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1. � 1949 £. �.�§ £¥à®¬ (¨§«®¦¥¨¥ à¥§ã«ìâ â®¢ �§ £¥à  ¨ ¨å ¤ «ì¥©è¥¥ à §¢¨â¨¥ á¬. ¢
[1]) ¡ë«¨ ¯®¤à®¡® ¨áá«¥¤®¢ ë â¥à¬®¤¨ ¬¨ç¥áª¨¥ á¢®©áâ¢  á¨áâ¥¬ë á¨«ì® ¢ëâïãâëå ¦¥áâ-
ª¨å ¥¯®«ïàëå æ¨«¨¤à¨ç¥áª¨å áâ¥à¦¥© (� = dl�1 � 1, d | ¤¨ ¬¥âà, l | ¤«¨  áâ¥à¦ï) á
¯ àë¬ ¢§ ¨¬®¤¥©áâ¢¨¥¬ â¨¯  áâ¥à¨ç¥áª®£® ®ââ «ª¨¢ ¨ï (¬®¤¥«ì �§ £¥à  ¨áª«îç¥®£® ®¡ê-
¥¬ ). �ë«® ¯®ª § ®, çâ® ¢ á¨áâ¥¬¥, ®à¨¥â æ¨®®-à §ã¯®àï¤®ç¥®© ¯à¨ ¨§ª¨å ª®æ¥âà -
æ¨ïå, á ã¢¥«¨ç¥¨¥¬ ª®æ¥âà æ¨¨ ¯à®¨áå®¤¨â ä §®¢ë© ¯¥à¥å®¤ ¯¥à¢®£® à®¤  ¢  ¨§®âà®¯ãî
(®à¨¥â æ¨®®-ã¯®àï¤®ç¥ãî) ä §ã, âà ªâã¥¬ãî ª ª ¦¨¤ª®ªà¨áâ ««¨ç¥áª¨© ¥¬ â¨ª. �á¥
â¥à¬®¤¨ ¬¨ç¥áª¨¥ á¢®©áâ¢  ¨§®âà®¯®© ä §ë ®¯¨áë¢ îâáï à ¢®¬¥à®© äãªæ¨¥© à á¯à¥¤¥-
«¥¨ï ®à¨¥â æ¨¨ ®á¥© ç áâ¨æ á ¯«®â®áâìî f(n) = 1 (n| ®àâ ®á¨ áâ¥à¦ï), â¥à¬®¤¨ ¬¨ç¥áª¨¥
á¢®©áâ¢  ¥¬ â¨ª  ®¯¨áë¢ îâáï ®â«¨ç®© ®â ¥¤¨¨æë ¯«®â®áâìî f , ¨¬¥îé¥© ¥¤¨áâ¢¥ë©
¬ ªá¨¬ã¬ ¢  ¯à ¢«¥¨¨ ¤¨à¥ªâ®à  ( ¯à ¢«¥¨¥ ¯à¥¨¬ãé¥áâ¢¥®© ®à¨¥â æ¨¨ ®á¥©), ¨¢ -
à¨ â®© ®â®á¨â¥«ì® ¯®¢®à®â®¢ ¢®ªàã£ íâ®£®  ¯à ¢«¥¨ï ¨ § ¬¥ë n! �n.

�«ï f(n) ¨§ ãá«®¢¨ï ¬¨¨¬ã¬  á¢®¡®¤®© í¥à£¨¨ á¨áâ¥¬ë áâ¥à¦¥©,  ©¤¥®© ¢ ¯à¨¡«¨-
¦¥¨¨ ¢â®à®£® ¢¨à¨ «ì®£® ª®íää¨æ¨¥â , �§ £¥à ¯®«ãç¨« ¥«¨¥©®¥ ¨â¥£à «ì®¥ ãà ¢¥-
¨¥, ª®â®à®¥ ¨áá«¥¤®¢ «®áì (¢ ®á®¢®¬, ç¨á«¥ë¬¨ ¬¥â®¤ ¬¨) ¢® ¬®£¨å ä¨§¨ç¥áª¨å à ¡®â å.
�®áâ â®ç® ¯®«ë© ®¡§®à ¯®«ãç¥ëå ¢ íâ®¬  ¯à ¢«¥¨¨ à¥§ã«ìâ â®¢ ¯à¨¢®¤¨âáï ¢ ®¡§®à¥ [2]
¨ ¬®®£à ä¨¨ [3]. �¡®¡é¥¨î ¬®¤¥«¨ �§ £¥à    á«ãç © á¨áâ¥¬ë ¬ £¨âëå áâ¥à¦¥© ¯®á¢ï-
é¥ë à ¡®âë [4], [5].

