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�®á¢ïé ¥âáï � â®«¨î �¬¨âà¨¥¢¨çã �ïèª® ¢ á¢ï§¨ á ¥£® á¥¬¨¤¥áïâ¨«¥â¨¥¬
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1. �¢¥¤¥¨¥

�áá«¥¤ãîâáï ¢ë¯ãª«ë¥ ä®à¬ë à ¢®¢¥á¨ï § ¬ªãâ®© ¡¥áª®¥ç® ¤«¨®© ã¯àã£®© æ¨«¨-
¤à¨ç¥áª®© ®¡®«®çª¨ ¯à¨ áâà¥¬«¥¨¨ ¨§£¨¡®© ¦¥áâª®áâ¨ ª ã«î. �¯à®é îé¨¥ ¨áá«¥¤®¢ ¨ï
¯à¥¤¯®«®¦¥¨ï: ª á â¥«ì® ¯à¨«®¦¥ë¥ ¢¥è¨¥  £àã§ª¨,   â ª¦¥ ¢¥è¨¥ ¬®¬¥âë ®âáãâ-
áâ¢ãîâ, áà¥¤¨ ï ¯®¢¥àå®áâì ¥à áâï¦¨¬ , ¯¥à¢® ç «ì ï ä®à¬  ®¡®«®çª¨ ªàã£®¢ ï.

�à ¢¥¨ï áâ â¨ç¥áª®£® à ¢®¢¥á¨ï æ¨«¨¤à¨ç¥áª®© ®¡®«®çª¨ ¢ íâ¨å ¤®¯ãé¥¨ïå á«¥¤ãî-
é¨¥ [1]:

dT

ds
+ k(s)N(s) = 0;

dN

ds
� k(s)T (s)� f(s) = 0;

dM

ds
�N(s) = 0: (1)

�¤¥áì T (s), N(s) | á®®â¢¥âáâ¢¥® ª á â¥«ì®¥ ¨ ¯¥à¥à¥§ë¢ îé¥¥ ãá¨«¨ï ¢ â®çª¥ ª®âãà 
¤¥ä®à¬¨à®¢ ®£® æ¨«¨¤à  á ¤ã£®¢®© ª®®à¤¨ â®© s; f(s) | «¨¥© ï ¯«®â®áâì ®à¬ «ì®
¤¥©áâ¢ãîé¥©  £àã§ª¨; ¯à¨ ¤¢¨¦¥¨¨ ¢  ¯à ¢«¥¨¨ ¢®§à áâ ¨ï s ¢¥èïï ®à¬ «ì  ¯à ¢«¥-
  ¢¯à ¢®; M(s) | ¨§£¨¡ îé¨© ¬®¬¥â, á¢ï§ ë© á ªà¨¢¨§®©  ¯à ¢«ïîé¥© k(s) ä®à¬ã«®©
�ï¢ ,

M(s) = D(k(s)� k(s)); (2)

D| ¨§£¨¡ ï ¦¥áâª®áâì, k(s) | ªà¨¢¨§  ª®âãà  æ¨«¨¤à  ¢ ¥¤¥ä®à¬¨à®¢ ®¬ á®áâ®ï¨¨.
�ãáâì s ¬¥ï¥âáï ¢ ¯à¥¤¥« å ¨â¥à¢ «  [0; 2], â®£¤  k(s) = �. �®¯®«¨â¥«ì® ª (1) ¨ (2) áâ ¢ïâáï
ãá«®¢¨ï § ¬ªãâ®áâ¨ Z 2

0
cos

�Z s

0
k(�)d�

�
ds =

Z 2

0
sin

�Z s

0
k(�)d�

�
ds = 0 (3)

¨ ãá«®¢¨¥   ã£®« ¯®¢®à®â  ª á â¥«ì®© ¯à¨ ¯®«®¬ ®¡å®¤¥ ª®âãà Z 2

0

k(�)d� = 2�: (4)

� áá¬ âà¨¢ îâáï â®«ìª® ª« áá¨ç¥áª¨¥ à¥è¥¨ï § ¤ ç¨ (1), (2); ¯à¥¤¯®« £ ¥âáï, çâ® k(s) 2
C2[0; 2]. �§ ¯®á«¥¤¥£® ãà ¢¥¨ï (1), ¨áª«îç ï M á ¯®¬®éìî (2), ¯®«ãç ¥¬ N(s) = Dk0(s), ¨
â®£¤  ¨§ ¯¥à¢®£® ãà ¢¥¨ï (1) á«¥¤ã¥â, çâ® ¢¥«¨ç¨ 

! =
T (s)
D

+
1
2
k2(s) (5)

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(ª®¤ ¯à®¥ªâ  98-01-00260).
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ï¢«ï¥âáï ª®áâ â®©, ¥ § ¢¨áïé¥© ®â s. �â®à®¥ ãà ¢¥¨¥ á¨áâ¥¬ë (1) ¯à¥®¡à §ã¥âáï ¢ ãà ¢-
¥¨¥

k00(s) +
1
2
k3(s)� !k(s) =

1
D
f(s): (6)

�à¥¤¯®«®¦¨¬, çâ®  £àã§ª  f(s) á¨¬¬¥âà¨ç  ®â®á¨â¥«ì® s = 1. � ¯à¨¬¥à, à áá¬ âà¨-
¢ ¥âáï ¤¥ä®à¬ æ¨ï ¯à¨ á¨¬¬¥âà¨ç®¬ ®¡â¥ª ¨¨ ã¯àã£®£® æ¨«¨¤à , ã¤¥à¦¨¢ ¥¬®£® ¢ ¯®â®ª¥
¦¥áâª¨¬ § é¥¬«¥¨¥¬ ¢ â®çª¥ s = 0. �¥â ¯à¨æ¨¯¨ «ìëå âàã¤®áâ¥© ¢ ¯¥à¥®á¥ ¯®«ãç¥-
ëå à¥§ã«ìâ â®¢   ®¡é¨© á«ãç ©, ¯à¥¤¯®«®¦¥¨¥ ¢¢¥¤¥® ¤«ï ã¯à®é¥¨ï ¤®ª § â¥«ìáâ¢. �«ï
á¨¬¬¥âà¨ç®£® ®â®á¨â¥«ì® s = 1 à¥è¥¨ï k(s) ãá«®¢¨ï (3), (4) ¯à¨¨¬ îâ ¢¨¤Z 1

0

cos
�Z s

1

k(�)d�
�
ds = 0; k0(1) = 0;

Z 1

0

k(s)ds = �: (7)

�¥§ã«ìâ âë ¨áá«¥¤®¢ ¨ï ¥®âà¨æ â¥«ìëå à¥è¥¨© § ¤ ç¨ (6), (7) ¯à¨ D, áâà¥¬ïé¥¬áï ª
ã«î, ¯®¤ëâ®¦¥ë ¢ â¥®à¥¬ å 1, 2. �¥§ã«ìâ â â¥®à¥¬ë 2 ¯®«ãç¥ ¯à¨ ¯®¬®é¨ â¥å¨ª¨, ¯à¨¬¥-
ï¢è¥©áï ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1, á ¯à¨¢«¥ç¥¨¥¬ â¥®à¨¨ �íà¥{� ã¤¥à .

�§ à ¡®â ¤àã£¨å  ¢â®à®¢, ¨§ãç ¢è¨å ¨§£¨¡ ã¯àã£®£® ª®«ìæ , ®â¬¥â¨¬ à ¡®âã [2]. �§ ¥¥, ¢
ç áâ®áâ¨, á«¥¤ã¥â, çâ® ¬®¦¥áâ¢® ¢á¥å à¥è¥¨© (6), (7) ¬®¦¥â ¡ëâì ¥®£à ¨ç¥ë¬ ¢ ¯à®-
áâà áâ¢¥ W 1

2 (0; 1). �¢â®àã  áâ®ïé¥© áâ âì¨, ®¤ ª®, ¥¨§¢¥áâë ¯ã¡«¨ª æ¨¨, á®¤¥à¦ é¨¥ à¥-
§ã«ìâ âë, ¯®¤®¡ë¥ â¥®à¥¬¥ 1.

2. �á¯®¬®£ â¥«ìë¥ à¥§ã«ìâ âë

�ãáâì ¯®á«¥¤®¢ â¥«ì®áâì áâà®£® ¯®«®¦¨â¥«ìëå ç¨á¥« D1;D2; : : : áâà¥¬¨âáï ª ã«î, ¨ ¤«ï
ª ¦¤®£®  âãà «ì®£® ç¨á«  n ®¡®§ ç¨¬ ç¥à¥§ kn(s) ¥¯à¥àë¢®¥ ¥®âà¨æ â¥«ì®¥ à¥è¥¨¥
ãà ¢¥¨ï (6), ¯à¨ ãá«®¢¨ïå (7) ®¯à¥¤¥«ïîé¥¥ ªà¨¢ãî ¡¥§ á ¬®¯¥à¥á¥ç¥¨© ¨ á®®â¢¥âáâ¢ãî-
é¥¥ § ç¥¨î D = Dn. �ãªæ¨ï f(s) ¯à¥¤¯®« £ ¥âáï ¯à¨ ¤«¥¦ é¥© C1[0; 1]. �®áâ â  !n
®¯à¥¤¥«ï¥âáï § ¤ ç¥© (6), (7).

