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� «®¨§¢¥áâë¥ ¨ á ¬ â¥¬ â¨ç¥áª®© â®çª¨ §à¥¨ï ¥¨áá«¥¤®¢ ë¥ ¬¥â®¤ë ¨â¥à â¨¢®£®
 £à¥£¨à®¢ ¨ï ¯®ï¢¨«¨áì ¢ 60-¥ £®¤ë ¯à®è«®£® áâ®«¥â¨ï ¨§-§  ¯®âà¥¡®áâ¨ ¯à ªâ¨ç¥áª®£® à¥-
è¥¨ï § ¤ ç ¬ â¥¬ â¨ç¥áª®© íª®®¬¨ª¨ ¨ ¨¬¥îâ íª®®¬¨ç¥áªãî ¨â¥à¯à¥â æ¨î. �®ï¢«¥¨¥
íâ¨å ¬¥â®¤®¢, ª ª ¨ á ¬®£® â¥à¬¨ , á¢ï§ë¢ îâ á à ¡®â ¬¨ �.�.�ã¤ª¨  ¨ �.�.�àè®¢  (á¬.
[1], á. 155{158). �®ª § â¥«ìë¬ ®â®á¨â¥«ì® ¬¥â®¤®¢ ¨â¥à â¨¢®£®  £à¥£¨à®¢ ¨ï ï¢«ï¥âáï á«¥-
¤ãîé¥¥ ¢ëáª §ë¢ ¨¥ ([1], á. 158): \� á¢ï§¨ á â¥¬, çâ® â¥®à¨ï ¬¥â®¤  à §¢¨â  ¬ «® ¨ ãá«®¢¨ï
¥£® áå®¤¨¬®áâ¨ ¥¨§¢¥áâë, ¡ë«¨ ¯à®¢¥¤¥ë ¬®£®ç¨á«¥ë¥ íªá¯¥à¨¬¥â «ìë¥ ¢ëç¨á«¥¨ï;
¢ ¬®£®ç¨á«¥ëå á¨âã æ¨ïå ¬¥â®¤ ®ª § «áï ¢¥áì¬  íää¥ªâ¨¢ë¬". �«ï ®¤®¯ à ¬¥âà¨ç¥áª®-
£® á«ãç ï ¢ ¦ë© à¥§ã«ìâ â ¯à¨¢¥¤¥ ¢ [1]. � ¯à¨¬¥¥¨¨ ª á¨áâ¥¬¥ «¨¥©ëå  «£¥¡à ¨ç¥áª¨å
ãà ¢¥¨© ¢¨¤  x = Ax+b ãá«®¢¨ï áå®¤¨¬®áâ¨ ¬¥â®¤ , ¯à¨¢¥¤¥ë¥ ¢ ([1], á. 156), ¯à¥¤¯®« £ îâ,
¢ ç áâ®áâ¨, ¯®«®¦¨â¥«ì®áâì í«¥¬¥â®¢ aij (i = 1; : : : ; n; j = 1; : : : ;m) ¬ âà¨æë A, ¥®âà¨æ -
â¥«ì®áâì ª®¬¯®¥â bi ¢¥ªâ®à®¢ á¢®¡®¤ëå ç«¥®¢ ¨ ¢ë¯®«¥¨¥ ¥à ¢¥áâ¢  �(A) < 1 ¤«ï
á¯¥ªâà «ì®£® à ¤¨ãá  ¬ âà¨æë A.

� ¤ ®© à ¡®â¥ ¨áá«¥¤ãîâáï ¥ª®â®àë¥ ¬®¤¨ä¨ª æ¨¨ ¬¥â®¤®¢ ¨â¥à â¨¢®£®  £à¥£¨à®¢ ¨ï
¤«ï «¨¥©®£® ãà ¢¥¨ï

x = Ax+ b; (1)

à áá¬ âà¨¢ ¥¬®£® ¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥ E á «¨¥©ë¬ ¥¯à¥àë¢ë¬ ®¯¥à â®à®¬ A : E ! E
(b 2 E). �à¥¤« £ ¥¬ ï ¬¥â®¤¨ª , ï¢«ïîé ïáï à §¢¨â¨¥¬ ¯à¥¤«®¦¥®£® ¢ [2]{[4] ¯®¤å®¤ , ¯®-
§¢®«ï¥â ¨§ãç âì ª ª ®¤®¯ à ¬¥âà¨ç¥áª¨¥, â ª ¨ ¬®£®¯ à ¬¥âà¨ç¥áª¨¥ á«ãç ¨. �á«®¢¨ï áå®-
¤¨¬®áâ¨ ¥ á®¤¥à¦ â, ¢®®¡é¥ £®¢®àï, âà¥¡®¢ ¨© § ª®¯®áâ®ïáâ¢  ®¯¥à â®à  A. �áá«¥¤ã¥¬ë¥
 «£®à¨â¬ë ¬®£ãâ áå®¤¨âìáï ª ª ¯à¨ �(A) < 1, â ª ¨ ¯à¨ �(A) > 1.