�¥®¡å®¤¨¬® ®â¬¥â¨âì, çâ® �§ £¥à ¢ëç¨á«¨« á¢®¡®¤ãî í¥à£¨î á¨áâ¥¬ë áâ¥à¦¥© «¨èì ¢
¯à¨¡«¨¦¥¨¨ ¢â®à®£® ¢¨à¨ «ì®£® ª®íää¨æ¨¥â , â. ¥. ¢ ¯à¥¤¯®«®¦¥¨¨ ¬ «®áâ¨ ª®æ¥âà æ¨¨
á¨áâ¥¬ë. �â®¡ë ®à¨¥â æ¨®ë© ä §®¢ë© ¯¥à¥å®¤ ¢ á¨áâ¥¬¥ áâ¥à¦¥© ¬®£ ¯à®¨§®©â¨ ã¦¥ ¯à¨
¨§ª®© ª®æ¥âà æ¨¨, ¥®¡å®¤¨¬® ãá«®¢¨¥ � � 1 | ãá«®¢¨¥ ¯à¨¬¥¨¬®áâ¨ ¬®¤¥«¨ �§ £¥à .

�®¤¥«ì, á¢®¡®¤ ï ®â íâ®£® ®£à ¨ç¥¨ï ¨ ¯à¨£®¤ ï ¤«ï «î¡ëå ®á¥á¨¬¬¥âà¨çëå ç áâ¨æ,
¡ë«  ¯à¥¤«®¦¥  � àá®á®¬ [6]. �  ¨¡®«¥¥ ¨â¥à¥á®¬ á«ãç ¥ ç áâ¨æ, ¨¬¥îé¨å ä®à¬ã í«-
«¨¯á®¨¤  ¢à é¥¨ï á ¯®«ã®áï¬¨ b � a, ¨â¥£à «ì®¥ ãà ¢¥¨¥, ¯®«ãç¥®¥ � àá®á®¬ ¤«ï
®à¨¥â æ¨®®© äãªæ¨¨ f(n), ¨¬¥¥â ¢¨¤

� + ln f(n0) + �

Z
B(n; n0)f(n)dn = 0; (1.1)

£¤¥ ï¤à® B(n; n0) = (1 � �2(nn0)2)1=2, nn0 | áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ®àâ®¢ n ¨ n0, � = (b2 �
a2)(b2 + a2)�1, ¥¨§¢¥áâ ï ª®áâ â  � ®¯à¥¤¥«ï¥âáï ãá«®¢¨¥¬ ®à¬¨à®¢ª¨Z

f(n)dn = 1: (1.2)

�â¥£à¨à®¢ ¨¥ ¢ (1.1) ¨ (1.2) ¯à®¨§¢®¤¨âáï ¯® ¯®¢¥àå®áâ¨ áä¥àë, ¢ áä¥à¨ç¥áª®© á¨áâ¥¬¥ ª®-
®à¤¨ â á ¯®«ïà®© ®áìî,  ¯à ¢«¥®© ¢¤®«ì ¤¨à¥ªâ®à  ¥¬ â¨ª , dn = (4�)�1 sin � d' d�, ', �
| áä¥à¨ç¥áª¨¥ ª®®à¤¨ âë ®àâ  n. � à ¬¥âà � ¢ ãà ¢¥¨¨ (1.1) ®¯à¥¤¥«ï¥âáï á®®â®è¥¨¥¬

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâ 97-01-00375).
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� = 8(1 � �2)�1=2J , £¤¥ äãªæ¨ï J ¯à¨ «î¡®¬ � (0 < � < 1) ï¢«ï¥âáï ¬®®â®® ¢®§à áâ îé¥©
äãªæ¨¥© ¡¥§à §¬¥à®© ¯¥à¥¬¥®© � = 4