�¥¬¬  1. �ãáâì !nDn � � > 0 ¤«ï ¢á¥å n, ¨ ¯ãáâì " | ¯à®¨§¢®«ì® ä¨ªá¨à®¢ ®¥ ¯®-

«®¦¨â¥«ì®¥ ç¨á«®. �®£¤  áãé¥áâ¢ã¥â â ª®¥ ç¨á«® N , çâ® «î¡®¥ íªáâà¥¬ «ì®¥ § ç¥¨¥

Mn äãªæ¨¨ kn(s), ¤®áâ¨£ ¥¬®¥ ¢ ªà¨â¨ç¥áª®© â®çª¥, ¯à¨ n � N ã¤®¢«¥â¢®àï¥â ®¤®¬ã ¨§

¥à ¢¥áâ¢

jMn=2
p
!n � 1j � " ¨«¨ Mn=

p
!n � ":

�®ª § â¥«ìáâ¢®. � ¤ «ì¥©è¥¬ á¨¬¢®« ¬¨ c; c1; c2; : : : ¡ã¤¥¬ ®¡®§ ç âì ª®áâ âë, ¥ § -
¢¨áïé¨¥ ®â n; �; �1; �2; : : : | ª®áâ âë, ®â n ¥ § ¢¨áïé¨¥, ª®â®àë¥ ¬®¦® ¡à âì ¯à®¨§¢®«ì®
¬ «ë¬¨, ¥á«¨ ®£à ¨ç¨âìáï ¤®áâ â®ç® ¡®«ìè¨¬¨ ®¬¥à ¬¨ n; "; "1; "2; : : : | ¬ «ë¥ ª®áâ -
âë, § ¤ ¢ ¥¬ë¥  ¯à¨®à®. �ãáâì Mn | ¯à®¨§¢®«ì® ä¨ªá¨à®¢ ®¥ íªáâà¥¬ «ì®¥ § ç¥¨¥
äãªæ¨¨ kn(s), ¯à¨¨¬ ¥¬®¥ íâ®© äãªæ¨¥© ¢ ªà¨â¨ç¥áª®© â®çª¥ bn 2 [0; 1].

�®ª ¦¥¬ áãé¥áâ¢®¢ ¨¥ ª®áâ âë c á® á«¥¤ãîé¨¬ á¢®©áâ¢®¬: ¤«ï ¢áïª®£® n äãªæ¨ï kn(s)
¢ ¥ª®â®à®© â®çª¥ an ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ ¬ kn(an) � c, jk0n(an)j � c. �á«¨ ¨¬¥¥â ¬¥áâ® á«ã-
ç © k0n(0) � 0 ¨«¨ kn(0) > �, â® ¢ ª ç¥áâ¢¥ an ¬®¦® ¢§ïâì â®çªã, £¤¥ kn(s) ¤®áâ¨£ ¥â  ¨¬¥ì-
è¥£® § ç¥¨ï. T®£¤  kn(an) � �, k0n(an) = 0. � ¯à®â¨¢®¬ á«ãç ¥ ®¯à¥¤¥«¨¬ ¯®«®¦¨â¥«ìãî
ª®áâ âã c1 ¥à ¢¥áâ¢ ¬¨ c1=(c1 � �) � 2, c1 � �. �á«¨ ¥áâì ªà¨â¨ç¥áª ï â®çª  �n, ¢ ª®â®-
à®© kn(�n) � c1, â® ¢ ª ç¥áâ¢¥ c ®áâ ¢«ï¥¬ c1, ¯®« £ ï an = �n. � ç¥ à áá¬®âà¨¬  ¨¡®«ìè¨©
¨â¥à¢ « [0; �],   ª®â®à®¬ kn(s) � c1. �¥ [0; �] ¢áî¤ã kn(s) > c1, ¯®íâ®¬ã

(1� �)á1 <
Z 1

0
k(s)ds = � ¨«¨ � > 1� �

c1
:

� ¥ª®â®à®© â®çª¥ �n ¨â¥à¢ «  [0; �] ¨¬¥¥¬, çâ®

k0n(�n) = (c1 � k(0))=� � c21=(c1 � �) � 2c1:

86



�â¨ à ááã¦¤¥¨ï ¯®ª §ë¢ îâ, çâ® ª®áâ â  2á1 ®¡« ¤ ¥â ã¦ë¬¨  ¬ á¢®©áâ¢ ¬¨ ¤«ï ¢á¥å
n. �¢¥¤¥¬ ®¡®§ ç¥¨ï kn(an) = mn, k0n(an) = ln. �¬®¦ ï ®¡¥ ç áâ¨ ãà ¢¥¨ï (6)   k0(s)
¨ ¨â¥£à¨àãï ¯® ¨â¥à¢ «ã (an; s), ¯®«ãç¨¬ á«¥¤ãîé¥¥ à ¢¥áâ¢® (¨¦¥, £¤¥ íâ® ¥ ¢ë§ë¢ ¥â
¥¤®à §ã¬¥¨©, ¨¤¥ªá n ®¯ãáª ¥¬ ¤«ï ã¤®¡áâ¢  § ¯¨á¨):

4(k0s)
2 = �k4(s) + 4!k2(s) +m4 � 4!m2 + 4l2 +

8
D

�
f(s)k(s)�

Z s

a
f 0(t)k(t)dt� f(a)m

�
: (8)

�âáî¤ , ¢ ç áâ®áâ¨, á«¥¤ã¥â, çâ® íªáâà¥¬ «ìë¥ § ç¥¨ï äãªæ¨¨ k(s) ã¤®¢«¥â¢®àïîâ á®®â-
®è¥¨î

M 4 � 4M 2

�
! +

'

D

�
+ 4!m2 �m4 � 4l2 = 0; (9)

£¤¥ ' ®¡®§ ç ¥â ¢¥«¨ç¨ã

2
M 2

�
f(b)M �

Z b

a
f 0(t)k(t)dt � f(a)m

�
:

�â¥à¯à¥â¨àãï (9) ª ª ª¢ ¤à â®¥ ãà ¢¥¨¥ ®â®á¨â¥«ì® M 2, ¯®«ãç ¥¬

M 2 = 2
�
! +

'

D

�
� 2!

p
1 + �; (10)

£¤¥

� =
2'
!D

+
'2

!2D2
� m2

!
+
m4 + 4l2

4!2
:

�ë¡®àã § ª  ¯«îá ¢ (10) ¯¥à¥¤ ª¢ ¤à âë¬ ª®à¥¬ á®®â¢¥âáâ¢ã¥â ¯à¥¤áâ ¢«¥¨¥

M 2 = 2
�
2! + 2

'

D
+

'2

2!D2
� m2

2
+
m4 + 4l2

8!
+ !

1X
j=2

(�1)j�1 (2j � 3)!!
(2j)!!

�j
�
: (11)

�¨ãáã á®®â¢¥âáâ¢ã¥â à §«®¦¥¨¥ ¢ àï¤

M 2 = 2
�
m2

2
� '2

2!D2
� m4 + 4l2

8!
� !

1X
j=2

(�1)j�1 (2j � 3)!!
(2j)!!

�j
�
: (12)

�¨ªá¨àã¥¬ ¥ª®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«® E ¨ à áá¬®âà¨¬ íªáâà¥¬ «ìë¥ § ç¥¨ï Mn � E.
�«ï â ª¨å Mn ç¨á«  Mnj'nj à ¢®¬¥à® ®£à ¨ç¥ë ¯® n ¨ ¢®§¬®¦®¬ã ¢ë¡®àã Mn, ¨¡®����

Z b

a

f 0(t)k(t)dt
���� � max jf 0(t)j�

¤«ï ¢á¥å a; b 2 [0; 1], mn=Mn � c=E, 1=Mn � 1=E. � «®£¨ç®¥ ãâ¢¥à¦¤¥¨¥ á¯à ¢¥¤«¨¢® ¤«ï
¯®á«¥¤®¢ â¥«ì®áâ¨ �n: j�nj � c1=Mn + �1.

� áá¬®âà¨¬ íªáâà¥¬ «ìë¥ § ç¥¨ï Mn, ã¤®¢«¥â¢®àïîé¨¥ ãà ¢¥¨î (12) | ãà ¢¥¨î,
¨¬¥îé¥¬ã ¢¨¤

M 2

!
=
�
m2

!
� m4 + 4l2

4!2

�
� '2

!2D2
� �2 (�);

£¤¥  (�) | ¥¯à¥àë¢ ï, ®£à ¨ç¥ ï   ®£à ¨ç¥ëå ¨â¥à¢ « å äãªæ¨ï. �ç¨âë¢ ï ®æ¥-
ª¨ ¤«ï 'n, �n, ¯®«ãç ¥¬ ¥à ¢¥áâ¢® M 2=! � c2=M

2 + �2, ®âªã¤ 

M 2 � �
�2! +

q
�22!

2 + 4c2!
�
=2 � �2(1 + �2)! � "!

