TM ¡ë«® ¨­ä¨­¨â¥§¨¬ «ì­ë¬ £ à-

¬®­¨ç¥áª¨¬ ¯à¥®¡à §®¢ ­¨¥¬ ¢ (M; g), ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¥£® ª®¬¯®­¥­âë ã¤®-

¢«¥â¢®àï«¨ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬ ��k = 2Rk
j �

j.

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨¥ ®¯¥à â®à  � ¯« á {�¥«ìâà ¬¨ � ­  ¯à®¨§¢®«ì­®¥ ¢¥ªâ®à­®¥
¯®«¥ � ¢ëà ¦ ¥âáï ([9], á. 203) á«¥¤ãîé¥© ä®à¬ã«®©: ��k = �gijrirj�

k +Rk
j �

j , £¤¥ Rij = gikR
k
j
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|ª®¬¯®­¥­âë â¥­§®à  �¨çç¨Ric ¬­®£®®¡à §¨ï (M; g). � ¤àã£®© áâ®à®­ë, ­  ®á­®¢ ­¨¨ à ¢¥­áâ¢
(2.2) ãà ¢­¥­¨ï¬ (2.3) ¯à¨¤ ¤¨¬ á«¥¤ãîé¨© à ¢­®á¨«ì­ë© ¨¬ ¢¨¤:

gijrirj�
k +Rk

j �
j = 0: (2.4)

�§ íâ¨å ¤¢ãå á¨áâ¥¬ ãà ¢­¥­¨© ¢ë¢®¤¨¬ ��k = 2Rk
j �

j .

� ¬¥ç ­¨¥ 2.1. � á«ãç ¥ ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢  ãà ¢­¥­¨ï (2.4) ¯à¥¤áâ îâ ¢ ¢¨¤¥ á¨áâ¥-

¬ë ãà ¢­¥­¨© � ¯« á {�¥«ìâà ¬¨ ��k =
mP
j=1

@2j �
k = 0, çâ® ®¡êïá­ï¥â ¯à®¨áå®¦¤¥­¨¥ â¥à¬¨­ 

¨­ä¨­¨â¥§¨¬ «ì­®¥ £ à¬®­¨ç¥áª®¥ ¯à¥®¡à §®¢ ­¨¥.

2.2. � áá¬®âà¨¬ ¯à¨¬¥àë ¨­ä¨­¨â¥§¨¬ «ì­ëå £ à¬®­¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨©. �¥à¢ë¬ ¯à¨-
¬¥à®¬ ¡ã¤¥â ¨­ä¨­¨â¥§¨¬ «ì­®¥ ª®­ä®à¬­®¥ ¯à¥®¡à §®¢ ­¨¥ ¢ (M; g), ¯®¤ ª®â®àë¬ ¯®­¨¬ îâ
([13], á. 284; [14], á. 47) ¢¥ªâ®à­®¥ ¯®«¥ �, ¯®¤ç¨­ïîé¥¥áï ãá«®¢¨î

L� gij = ri�j +rj�i =
2
m
(rk�

k)gij : (2.5)

�à¨ íâ®¬ ¯®«¥ � ­ §ë¢ îâ ¨­ä¨­¨â¥§¨¬ «ì­®© £®¬®â¥â¨¥© (á®®â¢¥âáâ¢¥­­® ¨­ä¨­¨â¥§¨¬ «ì-
­®© ¨§®¬¥âà¨¥©), ¥á«¨ ¢ ¤®¯®«­¥­¨¥ ª (2.5) ¢ë¯®«­ï¥âáï ãá«®¢¨¥ rk�

k = const (á®®â¢¥âáâ¢¥­­®
rk�

k = 0). �®ª «ì­ ï ®¤­®¯ à ¬¥âà¨ç¥áª ï £àã¯¯  ¨­ä¨­¨â¥§¨¬ «ì­ëå ¯à¥®¡à §®¢ ­¨©, ¯®à®-
¦¤ ¥¬ ï ¯®«¥¬ �, ¡ã¤¥â £àã¯¯®© «®ª «ì­ëå ª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨© (á®®â¢¥âáâ¢¥­­® £àã¯-
¯®© «®ª «ì­ëå £®¬®â¥â¨© ¨«¨ ¨§®¬¥âà¨©) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  � | ¨­ä¨­¨â¥§¨¬ «ì­®¥
ª®­ä®à¬­®¥ ¯à¥®¡à §®¢ ­¨¥ (á®®â¢¥âáâ¢¥­­® ¨­ä¨­¨â¥§¨¬ «ì­ ï £®¬®â¥â¨ï ¨«¨ ¨­ä¨­¨â¥§¨-
¬ «ì­ ï ¨§®¬¥âà¨ï).

