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� ¤ ­­®© à ¡®â¥ ¤®ª § ­ë ¯àï¬ë¥ â¥®à¥¬ë ¤«ï ¯à¨¡«¨¦¥­¨ï äã­ªæ¨© ¬­®£¨å ¯¥à¥¬¥­­ëå
\ã£«®¬" ¨ \¯àï¬®ã£®«ì­¨ª®¬" ¨§  «£¥¡à ¨ç¥áª¨å ¯®«¨­®¬®¢ ¨ ®¡à â­ ï â¥®à¥¬  ¤«ï ¯à¨¡«¨-
¦¥­¨ï \ã£«®¬". �®®â¢¥âáâ¢ãîé¨¥ à¥§ã«ìâ âë ¤«ï äã­ªæ¨© ®¤­®© ¯¥à¥¬¥­­®© ¡ë«¨ ¯®«ãç¥­ë
à ­¥¥ ¢ à ¡®â å [1] ¨ [2],   ¤«ï ¯à¨¡«¨¦¥­¨ï \ã£«®¬" ¢ ¬¥âà¨ª¥ L2 | ¢ [3].

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï. �ãáâì �(x) = exp
�� 1

2

nP
i=1

x2i
�
| ¢¥á®¢ ï äã­ªæ¨ï, Lp;�(RN ) | ¬­®¦¥áâ¢®

¨§¬¥à¨¬ëå ¯® �¥¡¥£ã äã­ªæ¨© N ¯¥à¥¬¥­­ëå f(x1; : : : ; xN) á ª®­¥ç­®© ­®à¬®©

kfkp;� =

8>>><
>>>:

�Z
RN

jf(x)�(x)jpdx
�1=p

¯à¨ 1 � p <1;

ess sup
x2RN

jf(x)�(x)j ¯à¨ p =1:

�¯à¥¤¥«¨¬ ®¯¥à â®à ®¡®¡é¥­­®£® á¤¢¨£  ¯® i-© ¯¥à¥¬¥­­®©

T i
hf(x1; : : : ; xN) =

1p
�

Z 1

�1
f(x1; : : : ; xi�1; u; xi+1; : : : ; xN) exp(�y2)dy;

£¤¥ u = e�h(xi + y
p
e2h � 1). �¢¥¤¥¬ ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à Di = 1

2
@2

@x2
i

� xi
@
@xi

. �â®â ®¯¥-

à â®à § ¤ ­ ­  ª« áá¥ �p(Di) äã­ªæ¨© f 2 Lp;�(Rn), ¤«ï ª®â®àëå áãé¥áâ¢ã¥â äã­ªæ¨ï g, íª¢¨-
¢ «¥­â­ ï f ¨ â ª ï, çâ® ¯à¨ ¯®çâ¨ ¢á¥å (x1; : : : ; xi�1; xi+1; : : : ; xN) áãé¥áâ¢ã¥â

@g
@xi

,  ¡á®«îâ­®

­¥¯à¥àë¢­ ï ¯® xi ­  «î¡®¬ ª®­¥ç­®¬ ®âà¥§ª¥ ¨ ¯à¨ íâ®¬ @2g
@x2

i

; xi
@g
@xi

2 Lp;�. �¡®§­ ç¨¬

�p(D
ri
i ) = ff 2 �p(Di) j Dif 2 �p(D

ri�1
i )g; �p(D

r1:::rk
i1:::ik ) = ff 2 �p(D

rk
ik ) j Drk

ik f 2 �p(D
r1:::rk�1
i1:::ik�1 )g:

�¯à¥¤¥«¨¬ ®¡®¡é¥­­ë© ¬®¤ã«ì £« ¤ª®áâ¨


r1:::rk
i1:::ik (f; �1; : : : ; �k)p;� = sup

jhjj��j ; j=1�k

k(I � T i1
h1
)r1 � : : : � (I � T ik

hk
)rkfkp;�;

£¤¥ I { â®¦¤¥áâ¢¥­­ë© ®¯¥à â®à. �ãáâì K-äã­ªæ¨®­ «

Kr1:::rk
i1:::ik (f; �1; : : : ; �k)p;� = inf

gl1:::lj2�p(D
r1:::rk
il1

:::ilj

)
fkf � b�gl1:::ljkp;� + b��rl1l1 � � � �rljlj kD

rl1
il1

: : : d
rlj
ilj
gl1:::ljkp;�g;