¤«ï n � N1.
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�à¨ ®¬¥à å n � N1 íªáâà¥¬ «ìë¥ § ç¥¨ï Mn, ¡�®«ìè¨¥ ç¥¬ ("!)1=2, ã¤®¢«¥â¢®àïîâ,
á«¥¤®¢ â¥«ì®, ãà ¢¥¨î (11), ª®â®à®¥ ¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥

M 2

4!
= 1 +

'

!D
+

'2

4!2D2
� m2

4!
+
m4 + 4l2

16!2
+ �2 (�):

�âáî¤  ¢ëâ¥ª ¥â ®æ¥ª  jM 2=(4!) � 1j � c3=("!)1=2 + �3. �¢¥«¨ç¨¢ ï, ¥á«¨ ¥®¡å®¤¨¬®, N1,
¤®¡ì¥¬áï â®£®, çâ®¡ë c3=("!)1=2 + �3 � ". �¢¥«¨ç¨¢ ï, ¥á«¨ ¥®¡å®¤¨¬®, N1 ¥é¥ ¡®«¥¥, ¤®¡ì¥¬áï
â®£®, çâ®¡ë ¢á¥ íªáâà¥¬ «ìë¥ § ç¥¨ï M < E ã¤®¢«¥â¢®àï«¨ á®®â®è¥¨î M=(2

p
!) � ".

�â ª, âà¥¡ã¥¬®¥ à §¡¨¥¨¥ íªáâà¥¬ «ìëå § ç¥¨©äãªæ¨¨ kn(s)   ¤¢¥ ¥¯¥à¥á¥ª îé¨¥áï
£àã¯¯ë ¯à¨ ¤®áâ â®ç® ¡®«ìè¨å ®¬¥à å n ¯®«ãç¥®.

�¥¬¬  2. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï «¥¬¬ë 1. �ãé¥áâ¢ãîâ ¯®«®¦¨â¥«ìë¥ ç¨á«  N , E
â ª¨¥, çâ® ¤«ï n � N ¬ ªá¨¬ «ìë© ¨â¥à¢ « (�n; �n),   ª®â®à®¬ kn(s) >

p
!n, ¥á«¨ â ª®¢®©

áãé¥áâ¢ã¥â, ®¡« ¤ ¥â á¢®©áâ¢®¬ �n = 0, �n � ";   [2"; 1] äãªæ¨ï kn(s) � E,   [0; 2"] äãªæ¨ï
kn(s) � c

p
!n.

�®ª § â¥«ìáâ¢®. �¨á«®
p
! à §¤¥«ï¥â ¤¢¥ ¯®«ãç¥ëå £àã¯¯ë íªáâà¥¬ã¬®¢, ¨   ®¤®¬

¨§ ª®æ®¢ ¨â¥à¢ «  (�n; �n) äãªæ¨ï kn(s) à ¢ 
p
!n. �®¯ãáâ¨¬, çâ® íâ® «¥¢ë© ª®¥æ; ¯ãáâì

sn | ª®®à¤¨ â  ¯¥à¢®£® ¬ ªá¨¬ã¬  kn(s)   [�n; �n]. � á«¥¤ãîé¨å ¨¦¥ ®æ¥ª å ¨â¥£à « 
I ¯à®¨§¢¥¤¥  § ¬¥  ¯¥à¥¬¥®© x = k(t), ¨¤¥ªáë n ®¯ãé¥ë, ¨á¯®«ì§®¢ ® ¯à¥¤áâ ¢«¥¨¥
¯à®¨§¢®¤®© (8)

I =
Z �

�
k(t)dt �

Z s

�
k(t)dt =

Z k(s)

p
!n

xt0xdx =

=
Z k(s)

p
!n

2x
�
� x4 + 4!x2 +

8
D

�
xf(t(x))�

Z t(x)

a

f 0(�)x(�)d� � f(a)m
�
+m4 � 4!2m2 + 4l2

��1=2
dx:

�ãªæ¨ï Q(t) = �
tR
a
f 0(�)kn(�)d� ¯® ¬®¤ã«î à ¢®¬¥à® ¯® n ®£à ¨ç¥ . � ¨â¥£à «¥, ®æ¥¨¢ -

îé¥¬ I á¨§ã, ¯¥à¥©¤¥¬ ®â ¯¥à¥¬¥®© x ª ¯¥à¥¬¥®© y: x = 2
p
!y, ¯®«ãç¨¬

I �
Z k(s)=2

p
!

1=2

2y
�
y2 � y4 + 1

2!2D
(Q(t(x(y))) + f(t(x(y)))2

p
!y � f(a)m) +

m4 + 4l2

16!2
� m2

4!

��1=2
dy:

�à ¢ ï áâ®à®  ¥à ¢¥áâ¢  ¨¬¥¥â ¯à¥¤¥« ¯à¨ ! ! 1, à ¢ë© 2
1R

1=2

dyp
1�y2

= 2
3
�. �«¥¤®¢ â¥«ì-

®, ç¨á«® ®¡áã¦¤ ¥¬ëå ¨â¥à¢ «®¢ [�; �], k(�) =
p
!, ¤«ï à áá¬ âà¨¢ ¥¬®£® à¥è¥¨ï k(s) ¯à¨

¤®áâ â®ç® ¡®«ìè®¬ n ¥ ¡®«ìè¥, ç¥¬ [�=(2�=3)] = 1. �á«¨ ¡ë ¨â¥à¢ « (�; �) ¡ë« ¢ãâà¥¨¬,

¨â¥£à «
�R
�

k(t)dt ®æ¥¨¢ «áï ¡ë á¨§ã ç¨á«®¬ 4�=3, çâ® ¥¢®§¬®¦®. � «®£¨çë¥ à ááã¦¤¥¨ï

¬®¦® ¯à®¢¥áâ¨ ¤«ï á«ãç ï kn(�n) =
p
!n. �à¨ íâ®¬ § ¬¥â¨¬, çâ® â®çª  ¯¥à¢®£® ¬ ªá¨¬ã¬ ,

«¥¦ é ï «¥¢¥¥ �, ¬®¦¥â ¥ ¡ëâì ªà¨â¨ç¥áª®©, á®¢¯ ¤ ï á s = 0. � ª¨¬ ®¡à §®¬, ¯à¨å®¤¨¬ ª
¢ë¢®¤ã, çâ® «¨¡® � = 0, «¨¡® � = 1. � ¬¥â¨¬, çâ® ¤«¨  ¨â¥à¢ «  áâ ®¢¨âáï áª®«ì ã£®¤®
¬ «®© á à®áâ®¬ n, ¯®áª®«ìªã �n � �n � �=

p
!n. �«ï § ¬ªãâëå, ¢ë¯ãª«ëå ä®à¬ à ¢®¢¥á¨ï,

¯à¥¤áâ ¢«ï¥¬ëå äãªæ¨¥© kn(s), ¨â¥à¢ « (�n; 1) á® á¢®©áâ¢ ¬¨, ® ª®â®àëå ¨¤¥â à¥çì ¢ «¥¬¬¥,
®âáãâáâ¢ã¥â ¯à¨ ¡®«ìè¨å n. �¥©áâ¢¨â¥«ì®,   ¬ «®¬ ãç áâª¥ ¨§¬¥¥¨ï s, ¤«¨ë ¬¥ìè¥© ",
ã£®«  ª«®  ª á â¥«ì®© ¨§¬¥ï¥âáï ¡®«¥¥, ç¥¬  

2
Z 1

�n

kn(t)dt � 4
3
� � "1:

�«¥¤®¢ â¥«ì®, ¤¨ ¬¥âà ¢ë¯ãª«®© ä¨£ãàë, ®£à ¨ç¨¢ ¥¬®© ª®âãà®¬ ¤¥ä®à¬¨à®¢ ®© ®¡®-
«®çª¨, ¬¥ìè¥, ç¥¬ "(1 + 1=(2 sin(�=6))). �®®â¢¥âáâ¢¥®, ¤«¨  ª®âãà  ¬¥ìè¥, ç¥¬ 3�" ([3],
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á. 87), â®£¤  ª ª ®  à ¢  2. �®íâ®¬ã ¤ «¥¥ ¯®« £ ¥¬ �n = 0. �§ï¢ ¯à®¨§¢®«ì® " > 0, ®¯à¥¤¥-
«¨¬ ¨â¥à¢ « [�n; 1], £¤¥ ¢ ª ç¥áâ¢¥ �n ¡¥à¥¬ â®çªã �n + "=3, ¥á«¨ ¢ ¨â¥à¢ «¥ (�n; �n + "=3) ¥â
íªáâà¥¬ «ìëå â®ç¥ª; ¡¥à¥¬ ¯¥à¢ãî íªáâà¥¬ «ìãî â®çªã ¢ ¯à®â¨¢®¬ á«ãç ¥. �¡¥¤¨¬áï, çâ®

lim
n!1

kn(�n)=
p
!n = 0:

�¥©áâ¢¨â¥«ì®, ¯ãáâì íâ® ¥ â ª, ¨ kn(�n)=
p
!n = � > 0 ¤«ï ª ª®©-â® ¯®á«¥¤®¢ â¥«ì®áâ¨ ç¨á¥«

n. �®áª®«ìªã ¢ íâ®¬ á«ãç ¥ �n | ¥ ªà¨â¨ç¥áª¨¥ â®çª¨, ¨¬¥¥¬Z 1

�n

kn(t)dt �
Z �n

�n

kn(t)dt � �
p
!n"=3!1

¯à¨ n!1. �â® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ®
1R
0

kn(t)dt = �. �® á¢®©áâ¢ã íªáâà¥¬ã¬®¢ ª ¦¤®© £àã¯¯ë

¨§ ¤®ª § ®£® á«¥¤ã¥â, çâ®   ¨â¥à¢ « å [�n; 1] ®â®è¥¨¥ kn(s)=
p
!n à ¢®¬¥à® ¯® s áâà¥-