� áá¬®âà¨¬ á ç «  ®¤®¯ à ¬¥âà¨ç¥áª¨© á«ãç ©. �®á«¥¤®¢ â¥«ì®áâ¨ fx(n)g, fy(n)g ¢ëç¨-
á«ï¥¬ á ¯®¬®éìî ä®à¬ã«

x(n+1) =
('; x(n+1)) + y(n+1)

('; x(n)) + y(n)
�
Ax(n) + a(n)(y(n) � y(n+1))

�
+ b; (2)

y(n+1) =
('; x(n+1)) + y(n+1)

('; x(n)) + y(n)
�
(�; x(n)) + �

(n)
0 (y(n) � y(n+1))

�
+ �y(n+1); (3)

áç¨â ï x(0) 2 E § ¤ ë¬ ¯à®¨§¢®«ì®. �à¥¤¯®« £ ¥¬, çâ® í«¥¬¥âë a(n) 2 E (n = 0; 1; : : : ),
�;' 2 E�, £¤¥ E� | á®¯àï¦¥®¥ á E ¡  å®¢® ¯à®áâà áâ¢®, ¢ë¡à ë ¯à®¨§¢®«ì® â ª¨¬
á¯®á®¡®¬, çâ®

�
(n)
0 + ('; a(n)) = � (n = 0; 1; : : : ); (4)

£¤¥ y(0); � 6= 1, �(n)0 (n = 0; 1; : : : ) | § ¤ ë¥ ç¨á« , ª®â®àë¥ ¤«ï ã¯à®é¥¨ï ¨§«®¦¥¨ï ¡ã¤¥¬
áç¨â âì ¢¥é¥áâ¢¥ë¬¨. �à¥¤¯®«®¦¨¬ â ª¦¥, çâ® 1 � � + �

(n)
0 6= 0 (n = 0; 1; : : : ), ('; b) 6= 0,
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¯à¨¯¨áë¢ ï á¨¬¢®«ã ('; x) § ç¥¨ï «¨¥©®£® äãªæ¨® «  ' 2 E�   í«¥¬¥â å x 2 E. �¬¥áâ¥
á ãà ¢¥¨¥¬ (1) à áá¬®âà¨¬ ãà ¢¥¨¥

y = �y + (�; x); y 2 R1; (5)

á ¤®¯®«¨â¥«ìë¬ ¥¨§¢¥áâë¬ y ¨

�
df= A�1' = �'�A�'; (6)

¯®áª®«ìªã ®¯¥à â®à A�1 ¨á¯®«ì§ã¥âáï â®«ìª® ä®à¬ «ì® ¨ ¢ à áç¥â å ¬®¦® ®£à ¨ç¨âáï ¨á-
¯®«ì§®¢ ¨¥¬ ç¨á«  �, A�1, A

� | á®¯àï¦¥ë¥ ª A1, A ®¯¥à â®àë á®®â¢¥âáâ¢¥®. �®¢®ªã¯®áâì
¯ à fx; yg (x 2 E, y 2 R1, R1 | ¬®¦¥áâ¢® ¢¥é¥áâ¢¥ëå ç¨á¥«), ¤«ï ª®â®àëå ¢ë¯®«ï¥âáï à -
¢¥áâ¢®

('; x) + y =
('; b)
1� �

; (7)

®¡®§ ç¨¬ ç¥à¥§ E0.

�¥¬¬  1. �á«¨ ¯ à  fx�; y�g ï¢«ï¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë (1), (5) ¨ � 6= 1, â® fx�; y�g 2 E0.

�®ª § â¥«ìáâ¢®. �á¯®«ì§ãï (1), (4){(6), ¯®«ãç¨¬ ('; x�) + y� = (';Ax�) + ('; b) + �y� +
(�; x�) = �[('; x�) + y�]. �®£« á® � 6= 1,  å®¤¨¬ fx�; y�g 2 E0.

�¥¬¬  2. �á«¨ x(0) 2 E, y(0) 2 R1, â® fx(n); y(n)g 2 E0 (n = 1; 2; : : : ), £¤¥ fxng, fyng ¢ëç¨á-
«ïîâáï ¯® ä®à¬ã« ¬ (2), (3).