� á«ãç ¥ ª®­ä®à¬­®£® ¯à¥®¡à §®¢ ­¨ï � ­¥¯®áà¥¤áâ¢¥­­ë¥ à áç¥âë ¯®ª §ë¢ îâ ([5], £«. 2,
x 5), çâ® ��k = 2Rkj�

j+m�1(m�2)rk(rj�
j). � ¯®â®¬ã ª ¦¤®¥ ¨­ä¨­¨â¥§¨¬ «ì­®¥ ª®­ä®à¬­®¥

¯à¥®¡à §®¢ ­¨¥ ¤¢ã¬¥à­®£® à¨¬ ­®¢  ¬­®£®®¡à §¨ï (M; g) ï¢«ï¥âáï £ à¬®­¨ç¥áª¨¬ ¯à¥®¡à §®-
¢ ­¨¥¬. �«ï à §¬¥à­®áâ¥© n � 3 íâ® ¢®§¬®¦­® â®«ìª® ¢ á«ãç ¥, ª®£¤  ¤ ­­®¥ ¨­ä¨­¨â¥§¨¬ «ì-
­®¥ ¯à¥®¡à §®¢ ­¨¥ ï¢«ï¥âáï «¨¡® £®¬®â¥â¨¥©, «¨¡® ¨§®¬¥âà¨¥©.

�¡à â¨¬áï â¥¯¥àì ª ª¥«¥à®¢ã ¬­®£®®¡à §¨î (M; g; J), ª®â®à®¥ ï¢«ï¥âáï à¨¬ ­®¢ë¬ ¬­®£®-
®¡à §¨¥¬ (M; g) ç¥â­®© à §¬¥à­®áâ¨ m = 2n á ¯®çâ¨ ª®¬¯«¥ªá­®© áâàãªâãà®© J , ª®â®à ï ¢
ª ¦¤®© â®çª¥ x 2 M ï¢«ï¥âáï í­¤®¬®àä¨§¬®¬ ª á â¥«ì­®£® ¯à®áâà ­áâ¢  TxM â ª¨¬, çâ®
J2 = � id, ¨ ¯à¨ íâ®¬ g(J; J) = g ¨ rJ = 0. �¥ªâ®à­®¥ ¯®«¥ �, § ¤ îé¥¥ ¨­ä¨­¨â¥§¨¬ «ì-
­ë©  ¢â®¬®àä¨§¬ ¯®çâ¨ ª®¬¯«¥ªá­®© áâàãªâãàë ª¥«¥à®¢  ¬­®£®®¡à §¨ï L� J = 0, ­ §ë¢ ¥âáï
(¢¥é¥áâ¢¥­­ë¬) £®«®¬®àä­ë¬ ¢¥ªâ®à­ë¬ ¯®«¥¬ ([15], á. 120).

�.�­® ¤®ª § « ([5], £«. 4, x 6, â¥®à¥¬  6.5), çâ® ãà ¢­¥­¨ï (2.4) ï¢«ïîâáï á«¥¤áâ¢¨ï¬¨ ãà ¢-
­¥­¨ï L� J = 0 ¨ çâ® ¢ á«ãç ¥ ª®¬¯ ªâ­®£® ª¥«¥à®¢  ¬­®£®®¡à §¨ï (M; g; J) ¢¥à­® ¨ ®¡à â­®¥
ãâ¢¥à¦¤¥­¨¥. � ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  2.2. � ¦¤®¥ (¢¥é¥áâ¢¥­­®¥) £®«®¬®àä­®¥ ¢¥ªâ®à­®¥ ¯®«¥ ­  ª¥«¥à®¢®¬ ¬­®£®-