¬¨âáï ª ã«î ¯à¨ n!1.
�®§ì¬¥¬ ç¨á«® E â ª®¥, çâ®¡ë ¢ë¯®«ï«®áì á®®â®è¥¨¥ max

t2[0;1]
jf(t)j � 1

4
�E. �  «î¡®¬ ¯®-

¤¨â¥à¢ «¥ �n � [�n; 1], £¤¥ kn(s) � E, äãªæ¨ï kn(s) ¢ë¯ãª« ï. �¥©áâ¢¨â¥«ì®, ¤«ï t 2 �n

¨¬¥¥¬ k00n(t) = !nkn(t)
�
1� 1

2

k2n(t)

!n
+ f(t)

Dn!nkn(t)

�
. �®á«¥¤¥¥ á« £ ¥¬®¥ ¢ áª®¡ª å ¤®¯ãáª ¥â ®æ¥ªã

���� f(t)
Dn!nkn(t)

���� � jf j1
�E

� 1
4
;

¯®áª®«ìªã k2n(t) � !n, â® ¤«ï ¤®áâ â®ç® ¡®«ìè¨å n ¨¬¥¥¬ k00n(t) � 1
4
!nkn(t) > 0. �ãáâì �n |

¬ ªá¨¬ «ìë© ¨â¥à¢ «,   ª®â®à®¬ kn(s) � E. �§ ¢ë¯ãª«®áâ¨ kn(s)   �n á«¥¤ã¥â, çâ® �n

¥ ¬®¦¥â ¡ëâì ¢ãâà¥¨¬ ¯®¤¨â¥à¢ «®¬ ¢ [�n; 1], ¯®íâ®¬ã ¬®¦¥áâ¢® t : t 2 [�n; 1]; kn(t) � E,
¯à¥¤áâ ¢«ï¥âáï ¨â¥à¢ «®¬ [�n; �n]. �  [�n; �n] äãªæ¨ï kn(s) ¬®®â®® ã¡ë¢ ¥â, k0n(�n) � 0, á
ãç¥â®¬ íâ®£® ¤«ï â®ç¥ª t 2 [�n; �n] ¯à®¢®¤¨¬ á«¥¤ãîé¨¥ ®æ¥ª¨:

k0n(�)� k0(t) =
Z �

t
k00(s)ds � (� � t)

1
4
!E;

�k0(t) � (� � t)
1
4
!E;

k(t)� k(�) = �
Z �

t
k0(s)ds �

Z �

t
(� � t)

1
4
!E dt =

1
8
(� � t)2!E;

k(�n) � 1
8
(�n � �n)

2!E:

�®áª®«ìªã lim
n!1

kn(�n)=
p
!n = 0, § ª«îç ¥¬, çâ® lim

n!1
(�n � �n) = 0. �®íâ®¬ã j�n � �nj � "=3,

(�n � �n) � "=3 ¤«ï ¤®áâ â®ç® ¡®«ìè¨å n.

�¥¬¬  3. �á«¨ lim
n!1

!nDn = 1 ¨ " | ¯à®¨§¢®«ì®¥ ä¨ªá¨à®¢ ®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«®,

â® á¯à ¢¥¤«¨¢® ãâ¢¥à¦¤¥¨¥ «¥¬¬ë 2 á § ¬¥®© E   En = 1=
p
!nDn.

�®ª § â¥«ìáâ¢® â ª®¥ ¦¥, ª ª ¨ ¤«ï «¥¬¬ë 2. �¥«¨ç¨ 
�� f(t)

Dn!nkn(t)

�� â¥¯¥àì ¬¥ìè¥, ç¥¬
C=Dn!nEn | ç¨á« , áâà¥¬ïé¥£®áï ª ã«î ¯à¨ n!1. � á®®â¢¥âáâ¢ãîé¥¬ ¬¥áâ¥ ®æ¥¨¢ ¥¬
kn(�n) � (�n � �n)2!nEn = (�n � �n)2

p
!n=Dn, ¨ ãç¨âë¢ ¥¬, çâ® lim

n!1
kn(�n)=

p
!n = 0.

�¥¬¬  4. �ãáâì ¯®á«¥¤®¢ â¥«ì®áâì ¯®«®¦¨â¥«ìëå äãªæ¨© kn(s) ¯à¥¤áâ ¢«ï¥â à¥-

è¥¨ï ãà ¢¥¨ï (6) ¯à¨ ãá«®¢¨ïå § ¬ªãâ®áâ¨ (3) ¨ á¨¬¬¥âà¨ç®áâ¨  £àã§ª¨ f(s) ®â-
®á¨â¥«ì® s = 1. �ãáâì ¤®¯®«¨â¥«ì® ¢ë¯®«¥® ãá«®¢¨¥ lim

n!1
j!njDn = � > 0. �®£¤ 

lim
n!1

j!njDn <1.
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�®ª § â¥«ìáâ¢®. �à¥¤¯®« £ ï ¯à®â¨¢®¥, ¯à¨¬¥¬, çâ® lim
n!1

j!njDn = +1. � áá¬®âà¨¬ á«ã-

ç © !n > 0 ¤«ï ¢á¥å n. �®£« á® «¥¬¬¥ 3 äãªæ¨ï kn(s) ®£à ¨ç¥  ç¨á«®¬ En = 1=
p
!nDn

¢¥ ¨â¥à¢ «  [0; 2"] ¯à¨ ¯à®¨§¢®«ì® ¢§ïâ®¬ " > 0, ¥á«¨ n ¤®áâ â®ç® ¡®«ìè®¥. �à¨ íâ®¬
2"R
0

kn(t)dt � 2
3
�, ¨¡® ¯à®â¨¢®¯®«®¦®¥ ¥à ¢¥áâ¢® ¢¥¤¥â ª ¯à®â¨¢®à¥ç¨î (á¬. ¤®ª § â¥«ìáâ¢®

«¥¬¬ë 2). �«¥¤®¢ â¥«ì®,
1R
2"

kn(t)dt � �
3
, á ¤àã£®© áâ®à®ë,

1R
2"

kn(t)dt � 1p
!nDn

���!
n!1

0.

�¡à â¨¬áï â¥¯¥àì ª á«ãç î, ª®£¤  !n < 0 ¤«ï ¢á¥å n. �â¥£à¨àãï ¯® ¨â¥à¢ «ã (0; 1) à -
¢¥áâ¢® �!nDnkn(s) = �Dnk

00
n(s) � 1

2
DnK

3
n(s) + f(s), ¯®«ãç¨¬ ¯à¨ ãá«®¢¨ïå (7), çâ® �Dn!n� �

1R
0

f(s)ds+Dnk
0
n(0). �æ¥¨¬ k0n(0), ¨áå®¤ï ¨§ ä®à¬ã«ë (8), 4(k0(0))2D2 � �4!D2c+Dk(0)c1 + c2.

� ááã¦¤¥¨ï, ¨á¯®«ì§®¢ ë¥ ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 1, ¯à®å®¤ïâ ¨ ¤«ï á«ãç ï ! < 0,
¯®íâ®¬ã ¨¬¥¥¬ k(0) � c3

pj!j. �®¡¨à ï ¢¬¥áâ¥ âà¨ ¯®á«¥¤¨å ¥à ¢¥áâ¢ , ¯®«ãç ¥¬ 2�2(D!)2 �
4Dcj!Dj+c1c3

p
D
pj!Dj+c4. �â® á®®â®è¥¨¥ ¥ ¬®¦¥â ¢ë¯®«ïâìáï ¤«ï áª®«ì ã£®¤® ¡®«ìè¨å

§ ç¥¨© j!Dj. �®«ãç¥ë¥ ¯à®â¨¢®à¥ç¨ï ®¯à®¢¥à£ îâ ¯à¥¤¯®«®¦¥¨¥.

3. �®¢¥¤¥¨¥ ¯®«®¦¨â¥«ìëå ¯® k(s) à¥è¥¨© á¨áâ¥¬ë (1); (3); (4) ¯à¨ D! 0

�¥®à¥¬  1. �ãáâì ¤«ï ª ¦¤®£® Dn > 0, £¤¥ Dn ! 0, n = 1; 2; : : : , ¢ë¡à ® ¯®«®¦¨â¥«ì®¥

¥¯à¥àë¢®¥ à¥è¥¨¥ kn(s) ãà ¢¥¨ï (6), £¤¥ s 2 (0; 1),   ¤®¯®«¨â¥«ìë¬¨ ¢ëáâã¯ îâ ãá«®¢¨ï

(7). �ãáâì,¤ «¥¥, äãªæ¨ï f 2 C1[0; 1] ¨ ¥ à ¢  â®¦¤¥áâ¢¥® ã«î. �®£¤  á¯à ¢¥¤«¨¢ë

á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï.

�®á«¥¤®¢ â¥«ì®áâì kn(s) ¤®¯ãáª ¥â ®æ¥ªã kn(s) � C=
p
Dn á ª®áâ â®© C, ¥ § ¢¨áïé¥©

®â s, n. �à¨ áª®«ì ã£®¤® ¬ «®¬ � > 0 ¯®á«¥¤®¢ â¥«ì®áâì kn(s) à ¢®¬¥à® ®£à ¨ç¥   

®âà¥§ª¥ [�; 1].
� ¯à®áâà áâ¢¥ C[0; 1] ®£à ¨ç¥  á®®â¢¥âáâ¢ãîé ï kn(s) ¯®á«¥¤®¢ â¥«ì®áâì äãªæ¨©

ª á â¥«ìëå ãá¨«¨© Tn(s),   äãªæ¨¨ ¬®¬¥â  Mn(s) áâà¥¬ïâáï ª ã«î ¯à¨ n!1. �¥à¥à¥-

§ë¢ îé¨¥ ãá¨«¨ï Nn(s) áâà¥¬ïâáï ª ã«î à ¢®¬¥à®   [0; 1], ¥á«¨ !n < 0, ¨«¨   [�; 1], ¥á«¨
!n > 0.

