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1. �¢¥¤¥¨¥

�«ï ¤®áâ â®ç® ¯à¥¤áâ ¢¨â¥«ìëå ª« áá®¢ á¨£ã«ïà® ¢®§¬ãé¥ëå ªà ¥¢ëå § ¤ ç à §à -
¡®â ë "-à ¢®¬¥à® áå®¤ïé¨¥áï ¬¥â®¤ë, ¤«ï ª®â®àëå ®è¨¡ª¨ à¥è¥¨© ¥ § ¢¨áïâ ®â ¢®§¬ãé -
îé¥£® ¯ à ¬¥âà  " ( ¯à., [1]{[6] ¨ ¡¨¡«¨®£à ä¨ï â ¬ ¦¥). � á«ãç ¥ à¥£ã«ïàëå ªà ¥¢ëå § ¤ ç
å®à®è® ¨§¢¥áâë íää¥ªâ¨¢ë¥ ç¨á«¥ë¥ ¬¥â®¤ë   ®á®¢¥ ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨ (á¬.,  ¯à.,
[7], [8] ¨ ¡¨¡«¨®£à ä¨î â ¬ ¦¥). � ª¨¥ ¬¥â®¤ë ¯®§¢®«ïîâ á¢¥áâ¨ à¥è¥¨¥ ¤®áâ â®ç® á«®¦-
ëå § ¤ ç ª § ¤ ç ¬   ¡®«¥¥ ¯à®áâëå ®¡« áâïå ¨, ¢ ç áâ®áâ¨, ¯à®¢®¤¨âì à á¯ à ««¥«¨¢ ¨¥
¢ëç¨á«¥¨©. �à¥¤¨ íâ¨å ¬¥â®¤®¢ ®á®¡¥® ¯à¨¢«¥ª â¥«ìë¬¨ ï¢«ïîâáï ¬¥â®¤ë ¤¥ª®¬¯®§¨æ¨¨
  ¥¯¥à¥ªàë¢ îé¨åáï ¯®¤®¡« áâïå, ¯®§¢®«ïîé¨¥ ¨á¯®«ì§®¢ âì   ¯®¤®¡« áâïå à ¢®¬¥àë¥
á¥âª¨ ¯à¨ à¥è¥¨¨ ¯à®¬¥¦ãâ®çëå § ¤ ç.

� íâ®© á¢ï§¨ ¯à¥¤áâ ¢«ï¥âáï  ªâã «ì®© à §à ¡®âª  ¬¥â®¤®¢ ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨ ¤«ï
á¨£ã«ïà® ¢®§¬ãé¥ëå ªà ¥¢ëå § ¤ ç ¨, ¢ ç áâ®áâ¨, ¬¥â®¤®¢, ¤«ï ª®â®àëå ®è¨¡ª¨ à¥è¥¨© ¨
ç¨á«® ¨â¥à æ¨©, âà¥¡ã¥¬ëå ¤«ï ®âëáª ¨ï ¯à¨¡«¨¦¥®£® à¥è¥¨ï, ¥ § ¢¨áïâ ®â ¯ à ¬¥âà  ".

� ¤ ®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï ªà ¥¢ ï § ¤ ç  ¤«ï á¨£ã«ïà® ¢®§¬ãé¥®£® í««¨¯â¨ç¥-
áª®£® ãà ¢¥¨ï â¨¯  ª®¢¥ªæ¨¨-¤¨ääã§¨¨   ¯®«®á¥. �«ï â ª®© § ¤ ç¨ ¨§¢¥áâ  á¯¥æ¨ «ì ï
à §®áâ ï áå¥¬    ªãá®ç®-à ¢®¬¥àëå á¥âª å, áå®¤ïé ïáï "-à ¢®¬¥à® ( ¯à., [2]{[4], [6]).
�  ®á®¢¥ íâ®© áå¥¬ë áâà®ïâáï à §®áâë¥ áå¥¬ë ¬¥â®¤  ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨ ¢ á«ãç ¥ ¥-
¯¥à¥ªàë¢ îé¨åáï ¯®¤®¡« áâ¥©. �  £à ¨æ å ¯®¤®¡« áâ¥© à áá¬ âà¨¢ îâáï ®¡¬¥ë¥ ãá«®¢¨ï
�®¡¨ . �è¨¡ª¨ ¯à¨¡«¨¦¥ëå à¥è¥¨© ¨ ç¨á«® ¨â¥à æ¨©, âà¥¡ã¥¬ëå ¤«ï à¥è¥¨ï § ¤ ç¨,
áãé¥áâ¢¥® § ¢¨áïâ ®â ¯ à ¬¥âà  " (¯à¨ ¬ «ëå § ç¥¨ïå " ®è¨¡ª¨ à¥è¥¨© áâ ®¢ïâáï ª®-
¥çë¬¨, ¯à¨ç¥¬ âà¥¡ã¥¬®¥ ¤«ï à¥è¥¨ï ç¨á«® ¨â¥à æ¨© ¥®£à ¨ç¥® à áâ¥â ¯à¨ "! 0).

�áá«¥¤ãîâáï ¯ à ¬¥âàë ®¡¬¥ëå ãá«®¢¨© ¨ à §®áâëå áå¥¬, ®¡¥á¯¥ç¨¢ îé¨¥ "-à ¢®¬¥à-
ãî áå®¤¨¬®áâì á¥â®çëå à¥è¥¨© á® áª®à®áâìî O(N�1

1 lnN1 +N�1
2 + qn), £¤¥ Ns § ¤ ¥â ç¨á«®

á¥â®çëå ã§«®¢ ¢¤®«ì ®á¨ xs, s = 1; 2, n | ç¨á«® ¨â¥à æ¨©, ¯à¨ç¥¬ q < 1 à ¢®¬¥à® ¯® ".
� ¬¥â¨¬, çâ® "-à ¢®¬¥àë¥ ç¨á«¥ë¥ ¬¥â®¤ë   ®á®¢¥ ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨ à áá¬ âà¨-

¢ «¨áì,  ¯à¨¬¥à, ¢ [2], [3], [9]{[12]. � íâ¨å à ¡®â å ¨á¯®«ì§®¢ «¨áì ®¡¬¥ë¥ ãá«®¢¨ï �¨à¨-
å«¥. �¥â®¤ë   ¥¯¥à¥ªàë¢ îé¨åáï ¯®¤®¡« áâïå á ®¡¬¥ë¬¨ ãá«®¢¨ï¬¨ �®¡¨ , áå®¤ïé¨¥áï
"-à ¢®¬¥à® á à®áâ®¬ ç¨á«  ã§«®¢ á¥â®ª ¨ ç¨á«  ¨â¥à æ¨©, ¥ à áá¬ âà¨¢ «¨áì.

2. �®áâ ®¢ª  § ¤ ç¨

�  ¢¥àâ¨ª «ì®© ¯®«®á¥ D, £¤¥

D = fx : x1 2 (0; d); x2 2 Rg; (2.1)

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâ ò01-01-01022).
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à áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã ¤«ï í««¨¯â¨ç¥áª®£® ãà ¢¥¨ï

Lu(x) �
�
"
X
s=1;2

as(x)
@2

@x2s
+
X
s=1;2

bs(x)
@

@xs
� c(x)

�
u(x) = f(x); x 2 D;

u(x) = '(x); x 2 �:
(2.2)

�¤¥áì � = D n D, äãªæ¨¨ as(x), bs(x), c(x), f(x) ¨ '(x) ¯à¥¤¯®« £ îâáï ¤®áâ â®ç® £« ¤ª¨¬¨
  D ¨ � á®®â¢¥âáâ¢¥®, ¯à¨ç¥¬1

a0 � as(x) � a0; b0 � b1(x) � b0; jb2(x)j � b0; 0 � c(x) � c0;

jf(x)j �M; x 2 D; j'(x)j �M; x 2 �; s = 1; 2; a0; b0 > 0;
(2.3)

¯ à ¬¥âà " ¯à¨¨¬ ¥â ¯à®¨§¢®«ìë¥ § ç¥¨ï ¨§ ¯®«ã¨â¥à¢ «  (0; 1]. �«ï ¯à®áâ®âë ¯à¥¤¯®-
« £ ¥¬ ¢ë¯®«¥ë¬ ®¤® ¨§ ãá«®¢¨© b2(x) � 0, x 2 D, «¨¡® b2(x) � 0, x 2 D.