£¤¥ b� ®¡®§­ ç ¥â
kP

j=1

P
1�l1<l2<���<lj�k

. �ãáâì A � cB, £¤¥ c | ¯®áâ®ï­­ ï, § ¢¨áïé ï, ¡ëâì ¬®¦¥â,

®â p, N , k, ri, ¥á«¨ íâ¨ ¯ à ¬¥âàë ¢å®¤ïâ ¢ A ¨«¨ B, ¨ ­¥ § ¢¨áïé ï ®â ¤àã£¨å ¯ à ¬¥âà®¢,
¢å®¤ïé¨å ¢ ¢ëà ¦¥­¨ï A ¨ B. � íâ®¬ á«ãç ¥ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®§­ ç¥­¨¥ A � B ¨ £®¢®à¨âì,
çâ® A ­¥ ¯à¥¢®áå®¤¨â B á ª®­áâ ­â®©.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(£à ­â ò97-01-00010).

3



�¥®à¥¬  1. �ãáâì 1 � p � 1, f 2 Lp;�, 1 � i1 < � � � < ik � N , �j 2 (0; 1), â®£¤  ¢ë¯®«­¥­ë
­¥à ¢¥­áâ¢ 

Kr1:::rk
i1:::ik

(f; �1; : : : ; �k)p;� � 
r1:::rk
i1:::ik

(f; �1; : : : ; �k)p;� � Kr1:::rk
i1:::ik

(f; �1; : : : ; �k)p;�:

�ãáâì Pi1:::ik
n1:::nk

=
n
P =

n1�1P
l1=0

� � �
nk�1P
lk=0

cl1:::lkx
l1
i1 : : : x

lk
ik

o
, £¤¥ cl1:::lk ­¥ § ¢¨áïâ ®â xi1 ; : : : ; xik ¨ ¯à¨-

­ ¤«¥¦ â Lp;�(RN�k ) ª ª äã­ªæ¨¨ ®â ®áâ «ì­ëå N � k ¯¥à¥¬¥­­ëå. �ã¤¥¬ ®¡®§­ ç âì

Ai1:::ik
n1:::nk

=
�
A =

kX
l=1

P il
nl
; £¤¥ P il

nl
2 Pil

nl

�
:

�¥«¨ç¨­  Ei1:::ik
n1:::nk

(f)p;� = inf
P2P

i1:::ik
n1:::nk

kf � Pkp;� ­ §ë¢ ¥âáï ­ ¨«ãçè¨¬ ¯à¨¡«¨¦¥­¨¥¬ \¯àï-

¬®ã£®«ì­¨ª®¬",   ¢¥«¨ç¨­  Y i1:::ik
n1:::nk

(f)p;� = inf
A2A

i1:::ik
n1:::nk

kf � Akp;� | ­ ¨«ãçè¨¬ ¯à¨¡«¨¦¥­¨¥¬

\ã£«®¬" ¯® ¯¥à¥¬¥­­ë¬ xi1 ; : : : ; xik .

�¥®à¥¬  2. �ãáâì 1 � i1 < � � � < ik � N , 1 � p � 1, f 2 Lp;�(RN ). �®£¤ 

Ei1:::ik
n1:::nk

(f)p;� �
kX

j=1


rj
ij

�
f;

1
nj

�
p;�

:

�¥®à¥¬  3. �ãáâì 1 � i1 < � � � < ik � N , 1 � p � 1, f 2 Lp;�(RN ). �®£¤ 

Y i1:::ik
n1:::nk

(f)p;� � 
r1:::rk
i1:::ik

�
f;

1
n1

; : : : ;
1
nk

�
p;�

:

�¥®à¥¬  4. �ãáâì 1 � i1 < � � � < ik � N , 1 � p � 1, f 2 Lp;�(RN ). �®£¤ 


r1:::rk
i1:::ik

�
f;

1
n1

; : : : ;
1
nk

�
p;�

� 1
nr11 : : : nrkk

n1X
s1=1

� � �
nkX
sk=1

sr1�1
1 : : : srk�1

k Y i1:::ik
s1:::sk

(f)p;�:

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �«ï ¤®ª § â¥«ìáâ¢  ¯®âà¥¡ãîâáï á«¥¤ãîé¨¥ «¥¬¬ë.

�¥¬¬  1. �ãáâì h 2 (0; 1). �®£¤  T i
h | ®£à ­¨ç¥­­ë© ®¯¥à â®à, â. ¥. kT i

hfkp;� � kfkp;� ¯à¨
f 2 Lp;�.