�á«¨ !n > 0, â® ¥ª®â®à ï ¯®¤¯®á«¥¤®¢ â¥«ì®áâì kn(s) á« ¡® áå®¤¨âáï ¢ L2(�; 1) ª k0(s),
  á®®â¢¥âáâ¢ãîé¨¥ Tn(s) à ¢®¬¥à® áå®¤ïâáï ª ª®áâ â¥ T0 ¯à¨ «î¡®¬ � > 0. �à¨ íâ®¬

k0(s), T0 ¥ § ¢¨áïâ ®â � ¨ ï¢«ïîâáï à¥è¥¨ï¬¨ á¨áâ¥¬ë (1) ¯à¨ N =M = 0 ¢ ®¡« áâ¨ (0; 1)
á ãá«®¢¨¥¬ Z 1

0
cos

�Z 1

s
k0(�)d�

�
ds = 0:

�®ª § â¥«ìáâ¢®. �à®¢¥à¨¬, çâ® � = lim
n!1

j!njDn > 0. �à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥, ¨ ¯ãáâì

lim
n!1

j!njDn = 0. �«ï á®®â¢¥âáâ¢ãîé¥© ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨ ¯¥à¥¯¨è¥¬ (10) ¢ ¢¨¤¥

M 2D = 2
�
!D + '� (!2D2 + 2'!D + '2 � !D2m2 + 1

4
D2(m4 + 4l2))1=2

�
: (13)

�¡¥¤¨¬áï, çâ® lim
n!1

(M 2
nDn) = 0. �á«¨ íâ® ¥ â ª, â® ¥ª®â®à ï ¯®¤¯®á«¥¤®¢ â¥«ì®áâì Mnj

áâà¥¬¨âáï ª ¡¥áª®¥ç®áâ¨. �«¥¤®¢ â¥«ì®, 'nj áâà¥¬ïâáï ª ã«î, ¨¡® ¤®¯ãáª îâ ®æ¥ªã j'nj j �
c1=Mnj + c2=M

2
nj
. �â ª, ¢ (13) ¢á¥ á« £ ¥¬ë¥ áâà¥¬ïâáï ª ã«î, ¯®íâ®¬ã lim

j!1
(M 2

nj
Dnj ) = 0.

�à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â ãâ¢¥à¦¤¥¨¥. �¨ªá¨àã¥¬  > 0. �®á«¥¤®¢ â¥«ì®áâì k2n()Dn â ª¦¥
áâà¥¬¨âáï ª ã«î, ¨¡® ¢ ¯à®â¨¢®¬ á«ãç ¥ ¤«ï ¥ª®â®à®© ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨ k2nj ()Dnj � c.

�à®¬¥ â®£®,   [0; ] äãªæ¨¨ kn(s) ¢ íâ®¬ á«ãç ¥ ã¡ë¢ îâ. �«¥¤®¢ â¥«ì®, � �
R
0

kn(s)ds �
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cp
Dn
 ���!

n!1
1. �§ ®á®¢®£® ãà ¢¥¨ï (6) ¤«ï e; d 2 [; 1] ¯®«ãç ¥¬

Z d

e

Dn( 12k
2
n(s)� !n)kn(s)ds+Dn(k0n(d)� k0n(e)) =

Z d

e

f(s)ds:

�¥¢ë© ¨â¥£à « I ¤®¯ãáª ¥â ®æ¥ªã

jIj � "n

Z d

e

kn(s)ds = �"n; "n = max
�s�1

(j 1
2
k2n(s)� !njDn); "n ! 0:

�«ï ®æ¥ª¨ ¢¥¨â¥£à «ì®£® á« £ ¥¬®£® ¢®¢ì ®¡à é ¥¬áï ª ®á®¢®© \à ¡®ç¥©" ä®à¬ã«¥
(8)

4D2(k0(s))2 � 4j!jD2k2(s) +D2j!jc1 +Dk(s)c2 +Dc3:

�¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ n!1, § ª«îç ¥¬, çâ®
dR
e
f(s)ds = 0, á«¥¤®¢ â¥«ì®, f(s) � 0   [0; 1] ¢

¯à®â¨¢®à¥ç¨¥ á ¤®¯ãé¥¨ï¬¨ â¥®à¥¬ë. �â ª, � > 0. (�áª«îç¨â¥«ìë© á«ãç © f(s) � 0   [0; 1]
à áá¬®âà¥ ¢ «¥¬¬¥ 7.)

�¥¬¬ë 1, 2 (¨«¨ ¨å ¤®ª § â¥«ìáâ¢ , ®ç¥¢¨¤ë¬ ®¡à §®¬ ¨§¬¥¥ë¥ ¤«ï á«ãç ï ! < 0)
¯à¨¢®¤ïâ ª ®æ¥ª¥ kn(s) � 2

pj!nj(1 + "n), "n ! 0, s 2 [0; 1]; ¨ ª ®æ¥ª¥ kn(s) � E   [�; 1].
�â¢¥à¦¤ ¥¬®¥ ®â®á¨â¥«ì® ¯®á«¥¤®¢ â¥«ì®áâ¨ kn(s) á«¥¤ã¥â â¥¯¥àì ¨§ «¥¬¬ë 4.

�á¯®¬¨¬, çâ® !n = k2n(s)=2 + Tn(s)=Dn. �®íâ®¬ã jTnj=Dn � j!nj + k2n(s)=2. �ç¨âë¢ ï, çâ®
j!nj � C=Dn, kn(s) � C=

p
Dn; ¯®«ãç ¥¬ ¤«ï ¥ª®â®à®© ª®áâ âë c ®æ¥ªã jTn(s)j � c ¤«ï ¢á¥å

n ¨ ¢á¥å s 2 [0; 1].
�â¢¥à¦¤¥¨¥ ¤«ï ¬®¬¥â®© äãªæ¨¨ á«¥¤ã¥â ¨§ à ¢¥áâ¢  Mn(s) = Dn(kn(s) � k(s)) ¨

¯®«ãç¥®© ã¦¥ ®æ¥ª¨ kn(s), ãâ¢¥à¦¤¥¨ï ®â®á¨â¥«ì® ¯®á«¥¤®¢ â¥«ì®áâ¨ Nn(s) = Dk0n(s)
¢ëâ¥ª îâ ¨§ ä®à¬ã«ë (8) ¨ «¥¬¬ 2, 4.

�à¥¤¯®«®¦¨¬,  ª®¥æ, çâ® ¢á¥ !n ¯®«®¦¨â¥«ìë. �«ï «î¡®© ä¨¨â®© ¢ (0; 1) äãªæ¨¨
'(s) ¨¬¥¥¬ Z 1

0

'(s)N 0
n(s)ds = �

Z 1

0

'0(s)Nn(s)ds ���!
n!1

0;

¢áï ¯®á«¥¤®¢ â¥«ì®áâì N 0
n(s) ¢ á¬ëá«¥ à á¯à¥¤¥«¥¨© áâà¥¬¨âáï ª ã«î ¢ ®¡« áâ¨ (0; 1). �ãáâì

¯®á«¥¤®¢ â¥«ì®áâì knj (s) áå®¤¨âáï á« ¡® ª k0(s) ¢ L2(�; 1); ¢á«¥¤áâ¢¨¥ ¯¥à¢®£® ãà ¢¥¨ï á¨-
áâ¥¬ë (1) Tnj (s) ! T0 ¯à¨ j ! 1 ¢ C[�; 1], £¤¥ T0 | ª®áâ â . �¥à¥å®¤ï ª ¯à¥¤¥«ã ¢® ¢â®à®¬
ãà ¢¥¨¨ (1) ¯® ¯®á«¥¤®¢ â¥«ì®áâ¨ nj , ¯®«ãç ¥¬ ¢ ®¡« áâ¨ (�; 1) à ¢¥áâ¢® ¢ á¬ëá«¥ à á¯à¥-
¤¥«¥¨©

�k0(s)T0 � f(s) = 0: (14)

�¢¨¤ã ¥¯à¥àë¢®áâ¨ f(s) à ¢¥áâ¢® (14) ¨¬¥¥â ¬¥áâ® ¯®â®ç¥ç®. �¬¥ìè ï � ¨ ¢ë¡¨à ï
¯®¤¯®á«¥¤®¢ â¥«ì®áâì ¨§ ¯à¥¤ë¤ãé¥© ¯®á«¥¤®¢ â¥«ì®áâ¨, ã¡¥¦¤ ¥¬áï, çâ® (14) ¨¬¥¥â ¬¥áâ®
¢ ®¡« áâ¨ (0; 1). �«ï k0(s) = �f(s)=T0 á®åà ï¥âáï ãá«®¢¨¥ § ¬ªãâ®áâ¨Z 1

0

cos
�Z 1

s

k0(�)d�
�
ds = 0: �

� ¬¥ç ¨¥. �á«¨ à áá¬ âà¨¢ ¥¬®¥ ª ª ãà ¢¥¨¥ ®â®á¨â¥«ì® T0 ¯®á«¥¤¥¥ à ¢¥áâ¢® ¨¬¥-
¥â ¥ ¡®«¥¥ ®¤®£® ä¨§¨ç¥áª¨ ¯à¨¥¬«¥¬®£® à¥è¥¨ï, â® ¢áï ¨áå®¤ ï ¯®á«¥¤®¢ â¥«ì®áâì kn(s)
áå®¤¨âáï ª k0(s) ¢ á¬ëá«¥ à á¯à¥¤¥«¥¨© ¢ ®¡« áâ¨ (0; 1).