� â®¬ á«ãç ¥, ª®£¤  ¯ à ¬¥âà " áâà¥¬¨âáï ª ã«î, ¢ ®ªà¥áâ®áâ¨ £à ¨æë �1 ¯®ï¢«ï¥âáï
à¥£ã«ïàë© ¯®£à ¨çë© á«®©. �¤¥áì � = �1 [�2, �1 = �L, �2 = �R | «¥¢ ï ¨ ¯à ¢ ï £à ¨æë.

�«ï ªà ¥¢®© § ¤ ç¨ (2.2), (2.1) âà¥¡ã¥âáï ¯®áâà®¨âì á¯¥æ¨ «ìãî à §®áâãî áå¥¬ã ¬¥â®-
¤  ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨ ¢ á«ãç ¥ ¥¯¥à¥ªàë¢ îé¨åáï ¯®¤®¡« áâ¥©, à¥è¥¨¥ ª®â®à®© áå®¤¨âáï
"-à ¢®¬¥à® á à®áâ®¬ ç¨á«  ã§«®¢ á¥â®ç®© ®¡« áâ¨ ¨ ç¨á«  ¨â¥à æ¨© ¨â¥à æ¨®®£® ¯à®æ¥áá .

3. � §®¢ ï áå¥¬  ¤«ï § ¤ ç¨ (2.2), (2.1)

�à¨¢¥¤¥¬ "-à ¢®¬¥à® áå®¤ïéãîáï à §®áâãî áå¥¬ã. �  ¬®¦¥áâ¢¥ D ¢¢¥¤¥¬ ¯àï¬®ã£®«ì-
ãî á¥âªã

Dh = !1 � !2; (3.1)

£¤¥ !1 ¨ !2 | ¯à®¨§¢®«ìë¥, ¢®®¡é¥ £®¢®àï, ¥à ¢®¬¥àë¥ á¥âª¨   ®âà¥§ª¥ [0; d] ¨   ®á¨ x2.
�ãáâì his = xi+1

s �xis, x
i
s; x

i+1
s 2 !1 ¯à¨ s = 1, xis; x

i+1
s 2 !2 ¯à¨ s = 2; ¯ãáâì hs = max

i
his, h = max

s
hs.

�à¥¤¯®« £ ¥¬ ¢ë¯®«¥ë¬ ãá«®¢¨¥ h �MN�1, £¤¥ N = min[N1; N2], N1 + 1 ¨ N2 + 1 | ç¨á«®
ã§«®¢ á¥âª¨ !1 ¨ ¬¨¨¬ «ì®¥ ç¨á«® ã§«®¢ á¥âª¨ !2   ®âà¥§ª¥ ¥¤¨¨ç®© ¤«¨ë.

� ¤ çã (2.2), (2.1)  ¯¯à®ªá¨¬¨àã¥¬ ¬®®â®®© à §®áâ®© áå¥¬®© [13]

�z(x) �
�
"
X
s=1;2

as(x)�xs bxs + X
s=1;2

[b+s (x)�xs + b�s (x)�xs]� c(x)
�
z(x) = f(x); x 2 Dh;

z(x) = '(x); x 2 �h:
(3.2)

�¤¥áì Dh = D \Dh, �h = �\Dh, �xs bxsz(x) ¨ �xsz(x), �xsz(x) { ¢â®à ï ¨ ¯¥à¢ë¥ (¢¯¥à¥¤ ¨  § ¤)
à §®áâë¥ ¯à®¨§¢®¤ë¥,  ¯à¨¬¥à,

�
x1 bx1z(x) = 2(hi1 + hi�1

1 )�1[�x1z(x)� �x1z(x)]; x = (xi1; x2) 2 Dh;

v+(x) = 2�1(v(x) + jv(x)j); v�(x) = 2�1(v(x) � jv(x)j):

�å¥¬  (3.2), (3.1) ¬®®â®  [13] "-à ¢®¬¥à®. �«ï à¥è¥¨© áå¥¬ë á¯à ¢¥¤«¨¢  ®æ¥ª 

ju(x)� z(x)j �M [("2 +N�1
1 )�1N�1

1 +N�1
2 ]; x 2 Dh: (3.3)

� á«ãç ¥ á¥â®ª

Dh = !1 � !2; (3.4)

1�¤¥áì ¨ ¨¦¥ ç¥à¥§ M ,Mi (m, mi) ®¡®§ ç ¥¬ ¤®áâ â®ç® ¡®«ìè¨¥ (¬ «ë¥) ¯®«®¦¨â¥«ìë¥ ¯®áâ®ï-
ë¥, ¥ § ¢¨áïé¨¥ ®â " ¨ ®â ¯ à ¬¥âà®¢ à §®áâëå áå¥¬. � ¯¨áì m(j:k) (Dh(j:k), L(j:k)) ¡ã¤¥â ®§ ç âì,
çâ® íâ  ¯®áâ®ï ï (á¥âª , ®¯¥à â®à ¨ â. ¯.) ¢¢¥¤¥  ¢ ä®à¬ã«¥ (j:k).
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à ¢®¬¥àëå ¯® ®¡¥¨¬ ¯¥à¥¬¥ë¬, ¨¬¥¥¬

ju(x)� z(x)j �M [(" +N�1
1 )�1N�1

1 +N�1
2 ]; x 2 Dh: (3.5)

�å¥¬  (3.2), (3.4) áå®¤¨âáï ¯à¨ ãá«®¢¨¨ (N�1
1 � ")

"�1 = o(N1): (3.6)

�®áâà®¨¬ ªãá®ç®-à ¢®¬¥àãî á¥âªã,   ª®â®à®© áå¥¬  (3.2) áå®¤¨âáï "-à ¢®¬¥à® [2], [3], [6].
�  ¬®¦¥áâ¢¥ D ¢¢¥¤¥¬ á¥âªã

Dh = !�1 � !2; (3.7 )

£¤¥ !2 = !2(3:4), !�1 | ªãá®ç®-à ¢®¬¥à ï á¥âª , áâà®ïé ïáï á«¥¤ãîé¨¬ ®¡à §®¬. �âà¥§®ª [0; d]
à §¡¨¢ ¥âáï   2 ¨â¥à¢ «  [0; �], [�; d]. � £¨ á¥âª¨   ¨â¥à¢ « å ¯®áâ®ïë ¨ à ¢ë h

(1)
1 =

2�N�1
1 ¨ h(2)1 = 2(d��)N�1

1   ¨â¥à¢ « å [0; �], [�; d] á®®â¢¥âáâ¢¥®. � à ¬¥âà � ®¯à¥¤¥«ï¥âáï
á®®â®è¥¨¥¬

� = �(";N1) = min[2�1d;m�1" lnN1]; (3.7¡)

£¤¥ m = m(7:2). �¥âª¨ !�1 ¨ Dh(3:7) ¯®áâà®¥ë.
�«ï à¥è¥¨© à §®áâ®© áå¥¬ë (3.2), (3.7) ¯®«ãç ¥âáï ®æ¥ª 

ju(x)� z(x)j �MfN�1
1 min["�1; lnN1] +N�1

2 g; x 2 Dh; (3.8)

  â ª¦¥ "-à ¢®¬¥à ï ®æ¥ª 

ju(x) � z(x)j �M [N�1
1 lnN1 +N�1

2 ]; x 2 Dh: (3.9)

�¢¥¤¥¬ ®¯à¥¤¥«¥¨¥. �ãáâì ¤«ï äãªæ¨¨ z(x), x 2 Dh, | à¥è¥¨ï ¥ª®â®à®© à §®áâ®©
áå¥¬ë | ¢ë¯®«ï¥âáï ®æ¥ª 

ju(x)� z(x)j � �1�1 + �2�2; x 2 Dh; (3.10)

£¤¥ �s = �s(N�1
s ; "), �s = �s(N�1

s ; "), ¯à¨ç¥¬ �s(N�1
s ; ")! 0 ¯à¨ Ns !1, "! 0, a �s(N�1

s ; ")!1
¯à¨ Ns ! 1, " ! 0; s = 1; 2. �ã¤¥¬ £®¢®à¨âì, çâ® ®æ¥ª  (3.10) ¥ã«ãçè ¥¬  ¯® ¢å®¦¤¥¨î
¢¥«¨ç¨ N1, N2, ", ¥á«¨ ®æ¥ª 

ju(x) � z(x)j � �01�
0
1 + �02�

0
2 ; x 2 Dh;

¢®®¡é¥ £®¢®àï, ¥¢¥à  ¯à¨ ãá«®¢¨¨ �01�
0
1+�

0
2�

0
2 = o(�1�1+�2�2); �0s = �0s(N

�1
s ; "), �0

s = �0
s (N

�1
s ; "),

s = 1; 2.
�æ¥ª¨ (3.5), (3.8) | "-§ ¢¨á¨¬ë¥ ®æ¥ª¨ ¯®£à¥è®áâ¨ á¥â®çëå à¥è¥¨© | ¥ã«ãçè ¥¬ë

¯® ¢å®¦¤¥¨î ¢¥«¨ç¨ N1, N2, ", a "-à ¢®¬¥à ï ®æ¥ª  (3.9) | ¯® ¢å®¦¤¥¨î N1, N2.