�¥¬¬  2. �«ï «î¡®© f 2 Lp;� áãé¥áâ¢ã¥â gi 2 �p(Di) â ª ï, çâ® Digi = f � ci, £¤¥ ci =
ci(x1; : : : ; xi�1; xi+1; : : : ; xN) 2 Lp;�(RN�1).

�¥¬¬  3. �ãáâì gi 2 �p(Di). �®£¤ 

(T i
h � I)gi =

Z h

0
T i
'Digid':

�¥¬¬  4. �à¨ h1; h2 > 0, h1 + h2 < 1 á¯à ¢¥¤«¨¢® £àã¯¯®¢®¥ á¢®©áâ¢®

T i
h1
T i
h2
= T i

h1+h2
:

�¥¬¬  5. �ãáâì f 2 �p(Dr
i ), h 2 (0; 1). �®£¤ 

(T i
h � I)rf = hr

Z r

0

�k(s)T
i
hsD

r
i f ds;

£¤¥ �r(s) =
rP

u=0
(�1)r+1Cu

r

(u�s)r�1
+

(r�1)!
| ï¤à® �¥ ­®, (a)+ = maxfa; 0g.
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�¥¬¬  6. �ãáâì f 2 Lp;�, h 2 (0; 1). �®£¤  äã­ªæ¨ï gr =
rR
0

�r(s)T i
hsf ds ¯à¨­ ¤«¥¦¨â

�p(Dr
i ), ¨ ¯à¨ íâ®¬

Dr
i gr =

1
hk
(T i

h � I)kf:

�¥¬¬  7. �ãáâì 1 � i1 < � � � < ik � N . �®£¤  ¤«ï «î¡®© f 2 �p(D
r1:::rk
i1:::ik

) ¢ë¯®«­¥­® ­¥à ¢¥­-
áâ¢®


r1:::rk
i1:::ik

(f ; �)p;� � �r1i1 : : : �
rk
ik
kDr1

1
: : : Drk

il
fkp;�:

�¥¬¬ë 1{7 ¯®§¢®«ïîâ ¤®ª § âì â¥®à¥¬ã 1. �«ï ­ £«ï¤­®áâ¨ â¥®à¥¬  ¡ã¤¥â ¤®ª § ­  ¢ á«ãç ¥
N = k = 2. �®ª ¦¥¬ «¥¢®¥ ­¥à ¢¥­áâ¢®. �§ ®¡®¡é¥­­®£® ­¥à ¢¥­áâ¢  âà¥ã£®«ì­¨ª  ¤«ï ¬®¤ã«¥©
£« ¤ª®áâ¨ ¨¬¥¥¬


r1r2
p;� (f ; �1�2) � 
r1r2

p;� (f � g1 � g2 � g12; �1�2) + 
r1r2
p;� (g1; �1�2) + 
r1r2

p;� (g2; �1�2) + 
r1r2
p;� (g12; �1�2)

¤«ï ¯à®¨§¢®«ì­ëå

g1 2 �p(Dr1
1 ); g2 2 �p(Dr2

2 ); g12 2 �p(Dr1r2
12 ): (1)

�æ¥­¨¬ ¯¥à¢®¥ á« £ ¥¬®¥ ¯® «¥¬¬¥ 1 ª ª kf � g1 � g2 � g12kp;�,   ®áâ «ì­ë¥ | ¯® «¥¬¬¥ 7.
�®«ãç¨¬


r1r2
p;� (f ; �1�2) � kf � g1 � g2 � g12kp;� + �r11 kDr1

1 g1kp;� + �r22 kDr2
2 g2kp;� + �r11 �

r2
2 kDr1

1 D
r2
2 kp;�:

�§ï¢ â®ç­ãî ­¨¦­îî £à ­ì ®â ¯à ¢®© ç áâ¨ ¯® ¢á¥¬ g1, g2, g12, ã¤®¢«¥â¢®àïîé¨¬ (1), ¯®«ãç¨¬
®¯à¥¤¥«¥­¨¥ K-äã­ªæ¨®­ « , çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.