®¡à §¨¨ (M; g; J) ï¢«ï¥âáï ¨­ä¨­¨â¥§¨¬ «ì­ë¬ £ à¬®­¨ç¥áª¨¬ ¯à¥®¡à §®¢ ­¨¥¬. � á«ãç ¥

ª®¬¯ ªâ­®£® ¬­®£®®¡à §¨ï (M; g; J) «î¡®¥ ¨­ä¨­¨â¥§¨¬ «ì­®¥ £ à¬®­¨ç¥áª®¥ ¯à¥®¡à §®¢ ­¨¥
¢ (M; g; J) ï¢«ï¥âáï (¢¥é¥áâ¢¥­­ë¬) £®«®¬®àä­ë¬ ¢¥ªâ®à­ë¬ ¯®«¥¬.

3. �¢®©áâ¢  ¨­ä¨­¨â¥§¨¬ «ì­®£® £ à¬®­¨ç¥áª®£® ¯à¥®¡à §®¢ ­¨ï

�ëè¥ ¡ë«® ãáâ ­®¢«¥­®, çâ® ¨­ä¨­¨â¥§¨¬ «ì­®¥ ¨§®¬¥âà¨ç¥áª®¥ ¯à¥®¡à §®¢ ­¨¥ ¢ à¨¬ ­®-
¢®¬ ¬­®£®®¡à §¨¨ (M; g) ï¢«ï¥âáï £ à¬®­¨ç¥áª¨¬. �®ª ¦¥¬ â¥¯¥àì, çâ® á¯à ¢¥¤«¨¢ 

�¥®à¥¬  3.1. �«ï â®£® çâ®¡ë ¨­ä¨­¨â¥§¨¬ «ì­®¥ £ à¬®­¨ç¥áª®¥ ¯à¥®¡à §®¢ ­¨¥ � ¢ à¨-

¬ ­®¢®¬ ¬­®£®®¡à §¨¨ (M; g) ¡ë«® ¨§®¬¥âà¨ç¥áª¨¬, ¤®áâ â®ç­®, çâ®¡ë ¬­®£®®¡à §¨¥ (M; g)
¡ë«® ª®¬¯ ªâ­ë¬,   ¯®«¥ � | á®«¥­®¨¤ «ì­ë¬.
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�®ª § â¥«ìáâ¢®. � ¯®¬­¨¬ ([9], á. 63), çâ® à ¢¥­áâ¢  ��k = 2Rk
j �

j ¨ rj�
j = 0 ï¢«ïîâáï

­¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ ¤«ï â®£®, çâ®¡ë � ¡ë«® ¨­ä¨­¨â¥§¨¬ «ì­®© ¨§®¬¥âà¨¥©
ª®¬¯ ªâ­®£® ¬­®£®®¡à §¨ï (M; g). �®íâ®¬ã ¤«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç­® ®¡à â¨âìáï ª â¥®à¥-
¬¥ 2.1.

� [16] ¡ë«® ¢¢¥¤¥­® ¯®­ïâ¨¥ £ à¬®­¨ç¥áª®£® â¥­§®à­®£® ¯®«ï ' ­  à¨¬ ­®¢®¬ ¬­®£®®¡à §¨¨
(M; g) ª ª á¥ç¥­¨ï à áá«®¥­¨ï S2M , «®ª «ì­ë¥ ª®¬¯®­¥­âë 'jk ª®â®à®£® ã¤®¢«¥â¢®àïîâ ¤¨ä-
ä¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬ gijri'jk = 0. �å à ªâ¥à¨§ã¥¬ ¨­ä¨­¨â¥§¨¬ «ì­®¥ £ à¬®­¨ç¥áª®¥
¯à¥®¡à §®¢ ­¨¥ � ¢ ¬­®£®®¡à §¨¨ (M; g) ¢ â¥à¬¨­ å £ à¬®­¨ç¥áª®£® â¥­§®à­®£® ¯®«ï '.