�¥®à¥¬  1 ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢   ¤«ï ®à£ ¨§ æ¨¨ ¢ëç¨á«¥¨©  ¯àï¦¥®-¤¥ä®à¬¨-
à®¢ ®£® á®áâ®ï¨ï ¬®¬¥â®© ®¡®«®çª¨ ª ª ¡¥§¬®¬¥â®© á ¯®¯à ¢ª ¬¨ â¨¯  ¯®£à á«®ï. �
«¨¥©®© ¯®áâ ®¢ª¥ ¤«ï á¥âç âëå ®¡®«®ç¥ª ¢à é¥¨ï  «£®à¨â¬ ¯®¤®¡ëå ¢ëç¨á«¥¨© ¯®¤à®¡-
® ¨§«®¦¥ ¢ [4].

�¥®à¥¬  1 á®åà ï¥â á¨«ã, ¥á«¨ ãç¨âë¢ âì à áâï¦¨¬®áâì áà¥¤¨®© ¯®¢¥àå®áâ¨ ®¡®«®çª¨
¯à¨ «¨¥©®¬ § ª®¥ �ãª , ® ¯à¨ íâ®¬   ¯®á«¥¤®¢ â¥«ì®áâì ¯®«®¦¨â¥«ìëå à¥è¥¨© kn(s)

91



 ª« ¤ë¢ âì ¤®¯®«¨â¥«ì®¥ ãá«®¢¨¥ � � �n(s) � � > 0 ¤«ï ¢á¥å n, £¤¥ �n(s) = ds=d�| áâ¥¯¥ì
ã¤«¨¥¨ï, � | ¤ã£®¢ ï ª®®à¤¨ â , ®âáç¨âë¢ ¥¬ ï ¯® ¥¤¥ä®à¬¨à®¢ ®¬ã ª®âãàã.

�®¦®  ¯à¨®à¨ ãâ¢¥à¦¤ âì, çâ® ª®áâ â  ! > 0, ¥á«¨ f(s) � 0.

4. �ãé¥áâ¢®¢ ¨¥ ¯®«®¦¨â¥«ìëå à¥è¥¨©

�¥å¨ªã ¤®ª § â¥«ìáâ¢  «¥¬¬ 1{4 ¬®¦® ¨á¯®«ì§®¢ âì ¨ ¤«ï ¯®«ãç¥¨ï â¥®à¥¬ë áãé¥áâ¢®-
¢ ¨ï ¯®«®¦¨â¥«ìëå à¥è¥¨© § ¤ ç¨ (6), (7).

�¥¬¬  5. �ãáâì f(s) � 0, f 2 C1[0; 1]. �¢¥¤¥¬ äãªæ¨î '(s; t) = t
D
f(s), D | ä¨ªá¨à®¢ -

 ï ¨§£¨¡ ï ¦¥áâª®áâì, ¯ à ¬¥âà t ¬¥ï¥âáï ¢ ¨â¥à¢ «¥ [0; 1].
�®¦¥áâ¢® ¯®«®¦¨â¥«ìëå à¥è¥¨© § ¤ ç¨

k00(s) +
1
2
k3(s)� !k(s) = '(s; t); s 2 (0; 1); (15)

¯à¨ ãá«®¢¨ïå (7) ¤«ï ¢á¥¢®§¬®¦ëå t 2 [0; 1] ®£à ¨ç¥® ¢ ¯à®áâà áâ¢¥ W (1)
2 [0; 1].

�®ª § â¥«ìáâ¢®. �ãáâì tn â ª®¢ë, çâ® à¥è¥¨ï kn(s) � 0,   á®®â¢¥âáâ¢ãîé¨¥ !n áâà¥¬ïâáï
ª ¡¥áª®¥ç®áâ¨; íâ® ¢«¥ç¥â, ª®¥ç®, à ¢¥áâ¢® lim

n!1
(!nD) = 1. �®á«¥¤®¢ â¥«ì® ¯à®¢®¤¨¬

à ááã¦¤¥¨ï «¥¬¬ 1{4 á ®ç¥¢¨¤ë¬¨ ¨§¬¥¥¨ï¬¨ ¨ ¯à¨å®¤¨¬ ª ¯à®â¨¢®à¥ç¨î, ª ª ¢ «¥¬¬¥
4. �âáî¤  á«¥¤ã¥â, çâ® ¬®¦¥áâ¢® ¢á¥å !, á®®â¢¥âáâ¢ãîé¨å ¯®«®¦¨â¥«ì®¬ã à¥è¥¨î § ¤ ç¨
(15), (7) ¯à¨ ª ª®¬-«¨¡® t, ®£à ¨ç¥®.

� áá¬®âà¨¬ áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥

� �
k00(s) + 1

2
k3(s)� !k(s); k(s)

�
= �

Z 1

0

k(�)00k(�)d� � 1
2

Z 1

0

k4(�)d� +

+ !

Z 1

0

k2(�)d� = �(k0k)��1
0
+
Z 1

0

(k0(�))2d� � 1
2

Z 1

0

k4(�)d� + !

Z 1

0

k2(�)d�: (16)

�«¥¬¥â àë¥ ¢ëª« ¤ª¨ ¯®ª §ë¢ îâ, çâ®

k0(0) =
1
D
N(0) = �

Z 1

0

'(s; t) cos
�Z s

0

k(�)d�
�
ds:

�«¥¤®¢ â¥«ì®, jk0(0)j � c1, £¤¥ c1 |  ¯à¨®à® ¢ëç¨á«ï¥¬ ï ª®áâ â . � ¤àã£®© áâ®à®ë,
¯® â¥®à¥¬¥ ¢«®¦¥¨ï W

(1)
2 (0; 1) ¢ C[0; 1] ¨¬¥¥¬ k(0) � c2kkk1;2, £¤¥ k�kp;q ®¡®§ ç ¥â ®à¬ã ¢

á®¡®«¥¢áª®¬ ¯à®áâà áâ¢¥ W (q)
p (0; 1). �¨ªá¨àãï " > 0, ®æ¥¨¬ ¯¥à¢®¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨

(16) á«¥¤ãîé¨¬ ®¡à §®¬:

jk(1)k0(1) � k(0)k0(0)j � "kkk21;2 +
c3
"
:

�à¨áâã¯¨¬ ª ®æ¥ª¥ âà¥âì¥£® á« £ ¥¬®£® ¢ ¯à ¢®© ç áâ¨ (16). �«ï íâ®£® äãªæ¨î k(s) á¨¬-
¬¥âà¨ç® ¯à®¤®«¦¨¬   ¨â¥à¢ « [0; 2]. �ãáâì a | ¯¥à¢ ï â®çª  ¨§ [0; 1], £¤¥ k(s) ¤®áâ¨£ ¥â
 ¡á®«îâ®£® ¬¨¨¬ã¬  m � �. �âà¥§®ª £à ä¨ª  äãªæ¨¨ k(s)   ¨â¥à¢ «¥ [2 � a; 2] á¨¬¬¥-
âà¨ç® ¯à®¤®«¦ ¥¬ §  â®çªã 2   ¨â¥à¢ « [2; 2 + a]. �®«®¦¨¬

y(s) =

(
k(s)�m; s 2 [a; 2 + a];

0 ¢ ¯à®â¨¢®¬ á«ãç ¥:

�¯à¥¤¥«¥ ï   ¢á¥© ¯àï¬®© ¥®âà¨æ â¥«ì ï äãªæ¨ï y(s)  ¡á®«îâ® ¥¯à¥àë¢  ¨ ã¤®¢«¥-
â¢®àï¥â ¢á¥¬ ãá«®¢¨ï¬ ¯à¨¬¥¨¬®áâ¨ ¬ã«ìâ¨¯«¨ª â¨¢®£® ¥à ¢¥áâ¢  � £¨ ([5], á. 383). �¬¥¥¬

Z +1

�1
y4(s)ds � c4

� Z +1

�1
y2(s)ds

�3=2� Z +1

�1
(y0s(s))

2ds

�1=2
;
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¨«¨

2
Z 1

0
(k(s)�m)4ds � c4

�
2
Z 1

0
(k(s)�m)2ds

�3=2�
2
Z 1

0
(k0(s))2ds

�1=2
: (17)

�çâ¥¬, çâ® ®£à ¨ç¥®áâì ª®áâ â !n ¢á«¥¤áâ¢¨¥ à ¢¥áâ¢ 

! =
1
2�

Z 1

0
k3(�)d� � 1

�

Z 1

0
'(�; t)d� � 1

�
k0(0)

à ¢®á¨«ì  ®£à ¨ç¥®áâ¨ ®à¬ k(s) ¢ L3(0; 1) à ¢®¬¥à® ¯® t, ¨, á«¥¤®¢ â¥«ì®, ®£à ¨ç¥ë
¨â¥£à «ë Z 1

0

k2n(s)ds:

�à®áâë¬¨ ¢ëç¨á«¥¨ï¬¨ ¨§ (17) ¯®«ãç ¥¬ 1
2

1R
0

k4(�)d� � "
1R
0

(k0(�))2d� + c5
"
. �á«¥¤áâ¢¨¥ â®£® ¦¥

§ ¬¥ç ¨ï ®â®á¨â¥«ì® !