�®ª § â¥«ìáâ¢®. �à¨ ¯à®¨§¢®«ìëå x(n) 2 E, y(n) 2 R1 ¨§ (4){(6) ¢ëâ¥ª ¥â

('; x(n+1)) + y(n+1) =
('; x(n+1)) + y(n+1)

('; x(n)) + y(n)
[(';Ax(n)) + ('; a(n))(y(n) � y(n+1)) +

+ (�; x(n)) + �
(n)
0 (y(n) � y(n+1)) + �y(n+1)] + ('; b) =

=
('; x(n+1)) + y(n+1)

('; x(n)) + y(n)
[(A�'; x(n)) + (('; a(n)) + �

(n)
0 )y(n) + (�('; a(n))� �

(n)
0 + �)y(n+1) +

+ (�; x(n))] + ('; b) = �
('; x(n+1)) + y(n+1)

('; x(n)) + y(n)
[('; x(n)) + y(n)] + ('; b) = �[('; x(n+1)) + y(n+1)] + ('; b):

�âáî¤  fx(n+1); y(n+1)g 2 E0. � á¨«ã ¯à¨æ¨¯  ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨ «¥¬¬  ¤®ª §  .

�§ «¥¬¬ 1 ¨ 2 á«¥¤ã¥â

�¥¬¬  3. �á«¨ � 6= 1 ¨ fx(0); y(0)g 2 E0, â® ('; x(n) � x�) + y(n) � y� = 0 (n = 0; 1; : : : ).

� àï¤ã á ¨â¥à æ¨ï¬¨ (2), (3) à áá¬®âà¨¬ ¨â¥à æ¨®ë© ¯à®æ¥áá

x(n+1) = Ax(n) + a(n)(y(n) � y(n+1)) + b; (8)

y(n+1) = (�; x(n)) + �
(n)
0 (y(n) � y(n+1)) + �y(n+1): (9)

�¥¬¬  4. �§ á®®â®è¥¨© fx(0); y(0)g 2 E0 á«¥¤ã¥â, çâ® ¨â¥à æ¨®ë¥ ¯à®æ¥ááë (2), (3) ¨
(8), (9) â®¦¤¥áâ¢¥ë ¬¥¦¤ã á®¡®©.

�â¢¥à¦¤¥¨¥ «¥¬¬ë ï¢«ï¥âáï ¥¯®áà¥¤áâ¢¥ë¬ á«¥¤áâ¢¨¥¬ «¥¬¬ë 2.

�¥®à¥¬  1. �ãáâì � 6= 1, fx(0); y(0)g 2 E0, áãé¥áâ¢ãîâ â ª¨¥  2 E ¨  0 2 R1, çâ®

kH k � q < 1, £¤¥ ®¯¥à â®à H , ¤¥©áâ¢ãîé¨© ¨§ E1 ¢ E1, ®¯à¥¤¥«¥ \¬ âà¨æ¥©"

H =

0
B@
A� F0

(1��)a(n)+ 

1��+�
(n)
0

G0
�
(n)
0 � 0

1��+�
(n)
0

1
CA ;
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  ¡  å®¢® ¯à®áâà áâ¢® E1 ®¯à¥¤¥«¥® ª ª ¯à®áâà áâ¢® E1 = E
S
R1. �®£¤  ¯à®æ¥áá (2),

(3) áå®¤¨âáï ª à¥è¥¨î (x�; y�) á¨áâ¥¬ë (1), (5) ¥ ¬¥¤«¥¥¥ £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨ á®

§ ¬¥ â¥«¥¬ q. �à¨ íâ®¬ ¨â¥à æ¨®ë©  «£®à¨â¬ (2), (3) ¬®¦® § ¬¥¨âì ¨â¥à æ¨®ë¬

 «£®à¨â¬®¬ (8), (9) ¯à¨ n � 1.

�®ª § â¥«ìáâ¢®. �ãáâì

F0x =
a(n)

1� �+ �
(n)
0

(�; x) �
 

1� �+ �0
('; x); G0x =

(��  0'; x)

1� �+ �
(n)
0

:

� ¢¥áâ¢  (8), (9) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ ®¤®£® à ¢¥áâ¢  !(n+1) = H !
(n), ¨á¯®«ì§®¢ ¢ ®¡®§ ç¥¨¥

!(k) = fx(k) � x�; y(k) � y�g.