�¥®à¥¬  3.1. �ãáâì ¤«ï à¥è¥¨ï u(x) ªà ¥¢®© § ¤ ç¨ (2:2), (2:1) ¢ë¯®«ïîâáï  ¯à¨®àë¥

®æ¥ª¨ â¥®à¥¬ë 7:1, £¤¥ K = 4. �®£¤  à §®áâ ï áå¥¬  (3:2), (3:7) (áå¥¬ë (3:2), (3:1) ¨ (3:2),
(3:4)) áå®¤¨âáï "-à ¢®¬¥à® (áå®¤ïâáï ¯à¨ ä¨ªá¨à®¢ ëå § ç¥¨ïå ¯ à ¬¥âà  "). �«ï á¥-

â®çëå à¥è¥¨© á¯à ¢¥¤«¨¢ë ®æ¥ª¨ (3:3), (3:5), (3:8), (3:9); ®æ¥ª¨ (3:5), (3:8) ¨ (3:9) ¥ã«ãç-
è ¥¬ë á®®â¢¥âáâ¢¥® ¯® ¢å®¦¤¥¨î ¢¥«¨ç¨ N1, N2, ", ¨ N1, N2.
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4. �®â¨ã «ìë¥ áå¥¬ë c ®¡¬¥ë¬¨ ãá«®¢¨ï¬¨ �®¡¨ 

�à¨¢¥¤¥¬ ª®â¨ã «ìë© ¬¥â®¤ �¢ àæ  ¯à¨ ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨   ¯¥à¥ªàë¢ îé¨¥áï ¨
¥¯¥à¥ªàë¢ îé¨¥áï ¯®¤®¡« áâ¨ ¢ á«ãç ¥ ãá«®¢¨ï ®¡¬¥  �®¡¨    £à ¨æ å ¯®¤®¡« áâ¥©.

1. �  ¬®¦¥áâ¢¥ D ¢¢¥¤¥¬ ¯®ªàë¢ îé¨¥ ¬®¦¥áâ¢  D(k)

D = D(1) [D(2); D(1) = (0; d1)�R; D(2) = (d2; d)�R; 0 < d2 � d1 < d; (4.1)

¨¬¥îé¨¥ ¯¥à¥ªàëâ¨¥ è¨à¨ë � = d1�d2 � 0; ¯®« £ ¥¬ �(k) = D(k)nD(k), k = 1; 2; �(k) = �(k)
L [�(k)

R ,
�(k)
L ¨ �(k)

R | «¥¢ ï ¨ ¯à ¢ ï ç áâ¨ £à ¨æë �(k).
�ãáâì   D § ¤   ¯à®¨§¢®«ì ï ¤®áâ â®ç® £« ¤ª ï ®£à ¨ç¥ ï äãªæ¨ï u0(x), x 2 D,

¯à¨ç¥¬ u0(x) = '(x), x 2 �, ¨ ¯ãáâì ã¦¥ ¨§¢¥áâë äãªæ¨¨ u1(x); : : : ; un�1(x), x 2 D. �®áâà®¨¬
äãªæ¨î un(x), x 2 D.

� ®â«¨ç¨¥ ®â äãªæ¨© ui(x), i = 1; : : : ; n, ªãá®ç®-£« ¤ª¨å, ® ¥¯à¥àë¢ëå   D ¢ á«ãç ¥
®¡¬¥ëå ãá«®¢¨© �¨à¨å«¥ ( ¯à., [2], [3], [9]{[11]), äãªæ¨¨ ui(x) ¢ íâ®¬ ¬¥â®¤¥ ¤¥ª®¬¯®§¨æ¨¨
¤®áâ â®ç® £« ¤ª¨¥   D(1) ¨ D[2], £¤¥ D[k] = D(k) nD(3�k), ¨ â¥à¯ïâ à §àë¢ I à®¤    ¬®¦¥áâ¢¥
�(1)
R . �®« £ ¥¬ Dfkg = D(1) ¯à¨ k = 1, Dfkg = D[2] ¯à¨ k = 2. �  ¬®¦¥áâ¢ å D(k)  å®¤¨¬

äãªæ¨¨ un(k)(x), à¥è ï § ¤ ç¨

Lun(2)(x) = f(x); x 2 D(2); un(2)(x) = '(x); x 2 �(2) \ �;

lLu
n(2)(x) = lLu

(n�1)(x1 � 0; x2); x 2 �(2) n �;

Lun(1)(x) = f(x); x 2 D(1); un(1)(x) = '(x); x 2 �(1) \ �;

lRu
n(1)(x) = lRu

n(2)(x1 + 0; x2); x 2 �(1) n �:

(4.2 )

�¤¥áì

lRv(x) �
�
"�R(x)

@

@x1
+ �R(x)

�
v(x); x 2 �(1) n �;

lLv(x) �
�
� "�L(x)

@

@x1
+ �L(x)

�
v(x); x 2 �(2) n �;

�R(x); �R(x) � 0, x 2 �(1)
R , �L(x); �L(x) � 0, x 2 �(2)

L , | ¤®áâ â®ç® £« ¤ª¨¥ äãªæ¨¨   ¬®-
¦¥áâ¢¥ �(12) � f�(1) [ �(2)g n �, ¯à¨ç¥¬ �R(x) + �R(x) > 0, x 2 �(1)

R , �L(x) + �L(x) > 0, x 2 �(2)
L .

�ãªæ¨ï

un(x) =

(
un(1)(x); x 2 D(1);

un(2)(x); x 2 D(2) nD(1);
x 2 Dfkg; k = 1; 2; n = 1; 2; : : : ; (4.2¡)

  ¬®¦¥áâ¢¥ �(1)
R â¥à¯¨â à §àë¢ I à®¤ . �ãªæ¨î un(x), x 2 D, n = 1; 2; : : : ,  §®¢¥¬ à¥è¥¨¥¬

§ ¤ ç¨ (4.2), (4.1) | ª®â¨ã «ì®£® ¬¥â®¤  �¢ àæ  á ®¡¬¥ë¬¨ ãá«®¢¨ï¬¨ �®¡¨ . � ¬¥â¨¬,
çâ® áå¥¬  (4.2), (4.1) ®¯à¥¤¥«¥  ¯à¨ � � 0.

�«ï ¯à®áâ®âë ¡ã¤¥¬ áç¨â âì ¢ë¯®«¥ë¬ ãá«®¢¨¥

�(x) = 1� �(x); x 2 �(12); (4.3)

£¤¥ �(x), �(x) à ¢ë �R(x), �R(x) ¯à¨ x 2 �(1)
R ¨ �L(x), �L(x) ¯à¨ x 2 �(2)

L . �à¨ �(x) � 1, x 2 �(12),
®¡¬¥ë¥ ãá«®¢¨ï | ãá«®¢¨ï �¥©¬  ,   ¯à¨ �(x) � 0, x 2 �(12), | ãá«®¢¨ï �¨à¨å«¥.