�®ª ¦¥¬ ¯à ¢®¥ ­¥à ¢¥­áâ¢®. � áá¬®âà¨¬ äã­ªæ¨¨ ¢¨¤ 

g1 =
Z r1

0

Z r2

0

�r1(t1)�r2(t2)
�
I � (I � T 1

�1t1
r1

)r1
�
(I � T 2

�2t2
r2

)r2f dt1dt2;

g2 =
Z r1

0

Z r2

0

�r1(t1)�r2(t2)
�
I � (I � T 2

�2t2
r2

)r2
�
(I � T 1

�1t1
r1

)r1f dt1dt2;

g12 =
Z r1

0

Z r2

0
�r1(t1)�r2(t2)

�
I � (I � T 1

�1t1
r1

)r1
�
(I � (I � T 2

�2t2
r2

)r2)f dt1dt2;

£¤¥ �r(t) | ï¤à® �¥ ­®. �á¯®«ì§ãï â®â ä ªâ, çâ®
rR
0

�r(t)dt = 1 ([4], c. 15{16), ¯®«ãç¨¬

f � g1 � g2 � g12 =
Z r1

0

Z r2

0

�r1(t1)�r2(t2)
�
I � T 1

�1t1
r1

�r1�
I � T 2

�2t2
r2

�r2
f dt1dt2:

�âáî¤ , ¯à¨¬¥­¨¢ ®¡®¡é¥­­®¥ ­¥à ¢¥­áâ¢® âà¥ã£®«ì­¨ª  ¨ ¯®«ì§ãïáì ¤®ª § ­­®© ¢ [4] ­¥®âà¨-
æ â¥«ì­®áâìî ï¤à  �¥ ­®, ¯®«ãç¨¬

kf � g1 � g2 � g12kp;� � 
r1r2
p;� (f ; �1�2):

�¥¯¥àì ®æ¥­¨¬ kDr1
1 g1kp;� (¯® «¥¬¬¥ 6 g1 2 �p(D

r1
1 )). �à¨¬¥­¨¢ «¥¬¬ã 6 á h = s1�1=r1,

¯®«ãç¨¬

Dr1
1 g1 =

1
�r11

r1X
s1=1

(�1)r1+s1+1Cs1
r1

�
r1
s1

�r1 Z r2

0

�
I � T 1

�1s1
r1

�r1�
I � T 2

�2t2
r2

�r2
f dt2:

�æ¥­¨¢ ï ­®à¬ã íâ®£® ¢ëà ¦¥­¨ï ¯® ®¡®¡é¥­­®¬ã ­¥à ¢¥­áâ¢ã �¨­ª®¢áª®£® ¨ ¤®¬­®¦ ï ­ 
�r11 , ãáâ ­®¢¨¬, çâ®

�r11 kDr1
1 g1kp;� � 
r1r2

p;� (f ; �1�2):

�à®¢®¤ï  ­ «®£¨ç­ë¥ ¢ëª« ¤ª¨ ¤«ï g2, ¯®«ãç¨¬

�r22 kDr2
2 g2kp;� � 
r1r2

p;� (f ; �1�2):
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�æ¥­¨¬ â¥¯¥àì kDr1
1 D

r2
2 g12kp;�. �à¨¬¥­ïï ¤¢ ¦¤ë «¥¬¬ã 6 (á­ ç «  á h = s1�1=r1,   ¯®â®¬ á

h = s2�2=r2), ¨¬¥¥¬

Dr1
1 D

r2
2 g12 =

1
�r11 �

r2
2

r1X
s1=1

r2X
s2=1

a(r1; r2; s1; s2)
�
I � T 1

�1s1
r1

�r1�
I � T 2

�2s2
r2

�r2
f;

£¤¥ a(r1; r2; s1; s2) | ª®íää¨æ¨¥­âë, ­¥ § ¢¨áïé¨¥ ®â f ¨ �i. �¬­®¦ ï ­  �
r1
1 �

r2
2 ¨ ®æ¥­¨¢ ï ­®à¬ã

¯® ®¡®¡é¥­­®¬ã ­¥à ¢¥­áâ¢ã âà¥ã£®«ì­¨ª , ¯®«ãç ¥¬

�r11 �
r2
2 kDr1

1 D
r2
2 g12kp;� � 
r1r2

p;� (f ; �1�2):

� ª¨¬ ®¡à §®¬,

kf � g1 � g2 � g12kp;� + �r11 kDr1
1 g1kp;� + �r22 kDr2

2 g2kp;� + �r11 �
r2
2 kDr1

1 D
r2
2 g12kp;� � 
r1r2

p;� (f ; �1�2):

�á«¨ íâ  ®æ¥­ª  ¢¥à­  ¤«ï ª®­ªà¥â­ëå g1, g2, g12, â® ¤«ï ­¨¦­¥© £à ­¨ ¢ëà ¦¥­¨ï ®­  â¥¬ ¡®«¥¥
¢ë¯®«­¥­ . �«¥¤®¢ â¥«ì­®, ¨§ ®¯à¥¤¥«¥­¨ï K-äã­ªæ¨®­ «  ¢ëâ¥ª ¥â ¯à ¢®¥ ­¥à ¢¥­áâ¢®. �

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ 2, 3 ¯®âà¥¡ãîâáï «¥¬¬ë 8{13.

