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1. �®áâ ­®¢ª  § ¤ ç¨ ¨ ¥¥ à¥¤ãªæ¨ï ª ­¥«®ª «ì­®© í««¨¯â¨ç¥áª®© § ¤ ç¥. � áá¬®-
âà¨¬ ãà ¢­¥­¨¥ �.�.�ã«ìª¨­ 

Su � uxx + sgn y � uyy + 2q
x
ux = 0; (1)

£¤¥ q 2 R, ¢ ®¡« áâ¨ D, ®£à ­¨ç¥­­®© ¯à¨ y < 0 å à ªâ¥à¨áâ¨ª ¬¨ AC: x + y = 0, A = (0; 0),
C = (1=2;�1=2) ¨ CB: x� y = 1, B = (1; 0) ãà ¢­¥­¨ï (1); ®âà¥§ª®¬ AK, K = (0; k), k > 0, ®á¨ y
¨ ªãá®ç­®-£« ¤ª®© ªà¨¢®© �, «¥¦ é¥© ¢ ¯¥à¢®© ç¥â¢¥àâ¨, á ª®­æ ¬¨ ¢ â®çª å K ¨ B.

�¡®§­ ç¨¬ D� = D \ fy < 0g, D+ = D \ fy > 0g ¨ ¤«ï ãà ¢­¥­¨ï (1) ¯®áâ ¢¨¬ § ¤ çã
�à¨ª®¬¨.

� ¤ ç  �à¨ª®¬¨. � ©â¨ äã­ªæ¨î u(x; y), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬

u(x; y) 2 C(D) \ C1(D) \ C2(D� [D+); (2)

Su(x; y) = 0; (x; y) 2 D� [D+; (3)

u(x; y) = 0; (x; y) 2 AC; (4)

u(x; y) = 0; (x; y) 2 AK; q < 1=2; (5)

u(x; y) = f(x; y); (x; y) 2 �; (6)

£¤¥ f | § ¤ ­­ ï äã­ªæ¨ï, f(K) = 0 ¯à¨ q < 1=2.

� «¨ç¨¥ ¨«¨ ®âáãâáâ¢¨¥ ªà ¥¢®£® ãá«®¢¨ï ­  ®âà¥§ª¥ AK ¢ § ¢¨á¨¬®áâ¨ ®â q ®¡êïá­ï¥âáï
â¥¬, çâ® ãà ¢­¥­¨¥ (1) ¢ ®¡« áâ¨ í««¨¯â¨ç­®áâ¨ D+ § ¬¥­®© ¯¥à¥¬¥­­®© x = 2

p
z, 0 < z < 1,

¯à¥®¡à §ã¥âáï ¢ ãà ¢­¥­¨¥

zwzz + wyy + (1=2 + q)wz = 0; w(z; y) = u(x; y): (7)

�à¨ íâ®¬ ®¡« áâì D+ ¯«®áª®áâ¨ (x; y) ®â®¡à ¦ ¥âáï ¢ ­¥ª®â®àãî ®¡« áâì Q ¯«®áª®áâ¨ (z; y),
®£à ­¨ç¥­­ãî ®áï¬¨ z = 0, y = 0 ¨ ­¥ª®â®à®© ªãá®ç­®-£« ¤ª®© ªà¨¢®© 
. �«ï ãà ¢­¥­¨ï (7) ¢
®¡« áâ¨ Q á¯à ¢¥¤«¨¢  â¥®à¥¬  �¥«¤ëè  [1]. �®£« á­® íâ®© â¥®à¥¬¥ ¯à¨ q < 1=2 áãé¥áâ¢ã¥â
¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ �¨à¨å«¥ ¤«ï ãà ¢­¥­¨ï (7). �à¨ q � 1=2 § ¤ ç  �¨à¨å«¥ ¯¥à¥-
®¯à¥¤¥«¥­ , ¯®íâ®¬ã ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ¢ ª« áá¥ ®£à ­¨ç¥­­ëå ¢ ®¡« áâ¨ Q äã­ªæ¨© ¨¬¥¥â
£à ­¨ç­ ï § ¤ ç  ¤«ï ãà ¢­¥­¨ï (7), ¢ ª®â®à®© ªà ¥¢®¥ ãá«®¢¨¥ § ¤ ¥âáï ­  £à ­¨æ¥ @Q, § 
¨áª«îç¥­¨¥¬ «¨­¨¨ ¢ëà®¦¤¥­¨ï z = 0.

