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��� 517.518

�.�. �������

� ����� ������������ ��������� ��������� � C[0;1)

�ã¤¥¬ ®¯à¥¤¥«ïâì ®à¬ã ¢ C[0;1) à ¢¥áâ¢®¬

kFk = sup
x�0

x�=2jF (x)je�x=2:

� à ¬¥âà � §¤¥áì ä¨ªá¨à®¢  ¨ � � 0. �ãáâì Pn | ¬®¦¥áâ¢®  «£¥¡à ¨ç¥áª¨å ¬®£®ç«¥®¢
áâ¥¯¥¨ ¥ ¢ëè¥ n,   Un | á®¢®ªã¯®áâì «¨¥©ëå ®£à ¨ç¥ëå ®¯¥à â®à®¢, ®â®¡à ¦ îé¨å
C[0;1) ¢ Pn â ª, çâ® Tp = p, ¥á«¨ T 2 Un ¨ p 2 Pn. �®«®¦¨¬

Mn = inf
T2Un

kTk:

�¥à®ïâ®, ¯¥à¢ ï ¯®¯ëâª  ®æ¥¨âì áª®à®áâì à®áâ Mn ¡ë«  á¤¥«   ¢ [1]. �§ à¥§ã«ìâ â®¢ ¤ ®©
à ¡®âë á«¥¤ã¥â, çâ® ¯à¨ «î¡®¬ � � 0 ¢¥à® ¥à ¢¥áâ¢®

Mn � Cn1=6:

�¤ ª® á ¯®¬®éìî [2] «¥£ª® § ¬¥â¨âì, çâ® ¯à¨ � = 0 ¨ � = 1=2 ¢¥àåïï £à ¨æ  ¤«ï Mn ¬®¦¥â
¡ëâì ã¬¥ìè¥  ¤® ¢¥«¨ç¨ë ¯®àï¤ª  lnn. �¨¦¥ ¡ã¤¥â ¯®ª § ®, çâ® íâ® ¬®¦® á¤¥« âì ¯à¨
«î¡®¬ � � 0. �¢¥¤¥¬ ®¡®§ ç¥¨ï

en = inf
q2Pn�1

kxn � q(x)k; L�
n(x) =

1
n!
x��ex

dn

dxn
(xn+�e�x); � < �1;

d(n; �) =
Z 1

0

x�e�x[L�
n(x)]

2dx =
�(n+ 1 + �)
�(n+ 1)

;

�(z) =
Z 1

0
tz�1e�tdt; un(x; �) = d�1=2(n; �)x�+1=2e�x

2=2L�
n(x

2):

� ¢¥áâ¢  ¢¨¤  An;� = O(an) ¡ã¤¥¬ ¨á¯®«ì§®¢ âì â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¨¬¥¥â ¬¥áâ® ¤¢ã-
áâ®à®ïï ®æ¥ª  c1an � An;� � c2an á ª®áâ â ¬¨ c1, c2, ¥ § ¢¨áïé¨¬¨ ®â n ¨ �. �âà¨å ¢¥§¤¥
¤ «¥¥ ¨á¯®«ì§ã¥âáï ¤«ï ®¡®§ ç¥¨ï ¯à®¨§¢®¤®© ¯® ¯¥à¥¬¥®© x, ¯à¨ íâ®¬ â ¬, £¤¥ íâ® ¥
¬®¦¥â ¢ë§¢ âì ¥¤®à §ã¬¥¨©, ¯ à ¬¥âà � ¢ á¯¨áª¥  à£ã¬¥â®¢ ¡ã¤¥¬ ®¯ãáª âì. �ãáâì x� , s� |
¯®«®¦¨â¥«ìë¥ ã«¨ äãªæ¨© un(x) ¨ u0n(x), § ã¬¥à®¢ ë¥ ¢ ¯®àï¤ª¥ ¢®§à áâ ¨ï. �ç¥¢¨¤®,
0 < s1 < x1 < s2 < x2 < � � � < xn < sn+1. �ãáâì â®çª¨ t� 2 [s� ; s�+1] ¢ë¡à ë â ª, çâ® ¨¬¥îâ
¬¥áâ® à ¢¥áâ¢ 

ju00n(t�)j =

8><
>:

max
s��x�sn+1

ju00n(x)j; � = 1; 2; : : : ; n;

max
sn+1�x�xn+1

ju00n(x)j; � = n+ 1; tn+1 2 [sn+1; xn+1]:

�¤¥áì xn+1 |  ¨¡®«ìè¨© ª®à¥ì ãà ¢¥¨ï p(x) = �n � x2 � (�2 � 1
4
)=x2 = 0, �n = 4n+ 2�+ 2.

�¨á«  s� ¨ x� ®¯à¥¤¥«¨¬ à ¢¥áâ¢ ¬¨

jun(s�; � � 1=2)j = max
�

jun(s� ; �� 1=2)j; ju0n(x�; �+ 1=2)j = max
�

ju0n(x� ; �+ 1=2)j;
£¤¥ s� = s�(n; �� 1=2), x� = x�(n� 1; �+ 1=2). �á®¢ë¥ à¥§ã«ìâ âë íâ®© à ¡®âë á®¤¥à¦ âáï ¢
á«¥¤ãîé¨å â¥®à¥¬ å.
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�¥®à¥¬  1. � ¨¬¥ìè¥¥ ¯® ¯®àï¤ªã ãª«®¥¨¥ ®â ã«ï ¢ ¯à®áâà áâ¢¥ C[0;1) ¤®áâ¨£ -
¥âáï   ¬®£®ç«¥¥

Qn(x) = (n� 1)!f(n + �� x)L�+1=2
n�1 (x)� (n+ �� 1)L�+1=2

n�2 (x)g;

¯à¨ íâ®¬ en = O(n!n
��1

2 ).

�¥®à¥¬  2. �ãáâì Ln[F ] | ¨â¥à¯®«ïæ¨®ë© ¬®£®ç«¥ � £à ¦ , ¯®áâà®¥ë© ¤«ï

äãªæ¨¨ F (x) ¯® ã«ï¬ ¬®£®ç«¥ , ãª § ®£® ¢ â¥®à¥¬¥ 1. �á«¨ Ln[F ] à áá¬ âà¨¢ âì ª ª

®¯¥à â®à, ¤¥©áâ¢ãîé¨© ¨§ C[0;1] ¢ C[0;1], â® ¤«ï ¥£® ®à¬ë á¯à ¢¥¤«¨¢® à ¢¥áâ¢® kLnk =
O(lnn).

�à¥¦¤¥ ç¥¬ ¤®ª §ë¢ âì íâ¨ ãâ¢¥à¦¤¥¨ï, ã¡¥¤¨¬áï ¢ á¯à ¢¥¤«¨¢®áâ¨ á«¥¤ãîé¨å «¥¬¬.

�¥¬¬  1. 1. �à¨ j�j > 1
2
¢¥«¨ç¨ë

x�+1
x�

,
s�+1
s�

«¥¦ â   ®âà¥§ª¥ ¢¨¤  [1; c5].

2. �á«¨ x� � �0 = 4
p
maxf0; �2 � 1=4g, â® à §®áâì x�+1�x� ¢®§à áâ ¥â ¢¬¥áâ¥ á ®¬¥à®¬ �.

3. �à¨ «î¡®¬ ä¨ªá¨à®¢ ®¬ ç¨á«¥ ! ¤«ï x�+1 � ! ¨¬¥îâ ¬¥áâ® à ¢¥áâ¢  x�+1 � x� =
O(n�1=2), a xn+1 � xn = O(n�1=6) ¨ xn � xn�1 = O(n�1=6).