�«ï áå¥¬ë (4.2), (4.1) á¯à ¢¥¤«¨¢ ¯à¨æ¨¯ ¬ ªá¨¬ã¬ . �à¨¢¥¤¥¬ ®¤ã ¨§ ¥£® ä®à¬ã«¨à®¢®ª.
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�¥¬¬  4.1. �ãáâì � � 0, c(x) � c0 > 0, x 2 D, ¨ ¯ãáâì ¤«ï ¤®áâ â®ç® £« ¤ª¨å äãªæ¨©

un(k)(x), x 2 D(k),   â ª¦¥ äãªæ¨© un(x), x 2 D, ®¯à¥¤¥«ï¥¬ëå (4:2¡), k = 1; 2, n = 0; 1; 2; : : : ,
¢ë¯®«ïîâáï ãá«®¢¨ï

lLu
0(1)(x) � 0; x 2 �(2)

L ;

(�1)kLun(k)(x) � 0; x 2 D(k); un(k)(x) = 0; x 2 �(k) \ �;

lLu
n(2)(x) � lLu

n�1(x1 � 0; x2); x 2 �(2)
L ;

lRu
n(1)(x) � lRu

n(2)(x1 + 0; x2); x 2 �(1)
R ; k = 1; 2;

¯à¨ç¥¬

lRu
i(2)(x1 + 0; x2) � 0; x 2 �(1)

R ;

lLu
i(1)(x1 � 0; x2) � 0; x 2 �(2)

L ; i = 1; 2; : : : ; n; n = 1; 2; : : : ;

£¤¥ un�1(x) = u0(1)(x), x 2 �(2)
L , ¯à¨ n = 1. �®£¤ 

(�1)kun(x) � 0; x 2 Dfkg; k = 1; 2; n = 1; 2; : : : ;

¤«ï ¢á¥å " 2 (0; 1].

� ¬¥â¨¬, çâ® áå¥¬  (4.2), (4.1), ¢®®¡é¥ £®¢®àï, ¥ áå®¤¨âáï ¢ á«ãç ¥ ãá«®¢¨ï

� = 0; (4.4)

 ¯à¨¬¥à, ª®£¤  �(x) � 1 «¨¡® �(x) � 0, x 2 , £¤¥  = �(12) ¯à¨ � = 0.

2. �à¨¢¥¤¥¬ ãá«®¢¨ï, ¤®áâ â®çë¥ ¤«ï áå®¤¨¬®áâ¨ áå¥¬ë (4.2), (4.1), (4.4).
�ãáâì u(k)(x), x 2 D(k), k = 1; 2, | à¥è¥¨ï ªà ¥¢ëå § ¤ ç, ¯®¤®¡ëå (7.3), (2.1),

Lu(k)(x) = 0; x 2 D(k); u(k)(x) = 0; x 2 �(k) \ �;

lRu
(1)(x) = 1; x 2 �(1) n �; lLu

(2)(x) = 1; x 2 �(2) n �; k = 1; 2:
(4.5 )

�«ï äãªæ¨© u(k)(x), x 2 D(k), á¯à ¢¥¤«¨¢ë ®æ¥ª¨ (á¬. (7.4), (7.7))

jlR(u
(2)(x)� u

(2)
0 (x))j �M1" exp(�m1r(x;�

(2)
L )); x 2 D(2);

jlL(u
(1)(x)� u

(1)
0 (x))j �M2"; x 2 D(1);

(4.5¡)

£¤¥ r(x;�(2)
L ) | à ááâ®ï¨¥ ®â â®çª¨ x ¤® ¬®¦¥áâ¢  �(2)

L , m1 = m(7:2). �¤¥áì

u
(2)
0 (x) = [m0(x�)�L(x

�) + �L(x
�)]�1 exp(�"�1m0(x�)r(x;�(2)

L ));

x 2 D(2); x� 2 �(2)
L ; (4.5¢)

m0(x) = a�1
1 (x)b1(x), x� = x�(7:6)(x); äãªæ¨ï u

(1)
0 (x) ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ áã¬¬ë äãªæ¨©

u
(1)
0 (x) = U

(1)
0 (x) + V

(1)
0 (x); x 2 D(1):

�®¬¯®¥âë U
(1)
0 (x), V (1)

0 (x) | à¥è¥¨ï § ¤ ç

L1
(7:6)U

(1)
0 (x) = 0; x 2 D(1) n ;

lRU
(1)
0 (x) �

�
"�R(x)

@

@x1
+ �R(x)

�
U

(1)
0 (x) = 1; x 2 ;

L2
(7:6)V

(1)
0 (x) = 0; x 2 D(1);

V
(1)
0 (x) = �U

(1)
0 (x); x 2 �1; lRV

(1)
0 (x) = 0; x 2 :
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�ãªæ¨¨ u(k)0 (x) | £« ¢ë¥ ç«¥ë  á¨¬¯â®â¨ª¨ ¯® " ¤«ï äãªæ¨© u(k)(x), x 2 D(k), k = 1; 2.
�®« £ ¥¬

q0 = q0(") � sup
x2
fjlRu

(2)(x)j jlLu
(2)(x)j�1jlLu

(1)(x)j jlRu
(1)(x)j�1g:

� ãç¥â®¬ (4.5¡)  å®¤¨¬ ®æ¥ªã

q0 � sup
x2h

f[jlRu
(2)
0 (x)j+M1"][jlLu

(2)
0 (x)j �M1"]

�1 �

� [jlLu
(1)
0 (x)j+M2"][jlRu

(1)
0 (x)j �M2"]

�1g; Mi =Mi(4:5¡):

�«ï ¢¥«¨ç¨ë q0 á ãç¥â®¬ ï¢®£® ¢¨¤  äãªæ¨© u(k)0 ¯à¨ ãá«®¢¨¨ (4.3) ãáâ  ¢«¨¢ ¥¬ ®æ¥ªã

q0 � sup
x2
fj �m0(x)�R(x) + (1� �R(x))j(1 � �L(x))[m0(x)�L(x) +

+ (1� �L(x))]
�1(1� �R(x))

�1g+M" � q01(4:6): (4.6)

�«ï áå¥¬ë (4.2), (4.1), (4.3) ¢ á¨«ã ®æ¥ª¨ (4.6) ¨¬¥¥¬

ju(x)� un(x)j �Mqn; x 2 D; q � q01(4:6): (4.7)

�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¢ë¯®«ï¥âáï ãá«®¢¨¥

j1� (1 +m0(x))�R(x)j � m1; x 2 ; " 2 (0; "0]; (4.8)

£¤¥ ¯®áâ®ïë¥ m1 ¨ "0 ¤®áâ â®ç® ¬ «ë, ¨ ¤«ï ¨å ¢ë¯®«ï¥âáï q01(4:6) � 1 �m. �à¨ ãá«®¢¨¨
(4.8) áå¥¬  (4.2), (4.1), (4.3), (4.4) áå®¤¨âáï "-à ¢®¬¥à® ¯à¨ n!1.

�¥®à¥¬  4.1. �á«®¢¨¥ (4:8) ï¢«ï¥âáï ¤®áâ â®çë¬ ¤«ï "-à ¢®¬¥à®© áå®¤¨¬®áâ¨ áå¥¬ë

(4:2), (4:1), (4:3), (4:4). �«ï à¥è¥¨© áå¥¬ë (¯à¨ ãá«®¢¨¨ (4:8)) á¯à ¢¥¤«¨¢  ®æ¥ª  (4:7), £¤¥
q � 1�m.

5. � §®áâë¥ áå¥¬ë c ®¡¬¥ë¬¨ ãá«®¢¨ï¬¨ �®¡¨ 

1. �®áâà®¨¬ à §®áâë¥ áå¥¬ë ¬¥â®¤  ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨ ¢ á«ãç ¥ ®¡¬¥ëå ãá«®¢¨©
�®¡¨ . �ç¨â ¥¬ ¢ë¯®«¥ë¬ ãá«®¢¨¥ (4.4). � ª¨¬ ®¡à §®¬, �(1)

R = �(2)
L = .