�¯¥à¢ë¥ § ¤ ç  �à¨ª®¬¨ ¤«ï ãà ¢­¥­¨ï (1) ¯à¨ q � 1=2 ¨§ãç « áì ¢ [2], [3], £¤¥ ­  ®á­®¢ ­¨¨
¯à¨­æ¨¯  íªáâà¥¬ã¬  ãáâ ­®¢«¥­  ¥¤¨­áâ¢¥­­®áâì ¨ ¬¥â®¤®¬ ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¤®ª § ­ 
â¥®à¥¬  áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï íâ®© § ¤ ç¨.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

£à ­â ò 02-61-97901.
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� à ¡®â¥ [4] ¤«ï ãà ¢­¥­¨ï (1) ¯à¨ q > 0 ¢ á¬¥è ­­®© ®¡« áâ¨ D ¡¥§ ª ª¨å-«¨¡® £¥®¬¥âà¨-
ç¥áª¨å ®£à ­¨ç¥­¨© ­  £à ­¨æã � ãáâ ­®¢«¥­ ¯à¨­æ¨¯ ¬ ªá¨¬ã¬ , ¨§ ª®â®à®£® á«¥¤ã¥â ¥¤¨­-
áâ¢¥­­®áâì à¥è¥­¨ï § ¤ ç¨ (2){(6) ¯à¨ ¢á¥å q > 0. � íâ®© ¦¥ à ¡®â¥ ¯à¨¢¥¤¥­ ®¡§®à áâ â¥©,
¯®á¢ïé¥­­ëå ¨áá«¥¤®¢ ­¨î ªà ¥¢ëå § ¤ ç ¤«ï ãà ¢­¥­¨ï (1).

� ¤ ­­®© áâ âì¥ ­  ®á­®¢ ­¨¨ à ¡®â [5], [6] ¯à¥¤« £ ¥âáï á¯®á®¡ ¯®áâà®¥­¨ï à¥è¥­¨ï § ¤ ç¨
(2){(6) ¢ ¢¨¤¥ àï¤  ¯® á¯¥æ¨ «ì­ë¬ äã­ªæ¨ï¬ ¤«ï §­ ç¥­¨© ¯ à ¬¥âà  0 < q < 1 ¢ á«ãç ¥,
ª®£¤  ªà¨¢ ï � á®¢¯ ¤ ¥â á ç¥â¢¥àâìî ¥¤¨­¨ç­®© ®ªàã¦­®áâ¨ �0 = f(x; y) j x2 + y2 = 1, x > 0,
y > 0g. � ­¥¥ ¢ [7] ¯à¨ 0 < q < 1=2 à¥è¥­¨¥ § ¤ ç¨ �à¨ª®¬¨ ã¦¥ áâà®¨«®áì ãª § ­­ë¬ á¯®á®¡®¬,
­® ¯à¨ ¤®¯®«­¨â¥«ì­®¬ ¨­â¥£à «ì­®¬ ãá«®¢¨¨ ­  äã­ªæ¨î f('); ª®â®à®¥ §¤¥áì ã¤ «®áì á­ïâì.

�â¬¥â¨¬, çâ® à¥è¥­¨¥ § ¤ ç¨ �à¨ª®¬¨ ¬®¦­® áâà®¨âì ¯à¥¤« £ ¥¬ë¬ á¯®á®¡®¬ ¨ ¤«ï ®áâ «ì-
­ëå §­ ç¥­¨© ¯ à ¬¥âà  q < 0 ¨ q � 1.

�«ï ã¤®¡áâ¢  ¯à¨¢¥¤¥¬ ä®à¬ã«¨à®¢ªã § ¤ ç¨ �à¨ª®¬¨ ¢ á«ãç ¥ 0 < q < 1 ¨ � � �0.

� ¤ ç  T . � ©â¨ äã­ªæ¨î u(x; y) ¨§ ª« áá  (2), ª®â®à ï ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (3)
­  ¬­®¦¥áâ¢¥ D+ [D�, ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (4) ¨

u(0; y) = 0; 0 � y � 1; 0 < q < 1=2; (8)

u(x; y)
��
�0
= u(r cos'; r sin')

��
r=1

= f('); 0 � ' � �=2; (9)

£¤¥ f | § ¤ ­­ ï äã­ªæ¨ï, f(�=2) = 0 ¯à¨ 0 < q < 1=2.