4. �¥«¨ç¨ë jun(s�)j à áâãâ ¢¬¥áâ¥ á ®¬¥à®¬ �, ¥á«¨ s� � �0, ¨ ã¡ë¢ îâ ¯à¨ s� < �0, ¯à¨

íâ®¬ jun(s�)j = O(n�1=4), ¥á«¨ s� � !.
5. �¥«¨ç¨ë ju0n(x�)j ã¡ë¢ îâ ¢¬¥áâ¥ á ®¬¥à®¬ �, ¥á«¨ x� � �0, ¨ ¢®§à áâ îâ ¯à¨ x� < �0.

6. �à¨ j�j > 1=2 ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢® 0 < c6 �
�� u0

n
(x�)

u0
n
(x�+1)

�� � c7.

7. ju0n(x�)j � ju00n(t�)j(x� � s�), §¤¥áì ju00n(t�)j = max
s��x�x�

ju00n(x)j.
8. �à¨ j�j > 1=2 ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢® 0 < c8 �

�� u00
n
(s�)

u00
n
(s�+1)

�� � c9.

9. �á«¨ j�j > 1=2, â® 1 � �� u00n(t�)
u00
n
(s�)

j � c10.

�¤¥áì ¨ ¤ «¥¥ ª®áâ âë ci ¥ § ¢¨áïâ ¨ ®â n, ¨ ®â �.
�®ª § â¥«ìáâ¢®. � ç «¥ § ¬¥â¨¬, çâ® un(x) ¥áâì à¥è¥¨¥ ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï

([3], 5.1.2, á. 109)

u00(x) + p(x)u(x) = 0: (1)

�á«¨ ¯®«®¦¨âì �n = (�2 � 1=4)1=2��1=2n , â® ¢á¥ § ç¥¨ï p(x)   ®âà¥§ª¥ [0; �n] ¡ã¤ãâ ®âà¨æ -
â¥«ìë¬¨, ¯®íâ®¬ã â®çª  ¯¥à¢®£® íªáâà¥¬ã¬  äãªæ¨¨ un(x)� s1 «¥¦¨â ¯à ¢¥¥ �n, ¨ ¢á¥ ç¨á« 
p(s�) ®¤®£® § ª . �£à ¨ç¥®áâì ®â®è¥¨©

x�+1
x�

á«¥¤ã¥â ¨§ ®æ¥®ª ¤«ï ã«¥© ¬®£®ç«¥®¢
� £¥àà  ([3], 6.31.11, á. 138). �ç¥¢¨¤®¥ ¥à ¢¥áâ¢® s�+1

s�
� x�+1

x��1
¤®ª §ë¢ ¥â ¢â®àãî ç áâì ãâ¢¥à-

¦¤¥¨ï ¯. 1 ¤«ï � = 2; 3; : : : ; n. �® ¦¥ á ¬®¥ ¤«ï � = 1 ¯®«ãç ¥¬ ¨§ ®æ¥ª¨ s2
s1
� x2

�n
. �ãªâ 2

«¥¬¬ë ¥áâì à¥§ã«ìâ â ¯à¨¬¥¥¨ï â¥®à¥¬ë 1.82.2 ¨§ ([3], á. 33) ª ãà ¢¥¨î (1). �¥à¢ ï ç áâì
¯. 3 á«¥¤ã¥â ¨§  á¨¬¯â®â¨ç¥áª®© ä®à¬ã«ë ([3], 8.22.4, á. 206)

x�=2e�x=2L�
n(x) =

�
�n
4

���=2�(n+ �+ 1)
�(n+ 1)

J�([�nx]
1=2) + "n(x); (2)

£¤¥

j"n(x)j � c3

(
x5=4n�=2�3=4; c4n

�1 � x � !;

x�=2+2n��3=4; 0 < x � c4n
�1;