�¥®à¥¬  3.2. �¥ªâ®à­®¥ ¯®«¥ � ¡ã¤¥â ¨­ä¨­¨â¥§¨¬ «ì­ë¬ £ à¬®­¨ç¥áª¨¬ ¯à¥®¡à §®¢ -

­¨¥¬ ¢ à¨¬ ­®¢®¬ ¬­®£®®¡à §¨¨ (M; g) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  â¥­§®à­®¥ ¯®«¥ ' =
L�g � (div �)g ï¢«ï¥âáï £ à¬®­¨ç¥áª¨¬ ­  (M; g).

�®ª § â¥«ìáâ¢®. �«ï â¥­§®à­®£® ¯®«ï ' = L�g � (div �)g ¢ë¯¨è¥¬ âà¨ £àã¯¯ë ®ç¥¢¨¤­ëå
à ¢¥­áâ¢:

rkrj�i +rkri�j �rk(rl�
l)gij = rk'ij ;

rjrk�i +rjri�k �rj(rl�
l)gik = rj'ik;

rirj�k +rirk�j �ri(rl�
l)gkj = ri'jk:

� â¥¬ á«®¦¨¬ ¯®ç«¥­­® ãà ¢­¥­¨ï ¯¥à¢®© ¨ ¢â®à®© £àã¯¯ ¨ ¢ëçâ¥¬ ¨§ ¯®«ãç¥­­®£® à¥§ã«ìâ â 
ãà ¢­¥­¨ï âà¥âì¥© £àã¯¯ë, ¢ à¥§ã«ìâ â¥ ¯®«ãç¨¬

rkrj�i +rjrk�i � �lR
l
jki � �lR

l
kji �rk(rl�

l)gij �

�rj(rl�
l)gik +ri(rl�

l)gjk = rk'ij +rj'ki �ri'jk:

�®á«¥¤­¨¥ ãà ¢­¥­¨ï ¯®á«¥ á¢¥àâª¨ ¨å «¥¢®© ¨ ¯à ¢®© ç áâ¥© á ª®­âà¢ à¨ ­â­ë¬¨ ª®¬¯®­¥­-
â ¬¨ gki ¬¥âà¨ç¥áª®£® â¥­§®à  g ¯à¨¬ãâ á«¥¤ãîé¨© ¢¨¤:

gkjrkrj�i + �lR
l
i = gjkrj'ki:

�¥¯¥àì ®ç¥¢¨¤­®, çâ® ãá«®¢¨ï £ à¬®­¨ç­®áâ¨ ¨­ä¨­¨â¥§¨¬ «ì­®£® ¯à¥®¡à §®¢ ­¨ï � ¨ £ à¬®-
­¨ç­®áâ¨ â¥­§®à­®£® ¯®«ï ' = L�g � (div �)g à ¢­®á¨«ì­ë.

�®à®è® ¨§¢¥áâ­ë \â¥®à¥¬ë ¨áç¥§­®¢¥­¨ï" ¤«ï ¨­ä¨­¨â¥§¨¬ «ì­ëå ª®­ä®à¬­ëå ¨ ¨§®¬¥-
âà¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨© ([13], á. 235; [15], á. 48). �®ª ¦¥¬  ­ «®£¨ç­ãî â¥®à¥¬ã ¨ ¤«ï ¨­ä¨-
­¨â¥§¨¬ «ì­ëå £ à¬®­¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨©.

�¥®à¥¬  3.3. �®¬¯ ªâ­®¥ à¨¬ ­®¢® ¬­®£®®¡à §¨¥ (M; g) ­¥ ¤®¯ãáª ¥â ®â«¨ç­ëå ®â ­ã«ï

¨­ä¨­¨â¥§¨¬ «ì­ëå £ à¬®­¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨©, ¥á«¨ ªà¨¢¨§­  �¨çç¨ íâ®£® ¬­®£®®¡à §¨ï

®âà¨æ â¥«ì­ .