�¥è¥­¨¥ § ¤ ç¨ T ¢ ®¡« áâ¨ D� ¯à¥¤áâ ¢¨¬ ª ª à¥è¥­¨¥ § ¤ ç¨ � à¡ã ¤«ï ãà ¢­¥­¨ï (1) á
¤ ­­ë¬¨

u(x;�x) = 0; uy(x; 0) = �(x); 0 < x < 1: (10)

�á«¨ �(x) 2 L[0; 1] \ C1(0; 1), â® ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ � à¡ã á ãá«®¢¨ï¬¨ (10) ¢ ª« áá¥
äã­ªæ¨© C(D�) \ C1(D� [AB) \ C2(D�) § ¤ ¥âáï ä®à¬ã«®© [2]

u(x; y) =
Z x+y

0

�
4t2

(t+ x)2 � y2

�q

F

�
q; q; 1;

(t� x)2 � y2

(t+ x)2 � y2

�
�(t)dt; (11)

£¤¥ F (�) { £¨¯¥à£¥®¬¥âà¨ç¥áª ï äã­ªæ¨ï.
�®« £ ï ¢ à ¢¥­áâ¢¥ (11) y = 0, ¯®«ãç¨¬ á®®â­®è¥­¨¥

u(x; 0) =
Z x

0

�
2t

t+ x

�2q

F

�
q; q; 1;

�
t� x

t+ x

�2�
uy(t; 0)dt; 0 � x � 1; (12)

ª®â®à®¥ ¯®§¢®«ï¥â á¢¥áâ¨ § ¤ çã T ª á«¥¤ãîé¥© ­¥«®ª «ì­®© í««¨¯â¨ç¥áª®© § ¤ ç¥ ¢ ®¡« áâ¨
D+.

� ¤ ç  T+.� ©â¨ äã­ªæ¨î u(x; y) ¨§ ª« áá 

u(x; y) 2 C(D+) \C1(D+ [AB) \ C2(D+); (13)

ã¤®¢«¥â¢®àïîéãî ãà ¢­¥­¨î

uxx + uyy +
2q
x
ux = 0; (x; y) 2 D+; (14)

¨ ãá«®¢¨ï¬ (8), (9), (12).

�«ï ¯®áâà®¥­¨ï à¥è¥­¨ï í««¨¯â¨ç¥áª®© § ¤ ç¨ T+ ¯¥à¥©¤¥¬ ª ¯®«ïà­ë¬ ª®®à¤¨­ â ¬
x = r cos', y = r sin'. �®£¤  ãà ¢­¥­¨¥ (14) ¯à¨­¨¬ ¥â ¢¨¤

r2vrr + v'' + (1 + 2q)rvr � 2q tg'v' = 0; v(r; ') = u(x; y): (15)
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�§ ãà ¢­¥­¨ï (15), à §¤¥«¨¢ ¯¥à¥¬¥­­ë¥ v(r; ') = R(r) � �(') 6= 0 ¨ ãç¨âë¢ ï ãá«®¢¨ï (13), (8),
¯®«ãç¨¬

r2R00(r) + (1 + 2q)rR0(r)� �2R(r) = 0; 0 < r < 1; (16)

R(0) = 0; jR(1)j < +1; (17)

�00(')� 2q tg '�0(') + �2�(') = 0; 0 < ' < �=2; (18)

�(�=2) = 0; 0 < q < 1=2; (19)

£¤¥ �| ª®­áâ ­â  à §¤¥«¥­¨ï. �¥è¥­¨¥¬ ãà ¢­¥­¨ï (16), ã¤®¢«¥â¢®àïîé¨¬ ãá«®¢¨î (17), ï¢«ï-
¥âáï äã­ªæ¨ï

R(r) = r��q; � =
p
q2 + �2: (20)

�á¯®«ì§ãï à ¢¥­áâ¢ 

u(x; 0) = R(x)�(0) = �(0)x��q ; uy(x; 0) =
1
x
R(x)�0(0) = �0(0)x��q�1;

¨§ ­¥«®ª «ì­®£® ãá«®¢¨ï (12) ¯®«ãç¨¬ ¢â®à®¥ £à ­¨ç­®¥ ãá«®¢¨¥ ¤«ï äã­ªæ¨¨ �('):

�(0) = J(�; q)�0(0); J(�; q) =
Z 1

0

t��q�1
�

2t
1 + t

�2q

F

�
q; q; 1;

�
1� t

1 + t

�2�
dt:

�«ï ¢ëç¨á«¥­¨ï ¨­â¥£à «  J(�; q) ¢®á¯®«ì§ã¥¬áï ª¢ ¤à â¨ç­ë¬ ¯à¥®¡à §®¢ ­¨¥¬ £¨¯¥à£¥®¬¥-
âà¨ç¥áª®© äã­ªæ¨¨ ([8], á. 121) ¨ § ¬¥­¨¬ t ­ 

p
1� s. �®£¤  ¨§ ä®à¬ã«ë 7.512(4) ([9], á. 863)

­ å®¤¨¬ §­ ç¥­¨¥

J(�; q) =
�(�+q

2
)�( 1

2
+ ��q

2
)

2�(1 + ��q
2
)�( 1

2
+ �+q

2
)
:

� ª¨¬ ®¡à §®¬, ¯à¨å®¤¨¬ ª á«¥¤ãîé¥© á¯¥ªâà «ì­®© § ¤ ç¥: ­ ©â¨ §­ ç¥­¨ï ¯ à ¬¥âà 

� ¨ á®®â¢¥âáâ¢ãîé¨¥ ¨¬ ­¥­ã«¥¢ë¥ äã­ªæ¨¨ �('), ª®â®àë¥ ï¢«ïîâáï à¥è¥­¨ï¬¨ ãà ¢­¥­¨ï

(18) ¨ ã¤®¢«¥â¢®àïîâ ®¤­®à®¤­ë¬ £à ­¨ç­ë¬ ãá«®¢¨ï¬ (19) ¨

2�
�
1 +

�� q

2

�
�
�
1
2
+
�+ q

2

�
�(0)� �

�
�+ q

2

�
�
�
1
2
+
�� q

2

�
�0(0) = 0: (21)

�à ¢­¥­¨¥ (18) § ¬¥­®© z = sin2 ' ¯à¥®¡à §ã¥âáï ª £¨¯¥à£¥®¬¥âà¨ç¥áª®¬ã ãà ¢­¥­¨î

z(1� z)F 00(z) +
�
1
2
� (1 + q)z

�
F 0(z) +

�2

4
F (z) = 0; F (z) = �('): (22)

�¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (22) ¢ ®ªà¥áâ­®áâ¨ ®á®¡®© â®çª¨ z = 1 áâà®¨âáï ¢ ï¢­®¬ ¢¨¤¥ ([10],
c. 7). �á¯®«ì§ãï íâ® à¥è¥­¨¥ ¨ ¢¥à­ã¢è¨áì ª ¯¥à¥¬¥­­®© ', ­ ©¤¥¬ ®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï
(18) ¢ ¢¨¤¥

�(') = c�1(') + d�2('); 0 < ' < �=2; (23)

�1(') = F

�
q � �

2
;
q + �

2
; q +

1
2
; cos2 '

�
; (24)

�2(') = (cos')1�2qF
�
1� q � �

2
;
1� q + �

2
;
3
2
� q; cos2 '

�
; (25)

£¤¥ c ¨ d | ¯à®¨§¢®«ì­ë¥ ¤¥©áâ¢¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥.

2. �®áâà®¥­¨¥ à¥è¥­¨ï í««¨¯â¨ç¥áª®© § ¤ ç¨ ¢ á«ãç ¥ 0 < q < 1=2. �®«®¦¨¬
0 < q < 1=2 ¨ ­ «®¦¨¬ ­  äã­ªæ¨î (23) ãá«®¢¨¥ (19). �®£¤  ¢ ®¡é¥¬ à¥è¥­¨¨ (23) c = 0.
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�®¤¡¥à¥¬ ¯ à ¬¥âà � â ª, çâ®¡ë äã­ªæ¨ï (25) ã¤®¢«¥â¢®àï«  £à ­¨ç­®¬ã ãá«®¢¨î (21). �®«ã-
ç¨¬ ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® �: tg �+q

2
� = �1, ¨§ ª®â®à®£®, ãç¨âë¢ ï � > q, ­ å®¤¨¬ §­ ç¥­¨ï

�n = 2n� q � 1=2; n 2 N: (26)

�ç¨âë¢ ï (26), (20) ¨ (25), ¯®áâà®¨¬ á¨áâ¥¬ã äã­ªæ¨©

un(x; y) = vn(r; ') = r2n�2q�1=2(cos')1�2qF (3=4 � n; n� q + 1=4; 3=2 � q; cos2 '); (27)

ª®â®àë¥ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ § ¤ ç¨ T+; §  ¨áª«îç¥­¨¥¬ £à ­¨ç­®£® ãá«®¢¨ï (9).
�¥è¥­¨¥ § ¤ ç¨ T+ ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ áã¬¬ë à ¢­®¬¥à­® áå®¤ïé¥£®áï ­  D+ àï¤  ¯®

á¨áâ¥¬¥ äã­ªæ¨© (27):

v(r; ') =
1X
n=1

fnvn(r; ') (28)

á ­¥¨§¢¥áâ­ë¬¨ ¯®ª  ª®íää¨æ¨¥­â ¬¨ fn.
�®£« á­® ãá«®¢¨î (9), ¯®« £ ï ¢ (28) r = 1, ¯®«ãç¨¬ à §«®¦¥­¨¥

f(') =
1X
n=1

fn(cos')
1�2qF (3=4 � n; n� q + 1=4; 3=2 � q; cos2 '): (29)

� ¬¥­¨¬ £¨¯¥à£¥®¬¥âà¨ç¥áªãî äã­ªæ¨î ¢ (29) ­  äã­ªæ¨î �¥¦ ­¤à  ([8], á. 148) ¨ ¯à¨¬¥­¨¬
§ â¥¬ ä®à¬ã«ã �¥«¥à {�¨à¨å«¥ ([8], á. 180):

f(') =
1X
n=1

kfn
�(1� q)