�  ¬®¦¥áâ¢ å D(k) áâà®¨¬ á¥âª¨

D
(k)
h = D(k) \Dh; k = 1; 2; (5.1)

£¤¥ Dh = Dh(3:1); áç¨â ¥¬, çâ® £à ¨æë ¬®¦¥áâ¢ D(k) ¯à®å®¤ïâ ç¥à¥§ ã§«ë á¥âª¨ Dh.
�ãáâì   Dh § ¤   äãªæ¨ï z0(x) = u0(x), x 2 Dh, £¤¥ u0(x) | ¯à®¨§¢®«ì ï ¤®áâ â®ç®

£« ¤ª ï äãªæ¨ï, ¨ ¯ãáâì ã¦¥ ¨§¢¥áâë äãªæ¨¨ z1(x); : : : ; zn�1(x), x 2 Dh, ¯à¨ç¥¬ zi(x) =
'(x), x 2 �h, i = 1; : : : ; n � 1. � ©¤¥¬ äãªæ¨î zn(x). � ¬¥â¨¬, çâ® äãªæ¨¨ zi(x), x 2 Dh,
i = 1; : : : ; n � 1 (ª ª ¨ äãªæ¨¨ ui(x), x 2 D, | à¥è¥¨ï § ¤ ç¨ (4.2)) â¥à¯ïâ \à §àë¢"  
¬®¦¥áâ¢¥ �(1)

Rh.
� å®¤¨¬ äãªæ¨¨ zn(k), x 2 D(k)

h , k = 1; 2, à¥è ï § ¤ ç¨

�zn(2)(x) = f(x); x 2D
(2)
h ; zn(2)(x) = '(x); x 2 �(2)

h \ �;

�zn(1)(x) = f(x); x 2D(1)
h ; zn(1)(x) = '(x); x 2 �(1)

h \ �;
(5.2 )

lh+L zn(2)(x) = lh�L zn�1(x1 � 0; x2);

lh�R zn(1)(x) = lh+R zn(2)(x1 + 0; x2); x 2 h:
(5.2¡)
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�¤¥áì D(k)
h = D

(k)
h(5:1), � = �(3:2),

lh+R v(x) � ("�R(x)�x1 + �R(x))v(x);

lh�R v(x) � ("�R(x)�x1 + �R(x))v(x);

lh+L v(x) � (�"�L(x)�x1 + �L(x))v(x);

lh�L v(x) � (�"�L(x)�x1 + �L(x))v(x); x 2 h:

(5.2¢)

�ãªæ¨î

zn(x) =

(
zn(2)(x); x 2 D

(2)
h ;

zn(1)(x); x 2 D
(1)
h ;

x 2 D
fkg
h ; k = 1; 2; n = 1; 2; : : : ; (5.2£)

 §®¢¥¬ à¥è¥¨¥¬ à §®áâ®© áå¥¬ë (5.2), (5.1). �ãªæ¨ï zn(x)   ¬®¦¥áâ¢¥ h = \Dh â¥à¯¨â
\à §àë¢" I à®¤ . �â  äãªæ¨ï   ¬®¦¥áâ¢¥ h ¯à¨¨¬ ¥â ¤¢®©ë¥ § ç¥¨ï zn(x1 � 0; x2) ¨
zn(x1+0; x2), ï¢«ïîé¨¥áï \¥¯à¥àë¢ë¬¨" ¯à®¤®«¦¥¨ï¬¨ zn(x) á«¥¢  ¨ á¯à ¢  (¨§ ¬®¦¥áâ¢
D(1)

h ¨ D(2)
h á®®â¢¥âáâ¢¥®).

�«ï à §®áâ®© áå¥¬ë (5.2), (5.1), (4.4) á¯à ¢¥¤«¨¢ ¯à¨æ¨¯ ¬ ªá¨¬ã¬ . �à¨¢¥¤¥¬ ãá«®¢¨ï,
¤®áâ â®çë¥ ¤«ï áå®¤¨¬®áâ¨ äãªæ¨¨ zn(x) | à¥è¥¨ï à §®áâ®© áå¥¬ë (5.2), (5.1), (4.4) ¯à¨
n!1 ¢ á«ãç ¥ à ¢®¬¥à®© ¨ ªãá®ç®-à ¢®¬¥à®© á¥â®ª.

2. � áá¬®âà¨¬ äãªæ¨î z�(x), x 2 Dh, | à¥è¥¨¥ á¥â®ç®© § ¤ ç¨

�z�(x) = f(x); x 2 D
(1)
h [D

(2)
h ;

�x1z
�(x) = �x1z

�(x); x 2 h; z�(x) = '(x); x 2 �h:
(5.3)

�ãªæ¨ï z�(x), x 2 Dh, ï¢«ï¥âáï \áâ æ¨® àë¬" à¥è¥¨¥¬ § ¤ ç¨ (5.2), (5.1), (4.4).
� ¨á¯®«ì§®¢ ¨¥¬ ¯à¨æ¨¯  ¬ ªá¨¬ã¬ , ãç¨âë¢ ï ®æ¥ª¨ äãªæ¨¨ z(x), x 2 Dh, | à¥è¥¨ï

à §®áâ®© áå¥¬ë (3.2) ¢ á«ãç ¥ á¥âª¨ (3.4), ¯®«ãç ¥¬ ®æ¥ªã

jz(x) � z�(x)j �M("+N�1
1 )�1N�1

1 ; x 2 Dh; (5.4)

¥ã«ãçè ¥¬ãî ¯® ¢å®¦¤¥¨î N1, ". �ãªæ¨ï z�(x), x 2 Dh, ¯à¨ N1 ! 1 áå®¤¨âáï ª äãªæ¨¨
z(x), x 2 Dh, ¯à¨ ãá«®¢¨¨ (3.6).

� á«ãç ¥ á¥âª¨ (3.7) ¯®«ãç ¥âáï ®æ¥ª 

jz(x)� z�(x)j �MN�1
1 lnN1; x 2 Dh; (5.5)

íâ  "-à ¢®¬¥à ï ®æ¥ª  ¥ã«ãçè ¥¬ .

�¥®à¥¬  5.1. �ãªæ¨ï z�(x), x 2 Dh, | à¥è¥¨¥ à §®áâ®© áå¥¬ë (5:3)   á¥âª¥ (3:7) ( 
á¥âª¥ (3:4)) | ¯à¨ N !1 áå®¤¨âáï "-à ¢®¬¥à® (¯à¨ ãá«®¢¨¨ (3:6)) ª äãªæ¨¨ z(x), x 2 Dh,

| à¥è¥¨î à §®áâ®© áå¥¬ë (3:2). �«ï á¥â®çëå à¥è¥¨© á¯à ¢¥¤«¨¢ë ®æ¥ª¨ (5:4), (5:5).

� ¬¥ç ¨¥ 5.1. �ãªæ¨ï !(x) = z(x)� z�(x), x 2 Dh, ¥áâì ®è¨¡ª , ¯®à®¦¤ ¥¬ ï ¤¥ª®¬¯®-
§¨æ¨¥© à §®áâ®© § ¤ ç¨ (3.2). �â  ®è¨¡ª  ¢®§¨ª ¥â ¯à¨  ¯¯à®ªá¨¬ æ¨¨ ãá«®¢¨ï á®¯àï¦¥¨ï
¯®â®ª®¢

@

@x1
u(x1 + 0; x2) =

@

@x1
u(x1 � 0; x2); x 2 : (5.6)

3. �áá«¥¤ã¥¬ ¯®¢¥¤¥¨¥ à¥è¥¨© à §®áâ®© áå¥¬ë (5.2), (5.1), (4.4) ¯à¨ n!1.
�ãáâì z(n)(x), x 2 D(k)

h , k = 1; 2, | à¥è¥¨ï ªà ¥¢ëå § ¤ ç,  ¯¯à®ªá¨¬¨àãîé¨å (4.5 )

�z(k)(x) = 0; x 2 D
(k)
h ; z(k)(x) = 0; x 2 �(k)

h \ �;

lh�R z(1)(x1 � 0; x2) = 1; lh+L z(2)(x1 + 0; x2) = 1; x 2 h; k = 1; 2:
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�«ï äãªæ¨© z(k)(x), x 2 D(k)
h , ¢ á«ãç ¥ á¥âª¨ (3.4) á¯à ¢¥¤«¨¢ë ®æ¥ª¨

jlh�L (z(1)(x)� z
(1)
0 (x))j �M"; x 2 D

(1)
h ;

jlh+R (z(2)(x)� z
(2)
0 (x))j �M"; x 2 D

(2)
h :

(5.7)

�¤¥áì
z
(1)
0 (x) = z

(1)R
0 (x) + z

(1)S
0 (x); x 2 D

(1)
h ;

äãªæ¨¨ z(2)0 (x) ¨ z(1)R0 (x), z(1)S0 (x) (à¥£ã«ïà ï ¨ á¨£ã«ïà ï ª®¬¯®¥âë) | à¥è¥¨ï § ¤ ç