�®ª § â¥«ìáâ¢®. �à¨¬¥­¨¬ ®¯¥à â®à � ¯« á {�¥«ìâà ¬¨ � ª äã­ªæ¨¨ F = gij�
i�j ¤«ï

¯à®¨§¢®«ì­®£® ¨­ä¨­¨â¥§¨¬ «ì­®£® £ à¬®­¨ç¥áª®£® ¯à¥®¡à §®¢ ­¨ï � ¬­®£®®¡à §¨ï (M; g).
� ©¤¥¬, çâ®

�F = gijrirj(gij�
i�j) = 2[�Rij�

i�j + gklgij(rk�
i)(rl�

j)]: (3.1)

� «¥¥, ­  ®á­®¢ ­¨¨ ¯à¥¤¯®«®¦¥­¨ï ® ªà¨¢¨§­¥ �¨çç¨ ¬­®£®®¡à §¨ï (M; g) § ª«îç ¥¬, çâ®
�F � 0. �«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç­® ¢®á¯®«ì§®¢ âìáï «¥¬¬®© �®¯ä  ([17], á. 308;
[14], áá. 29, 32{34), ¢ á¨«ã ª®â®à®© ¨§ (3.1) á«¥¤ã¥â � = 0.

�¥®à¥¬  3.4. �­ä¨­¨â¥§¨¬ «ì­®¥ £ à¬®­¨ç¥áª®¥ ¯à¥®¡à §®¢ ­¨¥ � ¢ ª®¬¯ ªâ­®¬ ª¥«¥à®-

¢®¬ ¬­®£®®¡à §¨¨ (M; g; J) ¯®áâ®ï­­®© áª «ïà­®© ªà¨¢¨§­ë à §« £ ¥âáï ¢ áã¬¬ã � = �0 + J�00,

£¤¥ �0 ¨ �00 ï¢«ïîâáï ¨­ä¨­¨â¥§¨¬ «ì­ë¬¨ ¨§®¬¥âà¨ï¬¨ ¢ (M; g; J).
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�®ª § â¥«ìáâ¢®. �®£« á­® â¥®à¥¬¥ 2.3 ª ¦¤®¥ ¨­ä¨­¨â¥§¨¬ «ì­®¥ £ à¬®­¨ç¥áª®¥ ¯à¥-
®¡à §®¢ ­¨¥ � ª®¬¯ ªâ­®£® ª¥«¥à®¢  ¬­®£®®¡à §¨ï (M; g; J) ï¢«ï¥âáï £®«®¬®àä­ë¬ (¢¥é¥áâ¢¥­-
­ë¬) ¯à¥®¡à §®¢ ­¨¥¬ ¢ (M; g; J). � ¤àã£®© áâ®à®­ë, ¯® â¥®à¥¬¥ �.�¨å­¥à®¢¨ç  ([5], á. 92{98)
¯®¤®¡­®¥ ¢¥ªâ®à­®¥ ¯®«¥ � ­  ª®¬¯ ªâ­®¬ ª¥«¥à®¢®¬ ¬­®£®®¡à §¨¨ (M; g; J) ¯®áâ®ï­­®© áª «ïà-
­®© ªà¨¢¨§­ë à §« £ ¥âáï ¢ áã¬¬ã � = �0+ J�00, £¤¥ �0 ¨ �00 áãâì ¨­ä¨­¨â¥§¨¬ «ì­ë¥ ¨§®¬¥âà¨¨
¢ (M; g; J).

4. �¥ªâ®à­®¥ ¯à®áâà ­áâ¢® ¨­ä¨­¨â¥§¨¬ «ì­ëå £ à¬®­¨ç¥áª¨å

¯à¥®¡à §®¢ ­¨©

4.1. � áá¬®âà¨¬ ¯à®áâà ­áâ¢® á¥ç¥­¨© C1SpM ¢¥ªâ®à­®£® à áá«®¥­¨ï SpM ª®¢ à¨ ­â­ëå
á¨¬¬¥âà¨ç¥áª¨å p-â¥­§®à®¢ ­  n-¬¥à­®¬ ª®¬¯ ªâ­®¬ ®à¨¥­â¨à®¢ ­­®¬ à¨¬ ­®¢®¬ ¬­®£®®¡à -
§¨¨ (M; g). � á®®â¢¥âáâ¢¨¨ á ®¡é¥© â¥®à¨¥© ([5], £«. 4, x 1) ¯®« £ ¥¬

h';'i =
Z
M

1
p!
g(';'0) (4.1)