Z �

0

cos(2n� q � 1=2)t
(cos t� cos �)q

dt; (30)

� = �=2� '; k =
21�qp
�
�
�
3
2
� q

�
:

�®¬¥­ï¢ ¬¥áâ ¬¨ ¢ (30) ®¯¥à æ¨¨ áã¬¬¨à®¢ ­¨ï ¨ ¨­â¥£à¨à®¢ ­¨ï, ¯®«ãç¨¬ ¨­â¥£à «ì­®¥ ãà ¢-
­¥­¨¥

f(�=2� �) =
1

�(1� q)

Z �

0

g(t)dt
(cos t� cos �)q

(31)

®â­®á¨â¥«ì­® äã­ªæ¨¨

g(�) = k
1X
n=1

fn cos(2n� q � 1=2)�: (32)

�à¥®¡à §ã¥¬ ãà ¢­¥­¨¥ (31) § ¬¥­ ¬¨ ¯¥à¥¬¥­­ëå t = arccos(1�s), � = arccos(1�x) ª ãà ¢­¥­¨î
�¡¥«ï ([11], c. 38) ¢¨¤ 

f(�=2� arccos(1� x)) =
1

�(1� q)

Z x

0

g(arccos(1� s))dsp
1� (1� s)2(x� s)q

á ¯®ª § â¥«¥¬ q ®â­®á¨â¥«ì­® äã­ªæ¨¨ g(arccos(1�x))=p1� (1� x)2. �¡à â¨¢ ãà ¢­¥­¨¥ �¡¥«ï
¯à¨ ãá«®¢¨¨ f(�=2) = 0; ¨¬¥¥¬

g(arccos(1� x))p
1� (1� x)2

=
�1
�(q)

Z x

0

f 0(�=2 � arccos(1� s))p
1� (1� s)2(x� s)1�q

ds:

�¥à­ã¢è¨áì ª ¯¥à¥¬¥­­ë¬ t ¨ �; ¯à¨å®¤¨¬ ª ¢ëà ¦¥­¨î

g(�) = �sin �
�(q)

Z �

0

f 0(�=2 � t)dt
(cos t� cos �)1�q

: (33)
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�á«¨ f(') ¤¨ää¥à¥­æ¨àã¥¬  ­  (0; �=2) ¨ f 0(') 2 L2=(1+4q)[0; �=2], â® äã­ªæ¨ï (33) ¯à¨­ ¤«¥-
¦¨â L2[0; �=2]. �®£¤  ¨§ à ¡®âë [12] á«¥¤ã¥â, çâ® àï¤ ¢ à ¢¥­áâ¢¥ (32), ª®íää¨æ¨¥­âë ª®â®à®£®
¢ëç¨á«ïîâáï ¯® ä®à¬ã«¥

fn =
2
k

Z �=2

0

g(�)hn(�)d�; (34)

hn(�) =
(2 cos �)1=2�q

� sin �

nX
k=1

Bn�k sin 2k�;

Bl =
lX

m=0

(�1)l�mC l�m
1 Cm

q�1=2 = C l
q�1=2 � C l�1

q�1=2;

áå®¤¨âáï ¢ áà¥¤­¥¬ ­  ¨­â¥à¢ «¥ (0; �=2) ª äã­ªæ¨¨ g, ¢ëà ¦ ¥¬®© ç¥à¥§ f ¯® ä®à¬ã«¥ (33).
�¡®§­ ç¨¬ ç¥à¥§ Sm(�) m-î ç áâ¨ç­ãî áã¬¬ã àï¤  ¢ (30),   ç¥à¥§ sm(�) | m-î ç áâ¨ç­ãî

áã¬¬ã àï¤  ¢ (32). �á¯®«ì§ãï ­¥à ¢¥­áâ¢® �®è¨{�ã­ïª®¢áª®£®, ¯à¨ m > p, p 2 N , ¯®«ãç¨¬
®æ¥­ªã

��Sm(�)� Sp(�)
�� � 1

�(1� q)

Z �

0

����
mX

n=p+1

kfn cos(2n� q � 1=2)t
����(cos t� cos �)�qdt �

� 1
�(1� q)

�Z �

0

dt

(cos t� cos �)2q

�1=2�Z �

0

� mX
n=p+1

kfn cos(2n� q � 1=2)t
�2

dt

�1=2

�

� C(q)


sm(�)� sp(�)




L2

;