�¥¬¬  8. �ãáâì 1 � i1 < � � � < ik � N . �á«¨ P 2 Pi1:::ik
n1:::nk

, â® ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

kDr1
i1 : : : D

rk
ik Pkp;� � nr11 : : : nrkk kPkp;�:

�ãáâì V i
mf | áà¥¤­¨¥ � ««¥-�ãáá¥­  àï¤  �ãàì¥{�à¬¨â  äã­ªæ¨¨ f ¯® ¯¥à¥¬¥­­®© xi ¨

�inf = V i
[n=2]f .

�¥¬¬  9. �ãáâì f 2 Lp;�. �®£¤  k�infkp;� � kfkp;�.
�¥¬¬  10. �á«¨ f 2 Lp;�, â® �

i
nf 2 Pi

n.

�¥¬¬  11. �á«¨ f 2 �p(Di), â®

k�inf � fkp;� � 1
n
kDifkp;�:

�¥¬¬  12. �ãáâì 1 � i1 < � � � < ik � N ¨ ¯ãáâì P 2 Pn1:::nk
i1:::ik , â. ¥.

P =
n1�1X
s1=0

: : :
nk�1X
sk=0

cs1:::skx
s1
i1 : : : x

sk
ik ; cs1:::sk 2 Lp;�(R

N�k ):

�®£¤  
r1:::rk
i1:::ik

(P ; �) � (n1�1)r1 � � � (nk�k)rkkPkp;�.
�¥¬¬  13. �«ï «î¡®© f 2 Lp;� ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

k(I � �1
2n)(I � �2

2m)fkp;� � Ynm(f)p;�:

�¥®à¥¬ë 2, 3 ¡ã¤ãâ ¤®ª § ­ë ¢ á«ãç ¥ N = k = 2.
�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. � áá¬®âà¨¬ Pn1n2(f) = (I�(I��1

n1
)r1)(I�(I��2

n2
)r2). �® «¥¬¬¥

10 Pn1n2 2 P12
n1n2

. �«¥¤®¢ â¥«ì­®, E12
n1n2

(f)p;� � kf � Pn1n2kp;�. �® ­¥à ¢¥­áâ¢ã âà¥ã£®«ì­¨ª 
kf � Pn1n2kp;� � k(I � �1

n1
)r1fkp;� + k(I � (I � �2

n2
)r2)fkp;� + k(I � (I � �1

n1
)r1)(I � (I � �2

n2
)r2)fkp;�;

  íâ® ¯® «¥¬¬¥ 9 ­¥ ¯à¥¢®áå®¤¨â á ª®­áâ ­â®© ¢¥«¨ç¨­ë k(I��1
n1
)r1kp;�+k(I��2

n2
)r2fkp;�. �­ ç¨â,

En1n2(f) � k(I � �1
n1
)r1fkp;� + k(I � �2

n2
)r2fkp;�: (2)

� áá¬®âà¨¬ ¯à®¨§¢®«ì­ãî g1 2 �p(D
r1
1 ). �®£¤ 

k(I � �1
n1
)r1fkp;� � k(I � �1

n1
)r1(f � g1)kp;� + k(I � �1

n1
)r1g1kp;�:

�æ¥­¨¢ ï ¯¥à¢®¥ á« £ ¥¬®¥ ¯® «¥¬¬¥ 9,   ¢â®à®¥ | ¯® «¥¬¬¥ 11, ¯®«ãç¨¬

k(I � �1
n1
)r1fkp;� � kf � g1kp;� + 1

nr11
kDr1

1 g1kp;�:
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�§ï¢ ¨­ä¨¬ã¬ ¯® ¢á¥¬ g1 2 �p(D
r1
1 ), ¯®«ãç¨¬

k(I � �1
n1
)r1fkp;� � Kr1

1 (f; 1=n)p;�:

�à¨¬¥­ïï â¥®à¥¬ã 1, ¨¬¥¥¬

k(I � �1
n1
)r1fkp;� � 
r1

1 (f; 1=n1)p;�:

�­ «®£¨ç­® ¤®ª §ë¢ ¥âáï, çâ® k(I��2
n2
)r2fkp;� � 
r2

2 (f; 1=n2)p;�. �®¤áâ ­®¢ª®© íâ¨å ®æ¥­®ª ¢ (2)
¨ § ¢¥àè ¥âáï ¤®ª § â¥«ìáâ¢®. �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. � áá¬®âà¨¬ An1n2 = f � Lf , £¤¥ L | ®¯¥à â®à ¢¨¤  Lf =
(I � �1

n1
)r1(I � �2

n2
)r2 . �®£« á­® «¥¬¬¥ 10 An1n2 2 A12

n1n2
. �«¥¤®¢ â¥«ì­®,

Y 12
n1n2

(f)p;� � kf �An1n2kp;� = kLfkp;�: (3)

�ë¡¥à¥¬ ¯à®¨§¢®«ì­ë¥ g1 2 �p(D
r1
1 ), g2 2 �p(D

r2
2 ), g12 2 �p(D

r1r2
12 ). �§ ­¥à ¢¥­áâ¢  âà¥ã£®«ì­¨ª 

¨¬¥¥¬
kLfkp;� � kL(f � g1 � g2 � g12)kp;� + kLg1kp;� + kLg2kp;� + kLg12kp;�:

�æ¥­¨¢ ï á« £ ¥¬ë¥ ¢ ¯à ¢®© ç áâ¨ ¯® «¥¬¬ ¬ 9 ¨ 11, ¯®«ãç¨¬

kLfkp;� � kf � g1 � g2 � g12kp;� + 1
nr11

kDr1
1 g1kp;� +

1
nr22

kDr2
2 g2kp;� +

1
nr11 n

r2
2

kDr1
1 D

r2
2 g12kp;�:

�§ï¢ ­¨¦­îî £à ­ì ¯à ¢®© ç áâ¨ ¯® ¢á¥¬ g1 2 �p(D
r1
1 ), g2 2 �p(D

r2
2 ), g12 2 �p(D

r1r2
12 ), ¯®«ãç¨¬

kLfkp;� � Kr1r2
12

�
f;

1
n1

;
1
n2

�
:

�® â¥®à¥¬¥ 1

kLfkp;� � 
r1r2
12

�
f;

1
n1

;
1
n2

�
:

�®¤áâ ¢¨¢ íâã ®æ¥­ªã ¢ (3), § ¢¥àè¨¬ ¤®ª § â¥«ìáâ¢®. �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 4. � áá¬®âà¨¬ ¢ëà ¦¥­¨¥

fI � �1
1gfI � �2

1gf =
�
I � �1

2L +
L�1X
l=0

(�1
2l+1 � �1

2l)
��

I � �2
2M +

M�1X
m=0

(�2
2m+1 � �2

2m)
�
f:

� áªàë¢ ï ä¨£ãà­ë¥ áª®¡ª¨, ¯®«ãç¨¬

f � �1
1 � �2

1 + �1
1�

2
1f =

L�1X
l=0

M�1X
m=0

(�1
2l+1 � �1

2l)(�
2
2m+1 � �2

2m)f +

+ (I � �2
2M )

L�1X
l=0

(�1
2l+1 � �1

2l)f + (I � �1
2L)

M�1X
m=0

(�2
2m+1 � �2

2m)f + (I � �1
2L)(I � �2

2M )f: (4)

�§ á¢®©áâ¢ ®¯¥à â®à  �jnj á«¥¤ã¥â, çâ® �
1
1f § ¢¨á¨â â®«ìª® ®â x, �

2
1f | â®«ìª® ®â y,   �1

1�
2
1f ¯®áâ®-

ï­­  ¯®çâ¨ ¢áî¤ã. �«¥¤®¢ â¥«ì­®, ®­¨ ­¥ ¢«¨ïîâ ­  ¢¥«¨ç¨­ã ®¡®¡é¥­­®£® ¬®¤ã«ï £« ¤ª®áâ¨.
� ª¨¬ ®¡à §®¬, ¤«ï â®£® çâ®¡ë ®æ¥­¨âì ¢¥«¨ç¨­ã 
r1r2

p;� (f ; �1�2), ¤®áâ â®ç­® ®æ¥­¨âì ¬®¤ã«¨
£« ¤ª®áâ¨ á« £ ¥¬ëå, áâ®ïé¨å ¢ ¯à ¢®© ç áâ¨ (4).