  ¢â®à ï ç áâì ¥áâì á«¥¤áâ¢¨¥  á¨¬¯â®â¨ç¥áª¨å ä®à¬ã« ¤«ï ¡®«ìè¨å ã«¥© ([3], 6.32.4, á. 141).
�ãªâ 4 ¯®«ãç ¥¬ ¯à¨¬¥¥¨¥¬ â¥®à¥¬ë �®¨  ª ãà ¢¥¨î (1),   ¯. 5 | ¨â¥£à¨à®¢ ¨¥¬
®ç¥¢¨¤®£® â®¦¤¥áâ¢ 

f[u0n(x)]2g0 + p(x)fu2n(x)g2 = 0 (3)
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¯® ®âà¥§ªã [x� ; x�+1]. �«ï ¤®ª § â¥«ìáâ¢  ¯. 6 § ¬¥â¨¬, çâ® ¢¥«¨ç¨ë x���3=2� ju0n(x�)j ã¡ë¢ îâ
á à®áâ®¬ �. �â® ¯à®¢¥àï¥âáï â ª ¦¥, ª ª ¨ ¯. 5, ¯®áª®«ìªã x���3=2� ju0n(x�)j = z0(x�), £¤¥ z(x) =
d�1=2(n; �)e�x=2L�

n(x) ¥áâì à¥è¥¨¥ ãà ¢¥¨ï

z00(x) +
�+ 1
x

z0(x) +
�
�n
4x

� 1
4

�
z(x) = 0:

�ãªâ 6 íª¢¨¢ «¥â¥  «¨ç¨î ¤¢ãå ®æ¥®ª ¢¨¤ 

c11 �
���� u0n(x�)
u0n(x�+1)

����;
����u0n(x�+1)u0n(x�)

���� � c12:

�á«¨ x�+1 � �0, â® ¯¥à¢ ï ®æ¥ª  á«¥¤ã¥â ¨§ ¯. 5,   ¢â®à ï ¢ëâ¥ª ¥â ¨§ ¯. 1 ¨ ®ç¥¢¨¤®£® à ¢¥-
áâ¢  ����u0n(x�+1)u0n(x�)

���� =
�

x�
x�+1

����3=2����x
���3=2
�+1 u0n(x�+1)

x���3=2� u0n(x�)

����:
�à¨ x� � �0 ¢â®à ï ®æ¥ª  áâ ®¢¨âáï ®ç¥¢¨¤®©,   ¤«ï ¯®«ãç¥¨ï ¯¥à¢®©  å®¤¨¬ ¨§ (3)

[u0n(x)]
2 = 2

Z 1

x�

�
x� �2 � 1=4

x3

�
u2n(x)dx;

�
u0n(x�+1)
u0n(x�)

�2
� 1 +

x�+1R
x�

�
x� �2�1=4

x3

�
u2n(x)dx

xn+1R
x�+1

�
x� �2�1=4

x3

�
u2n(x)dx

:

�á¯®«ì§ãï ¢ë¯ãª«®áâì äãªæ¨¨ u2n(x)   ®âà¥§ª å [xi; xi+1], ¯®«ãç ¥¬�
u0n(x�+1)
u0n(x�)

�2
� 1 + 2

x�+1 � x�
xn+1 � x�+1

� 1 + 2
xn � xn�1
xn+1 � xn

� c13:

�á«¨ ¦¥ �0 2 (x� ; x�+1), â®, ¯®¢â®àïï ¯à¥¤ë¤ãé¨¥ ¢ëª« ¤ª¨, ¥âàã¤® ¯à¨¤â¨ ª ¥à ¢¥áâ¢ã����
�
u0n(x�+1)
u0n(x�)

�2
� 1

���� � c14n
�1=2:

� ª¨¬ ®¡à §®¬, ¯. 6 ¤®ª § . �ãªâ 7 | á«¥¤áâ¢¨¥ â¥®à¥¬ë � £à ¦ ,   ¤«ï ¤®ª § â¥«ìáâ¢ 
¯. 8, ¯à®¨â¥£à¨à®¢ ¢ (3) ¯® ®âà¥§ªã [s� ; s�+1], ¯®«ãç¨¬

p(s�+1)u2n(s�+1)� p(s�)u2n(s�) = �2
Z s�+1

s�

�
x� �2 � 1=4

x3

�
u2n(x)dx:

�«¥¤®¢ â¥«ì®, p(s�)u2n(s�) ¢®§à áâ ¥â á à®áâ®¬ ®¬¥à  �, ¥á«¨ s�+1 � �0, ¨ ã¡ë¢ ¥â | ¢ ¯à®-
â¨¢®¬ á«ãç ¥. �®íâ®¬ã ¯à¨ s� � �0 ¨¬¥¥¬

1 �
�

p(s�)
p(s�+1)

�1=2���� un(s�)
un(s�+1)

���� �
���� u00n(s�)u00n(s�+1)

���� = p(s�)jun(s�)j
p(s�+1)jun(s�+1)j �

p(s�)
p(s�+1)

: (4)

�®áª®«ìªã ¢ íâ®¬ á«ãç ¥ p(s) ã¡ë¢ ¥â, a jp0(s)j ¢®§à áâ ¥â, â®
p(s�)
p(s�+1)

� 1 +
p0(s�+1)(s�+1 � s�)

p(s�+1)
� 1 + 2

x�+1(x�+1 � x��1)
p(s�+1)

:

�â® ¯à¨¢®¤¨â ª ¥à ¢¥áâ¢ã

p(s�)
p(s�+1)

� 1 + 2
xn+1(xn+1 � xn�1)

p(sn+1)
:

� â®¬, çâ® xn+1 � sn+1 = O(n�1=6), ¬®¦® ã¡¥¤¨âìáï â ª ¦¥, ª ª íâ® ¤¥« «®áì ¯à¨ ®æ¥ª¥
  «®£¨ç®© ¢¥«¨ç¨ë ¢ ([2], á. 59). �®áª®«ìªã x2n+1 < �n, â®

p(sn+1) � x2n+1 � s2n+1 �
�2 � 1=4
s2n+1

� c15n
1=3:

33



�ç¨âë¢ ï, çâ® x�+1(x�+1 � x��1) = O(n1=3), ¯®«ãç ¥¬ p(s�)

p(s�+1)
� c16. �á«¨ s�+1 � �0, â® äãªæ¨ï

p(s) ¢®§à áâ ¥â, ¯®íâ®¬ã

p(s�)
p(s�+1)

� 1;
p(s�+1)
p(s�)

� 1 + 2
�
�2 � 1

4

�
s�+1 � s�
s3�p(s�)

:

�ãªæ¨ï s2p(s) ¢®§à áâ ¥â   ®âà¥§ª¥ [0;
p
�n=2], ¯®íâ®¬ã

p(s�)
p(s�+1)

� 1;
p(s�+1)
p(s�)

� 1 + 2
�
�2 � 1

4

�
s�+1 � s�
s31p(s1)

� 1 + c17
n�1=2

s31(�n � s21)
� c18:

�á«¨ �0 2 (s� ; s�+1), â® ���� p(s�)p(s�+1)
� 1

���� � jp0(�)j(s�+1 � s�)
p(s�+1)

� c19n
�3=2;

  à ¢¥áâ¢®

p(s�)u2n(s�) = 2
Z 1

s�

�
x� �2 � 1=4

x3

�
u2n(x)dx;

¯®«ãç¥®¥ ¨â¥£à¨à®¢ ¨¥¬ (3) ¯® ¯à®¬¥¦ãâªã [s� ;1], â®ç® â ª ¦¥, ª ª ¯à¨ ¤®ª § â¥«ìáâ¢¥
¯. 6, ¢«¥ç¥â ®æ¥ªã ���� p(s�)u2n(s�)

p(s�+1)u2n(s�+1)
� 1

���� � c20n
�1=2:

�á¥ íâ® ¢¬¥áâ¥ á (4) ¤ ¥â ¥à ¢¥áâ¢®����
���� u00n(s�)
u00n(s�+1)

����� 1
���� � c21n

�1=2:

�â¨¬ § ¢¥àè¥® ¤®ª § â¥«ìáâ¢® ¯. 8. �«ï ¤®ª § â¥«ìáâ¢  ¯. 9 § ¬¥â¨¬, çâ®   ®âà¥§ª¥ [sn+1; xn+1]
äãªæ¨ï ju00n(x)j = p(x)jun(x)j ã¡ë¢ ¥â, á«¥¤®¢ â¥«ì®, tn+1 = sn+1,   ¯à¨ � = 1; 2; : : : ; n ¨¬¥¥¬����u00n(t�)u00n(s�)

���� �
(
(p(s�)=p(s�+1))1=2 ; s� � �0;

p(s�+1)=p(s�) ; s� � �0:
�

�¥¬¬  2. �¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

n!d1=2(n; �� 1=2)jun(s�; �� 1=2)j � en � (n� 1)!d1=2(n� 1; �+ 1=2)ju0n�1(x�; �+ 1=2)j: (5)

�®ª § â¥«ìáâ¢®. �â® ãâ¢¥à¦¤¥¨¥ «¥£ª® á«¥¤ã¥â ¨§ â¥®à¥¬ë � ««¥-�ãáá¥  [4] ¨ ¯¯. 4, 5
«¥¬¬ë 1.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �§ ¯¯. 3, 4, 5 «¥¬¬ë 1 á«¥¤ã¥â, çâ®

s� = 4

q
maxf0; �(� � 1)g +O(n�1=2); x� = 4

q
�(�+ 1) +O(n�1=2):

�®íâ®¬ã, ¢®á¯®«ì§®¢ ¢è¨áì ¥é¥ à §  á¨¬¯â®â¨ç¥áª®© ä®à¬ã«®© (2),  å®¤¨¬, çâ® ®¡¥ ç áâ¨
¥à ¢¥áâ¢  (5) áãâì ¢¥«¨ç¨ë ®¤®£® ¯®àï¤ª . �®áª®«ìªã n��=2�(n+�+1=2) = O(n!n�(��1)=2),
â® ®áâ «®áì § ¬¥â¨âì, çâ®

Qn(x) = x��=2ex=2u0n�1(
p
x; �+ 1=2)(n � 1)!d1=2(n� 1; � + 1=2);

¨ â¥®à¥¬  1 ¤®ª §  .

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �¥âàã¤® § ¬¥â¨âì, çâ® ã§« ¬¨ ¨â¥à¯®«¨à®¢ ¨ï ¢ íâ®¬
á«ãç ¥ á«ã¦ â ç¨á«  s2� , a s� | ¯®«®¦¨â¥«ìë¥ ã«¨ äãªæ¨¨ u0n�1(x; �+1=2). �à¨ íâ®¬ kLnk =
max
x�0

�n(x), £¤¥

�n(x) =
nX

�=1

�
x

s2�

��=2

e�(x�s
2
�
)=2

����Y
i6=�

x� s2i
s2� � s2i

����:
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�âáî¤   å®¤¨¬

�n(x) =
nX

�=1

���� 2s�u0n�1(x)
u00n�1(s�)(x2 � s2�)

���� � 2
nX

�=1

jl�(x)j := 2�n(x):

�¤¥áì

ln(x) =
u0n�1(x)

u00n�1(s�)(x� s�)
:

�æ¥¨¬ á¢¥àåã �n(x), ¯à¥¤¯®« £ ï ¢ ç «¥, çâ® x > sn. �®áª®«ìªã ¯à¨ � = 0; 1=2 ãâ¢¥à¦¤¥¨¥
â¥®à¥¬ë á«¥¤ã¥â ¨§ à¥§ã«ìâ â®¢ à ¡®âë [2], â® ¢¥§¤¥ ¤ «¥¥ áç¨â ¥¬, çâ® � > 0. �«ï íâ®£® á«ãç ï
«¥£ª® § ¬¥â¨âì, çâ® jln�2(x)j � jln�1(x)j � jln(x)j, â.ª. ¢¥«¨ç¨ë ju00n�1(s�)j ã¡ë¢ îâ á à®áâ®¬ �
(á¬. ¤®ª § â¥«ìáâ¢® ¯. 8 «¥¬¬ë 1). �®íâ®¬ã