£¤¥ C(q) | ­¥ª®â®à ï ª®­áâ ­â , § ¢¨áïé ï â®«ìª® ®â q.
�§ áå®¤¨¬®áâ¨ ¢ áà¥¤­¥¬ ¯®á«¥¤®¢ â¥«ì­®áâ¨ sm(�) ¢ëâ¥ª ¥â ¥¥ äã­¤ ¬¥­â «ì­®áâì ¢ ¯à®-

áâà ­áâ¢¥ L2[0; �=2]. � á¨«ã ¯®«ãç¥­­®© ®æ¥­ª¨ ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ Sm(�) á¯à ¢¥¤«¨¢ ªà¨-
â¥à¨© �®è¨ ® à ¢­®¬¥à­®© áå®¤¨¬®áâ¨. �ç¨âë¢ ï ¡ §¨á­®áâì á¨áâ¥¬ë fcos(2n� q � 1=2)g1n=1 ¢
L2[0; �=2], ¨¬¥¥¬ à ¢­®¬¥à­ãî áå®¤¨¬®áâì àï¤  ¢ à ¢¥­áâ¢¥ (29) ª äã­ªæ¨¨ f(') ­  á¥£¬¥­â¥
[0; �=2]. �®£¤  à ¢­®¬¥à­® ­  D+ áå®¤¨âáï àï¤ (28),   â ª¦¥ à ¢­®¬¥à­® ¢ D+[AB áå®¤ïâáï àï-
¤ë, ¯®«ãç¥­­ë¥ ¯®ç«¥­­ë¬ ¤¨ää¥à¥­æ¨à®¢ ­¨¥¬ (28) ¯® r ¨ ' «î¡®¥ ç¨á«® à §. �«¥¤®¢ â¥«ì­®,
áã¬¬  àï¤  (28), ª®íää¨æ¨¥­âë ª®â®à®£® ¢ëç¨á«ïîâáï ¯® ä®à¬ã«¥ (34), ï¢«ï¥âáï à¥è¥­¨¥¬
í««¨¯â¨ç¥áª®© § ¤ ç¨ T+.

3. �®áâà®¥­¨¥ à¥è¥­¨ï § ¤ ç¨ �à¨ª®¬¨ ¢ á«ãç ¥ 0 < q < 1=2. �á¯®«ì§ãï ä®à¬ã«ã
¤¨ää¥à¥­æ¨à®¢ ­¨ï ([10], c. 12) ¨ ä®à¬ã«ã  ¢â®âà ­áä®à¬ æ¨¨ ([10], á. 10) £¨¯¥à£¥®¬¥âà¨ç¥áª®©
äã­ªæ¨¨, ¢ëç¨á«¨¬ á«¥¤ ¯à®¨§¢®¤­®© ¯® y ­  ®âà¥§ª¥ AB ®â äã­ªæ¨¨ (28):

uy(x; 0) = �(x) =
1X
n=1

k
(n)
1 fnx

2n�2q�3=2; (35)

£¤¥ k(n)1 = (n� 3=4)F
�
n� q� 1=4; 5=4� n; 3=2� q; 1

�
. �®¤áâ ¢¨¢ (35) ¢¬¥áâ® �(x) ¢ ä®à¬ã«ã (11),

¯®«ãç¨¬ ¯à¥¤áâ ¢«¥­¨¥ à¥è¥­¨ï § ¤ ç¨ �à¨ª®¬¨ ¢ ®¡« áâ¨ D� ¢ ¢¨¤¥ áã¬¬ë àï¤  u(x; y) =
1P
n=1

k
(n)
1 fnIn(x; y), £¤¥

In(x; y) =
Z x+y

0

t2n�2q�3=2
�

4t2

(t+ x)2 � y2

�q

F

�
q; q; 1;

(t� x)2 � y2

(t+ x)2 � y2

�
dt: (36)

�­â¥£à « (36) ¯à¥¤áâ ¢«ï¥â á®¡®© ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ � à¡ã ¤«ï ãà ¢­¥­¨ï (1) ¢
®¡« áâ¨ D� á ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ ç áâ­®£® ¢¨¤  u(x;�x) = 0, uy(x; 0) = x2n�2q�3=2. �â® à¥è¥­¨¥
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¬®¦­® ¯®áâà®¨âì à §¤¥«¥­¨¥¬ ¯¥à¥¬¥­­ëå � =
p
x2 � y2, 0 < � < 1, � = � y2

x2�y2
, �1 < � < 0, ¢

ãà ¢­¥­¨¨ (1) [13]:

In(x; y) =
(x2 � y2)n�q�1=4

k
(n)
2

�
x2 � y2

x2

�n�1=4

�

�F
�
n� 1=4; n� q + 1=4; 2n� q + 1=2;

x2 � y2

x2

�
;

k(n)2 = (2n� 1=2)F (n � q � 1=4; n+ 1=4; 2n� q + 1=2; 1):