�¥à¢®¥ á« £ ¥¬®¥ ¥áâì áã¬¬  ¢ëà ¦¥­¨© ¢¨¤  f�1
2l+1 � �1

2lgf�2
2m+1 � �2

2mgf = f(I � �1
2l)� (I �

�1
2l+1)gf(I � �2

2m) � (I � �2
2m+1)gf . � áªàë¢ ï ä¨£ãà­ë¥ áª®¡ª¨ ¨ ¯à¨¬¥­ïï «¥¬¬ã 13, ­¥âàã¤­®

¯®«ãç¨âì ®æ¥­ªã
k(�1

2l+1 � �1
2l)(�

2
2m+1 � �2

2m)fkp;� � Y2l�12m�1(f)p;�:

�ëà ¦¥­¨¥, áâ®ïé¥¥ ¯®¤ §­ ª®¬ ­®à¬ë, ¥áâì ¯®«¨­®¬ áâ¥¯¥­¨ 2l+1 � 1 ¯® x ¨ 2m+1 � 1 ¯® y.
�«¥¤®¢ â¥«ì­®, ¯® «¥¬¬¥ 12 ¬®¦­® ®æ¥­¨âì ¢ëà ¦¥­¨¥


r1r2
p;� ((�

1
2l+1 � �1

2l)(�
2
2m+1 � �2

2m)f ; �1�2) � �r11 �
r2
2 2

lr1+mr2Y2l�12m�1(f)p;�: (5)

7



�â®à®¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ (4) ¥áâì áã¬¬  ¢ëà ¦¥­¨© ¢¨¤ 

(I � �2
2M )(�

1
2l+1 � �1

2l)f = (I � �2
2M )(I � �1

2l)f � (I � �2
2M )(I � �1

2l+1)f:

�à¨¬¥­¨¢ ª ­¨¬ «¥¬¬ã 12, ¯®«ãç¨¬


r1r2
p;� ((I � �2

2M )(�
1
2l+1 � �1

2l)f ; �1�2) � �r11 �
r2
2 2

lr1+Mr2Y2l�12M�1(f)p;�: (6)

�­ «®£¨ç­® ®æ¥­¨¢ îâáï ª®¬¯®­¥­âë âà¥âì¥£® á« £ ¥¬®£®


r1r2
p;� ((I � �1

2L)(�
1
2m+1 � �2

2m)f ; �1�2) � �r11 �
r2
2 2

Nr1+mr2Y2L�12m�1(f)p;�; (7)

  ç¥â¢¥àâ®¥ á« £ ¥¬®¥ ¯à®áâ® ®æ¥­¨¬ ¢¥«¨ç¨­®©


r1r2
p;� ((I � �1

2l)(I � �2
2M )f ; �1�2) � Y2L�12M�1(f)p;�: (8)

�§ï¢ ®¡®¡é¥­­ë© ¬®¤ã«ì £« ¤ª®áâ¨ ®â ®¡¥¨å ç áâ¥© (4) ¨ ¯®¤áâ ¢¨¢ ®æ¥­ª¨ (5){(8), ¯®«ãç¨¬


r1r2
p;� (f ; �1�2) � �r11 �

r2
2

� L�1X
l=0

M�1X
m=0

2r1l+r2mY2l�12m�1(f)p;� +

+
N�1X
l=0

2r1l+r2MY2l�12M�1(f)p;� +
M�1X
m=0

2r1L+r2mY2L�12m�1(f)p;�

�
+ Y2L�12M�1(f)p;�: (9)

�®¤áâ ¢¨¢ �1 = 2�L, �2 = 2�M ¢ (9), ¯®«ãç¨¬


r1r2
p;� (f ; �1�2) � 2�(r1l+r2M)

� L�1X
l=0

M�1X
m=0

2l(r1�1)2m(r2�1)2l+mY2l�12m�1(f)p;� +

+
L�1X
l=0

2(r1�1)l+r2M2lY2l�12M�1(f)p;� +

+
M�1X
m=0

2r1L+(r2�1)m2mY2L�12m�1(f)p;� + 2r1N+r2MY2L�12M�1(f)p;�

�
: (10)

�ç¥¢¨¤­®,
S�1P
s=0

2rs � Cr2rS. �«¥¤®¢ â¥«ì­®, § ¬¥­¨¢ ¢ ®æ¥­ª¥ (10) 2r1L ­ 
L�1P
l=0

2r1l ¨ 2r2M ­ 

M�1P
m=0

2r2m, ¯®«ãç¨¬


r1r2
p;� (f ; �1�2) �

� 2�(r1L+r2M)
L�1X
l=0

M�1X
m=0

2r1l+r2m[Y2l�12m�1(f)p;� + Y2l�12M�1(f)p;� + Y2L�12m�1(f)p;� + Y2L�12M�1(f)p;�]:

� ª ª ª Ymn ¥áâì ­¥¢®§à áâ îé ï äã­ªæ¨ï ¯®  à£ã¬¥­â ¬ m ¨ n, â® ¢ëà ¦¥­¨¥, áâ®ïé¥¥ ¢
ª¢ ¤à â­ëå áª®¡ª å, ­¥ ¯à¥¢®áå®¤¨â 4Y2l�12m�1(f)p;�. �«¥¤®¢ â¥«ì­®,


r1r1
p;� (f ; �1�2) � 2�(r1L+r2M)

L�1X
l=0

M�1X
m=0

2r1l+r2mY2l�12m�1(f)p;�: (11)

�­ «®£¨ç­® ¬®¦­® ¯®«ãç¨âì ®æ¥­ªã

2l+mY2l�12m�1(f)p;� �
2l�1X

s1=2l�2+1

2m�1X
s2=2m�2+1

Ys1s2(f)p;�:

8



�®¤áâ ¢¨¢ íâ¨ ¢¥«¨ç¨­ë ¢ (11), ¯®«ãç¨¬


r1r2
12

�
f ;

1
R1

;
1
R2

�
� 1

Rr1
1 R

r2
2

R1�1X
s1=1

R2�1X
s2=1

sr1�1
1 sr2�1

2 Ys1s2(f)p;�;

£¤¥ R1 = 2L, r2 = 2M . �«ï â®£® çâ®¡ë ¯®«ãç¨âì ®æ¥­ªã ¤«ï ¯à®¨§¢®«ì­ëå R1, R2, ¤®áâ â®ç­®
¢ë¡à âì M ¨ L â ª, çâ® 2L � R1 < 2L+1 ¨ 2M � R2 < 2M+1: �

�«¥¤áâ¢¨¥ 1. �ãáâì f 2 Lp;�(RN ), 1 � i1 < � � � < ik � N , �1; : : : ; �k 2 (0; 1), �j < rj . �®£¤ 

�r1i1 (f; �1)p;� � ��11 ; : : : ;
rk
ik
(f; �k)p;� � ��kk

¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤ 

Ei1:::ik
n1:::nk

(f)p;� �
kX

j=1

1
n
�j
j

:

�«¥¤áâ¢¨¥ 2. �ãáâì f 2 Lp;�(RN ), 1 � i1 < � � � < ik � N , �1; : : : ; �k 2 (0; 1), �j < rj . �®£¤ 


r1:::rk
i1:::ik

(f; �1; : : : ; �k)p;� � ��11 : : : ��kk

¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤ 

Y i1:::ik
n1:::nk

(f)p;� � 1
n�11 � : : : � n�kk

:

�®ª § â¥«ìáâ¢® á«¥¤áâ¢¨ï 1. �á«¨ 
rj
ij (f)p;� � �

�j
j , â® Ei1:::ik

n1:::nk
(f)p;� �

kP
j=1

n
��j
j ¯® â¥®à¥¬¥ 2.

�á«¨ ¦¥ Ei1:::ik
n1:::nk

(f)p;� �
kP

j=1
n
��j
j , â®, ãáâà¥¬«ïï nj ¯à¨ ¢á¥å j 6= j0 ª ¡¥áª®­¥ç­®áâ¨, ¨¬¥¥¬

E
rj0
nj0 (f)p;� � n

��j0
j0 . �® ®¯à¥¤¥«¥­¨î E

rj0
nj0 (f)p;� = Y

rj0
nj0 (f)p;�, á«¥¤®¢ â¥«ì­®, ¢ë¡à ¢ n â ª, çâ®

1
n+1

< �j0 � 1
n
, ¯® â¥®à¥¬¥ 4 ¯®«ãç¨¬



rj0
ij0
(f)p;� � n�rj0

nX
s=1

srj0�1s��j0 � �
�j0
j0 : �

�«¥¤áâ¢¨¥ 2 ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­®.
�¢â®à ¢ëà ¦ ¥â ¡« £®¤ à­®áâì �.�.��¥¤®à®¢ã §  ¯®áâ ­®¢ªã § ¤ ç¨ ¨ ¢­¨¬ ­¨¥ ª à ¡®â¥.
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