�®áª®«ìªã ¨§ (6), (7) ¢ëâ¥ª ¥â á®®â®è¥¨¥

x(n+1) � x� = A(x(n) � x�)�
a(n)

1� �+ �
(n)
0

((1 � �)'+ �; x(n) � x�); (10)

â® ¨¬¥¥â ¬¥áâ® á«¥¤ãîé ï

�¥®à¥¬  2. �ãáâì � 6= 1, fx(0); y(0)g 2 E0 ¨ ¤«ï «¨¥©®£® ®â®á¨â¥«ì® x
(n)�x� ®¯¥à â®à 

H0 = A(x(n)�x�)� a(n)

1��+�
(n)
0

((1��)'+�; x(n)�x�), ¯®à®¦¤¥®£® ¯à ¢®© ç áâìî à ¢¥áâ¢  (10),

¨¬¥¥¬ kH0k � q0 < 1. �®£¤  ¯®á«¥¤®¢ â¥«ì®áâì fx(n)g, ¯®áâà®¥ ï á ¯®¬®éìî  «£®à¨â¬ 

(2), (3) áå®¤¨âáï ª à¥è¥¨î ãà ¢¥¨ï (1).

�®ª § â¥«ìáâ¢® ¯®«ãç ¥âáï ¨§ â¥®à¥¬ë 1 ¯à¨  = �(1� �)a(n).

�à¨¬¥à. �á«¨ E ï¢«ï¥âáï ¥¢ª«¨¤®¢ë¬ ¯à®áâà áâ¢®¬ RN à §¬¥à®áâ¨ N � 2, â® ¬®¦®
¯à¨¢¥áâ¨ í«¥¬¥â à®¥ ¤®ª § â¥«ìáâ¢®, ¯®«ãç ¥¬®¥ á ¯®¬®éìî ¬¥â®¤   ¨¬¥ìè¨å ª¢ ¤à â®¢
¯à ªâ¨ç¥áª¨ ®ç¥¢¨¤ë¬ á¯®á®¡®¬. � ª ç¥áâ¢¥ q ¬®¦® ¢ë¡à âì  ¡á®«îâãî ¢¥«¨ç¨ã ¢â®à®£®
¯®  ¡á®«îâ®© ¢¥«¨ç¨¥ á®¡áâ¢¥®£® ç¨á«  �2, ¥á«¨ ¢ ª ç¥áâ¢¥ � ¢ë¡à ® ¯¥à¢®¥ ¯®  ¡á®«îâ-
®© ¢¥«¨ç¨¥ á®¡áâ¢¥®¥ ç¨á«® � = �1 (¥á«¨ �1 ¢¥é¥áâ¢¥®¥),   ¢ ª ç¥áâ¢¥ ' | á®®â¢¥â-
áâ¢ãîé¨© ¥¬ã «¥¢ë© á®¡áâ¢¥ë© ¢¥ªâ®à ¬ âà¨æë A. � áá¬ âà¨¢ ¥¬ë© ¨â¥à æ¨®ë© ¯à®æ¥áá
¬®¦® á¢¥áâ¨ ä®à¬ «ì® ª ®¡ëç®¬ã ¬¥â®¤ã ¯®á«¥¤®¢ â¥«ìëå ¯à¨¡«¨¦¥¨© x(n+1) = Ax(n)+ b
á® á¯¥æ¨ «ì® ¯®¤®¡à ë¬  ç «ìë¬ ¯à¨¡«¨¦¥¨¥¬ x(0) 2 RN , ã¤®¢«¥â¢®àïîé¨¬ ãá«®¢¨î
('; x(0)) = (';b)

1��1
.

�áâ ®¢«¥ë¥ à¥§ã«ìâ âë ¬®¦® à á¯à®áâà ¨âì   ¬®£®¯ à ¬¥âà¨ç¥áª¨¥ ¬®¤¨ä¨ª æ¨¨
¬¥â®¤®¢ ¨â¥à â¨¢®£®  £à¥£¨à®¢ ¨ï. �ç¨â ¥¬, çâ® ãà ¢¥¨¥ (1) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

xs =
NX
r=1

Asrxr + bs (s = 1; N );

¤®¯ãáª ï, çâ® E =
NS
i=1

Ei ¨ ®¯à¥¤¥«¥ë ®¯¥à â®àë Asr : Er ! Es, ¯à¨ç¥¬ Ei ï¢«ïîâáï ¯®¤-

¯à®áâà áâ¢ ¬¨ ¯à®áâà áâ¢  E ¨ ¤®¯ãáâ¨¬® à §¡¨¥¨¥ ª ¦¤®£® í«¥¬¥â  x 2 E   áã¬¬ã

í«¥¬¥â®¢ xi 2 Ei â ª, çâ®
NP
i=1

xi = x.