�n(x) � 3 +
n�3X
�=1

���� u0n�1(xn)(s�+1 � s�)
u00n�1(s�)(s�+1 � s�)(xn � s�)

���� � 3 + c22

n�3X
�=1

����u0n�1(xn)(s�+1 � s�)
u0n�1(x�)(xn � s�)

���� �
� 3 + c22

n�3X
�=1

s�+1 � s�
xn � s�

� c23

Z xn�2

s1

ds

xn � s
� c24 lnn:

�á«¨ x 2 [sp; sp+1], â® ¯à¥¤áâ ¢¨¬ �n(x) ¢ ¢¨¤¥

�n(x) =
p�4X
�=1

+
p+5X

�=p�3

+
nX

�=p+6

:= I1 + I2 + I3: (6)

�æ¥ªã ¤«ï I1 ¯®«ãç ¥¬ â ª ¦¥, ª ª ¢ ¯à¥¤ë¤ãé¥¬ á«ãç ¥,   ¢® ¢â®à®© áã¬¬¥ «¥£ª® ®æ¥¨âì
ª ¦¤®¥ á« £ ¥¬®¥

jln(x)j � c25

����u00n�1(sp�3)u00n�1(sp+5)

���� � c26:

� ¯®¬®éìî â¥®à¥¬ë � £à ¦  § ¬¥ç ¥¬, çâ® ¥á«¨ x 2 [s� ; x� ], â®

ju0n�1(x)j � ju00n�1(t�)j(x� � x��1);

¥á«¨ ¦¥ x 2 [x� ; s�+1], â®
ju0n�1(x)j � ju00n�1(t�)j(x�+1 � x�):

�âáî¤   å®¤¨¬, ¨á¯®«ì§ãï ¯¯. 2, 3, 8, 9 «¥¬¬ë 1,

ju0n�1(x�)j � c27ju00n�1(s�+1)j(x�+1 � x�):

�¥à¥¬áï ª ®æ¥ª¥ I3 ¢ (6)

I3 � c28

nX
�=p+6

���� u0n�1(xp)
u00n�1(s��2)(x��1 � sp+1)

���� � c29

nX
�=p+6

(�n � x2p+1)(xp+1 � xp)

(�n � s2��2 � �(�+ 1)=s2��2)(x��1 � sp+1)
�

� c29

n�1X
�=p+5

�
(�n � x2�)(xp+1 � xp)

(�n � s2��1 � �(� + 1)=s2��1)(x� � sp+1)
+

(x2� � x2p+1)(xp+1 � xp)

(�n � s2��1 � �(�+ 1)=s2��1)(x� � sp+1)

�
:

�¥âàã¤® § ¬¥â¨âì, çâ® ¢¥«¨ç¨ë s2�(�n � s2�) ®£à ¨ç¥ë á¨§ã ª®áâ â®©, ª®â®à ï § ¢¨á¨â
à §¢¥ çâ® ®â � ¨ ¥ § ¢¨á¨â ¨ ®â �, ¨ ®â n,

s2�(�n � s2�) � minfx23(�n � x24); x
2
n�2(�n � x2n)g:

�â®à ï ¢¥«¨ç¨  ¯®¤ § ª®¬ ¬¨¨¬ã¬  ¨¬¥¥â ¯®àï¤®ª n4=3,   ¤«ï ¯¥à¢®©, ¨á¯®«ì§ãï  á¨¬¯â®-
â¨ç¥áª¨¥ ä®à¬ã«ë ¤«ï ã«¥© ¬®£®ç«¥®¢ � £¥àà  ([5], 22.16.8, á. 594), ¨¬¥¥¬ lim

n!1
x23(�n�x24) =

j2�+1=2;3. �¤¥áì j�;3 | âà¥â¨© ¯®«®¦¨â¥«ìë© ã«ì äãªæ¨¨ �¥áá¥«ï J�(x). �¥®à¥¬ë �âãà¬  ¨
¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ ¤«ï äãªæ¨© �¥áá¥«ï ([3], 1.8.9, á. 31) ¯à¨¢®¤ïâ ª ¥à ¢¥áâ¢ ¬
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j2�;1 � �2� 1=4, j2�+1=2;3 � �(�+1)+�=2. � ª¨¬ ®¡à §®¬, ¯à¨ ¤®áâ â®ç® ¡®«ìè®¬ n ¨¬¥¥â ¬¥áâ®
®æ¥ª 