� ª¨¬ ®¡à §®¬, ¤®ª § ­ 

�¥®à¥¬  1. �á«¨ 0 < q < 1=2 ¨ äã­ªæ¨ï f(') ­¥¯à¥àë¢­  ­  á¥£¬¥­â¥ [0; �=2]; f(�=2) = 0
¨ ¤¨ää¥à¥­æ¨àã¥¬  ­  ¨­â¥à¢ «¥ (0; �=2), f 0(') 2 L2=(1+4q)[0; �=2], â® ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥

§ ¤ ç¨ �à¨ª®¬¨ á ãá«®¢¨ï¬¨ (2){(4), (8), (9) ¨¬¥¥â ¢¨¤

u(x; y) =

8><
>:

1P
n=1

fnu
+
n (x; y); (x; y) 2 D+;

1P
n=1

knfnu
�

n (x; y); (x; y) 2 D�;

£¤¥ ª®íää¨æ¨¥­âë fn ¢ëç¨á«ïîâáï ¯® ä®à¬ã« ¬ (34), kn = k(n)1 =k(n)2 ¨

u+n (x; y) = x2n�2q�1=2
�

x2

x2 + y2

�3=4�n

�

�F
�
3=4 � n; n� q + 1=4; 3=2 � q;

x2

x2 + y2

�
;

u�n (x; y) = x2n�2q�1=2
�
x2 � y2

x2

�2n�q�1=2

�

�F
�
n� 1=4; n� q + 1=4; 2n� q + 1=2;

x2 � y2

x2

�
:

4. �®áâà®¥­¨¥ à¥è¥­¨ï § ¤ ç¨ �à¨ª®¬¨ ¢ á«ãç ¥ 1=2 � q < 1. �®áâà®¨¬ à¥è¥­¨¥
§ ¤ ç¨ T ¯® áå¥¬¥,  ­ «®£¨ç­®© á«ãç î 0 < q < 1=2. �­ ç «¥ ­ ©¤¥¬ à¥è¥­¨¥ ­¥«®ª «ì­®©
í««¨¯â¨ç¥áª®© § ¤ ç¨ á ãá«®¢¨ï¬¨ (12){(14), (9). �à¨ 1=2 � q < 1 ®£à ­¨ç¥­­ë¬ à¥è¥­¨¥¬
ãà ¢­¥­¨ï (18) ï¢«ï¥âáï äã­ªæ¨ï (24), çâ® á®®â¢¥âáâ¢ã¥â §­ ç¥­¨î d = 0 ¢ ®¡é¥¬ à¥è¥­¨¨ (23).
�¤®¢«¥â¢®à¨¢ (24) £à ­¨ç­®¬ã ãá«®¢¨î (21), ¯®«ãç¨¬ ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® ¯ à ¬¥âà  �

tg
�� q

2
= 1;

à¥è ï ª®â®à®¥, ­ å®¤¨¬

�n = 2n+ q � 3=2; n 2 N: (37)

�­ ç¥­¨ï¬ (37) á®®â¢¥âáâ¢ã¥â á¨áâ¥¬  äã­ªæ¨©, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ (12){(14),

vn(r; ') = r2n�3=2F (3=4 � n; n+ q � 3=4; 1=2 + q; cos2 '): (38)

�¥è¥­¨¥ í««¨¯â¨ç¥áª®© § ¤ ç¨, ¨«¨, çâ® â® ¦¥ á ¬®¥, à¥è¥­¨¥ § ¤ ç¨ �à¨ª®¬¨ ¢ ®¡« áâ¨ D+

¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ áã¬¬ë àï¤  ¯® á¨áâ¥¬¥ äã­ªæ¨© (38) á ­¥ª®â®àë¬¨ ª®íää¨æ¨¥­â ¬¨ fn,
¯à¥¤¯®« £ ï ¥£® à ¢­®¬¥à­ãî áå®¤¨¬®áâì ­  D+,

v(r; ') =
1X
n=1

fnvn(r; '): (39)
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�®«®¦¨¢ ¢ à ¢¥­áâ¢¥ (39) á®£« á­® ãá«®¢¨î (9) r = 1, ¯®«ãç¨¬ à §«®¦¥­¨¥ äã­ªæ¨¨ f(') ¢ àï¤
¯® á¯¥æ¨ «ì­ë¬ äã­ªæ¨ï¬

f(') =
1X
n=1

fnF (3=4 � n; n+ q � 3=4; 1=2 � q; cos2 '): (40)

� ¬¥­¨¢ ¯¥à¥¬¥­­ãî ' ­  �=2 � � ¨ ¨á¯®«ì§ãï ä®à¬ã«ë, ¯à¥¤áâ ¢«¥­­ë¥ ¢ ([8], áá. 148, 180),
¯à¥®¡à §ã¥¬ (40) ª ¢¨¤ã

f(�=2� �) =
1X
n=1

k fn
�(q)