!

Z 1

0
k2(�)d� � c6:

�®¡¨à ï ¯®«ãç¥ë¥ ®æ¥ª¨ á« £ ¥¬ëå ¯®á«¥¤¥£® ¢ëà ¦¥¨ï ¢ (16), ¨¬¥¥¬

(1� 2")kkk21;2 � c6 + kk00 + 1
2
k3 � !kk0;2kkk0;2:

�á¯®«ì§ãï "-¥à ¢¥áâ¢® �®è¨ ¨ ¥¯à¥àë¢®áâì ®¯¥à â®à  ¢«®¦¥¨ï ¤«ï á®®â¢¥âáâ¢ãîé¨å ¯à®-
áâà áâ¢, ¯®«ãç ¥¬

(1� 2")kkk21;2 � c6 +
1
2

�k'(s; t)k20;2
"

+ "kkk21;2
�
:

�à¨ ¤®áâ â®ç® ¬ «®¬ " ®âáî¤  á«¥¤ã¥â ¨áª®¬ ï ®æ¥ª  kkk21;2 � c7.

� áá¬®âà¨¬ á«¥¤ãîéãî á¨áâ¥¬ã ¨â¥£à «ìëå ãà ¢¥¨© ®â®á¨â¥«ì® äãªæ¨¨ k(s) ¨ ª®-
áâ â d; !:

k(s) = d+ +
Z s

0

Z �

1

[� 1
2
k3+(�) + !k(�) + '(�; t)]d� d�;

d =
Z 1

0

k(�)d� � � + d; ! =
Z 1

0

cos
�Z s

1

k(�)d�
�
ds+ !: (18)

�¤¥áì k+(�) | ¯®«®¦¨â¥«ì ï ç áâì äãªæ¨¨ k(�),   «®£¨ç® d+ = d, ¥á«¨ d � 0, ¨ ç¥ d+ = 0.1

�¥¬¬  6. �ãáâì (k(s); d; !)| à¥è¥¨¥ ãà ¢¥¨© (18) ¢ ¯à®áâà áâ¢¥ X = C[0; 1]�E1�E1

(E1 | ®¤®¬¥à®¥ ¥¢ª«¨¤®¢® ¯à®áâà áâ¢®), â®£¤  k(s) ¥áâì ¥®âà¨æ â¥«ì®¥ à¥è¥¨¥ § ¤ ç¨
(6), (7).

�®ª § â¥«ìáâ¢®. �¢ ¦¤ë ¤¨ää¥à¥æ¨àãï ¯¥à¢®¥ ãà ¢¥¨¥ á¨áâ¥¬ë (18), ¯®«ãç ¥¬

k00(s) +
1
2
k3+(s)� !k(s) = '(s; t): (19)

�®¬¨¬® íâ®£®, ¨§ (18) á«¥¤ã¥â, çâ® k(0) = d+ � 0, k0(1) = 0. �¬®¦¥¨¥ (19) áª «ïà® ¢ ¯à®-
áâà áâ¢¥ L2(0; 1)   äãªæ¨î k�(s) (®âà¨æ â¥«ìãî ç áâì k(s)) ¯à¨¢®¤¨â ª à ¢¥áâ¢ ¬

(k0(s)k�(s))
��1
0
�
Z 1

0

k0(s)k0�(s)ds� !

Z 1

0

k(s)k�(s)ds =
Z 1

0

'(s; t)k�(s)ds;Z 1

0

(k0�(s))
2ds+ !

Z 1

0

(k�(s))2ds =
Z 1

0

'(s; t)k�(s)ds:

1�¥à¥å®¤ ®â äãªæ¨¨ k(�) ª k+(�) ¯®¤áª §  �.�.� ãâ®¢ë¬.
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�¥¢ ï ç áâì ¯®á«¥¤¥£® à ¢¥áâ¢  ¥®âà¨æ â¥«ì , ¯à ¢ ï á®£« á® ¯à¥¤¯®«®¦¥¨ï¬   äãª-

æ¨î ' | ¥¯®«®¦¨â¥«ì . �«¥¤®¢ â¥«ì®,
1R
0

(k0�(s))
2ds = 0, ¯®íâ®¬ã k�(s) = 0.

�¯¥à â®à At, ®¯à¥¤¥«ï¥¬ë© ¯à ¢®© ç áâìî (18), ¢ ¯à®áâà áâ¢¥ X ¢¯®«¥ ¥¯à¥àë¢¥. �®-
£« á® «¥¬¬¥ 5  ©¤¥âáï ®âªàëâë© è à BR(�) à ¤¨ãá  R á æ¥âà®¬ ¢ ã«¥¢®© â®çª¥ � ¯à®áâà -
áâ¢  X, ¢¥ ª®â®à®£® à¥è¥¨ï ãà ¢¥¨ï (18) ®âáãâáâ¢ãîâ.

�¥¬¬  7. �à ¢¥¨¥ (6) ¯à¨ ãá«®¢¨ïå (3), (4), ¥á«¨ f(s) � 0, ¨¬¥¥â ¥¤¨áâ¢¥®¥ ¯®«®-

¦¨â¥«ì®¥ à¥è¥¨¥ k(s) � �, ! = �3=2; ¨ ®¯¥à â®à 1 � A0 ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨

(�; �; �3=2) ¢§ ¨¬® ®¤®§ ç¥.

�®ª § â¥«ìáâ¢®. �¨ªá¨àã¥¬ ¥ª®â®à®¥ ¯®«®¦¨â¥«ì®¥ à¥è¥¨¥ k(s) § ¤ ç¨ (6), (3), (4)
¯à¨ f(s) � 0. �«ï ¥£® ¯à®¨§¢®¤®© ¨§ (6) ¯®«ãç ¥¬ ¯à¥¤áâ ¢«¥¨¥

4(k0(s))2 = �k4(s) + 4!k2(s) + á0: (20)

�¥ â¥àïï ®¡é®áâ¨ à ááã¦¤¥¨©, ¬®¦¥¬ áç¨â âì, çâ® ¢ â®çª¥ s = 0 äãªæ¨ï k(s) ¯à¨¨¬ ¥â
á¢®¥  ¨¡®«ìè¥¥ § ç¥¨¥ M . �®íâ®¬ã c0 = M 2(M 2 � 4!). �àã£®¥ ¢ëà ¦¥¨¥ ¤«ï c0 ¯®«ãç¨¬,
¯à¨¢«¥ª ï ¢â®àãî ¯à®¨§¢®¤ãî k(s),

c0 = 4(k0(s))2 + k4(s)� 4!k2(s) = 4(k0(s))2 � 2k(s)k00(s)� 2!k2(s) = 6(k0(s))2 � (k2(s))
00 � 2!k2(s):

�ãé¥áâ¢ã¥â â®çª  �, £¤¥ äãªæ¨¨ k2(s) ¨ k(s) ¯à¨¨¬ îâ ¬¨¨¬ «ìë¥ § ç¥¨ï. �®á¯®«ì-
§ã¥¬áï íâ¨¬ ¤«ï ®æ¥ª¨ ¯®áâ®ï®© c0

! =
1
4�

Z 1

�1
k3(�)d� > 0; c0 = �(k2(�))00�� � 2!k2(�) < 0:

�«¥¤®¢ â¥«ì®, 4! �M 2 = m2 ¤«ï ¥ª®â®à®£® m, ¨ ¤«ï ¯à®¨§¢®¤®© ¢ (20) ¬®¦¥¬  ¯¨á âì
®¢®¥ ¢ëà ¦¥¨¥:

4(k0(s))2 = �k4(s) +M 4 + 4!k2(s)� 4!M 2 = (�k2(s) +M 2)(�m2 + k2(s)): (21)

Oâáî¤  ¢¨¤®, çâ® M 2 � k2(s) � m2, 4! � M 2 � 2!,   íªáâà¥¬ «ìë¥ § ç¥¨ï k(s) áãâì M ¨
m.