� áá¬®âà¨¬ ¨â¥à æ¨®ë© ¯à®æ¥áá

x(n+1)s =
NX
r=1

z(n+1)r + y(n+1)r

z
(n)
r + y

(n)
r

[Asrx
(n)
r + a(n)sr (y

(n)
r � y(n+1)r )] + bs; (11)

y(n+1)s =
NX
r=1

z(n+1)r + y(n+1)r

z
(n)
r + y

(n)
r

[(�sr; x(n)r ) + a(n)sr (y
(n)
r � y(n+1)r ) + �sry

(n+1)
r ]; (12)

£¤¥ �sr; �(n)sr 2 R1, 'r; �sr 2 E�

r , a
(n)
sr 2 Es, s; r = 1; N , § ¤ ë â ª, çâ®

�(n)sr + ('s; a(n)sr ) = �sr (s; r = 1; N; n = 0; 1; : : : ):
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�ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®§ ç¥¨ï

z(n)r = ('r; x
(n)
r )r (r = 1; N ): (13)

�®¦¥áâ¢  "r ¯®«ãç îâáï á ¯®¬®éìî à ¢¥áâ¢

zr + yr =
�s
�

(s = 1; N )

¯® ä®à¬ã« ¬ �à ¬¥à , £¤¥ zr = ('r; xr)r, ®¯à¥¤¥«ïîé¨å ¬®¦¥áâ¢® E0 =
NT
r=1

"r.

�®ª § â¥«ìáâ¢® ¬®£®¯ à ¬¥âà¨ç¥áª®£®   «®£  «¥¬¬ë 2 ¬®¦® ¯®«ãç¨âì ¨§ (11){(13) á
¯®¬®éìî á«¥¤ãîé¨å ¢ëª« ¤®ª:

z(n+1)s + y(n+1)s =
NX
r=1

z(n+1)r + y(n+1)r

z
(n)
r + y

(n)
r

[�sr('r; xr)r � (�sr; x(n)r )r + ('r; a(n)sr )r(y
(n)
r � y(n+1)r ) +

+ (�sr; x(n)r )r + �(n)sr (y
(n)
r � y(n+1)r ) + �sry

(n+1)
r ] +Bs =

=
NX
r=1

z(n+1)r + y(n+1)r

z
(n)
r + y

(n)
r

[�srz(n)r + (('r; a(n)sr )r + �(n)sr )y
(n)
r + (�sr � ('r; a(n)sr )r � �(n)sr )y

(n+1)
r ] +Bs:

�âáî¤  z(n+1)s + y(n+1)s = �s
�

(s = 1; N ), çâ® ¯®¤â¢¥à¦¤ ¥â ááë«ª    ¯à¨æ¨¯ ¨¤ãªæ¨¨.
�®íâ®¬ã ¬®¦® á¤¥« âì ¢ë¢®¤: ¤«ï ¯¥à¢®© ¨â¥à æ¨¨ fx(1); y(1)g ¯® ä®à¬ã« ¬ (11), (12) ¯à¨

¯à®¨§¢®«ìëå x(0) 2 E, y(0) 2 RN ¡ã¤¥¬ ¨¬¥âì, çâ® fx(1); y(1)g 2 E0.
�«¥¤®¢ â¥«ì®, ¤«ï n � 1, ª ª ¨ ¢ ®¤®¯ à ¬¥âà¨ç¥áª®¬ á«ãç ¥, á n = 1 ¡ã¤¥¬ ¨¬¥âì íª¢¨-

¢ «¥â®áâì  «£®à¨â¬  (11), (12) ¨  «£®à¨â¬ 

x(n+1)s =
NX
r=1

[Asrx(n)r + a(n)sr (y
(n)
r � y(n+1)r )] +Bs; (14)

y(n+1)s =
NX
r=1

[(�sr; x(n)r ) + a(n)sr (y
(n)
r � y(n+1)r ) + �sry

(n+1)
r ]: (15)

�â¬¥â¨¬, çâ® ¤«ï ¨áá«¥¤®¢ ¨ï ¬®£®¯ à ¬¥âà¨ç¥áª¨å ¬®¤¨ä¨ª æ¨©  «£®à¨â¬®¢ (11), (12)
¨ (14), (15) ¬®¦® ¢®á¯®«ì§®¢ âìáï à¥§ã«ìâ â ¬¨ ¨§ [2]{[4].
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