(sin �)1�2q
Z �

0

cos(2n+ q � 3=2)t
(cos t� cos �)1�q

dt; (41)

k =
2qp
�
�
�
1
2
+ q

�
:

�¡¥ ç áâ¨ (41) ã¬­®¦¨¬ ­  ®£à ­¨ç¥­­ãî ¢¥«¨ç¨­ã sin2q�1 � ¨ ¯®¬¥­ï¥¬ ¬¥áâ ¬¨ ®¯¥à æ¨¨
áã¬¬¨à®¢ ­¨ï ¨ ¨­â¥£à¨à®¢ ­¨ï. �®«ãç¨¬ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ ¢¨¤ 

(sin �)2q�1f(�=2� �) =
1

�(q)

�Z
0

g(t)dt
(cos t� cos �)1�q

;

ª®â®à®¥ ®¡à â¨¬ ®â­®á¨â¥«ì­® äã­ªæ¨¨

g(�) = k
1X
n=1

fn cos(2n+ q � 3=2)�: (42)

�à¥¤¯®« £ ï äã­ªæ¨î f(') ¤¨ää¥à¥­æ¨àã¥¬®© ­  ¨­â¥à¢ «¥ (0; �=2) ¨ f 0(') 2 L2=(5�4q)[0; �=2];
¯®«ãç¨¬ áã¬¬¨àã¥¬®¥ á ª¢ ¤à â®¬ ­  [0; �=2] à¥è¥­¨¥

g(�) =
sin �

�(1� q)

Z �

0

d
dt

�
(cos t)2q�1f(�=2� t)

�
dt

(cos t� cos �)q
: (43)

�®íää¨æ¨¥­âë fn ¢ëç¨á«¨¬ ¯® ä®à¬ã« ¬ [12]

fn =
2

k

Z �=2

0
g(�)hn(�)d�; (44)

hn(�) =
(2 cos �)q�1=2

� sin �

nX
k=1

�
Cn�k
1=2�q � Cn�k�1

1=2�q

�
sin 2k�:

�§ áå®¤¨¬®áâ¨ ¢ áà¥¤­¥¬ àï¤  (42) ª äã­ªæ¨¨ (43) á«¥¤ã¥â à ¢­®¬¥à­ ï ­  [0; �=2] áå®¤¨-
¬®áâì àï¤  (40) ª äã­ªæ¨¨ f('). �®£¤  àï¤ (39) à ¢­®¬¥à­® ­  D+ áå®¤¨âáï ¨ ¯à¥¤áâ ¢«ï¥â
á®¡®© à¥è¥­¨¥ § ¤ ç¨ �à¨ª®¬¨ ¢ ®¡« áâ¨ D+.

�¥è¥­¨¥ § ¤ ç¨ �à¨ª®¬¨ ¢ ®¡« áâ¨ D� ­ ©¤¥¬, ¯®¤áâ ¢¨¢ §­ ç¥­¨ï uy = vrry + v''y ­ 
®âà¥§ª¥ AB ¢ ä®à¬ã«ã (11).

�â ª, ¤®ª § ­ 

�¥®à¥¬  2. �á«¨ 1=2 � q < 1 ¨ äã­ªæ¨ï f(') ­¥¯à¥àë¢­  ­  á¥£¬¥­â¥ [0; �=2] ¨ ¤¨ää¥-

à¥­æ¨àã¥¬  ­  ¨­â¥à¢ «¥ (0; �=2); f 0(') 2 L2=(5�4q)[0; �=2]; â® ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ § ¤ ç¨

�à¨ª®¬¨ á ãá«®¢¨ï¬¨ (2){(4), (9) ¨¬¥¥â ¢¨¤

u(x; y) =

8><
>:

1P
n=1

fnu
+
n (x; y); (x; y) 2 D+;

1P
n=1

knfnu
�

n (x; y); (x; y) 2 D�;
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£¤¥ ª®íää¨æ¨¥­âë fn ¢ëç¨á«ïîâáï ¯® ä®à¬ã« ¬ (44),

kn =
F (3=4 � n; n+ q � 3=4; 1=2 + q; 1)

F (n� 1=4; n + q � 3=4; 2n + q � 1=2; 1)
;

u+n (x; y) = (x2 + y2)n�3=4F
�
3=4 � n; n+ q � 3=4; 1=2 + q;

x2

x2 + y2

�
;

u�n (x; y) = (x2 � y2)n�3=4
�
x2 � y2

x2

�n+q�3=4

�

�F
�
n� 1=4; n+ q � 3=4; 2n+ q � 1=2;

x2 � y2

x2

�
:
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