�1z
(2)
0 (x) � f"a1(x

�)�
x1 bx1 + b1(x

�)�x1gz
(2)
0 (x) = 0; x 2 D

(2)
h ; (5.8)

z
(2)
0 (x) = 0; x 2 �(2)

h \ �; lh+L z
(2)
0 (x1 + 0; x2) = 1; x 2 h;

�2z
(1)R
0 (x) �

� X
s=1;2

[b+s (x)�xs + b�s (x)�xs]� c(x)
�
z
(1)R
0 (x) = 0; x 2 D

(1)
h n h;

lh�R z
(1)R
0 (x1 � 0; x2) = 1; x 2 h;

�1z
(1)S
0 (x) = 0; x 2 D

(1)
h ;

z
(1)S
0 (x) = �z

(1)R
0 (x); x 2 �(1)

h n h; lh�R z
(1)S
0 (x) = 0; x 2 h;

£¤¥ x� = x�(4:5¢)(x). �æ¥ª¨ (5.7) ãáâ  ¢«¨¢ îâáï á ¨á¯®«ì§®¢ ¨¥¬  á¨¬¯â®â¨ç¥áª®£® ¯à¥¤áâ -

¢«¥¨ï äãªæ¨© z(k)(x) ¯à¨ "! 0, £¤¥ z(k)0 (x) ¥áâì £« ¢ë© ç«¥  á¨¬¯â®â¨ª¨.
�®« £ ¥¬

q0h = q0h(";Dh) � sup
x2h

f[jlh�L z
(1)
0 (x1 � 0; x2)j+M"][jlhRz

(1)
0 (x)j �M"]�1 �

� [jlh+R z
(2)
0 (x1 + 0; x2)j+M"][jlhLz

(2)
0 (x)j �M"]�1g:

�«ï ¢¥«¨ç¨ë q0h á¯à ¢¥¤«¨¢  ®æ¥ª 

q0h � sup
x2h

fj � "�R(x)j�x1z(2)� (x)j+ �R(x)j["�L(x)j�x1z(2)� (x)j+ �L]�1 �

� ��1
R (x)�L(x)g+M" � q0h(5:9)("); (5.9)

£¤¥ z(k)� (x) | à¥è¥¨¥ á¥â®çëå ãà ¢¥¨© (5.8) c ãá«®¢¨¥¬   h

z(k)� = 1; x 2 h; k = 1; 2:

�  á¥âª¥ (3.4) ¢ á«ãç ¥ ãá«®¢¨ï (4.3) ¤«ï ¢¥«¨ç¨ë q0h ¯®«ãç ¥âáï ®æ¥ª 

q0h � sup
x2h

fj1� (1 +mh(x))�R(x)j[(1 � �L(x)) +mh(x)�L(x)]�1 �

� (1� �L(x))(1 � �R(x))�1g+M" � q0h(5:10)("); (5.10)

£¤¥
mh(x) = m0(x)"(" +m0(x)h1)�1; h1 = h1(3:4); m0(x) = m0

(4:5¡)(x):

�®¤®¡ ï ®æ¥ª  á¯à ¢¥¤«¨¢  ¨ ¢ á«ãç ¥ á¥âª¨ (3.7).
� ¨á¯®«ì§®¢ ¨¥¬ ¬¥â®¤¨ª¨ ¬ ¦®à âëå äãªæ¨© ¤«ï à¥è¥¨© à §®áâ®© áå¥¬ë (5.2),

(5.1) ãáâ  ¢«¨¢ ¥âáï ®æ¥ª 

jz�(x)� zn(x)j �Mqnh ; x 2 Dh; qh � q0h; (5.11)

£¤¥ Dh = Dh(3:4) «¨¡® Dh = Dh(3:7); q0 = q0h(5:9) ¯à¨ Dh = Dh(3:4), q0h = q0h(5:10) ¯à¨ Dh = Dh(3:7);
z�(x) | à¥è¥¨¥ à §®áâ®© áå¥¬ë (5.3)   á¥âª¥ Dh.

�ãáâì ¢ë¯®«ï¥âáï ãá«®¢¨¥ (4.3),   â ª¦¥ ãá«®¢¨¥

j1� (1 +mh(x))�R(x)j[(1 � �L(x)) +mh(x)�L(x)]
�1 � m1; x 2 h; " 2 (0; "0]; (5.12)
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£¤¥ mh(x) =m0(x)"("+m0(x)(xi+1 � xi))�1, xi 2 h; m1, "0 | ¤®áâ â®ç® ¬ «ë¥ ç¨á«  ("0 � m),
¯à¨ ª®â®àëå q0h(5:9) � 1 �m,  ¯à¨¬¥à, ¯à¨ ãá«®¢¨¨ �L � 1 �m, �R = (1 �m1)(1 +mh(x))�1,
x 2 h. � íâ®¬ á«ãç ¥ à¥è¥¨¥ à §®áâ®© áå¥¬ë (5.2), (5.1), (4.3)   á¥âª å (3.4) ¨ (3.7) ¯à¨
n!1 áå®¤¨âáï ª à¥è¥¨î à §®áâ®© áå¥¬ë (5.3) "-à ¢®¬¥à®.

�¥®à¥¬  5.2. �á«®¢¨¥ (5:12) ï¢«ï¥âáï ¤®áâ â®çë¬ ¤«ï "-à ¢®¬¥à®© áå®¤¨¬®áâ¨ à¥è¥-

¨© à §®áâ®© áå¥¬ë (5:2), (5:1), (4:4), (4:3)   á¥âª å (3:4) ¨ (3:7) ª à¥è¥¨î áå¥¬ë (5:3).
�«ï á¥â®çëå à¥è¥¨© á¯à ¢¥¤«¨¢  ®æ¥ª  (5:11), £¤¥ qh � 1�m.

4. � á¨«ã ®æ¥®ª (3.5), (3.9), (5.4), (5.5), (5.11) ¯à¨ ãá«®¢¨¨ (5.12) ¨¬¥¥¬

ju(x) � zn(x)j �M [exp(�mn) + ("+N�1
1 )�1N�1

1 +N�1
2 ]; x 2 Dh(3:4); (5.13)

ju(x) � zn(x)j �M [exp(�mn) +N�1
1 lnN1 +N�1

2 ]; x 2 Dh(3:7): (5.14)

� ª¨¬ ®¡à §®¬, áå¥¬  (5.2), (5.1), (4.4), (4.3),  ¯¯à®ªá¨¬¨àãîé ï § ¤ çã (2.2), (2.1), áå®¤¨âáï
  á¥âª¥ (3.7) "-à ¢®¬¥à®,     á¥âª¥ (3.4) | ¯à¨ ãá«®¢¨¨ (3.6).

�¥®à¥¬  5.3. �ãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï â¥®à¥¬ë 3:1,   â ª¦¥ ãá«®¢¨¥ (5:12). �®£¤ 
äãªæ¨ï zn(x), x 2 Dh, | à¥è¥¨¥ à §®áâ®© áå¥¬ë (5:2), (5:1), (4:4), (4:3) |   á¥âª¥ (3:7)
(á¥âª¥ (3:4)) ¯à¨ N;n!1 áå®¤¨âáï ª à¥è¥¨î ªà ¥¢®© § ¤ ç¨ (2:2), (2:1) "-à ¢®¬¥à® (¯à¨
ãá«®¢¨¨ (3:6)). �«ï á¥â®çëå à¥è¥¨© á¯à ¢¥¤«¨¢ë ®æ¥ª¨ (5:13), (5:14).

6. �å¥¬  ¤¥ª®¬¯®§¨æ¨¨ á ã«ãçè¥ë¬ ãá«®¢¨¥¬ á®¯àï¦¥¨ï

� á«ãç ¥ áå¥¬ë (5.2), (5.1), (4.4), (4.3), (5.12) ®è¨¡ª  !�(x) = z(x) � z�(x), ¢ë§¢  ï ¤¥-
ª®¬¯®§¨æ¨¥© áå¥¬ë (3.2), á®¨§¬¥à¨¬  á !(x) = u(x) � z(x) | ®è¨¡ª®©  ¯¯à®ªá¨¬ æ¨¨ â®ç®£®
à¥è¥¨ï à¥è¥¨¥¬ áå¥¬ë (3.2). �®áâà®¨¬ áå¥¬ã ¬¥â®¤  ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨ á ã«ãçè¥®©
 ¯¯à®ªá¨¬ æ¨¥© ãá«®¢¨ï á®¯àï¦¥¨ï (5.6).