¤«ï g(';'0) = 'i1:::ip'0i1:::ip = gi1k1 : : : gipkp'k1:::kp'
0

i1:::ip
¨ «®ª «ì­ëå ª®¬¯®­¥­â '0i1:::ip ¨ 'k1:::kp

â¥­§®à­ëå ¯®«¥© ';'0 2 C1SpM .
�®áâà®¨¬ ¢¥ªâ®à­®¥ ¯®«¥ X ¨§ «®ª «ì­ëå ª®¬¯®­¥­â 'i1:::ip ¨  ji1:::ip â¥­§®à­ëå ¯®«¥© ' 2

C1SpM ¨  2 C1Sp+1M , ¨á¯®«ì§ãï à ¢¥­áâ¢  Xj = 'i1:::ip 
ji1:::ip . � «¥¥, ­  ®á­®¢ ­¨¨ â¥®à¥¬ë

�à¨­  ([13], á. 259)
R
M

riX
idV = 0, ¨ ¨á¯®«ì§ãï ®¯à¥¤¥«¥­­®¥ £«®¡ «ì­® áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥

(4.1), ¢ë¢®¤¨¬ à ¢¥­áâ¢®

h��'; i = h'; � i: (4.2)

�¤¥áì �� : C1SpM ! C1Sp+1M ¨ � : C1Sp+1M ! C1SpM áãâì ¤¨ää¥à¥­æ¨ «ì­ë¥ ®¯¥à â®àë
¯¥à¢®£® ¯®àï¤ª , ®¯à¥¤¥«ï¥¬ë¥ á«¥¤ãîé¨¬¨ ä®à¬ã« ¬¨ (áà. á [15], á. 54{55):

(��')i0i1:::ip = ri0'i1:::ip�1ip + � � � +rip'i0i1:::ip�1 ; (� )i1 :::ip = �gji0rj i0i1:::ip :

� ¢¥­áâ¢® (4.2) á¢¨¤¥â¥«ìáâ¢ã¥â ® ä®à¬ «ì­®© á®¯àï¦¥­­®áâ¨ ®¯¥à â®à®¢ �� ¨ � ([15], á. 626;
[18], á. 69{70).

4.2. �¯à¥¤¥«¨¬ ­  ¯à®áâà ­áâ¢¥ C1SpM ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¢â®à®£® ¯®àï¤ª 
� : C1SpM ! C1SpM á«¥¤ãîé¥© ä®à¬ã«®©: � = ��� � ���. �¥¯®áà¥¤áâ¢¥­­ë¥ à áç¥âë ¯®-
ª §ë¢ îâ, çâ® ®¯¥à â®à � ï¢«ï¥âáï á ¬®á®¯àï¦¥­­ë¬, â. ¥. h�';'0i = h';�'0i.

�®« £ ï ¤ «¥¥ � 2 T �xM � f0g ¨ 'x 2 S
p
xM , ­ ©¤¥¬ á¨¬¢®« �(�) ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à -

â®à  � ([15], á. 627{628; [18], áá. 64, 79, 87). �¬¥¥¬

�(�)(�; x)'x = �i�#(� � 'x) + � � i�#'x = �g(�; �)'x

¤«ï á¨¬¬¥âà¨ç¥áª®£® â¥­§®à­®£® ã¬­®¦¥­¨ï �. �®á«¥¤­¥¥ à ¢¥­áâ¢® ®§­ ç ¥â, çâ® á ¬®á®¯àï-
¦¥­­ë© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¢â®à®£® ¯®àï¤ª  � ï¢«ï¥âáï « ¯« á¨ ­®¬ ([15], á. 77),  
¥£® ï¤à® | ª®­¥ç­®¬¥à­ë¬ ¢¥ªâ®à­ë¬ ¯à®áâà ­áâ¢®¬ ([15], á. 631{632; [18], á. 178).