�à¥¤¯®«®¦¨¬, çâ®M 6= m,   sM ¨ sm | ¯®á«¥¤®¢ â¥«ìë¥ § ç¥¨ï s, ¢ ª®â®àëå k(sM ) =M ,
k(sm) = m; ¬®¦¥¬ áç¨â âì, çâ® sm < sM . � ç¥¨¥ k(s), s 2 [sm; sM ], ¢å®¤¨â ¢ á«¥¤ãîé¥¥
à ¢¥áâ¢®: Z s

sm

ds =
Z k(s)

m

2dxp
(M 2 � x2)(x2 �m2)

: (22)

�¤¥áì ¬ë ¢®á¯®«ì§®¢ «¨áì § ¬¥®© ¯¥à¥¬¥®© x = k(s) ¨ ä®à¬ã«®© (21). �§ (22) á«¥¤ã¥â, çâ®
k(s) | ¯¥à¨®¤¨ç¥áª ï äãªæ¨ï á ¯¥à¨®¤®¬ 2(sM � sm); ¯ãáâì n | æ¥«®¥ ç¨á«® ¯¥à¨®¤®¢  

¨â¥à¢ «¥ [0; 2]: n = 1=(sM � sm). �æ¥¨¬ â¥¯¥àì ¨â¥£à «
sMR
sm

k(s)ds á ¯®¬®éìî â®© ¦¥ á ¬®©

§ ¬¥ë
�

n
=
Z sM

sm

k(s)ds =
Z M

m

2xdxp
(M 2 � x2)(x2 �m2)

:

�®áª®«ìªã ¯®á«¥¤¨© ¨â¥£à « à ¢¥ �, ®âáî¤  ¯®«ãç ¥¬ n = 1. �® ¯® â¥®à¥¬¥ ® ç¥âëà¥å ¢¥à-
è¨ å ([2], á. 60{62) § ¬ªãâ ï ¢ë¯ãª« ï ªà¨¢ ï á ¥¯à¥àë¢® ¬¥ïîé¥©áï ª á â¥«ì®© ¨¬¥¥â,
ª ª ¬¨¨¬ã¬, ç¥âëà¥ â®çª¨ á íªáâà¥¬ «ìë¬¨ § ç¥¨ï¬¨ k(s). �®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ¯®-
ª §ë¢ ¥â, çâ® m = M , ¨ à¥è¥¨¥ k(s) à ¢® ¯®áâ®ï®©, ª®â®àãî «¥£ª®  å®¤¨¬ ¯®¤áâ ®¢ª®©
¢ ãà ¢¥¨¥ (6).

�«¥¬¥â àë¬¨ ¢ëª« ¤ª ¬¨ ¯à®¢¥àï¥âáï, çâ® ¥¤¨¨æ  ¥ ¥áâì á®¡áâ¢¥®¥ ç¨á«® ¯à®¨§-
¢®¤®© �à¥è¥ ®¯¥à â®à  A0 ¢ â®çª¥ P = (�; �; �3=2). �â® ®¡¥á¯¥ç¨¢ ¥â «®ª «ìãî ¢§ ¨¬ãî
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®¤®§ ç®áâì ®â®¡à ¦¥¨ï 1 � A0 ¢ ®ªà¥áâ®áâ¨ íâ®© â®çª¨. �¥©áâ¢¨â¥«ì®, ®¡®§ ç¨¬ ¢®§-
¬ãé¥¨¥ â®çª¨ P = (k0(s); d0; !0) ç¥à¥§ h1(s), h2, h3. �¢¨¤ã ¯®«®¦¨â¥«ì®áâ¨ ª®¬¯®¥â â®çª¨
P ¨ ¬ «®áâ¨ ¢®§¬ãé¥¨© (d0 + h2)+ � d0+ = h2, (k0 + h1)3+ � (k0+)3 = (k0 + h1)3 � k30. �âáî¤ 
«¥£ª®  å®¤¨¬, çâ® à ¢¥áâ¢® A00(P )h = h, £¤¥ h = (h1(s); h2; h3) 2 X, ¯à¥¤áâ ¢«ï¥âáï á¨áâ¥¬®©
ãà ¢¥¨©

h2 +
Z s

0

Z �

1

�
�2

2
(� � 3)h1(�) + �h3

�
d� d� = h1(s);

h2 +
Z 1

0

h1(�)d� = h2; h3 �
Z 1

0

�
sin(�s)

Z s

1

h1(�)d�
�
ds = h3: (23)

�«ï à¥è¥¨ï h1(s) ¨¬¥¥¬ ãá«®¢¨ï (á«¥¤ãîé¨¥ ¨§ ¢â®à®£® ¨ âà¥âì¥£® ãà ¢¥¨© (23))

Z 1

0
h1(s)ds = 0;

Z 1

0
cos(�s)h1(s) = 0: (24)

�®ª ¦¥¬ â ª¦¥, çâ® h01(0) = 0, h01(1) = 0. �â®à®¥ à ¢¥áâ¢® ¥¬¥¤«¥® á«¥¤ã¥â ¨§ ¯¥à¢®£®
ãà ¢¥¨ï (23). �«ï ¯®«ãç¥¨ï ¤àã£®£® à ¢¥áâ¢  ¯¥à¢®¥ ãà ¢¥¨¥ (23) ¤¢ ¦¤ë ¯à®¤¨ää¥-
à¥æ¨àã¥¬ ¯® s

h001(s)� �2h1(s) = �h3; �2 =
�2

2
(� � 3): (25)

�¬®¦¨¬ íâ® à ¢¥áâ¢®   cos(�s) ¨ ¯à®¨â¥£à¨àã¥¬ ¯® ®¡« áâ¨ (0; 1)

Z 1

0

h001(s) cos(�s)ds = 0:

�®á«¥¤ãîé¨¥ ¯à¥®¡à §®¢ ¨ï ¤ îâ

cos(�s)h01(s)
��1
0
+ �

Z 1

0

h01(s) sin(�s)ds =

= �h01(0) + � sin(�s)h1(s)
��1
0
� �2

Z 1

0

h1(s) cos(�s)ds = �h01(0) = 0:

�â¥£à¨àãï ¢®¢ì ãà ¢¥¨¥ (25) ¯® (0; 1), ¯®«ãç ¥¬ h3 = 0.
�¡é¥¥ à¥è¥¨¥ ¤«ï ®¤®à®¤®£® ãà ¢¥¨ï (25) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ h1(s) = c1e

�s + c2e
��s.

�®áâ âë c1, c2 ¢ëç¨á«ïîâáï ¨§ ãá«®¢¨© (24):

c1(e
� � 1)� c2(e�� � 1) = 0; c1(e

� + 1)� c2(e�� + 1) = 0:

�¯à¥¤¥«¨â¥«ì íâ®© á¨áâ¥¬ë ®â«¨ç¥ ®â ã«ï. �®íâ®¬ã c1 = c2 = 0, h1(s) � 0. �§ ¯¥à¢®£®
ãà ¢¥¨ï (23) á«¥¤ã¥â â¥¯¥àì, çâ® h2 = 0. � ª¨¬ ®¡à §®¬, ãâ¢¥à¦¤¥¨¥ ® ¯à®¨§¢®¤®© �à¥è¥,
  ¢¬¥áâ¥ á â¥¬ ¨ «¥¬¬ , ¤®ª § ë.

�¤®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¢¯®«¥ ¥¯à¥àë¢ëå ®¯¥à â®à®¢ At ¯à¥®¡à §®¢ ¨ï ¡  -
å®¢  ¯à®áâà áâ¢  X ¢ á¥¡ï, 0 � t � 1, à ¢®áâ¥¯¥® ¥¯à¥àë¢® ¯® t   è à¥ BR(�), ¥ ¨¬¥¥â
  £à ¨æ¥ íâ®£® è à  ¥¯®¤¢¨¦ëå â®ç¥ª,   ¢à é¥¨¥ ¢¥ªâ®à®£® ¯®«ï 1�A0   @BR(�) à ¢®
¥¤¨¨æ¥, ª ª á«¥¤ã¥â ¨§ «¥¬¬ë 7. �«¥¤®¢ â¥«ì®, ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë �¥à¥{� ã¤¥à 
([6], á. 128{145), ¨ ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  2. �ãáâì f(s) � 0, f 2 C1[0; 1]. �®£¤  § ¤ ç  (6), (7) ¨¬¥¥â ¥®âà¨æ â¥«ì®¥

à¥è¥¨¥.

95



�¨â¥à âãà 

1. � «¨¬®¢ �.�. �á®¢ë ¥«¨¥©®© â¥®à¨¨ â®ª¨å ®¡®«®ç¥ª. { � § ì: �§¤-¢® � § áª. ã-â ,
1975. { 326 á.

2. � ¤¦¨¡ åè �. �®à¬ë ¨§£¨¡  ã¯àã£¨å ª®«¥æ // � ª. \�¥®à¨ï ¢¥â¢«¥¨ï ¨ ¥«¨¥©ë¥ § ¤ ç¨
  á®¡áâ¢¥ë¥ § ç¥¨ï". { �.: �¨à, 1974. { �. 46{62.

3. �£«®¬ �.�., �®«âïáª¨© �.�. �ë¯ãª«ë¥ ä¨£ãàë. { �.{�.: ������, 1951. { 344 á.
4. �« ¡ãª®¢  �.�., �è¥¨ç®¢ �.�. �¥è¥¨¥ ªà ¥¢ëå § ¤ ç ¬®¬¥âëå á¥âç âëå ®¡®«®ç¥ª

¢à é¥¨ï ª ª ¡¥§¬®¬¥âëå á ¯®¯à ¢ ¬¨ â¨¯  ¯®£à á«®ï //�ãà. ¢ëç¨á«. ¬ â¥¬. ¨ ¬ â¥¬.
ä¨§. { 1995. { T. 35. { ò12. { �. 1854{1871.

5. � à¤¨ �.�., �¨â«ì¢ã¤ �.�., �®«¨  �. �¥à ¢¥áâ¢ . { �.: �. «¨â., 1948. { 456 á.
6. �à á®á¥«ìáª¨© �.�. �®¯®«®£¨ç¥áª¨¥ ¬¥â®¤ë ¢ â¥®à¨¨ ¥«¨¥©ëå ¨â¥£à «ìëå ãà ¢¥-

¨©. { �.: �����, 1956. { 392 á.

� § áª¨© £®áã¤ àáâ¢¥ë© ã¨¢¥àá¨â¥â �®áâã¯¨« 

22.11.1999

96