1. �à¨¢¥¤¥¬ ¨â¥à æ¨®ãî à §®áâãî áå¥¬ã. �à®¨§¢®¤ë¥ (@=@x1)u(x1+0; x2), (@=@x1)u(x1�
0; x2), x 2 ,  ¯¯à®ªá¨¬¨àã¥¬ á¥â®çë¬¨ ¢ëà ¦¥¨ï¬¨

�+(z(x); f(x)) �
n
�x1 + 2�1a�1

1 (x)"�1hi1

h
"a2(x)�x2 bx2+

+
X
s=1;2

[b+s (x)�xs + b�s (x)�xs]� c(x)
io
z(x1 + 0; x2)� 2�1a�1

1 (x)"�1hi1f(x);

��(z(x); f(x)) �
n
�x1 � 2�1a�1

1 (x)"�1hi�1
1

h
"a2(x)�x2bx2+

+
X
s=1;2

[b+s (x)�xs + b�s (x)�xs]� c(x)
io
z(x1 � 0; x2) + 2�1a�1

1 (x)"�1hi�1
1 f(x);

x 2 h; x = (xi1; x2):

(6.1 )

�ãªæ¨¨ zn(x), x 2 Dh, n = 1; : : : ,  å®¤¨¬, à¥è ï § ¤ çã (5.2), (5.1), £¤¥ ¢¬¥áâ® á®®â®è¥¨©
(5.2¡), (5.2¢) ¨á¯®«ì§ãîâáï á®®â®è¥¨ï

lh+L (zn(2)(x1 + 0; x2); f(x)) = lh�L (zn�1(x1 � 0; x2); f(x));

lh�R (zn(1)(x1 � 0; x2); f(x)) = lh+R (zn(2)(x1 + 0; x2); f(x)); x 2 h;
(6.1¡)

¨

lh+R (z(x); f(x)) � "�R(x)�
+(z(x); f(x)) + �R(x)z(x);

lh�R (z(x); f(x)) � "�R(x)�
�(z(x); f(x)) + �R(x)z(x);

lh+L (z(x); f(x)) � �"�L(x)�
+(z(x); f(x)) + �L(x)z(x);

lh�L (z(x); f(x)) � �"�L(x)�
�(z(x); f(x)) + �L(x)z(x); x 2 h:

(6.1¢)

�ãªæ¨î zn(x), x 2 Dh,  §®¢¥¬ à¥è¥¨¥¬ § ¤ ç¨ (5.2 ), (6.1), (5.1), (4.4).
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�ãªæ¨ï z�(x), x 2 Dh, | à¥è¥¨¥ á¥â®ç®© § ¤ ç¨

�z�(x) = f(x); x 2 D
(1)
h [D

(2)
h ; z�(x) = '(x); x 2 �h;

�+(z(x); f(x)) = ��(z�(x); f(x)); x 2 h; (6.2)

| \áâ æ¨® à®¥" à¥è¥¨¥ § ¤ ç¨ (5.2 ), (6.1), (5.1), (4.4), ï¢«ï¥âáï à¥è¥¨¥¬ à §®áâ®© áå¥¬ë
(3.2), (3.1): z�(x) = z(x), x 2 Dh. � ª¨¬ ®¡à §®¬,  ¯¯à®ªá¨¬ æ¨ï (6.2) ãá«®¢¨ï á®¯àï¦¥¨ï (5.6)
¥ ¢®á¨â ®è¨¡®ª ¢ à¥è¥¨¥ à §®áâ®© áå¥¬ë (3.2), (3.1).

2. �®¤®¡® ¢ë¢®¤ã ®æ¥ª¨ (5.11) ãáâ  ¢«¨¢ ¥âáï ®æ¥ª 

jz(x) � zn(x)j �Mqnh ; x 2 Dh; qh � q0h; (6.3)

£¤¥
q0h =M1 sup

x2h

fj1 � (1 +mh(x))�R(x)jg +M2("+N�1
1 ):

�¤¥áì z(x) ¨ zn(x), x 2 Dh, | à¥è¥¨ï à §®áâëå áå¥¬ (3.2) ¨ (5.2 ), (6.1), (5.1), (4.4), (4.3)
á®®â¢¥âáâ¢¥®; Dh | á¥âª  (3.4) «¨¡® (3.7).

� á«ãç ¥ ãá«®¢¨ï

j1� (1 +mh(x))�R(x)j � m1; �L(x) � 1�m; x 2 h; " 2 (0; "0]; N1 � N10; (6.4)

£¤¥ mh(x) = mh(5:12)(x), m1, "0 | ¤®áâ â®ç® ¬ «ë¥ ç¨á« ,   N10 | ¤®áâ â®ç® ¡®«ìè®¥ ç¨á«®
("0 � m, N10 � M), ¯à¨ ª®â®àëå q0h(6:3) � 1�m, äãªæ¨ï zn(x), x 2 Dh, ¯à¨ n!1 áå®¤¨âáï ª
z(x), x 2 Dh, "-à ¢®¬¥à®.

�à¨¨¬ ï ¢® ¢¨¬ ¨¥ ®æ¥ª¨ (3.5), (3.9), (6.3), ¯à¨ ãá«®¢¨¨ (6.4)  å®¤¨¬

ju(x)� zn(x)j �M exp(�mn) +M1[N
�1
1 lnN1 +N�1

2 ]; x 2 Dh(3:7); (6.5)

ju(x)� zn(x)j �M exp(�mn) +M2[(" +N�1
1 )�1N�1

1 +N�1
2 ]; x 2Dh(3:4); (6.6)

£¤¥ M1 =M(3:9), M2 =M(3:5).

�¥®à¥¬  6.1. �ãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï â¥®à¥¬ë 3:1,   â ª¦¥ ãá«®¢¨¥ (6:4). �®£¤ 
äãªæ¨ï zn(x), x 2 Dh, | à¥è¥¨¥ à §®áâ®© áå¥¬ë (5:2 ), (6:1), (5:1), (4:4), (4:3) |   á¥âª¥

(3:7) (  á¥âª¥ (3:4)) ¯à¨ N;n!1 áå®¤¨âáï ª à¥è¥¨î ªà ¥¢®© § ¤ ç¨ (2:2), (2:1) "-à ¢®¬¥à®
(¯à¨ ãá«®¢¨¨ (3:6)). �«ï á¥â®çëå à¥è¥¨© á¯à ¢¥¤«¨¢ë ®æ¥ª¨ (6:5), (6:6).

7. �®¯®«¥¨ï

�à¨¢¥¤¥¬  ¯à¨®àë¥ ®æ¥ª¨ à¥è¥¨© ªà ¥¢®© § ¤ ç¨ (2.2), (2.1), ¨á¯®«ì§ã¥¬ë¥ ¢ ¯®áâà®¥-
¨ïå ( ¯à., [2]).

�¥è¥¨¥ § ¤ ç¨ ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ áã¬¬ë äãªæ¨©

u(x) = U(x) + V (x); x 2 D; (7.1)

£¤¥ U(x) ¨ V (x) | à¥£ã«ïà ï ¨ á¨£ã«ïà ï ç áâ¨ à¥è¥¨ï § ¤ ç¨. �«ï ª®¬¯®¥â ¨§ (7.1)
á¯à ¢¥¤«¨¢ë ®æ¥ª¨���� @k

@xk11 @x
k2
2

U(x)
���� �M;���� @k

@xk11 @x
k2
2

V (x)
���� �M"�k1 exp

�
�m"�1r(x;�1)

�
; x 2 D; k1 + k2 � K;

(7.2)

£¤¥ r(x;�1) | à ááâ®ï¨¥ ®â â®çª¨ x ¤® ¬®¦¥áâ¢  �1, m | ¯à®¨§¢®«ì®¥ ç¨á«® ¨§ ¨â¥à¢ « 
(0;m0), m0 = min

D

[a�1
1 (x)b1(x)]; ¯®áâ®ï ï K ¬®¦¥â ¡ëâì ¢ë¡à   ¤®áâ â®ç® ¡®«ìè®© ¯à¨

¤®áâ â®ç® ¡®«ìè®© £« ¤ª®áâ¨ ¤ ëå § ¤ ç¨.
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�¥®à¥¬  7.1. �ãáâì ¤«ï ¤ ëå ªà ¥¢®© § ¤ ç¨ (2:2), (2:1) ¢ë¯®«ï¥âáï ãá«®¢¨¥ (2:3), ¨
¯ãáâì as; bs; c; f 2 C

3K�2+�(D), ' 2 C3K�2+�(�), s = 1; 2, K � 1, � > 0. �®£¤  ¤«ï ª®¬¯®¥â ¨§

¯à¥¤áâ ¢«¥¨ï (7:1) á¯à ¢¥¤«¨¢ë ®æ¥ª¨ (7:2).