�®áª®«ìªã

(���')i1i2:::ip�1ip = �gji(rirj'i1i2:::ip�1ip +riri1'i2:::ip�1ipj + � � � +ririp'ji1:::ip�1);

(���')i1 i2i3:::ip�1ip = �gji(ri1ri'ji2 :::ip +ri2ri'ji3:::ipi1 + � � �+ripri'ji1 :::ip�1);
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â® ¨á¯®«ì§ãï â®¦¤¥áâ¢® �¨çç¨ ([4], á. 42{43) ­ ©¤¥¬ à¥§ã«ìâ â ¤¥©áâ¢¨ï « ¯« á¨ ­ � = �������
­  á¨¬¬¥âà¨ç¥áª®¥ â¥­§®à­®¥ ¯®«¥ ':

(�')i1:::ip = �gijrirj'i1:::ip �
pX

a=1

Rk
ia
'i1:::ia�1kia+1:::ip �

� gkjglm
pX

a;b=1;
a<b

Riajibm'i1:::ia�1kia+1:::ib�1jib+1:::ip : (4.3)

4.3. �«ï ¢¥ªâ®à­®£® ¯®«ï � ¢¢¥¤¥¬ ¤¨ää¥à¥­æ¨ «ì­ãî ä®à¬ã � â ªãî, çâ® �# = � ([15],
á. 47). �¬¥¥¬

(���)ij = ri�j +rj�i; (��) = �gijri�i; (����)j = �gikrjrk�i;

(����)j = �gik(rkri�j +rkrj�i):

�¥¯¥àì, ¨á¯®«ì§ãï â®¦¤¥áâ¢® �¨çç¨ ([4], á. 42{43) ­ ©¤¥¬ à¥§ã«ìâ â ¤¥©áâ¢¨ï ¤¨ää¥à¥­æ¨ «ì-
­®£® ®¯¥à â®à  ¢â®à®£® ¯®àï¤ª  � = ��� � ��� ­  ¤¨ää¥à¥­æ¨ «ì­ãî ä®à¬ã � (áà. á (4.3))

(��)j = [(��� � ���)�]j = �gik(rkri�j � �lR
l
ikj) = �gikrkri�j +Rl

j�l: (4.4)

�  ®á­®¢ ­¨¨ à ¢¥­áâ¢  (4.4) § ª«îç ¥¬, çâ® á¯à ¢¥¤«¨¢ 

�¥®à¥¬  4.1. �­ä¨­¨â¥§¨¬ «ì­ë¥ £ à¬®­¨ç¥áª¨¥ ¯à¥®¡à §®¢ ­¨ï ¢ à¨¬ ­®¢®¬ ¬­®£®®¡à -

§¨¨ (M; g) ¨ â®«ìª® ®­¨ á®áâ ¢«ïîâ ï¤à® « ¯« á¨ ­  � = ��� � ���.

�¥âàã¤­® ãá¬®âà¥âì, çâ® ¨­ä¨­¨â¥§¨¬ «ì­ë¥ £ à¬®­¨ç¥áª¨¥ ¯à¥®¡à §®¢ ­¨ï ¢ à¨¬ ­®¢®¬
¬­®£®®¡à §¨¨ (M; g) ®¡à §ãîâ R-¬®¤ã«ì, ª®â®àë© ®¡®§­ ç¨¬ ç¥à¥§ H(M;R). �®áª®«ìªã ®¯¥à -
â®à � ï¢«ï¥âáï « ¯« á¨ ­®¬, â® á¯à ¢¥¤«¨¢®

�«¥¤áâ¢¨¥ 4.1. �  ª®¬¯ ªâ­®¬ à¨¬ ­®¢®¬ ¬­®£®®¡à §¨¨ (M; g) R-¬®¤ã«ì H(M;R) ¨­ä¨-
­¨â¥§¨¬ «ì­ëå £ à¬®­¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨© ¨¬¥¥â ª®­¥ç­ãî à §¬¥à­®áâì.

� § ª«îç¥­¨¥ § ¬¥â¨¬, çâ® ­  ª®¬¯ ªâ­®¬ ¬­®£®®¡à §¨¨ (M; g) á ®âà¨æ â¥«ì­®© ªà¨¢¨§­®©
�¨çç¨ dimH(M;R) = 0 á®£« á­® â¥®à¥¬¥ 3.3.
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