�n � s2� �
�(�+ 1)

s2�
� (�n � s2�)

�=4
�(� + 1) + �=2

� 1
2
(�n � s2�):

�à®¤®«¦ ¥¬ ®æ¥¨¢ âì

I3 � 2c29

� n�1X
�=p+5

xp+1 � xp
x� � sp+1

+
n�1X

�=p+5

(x2� � x2p+1)(xp+1 � xp)

(�n � x2�)(x� � sp+1)

�
� 2c29

� n�1X
�=p+5

x� � x��1
x� � sp+1

+

+
n�1X

�=p+5

x�+1 � x�
xn � x�

�
� c30

�
ln

xn � sp+1
sp+4 � sp+1

+ ln
xn � xp+5
xn � xn�1

�
� c31 lnn:

�,  ª®¥æ, ¢ ¯®á«¥¤¥¬ á«ãç ¥ x 2 [0; s1]. �¬¥áâ® (6) ¨á¯®«ì§ã¥¬ à §¡¨¥¨¥

�n(x) =
p+5X
�=1

+
nX

�=p+6

:= I4 + I5:

�¥£ª® § ¬¥â¨âì, çâ® ®æ¥ª  I5 á®¢¯ ¤ ¥â á ®æ¥ª®© I3 ¢ ¯à¥¤ë¤ãé¥¬ á«ãç ¥,   ¯à¨ x 2 [0; s1]
jl5(x)j � jl4(x)j � jl3(x)j jl2(x)j jl1(x)j, ¯®íâ®¬ã ¤«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç® ¯®ª -
§ âì, çâ® ¢¥«¨ç¨ 

max
0�x�s2

jl1(x)j = jl1(t�)j
¥ à áâ¥â á à®áâ®¬ ®¬¥à  n. �§ ®¯à¥¤¥«¥¨ï l1(x) ¨ ãà ¢¥¨ï (1) ¥âàã¤® ¯®«ãç¨âì ¤¨ää¥-
à¥æ¨ «ì®¥ ãà ¢¥¨¥

(x� s1)l
00
1 (x) +

�
2� p0(x)

p(x)
(x� s1)

�
l01(x) +

�
(x� s1)p(x)� p0(x)

p(x)

�
l1(x) = 0:

�ë¯®«¨¢ ¢ ¥¬ ¯®¤áâ ®¢ªã x = s1,  å®¤¨¬

2l01(x) = p0(s1)=p(s1) > 0:

� ª¨¬ ®¡à §®¬, â®çª  t� «¥¦¨â ¯à ¢¥¥ s1, ¯®íâ®¬ã

jl01(t�)j � u00(t1)=u
00(s1) � c32:

�¥£ª® ¯à®¢¥àï¥¬®¥ ¥à ¢¥áâ¢® kLnk � �n(x21) � c33 lnn â¥¯¥àì ¯®§¢®«ï¥â ãâ¢¥à¦¤ âì, çâ®
kLnk = O(lnn).

�®¦® ¯®ª § âì, çâ® ¥á«¨ ¢ à®«¨ ã§«®¢ ¨â¥à¯®«¨à®¢ ¨ï ¢ëáâã¯ îâ ã«¨ ¬®£®ç«¥®¢
� £¥àà  L�

n(x) ¨«¨ L�+1=2
n (x), â® ®à¬ë ®¯¥à â®à®¢ Ln ¢ íâ®¬ á«ãç ¥ à áâãâ á®®â¢¥âáâ¢¥® ª ªp

n ¨ 6
p
n.

�¨â¥à âãà 
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