� ¬¥ç ¨¥ 7.1. �ãáâì u(x), x 2 D, | à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨

L(2:2)u(x) = f(x); x 2 D; (7.3)

lu(x) =

(
lL u(x);

lR u(x)
�

8>>><>>>:
�
� "�(x) @

@x1
+ �(x)

�
u(x); x1 = 0;�

"�(x) @
@x1

+ �(x)
�
u(x); x1 = d;

=  (x); x 2 �;

£¤¥ �(x), �(x),  (x), x 2 �, | ¤®áâ â®ç® £« ¤ª¨¥ ®£à ¨ç¥ë¥ äãªæ¨¨; �(x); �(x) � 0, x 2 �1,
�(x) � 0, �(x) � m1, x 2 �2, m2 � �(x) + �(x) �M , j (x)j �M , x 2 �. �¯à ¢¥¤«¨¢ 

�¥®à¥¬  7.2. �ãáâì ¤«ï ¤ ëå ªà ¥¢®© § ¤ ç¨ (7:3), (2:1) ¢ë¯®«ï¥âáï ãá«®¢¨¥ (2:3), ¨
¯ãáâì as; bs; c; f 2 C3K�2+�0(D), �; �;  2 C3K�2+�0(�), s = 1; 2, K � 1, �0 > 0. �®£¤  ¤«ï

ª®¬¯®¥â ¨§ ¯à¥¤áâ ¢«¥¨ï (7:1) à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ (7:3), (2:1) á¯à ¢¥¤«¨¢ë ®æ¥ª¨ (7:2).

� ¬¥ç ¨¥ 7.2. �« ¢ë© ç«¥ à §«®¦¥¨ï á¨£ã«ïà®© ª®¬¯®¥âë ¨§ ¯à¥¤áâ ¢«¥¨ï (7.1)
à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ (7.3), (2.1) ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

V 0(x) = V 0
L (x2) exp(�"

�1m0
L(x2)x1); x 2 D;

£¤¥

m0
L(x2) = a�1

1 (0; x2)b1(0; x2); V 0
L (x2) = [m0

L(x2)�(0; x2) + �(0; x2)]�1[ (0; x2)� lLU(0; x2)]:

�«ï äãªæ¨¨ V 0(x) ¢ ®ªà¥áâ®áâ¨ £à ¨æë � á¯à ¢¥¤«¨¢ë ®æ¥ª¨

jV (x)� V 0(x)j; "

���� @@x1 (V (x)� V 0(x))
���� �M" exp(�m"�1r(x;�1));

x 2 D; m = m(7:2): (7.4)

� â®¬ á«ãç ¥, ª®£¤ 

f(x) = 0; x 2 D; u(x) = 0; x 2 �1; (7.5)

£« ¢ë© ç«¥ à §«®¦¥¨ï à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ (7.3), (2.1) | äãªæ¨ï u0(x), x 2 D, |
¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥

u0(x) = U0(x) + V0(x); x 2 D:

�®¬¯®¥âë U0(x), V0(x) | à¥è¥¨ï § ¤ ç

L1U0(x) �
� X

s=1;2

bs(x)
@

@xs
� c(x)

�
U0(x) = f(x); x 2 D n �2;

lRU0(x) �
�
"�(x)

@

@x1
+ �(x)

�
U0(x) =  (x); x 2 �2;

L2V0(x) �
�
"a1(x�)

d2

dx21
+ b1(x�)

d

dx1

�
V0(x) = 0; x 2 D;

V0(x) = �U0(x); x 2 �1; lRV0(x) = 0; x 2 �2;

(7.6)

£¤¥ x� = x�(x) = (x�1; x2) 2 �1, x = (x1; x2) 2 D; �(x) = �(7:3)(x), �(x) = �(7:3)(x), x 2 �2. �«ï
äãªæ¨¨ u0(x) á¯à ¢¥¤«¨¢ë ®æ¥ª¨

ju(x)� u0(x)j; "

���� @@x1 (u(x)� u0(x))
���� �M"; x 2 D; (7.7)
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£¤¥ u(x) | à¥è¥¨¥ § ¤ ç¨ (7.3), (2.1), (7.5).

�¨â¥à âãà 

1. �ã«  �., �¨««¥à �¦., �¨«¤¥àá �. � ¢®¬¥àë¥ ç¨á«¥ë¥ ¬¥â®¤ë à¥è¥¨ï § ¤ ç á ¯®-

£à ¨çë¬ á«®¥¬. { M.: �¨à, 1983. { 199 á.
2. �¨èª¨ �.�. �¥â®çë¥  ¯¯à®ªá¨¬ æ¨¨ á¨£ã«ïà® ¢®§¬ãé¥ëå í««¨¯â¨ç¥áª¨å ¨ ¯ à -

¡®«¨ç¥áª¨å ãà ¢¥¨©. { �ª â¥à¨¡ãà£: �à� ���, 1992. { 233 á.
3. Miller J.J.H., O'Riordan E., Shishkin G.I. Fitted numerical methods for singular perturbation

problems. { Singapore: World Scienti�c, 1996. { 166 p.
4. Roos H.-G., Stynes M., Tobiska L. Numerical methods for singularly perturbed di�erential

equations. Convection-di�usion and ow problems. { Berlin: Springer-Verlag, 1996. { 348 p.
5. � £ ¥¢ �.�., � ©¤ãà®¢ �.�. �¥â®çë¥ ¬¥â®¤ë à¥è¥¨ï § ¤ ç á ¯®£à ¨çë¬ á«®¥¬. �. 1.

{ �®¢®á¨¡¨àáª: � ãª , 1998. { 199 c.
6. Farrell P.A., Hegarty A.F., Miller J.J.H., O'Riordan E., Shishkin G.I. Robust computational

techniques for boundary layers. { Boca Raton: Chapman & Hall/CRC Press, 2000. { 254 p.
7. � àçãª �.�. �¥â®¤ë ¢ëç¨á«¨â¥«ì®© ¬ â¥¬ â¨ª¨. { �.: � ãª , 1989. { 608 á.
8. Quarteroni A., Valli A. Domain decomposition methods for partial di�erential equations. { Oxford:

Oxford Univ. Press, 1999. { 376 p.
9. Hemker P.W., Shishkin G.I., Shishkina L.P. Distributing the numerical solution of parabolic

singularly perturbed problems with defect-correction over independent processes // Siberian J.
Numer. Math. { 2000. { V. 3. { ò3. { P. 229{258.

10. Shishkin G.I. Acceleration of the process of the numerical solution to singularly perturbed boundary

value problems for parabolic equations on the basis of parallel computations // Russ. J. Numer.
Anal. Math. Modelling. { 1997. { V. 12. { ò3. { P. 271{291.

11. Hemker P.W., ShishkinG.I., Shishkina L.P. High-order time-accurate parallel schemes for parabolic
singularly perturbed problems with convection // Computing. { 2001. { V. 66. { ò 2. { P. 139{161.

12. Hemker P.W., Shishkin G.I., Shishkina L.P. Acceleration by parallel computations of solving high-

order time-accuracy di�erence schemes for singularly perturbed convection-di�usion problems //
Numer. Anal. and Its Appl.: Second Internat. Conf. NAA 2000, Rousse, Bulgaria, June 2000 /
Lect. Notes in Comput. Sci. Springer, 2001. { V. 1988. { P. 393{401.

13. � ¬ àáª¨© �.�. �¥®à¨ï à §®áâëå áå¥¬. { �.: � ãª , 1989. { 616 á.

�áâ¨âãâ ¬ â¥¬ â¨ª¨ ¨ ¬¥å ¨ª¨ �®áâã¯¨« 

�à «ìáª®£® ®â¤¥«¥¨ï 16.06.2002
�®áá¨©áª®© �ª ¤¥¬¨¨  ãª

73