3
�a2bc (c = N=V | ¯«®â®áâì á¨áâ¥¬ë í««¨¯á®¨¤®¢,

� | ®¡ê¥¬ ï ª®æ¥âà æ¨ï á¨áâ¥¬ë). �ãªæ¨ï J ®¯à¥¤¥«ï¥âáï ª®ªà¥âë¬ ¢ë¡®à®¬ ¬®¤¥«¨
¯ à®£® ¯®â¥æ¨ «  ¨ ¯ à®© ª®àà¥«ïæ¨®®© äãªæ¨¨, ®â®á¨â¥«ì® ª®â®àëå ¢ ¬®¤¥«¨ � à-
á®á  ¯à¥¤¯®« £ ¥âáï áª¥©«¨£®¢ë© å à ªâ¥à ¨å § ¢¨á¨¬®áâ¨ ®â âà á«ïæ¨®ëå ¨ ã£«®¢ëå
¯¥à¥¬¥ëå, çâ® ¨ ¯®§¢®«¨«® à §¤¥«¨âì âà á«ïæ¨®ë¥ ¨ ®à¨¥â æ¨®ë¥ áâ¥¯¥¨ á¢®¡®¤ë ¨
¯®«ãç¨âì ãà ¢¥¨¥ (1.1). �â¬¥â¨¬, çâ® ãà ¢¥¨¥ �§ £¥à  ¤«ï f(n) ï¢«ï¥âáï ç áâë¬ á«ãç -
¥¬ ãà ¢¥¨ï (1.1), ®® ¯®«ãç ¥âáï, ¥á«¨ ¢ ãà ¢¥¨¨ (1.1) � = 2cdl2,   ï¤à® B = (1� (nn0)2)1=2.

�®áª®«ìªã ®à¨¥â æ¨® ï äãªæ¨ï f(n) ®¯¨áë¢ ¥â ¥¬ â¨ª, â® ®  ¤®«¦  ¡ëâì à¥è¥¨-
¥¬ ¥«¨¥©®£® ¨â¥£à «ì®£® ãà ¢¥¨ï (1.1), ã¤®¢«¥â¢®àïîé¨¬, ªà®¬¥ ãá«®¢¨ï ®à¬¨à®¢ª¨
(1.2), ¥é¥ ¨ á«¥¤ãîé¨¬ ¤®¯®«¨â¥«ìë¬ ãá«®¢¨ï¬:

a) f(n) ¥ § ¢¨á¨â ®â ã£«  ' (f(n) = f(�)),
b) f(�) = f(� � �), á«¥¤®¢ â¥«ì®, f(n) à §« £ ¥âáï ¢ àï¤ �ãàì¥ ¯® ¯®«¨®¬ ¬ �¥¦ ¤à  á

ç¥âë¬ ¨¤¥ªá®¬ P2s(n),
c) f(0) = f(�) = max, ¤àã£¨å ¬ ªá¨¬ã¬®¢ f(n) ¥ ¨¬¥¥â.

� ¬¥ç ¨¥ 1. �à¥¤¨ ¯®«¨®¬®¢ P2s ãá«®¢¨î c) ã¤®¢«¥â¢®àï¥â â®«ìª® ¯®«¨®¬ P2.

�â® § ¬¥ç ¨¥ ¢¥áì¬  ¢ ¦® ¤«ï ¤ «ì¥©è¥£®.
� ¤ ®© à ¡®â¥ ¨§ãç îâáï ¡«¨§ª¨¥ ª ¨§®âà®¯®¬ã  ¨§®âà®¯ë¥ à¥è¥¨ï ãà ¢¥¨ï (1.1),

ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î ®à¬¨à®¢ª¨ (1.2) ¨ ãá«®¢¨ï¬ a){c). �«ï íâ¨å à¥è¥¨© ¤®ª §ë¢ ¥âáï á
¯®¬®éìî ¬¥â®¤®¢ â¥®à¨¨ ¢¥â¢«¥¨ï à¥è¥¨© ¥«¨¥©ëå ãà ¢¥¨© (â¥®à¨¨ �ï¯ã®¢ {�¬¨¤â 
[7]), çâ® ®¨ ¢ ®ªà¥áâ®áâ¨ â®çª¨ ¡¨äãàª æ¨¨ � = �b à §« £ îâáï ¢ áå®¤ïé¨©áï áâ¥¯¥®© àï¤
¯® æ¥«ë¬ áâ¥¯¥ï¬ à §®áâ¨ ���b. �â®â à¥§ã«ìâ â ¯®«ãç ¥¬   ®á®¢¥ ¨áá«¥¤®¢ ¨ï ¤¨ £à ¬¬ë
�ìîâ®  ãà ¢¥¨ï à §¢¥â¢«¥¨ï ¤«ï ãà ¢¥¨ï (1.1).

� § ª«îç¨â¥«ì®© ç áâ¨ à ¡®âë áâà®¨âáï íää¥ªâ¨¢ë©  «£®à¨â¬ ¤«ï ãª § ëå à §«®¦¥-
¨©.

2. �®áª®«ìªã  á ¡ã¤ãâ ¨â¥à¥á®¢ âì «¨èì à¥è¥¨ï ãà ¢¥¨ï (1.1), ®¯¨áë¢ îé¨¥ ¥¬ -
â¨ª (â. ¥. ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î (1.2) ¨ ãá«®¢¨ï¬ a), b), c)), â® ¡ã¤¥¬ à áá¬ âà¨¢ âì íâ®
ãà ¢¥¨¥ ¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥ C ¥¯à¥àë¢ëå äãªæ¨©   áä¥à¥ (kfk = sup jf(n)j), ¨-
¢ à¨ âëå ®â®á¨â¥«ì® ¯®¢®à®â®¢ ¢®ªàã£ ¯®«ïà®© ®á¨ áä¥à¨ç¥áª®© á¨áâ¥¬ë ª®®à¤¨ â (â. ¥.
§ ¢¨áïé¨å «¨èì ®â ã£«  � ¬¥¦¤ã ¢¥ªâ®à®¬ n ¨ ¯®«ïà®© ®áìî (ãá«®¢¨¥ a)) ) ¨ ¯à¨ § ¬¥¥
n ! �n (� ! � � �, ãá«®¢¨¥ b)). �ç¨âë¢ ï, çâ® ï¤à® B(n; n0) § ¢¨á¨â «¨èì ®â ã£«  � ¬¥¦¤ã
¢¥ªâ®à ¬¨ n ¨ n0 (á«¥¤®¢ â¥«ì®, ®® ¨¢ à¨ â® ¯à¨ ¨å ®¤®¢à¥¬¥®¬ ¯®¢®à®â¥), ¯à¨ç¥¬
B(n; n0) = B(�n; n0) = B(n;�n0),   ¬¥à  dn ¨¢ à¨ â  ®â®á¨â¥«ì® ¢à é¥¨©, ¥âàã¤®
¤®ª § âì, çâ® ¨â¥£à «ìë© ®¯¥à â®à

h! A�h = �

Z
B(n; n0)h(n)dn

®â®¡à ¦ ¥â ¯à®áâà áâ¢® C ¢ á¥¡ï.
�®« £ ï f = 1+h(n), £¤¥ jh(n)j ¬ « ( ¯®¬¨¬, çâ® à áá¬ âà¨¢ îâáï «¨èì ®à¨¥â æ¨®ë¥

äãªæ¨¨ f , ¡«¨§ª¨¥ ª ¨§®âà®¯ë¬), ¯®«ãç¨¬ ¨§ (1.1) ¥«¨¥©®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥

� +
1X
l=1

(�1)l�1l�1hl +A�h = 0 (2.1)

¤«ï ¥¨§¢¥áâ®© äãªæ¨¨ h 2 C, ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨î ®à¬¨à®¢ª¨Z
h(n)dn = 0: (2.2)

� ª ª ª ï¤à® B § ¢¨á¨â «¨èì ®â ã£«  �, â®
R
B(n; n0)dn ¥ § ¢¨á¨â ®â n0, ®âªã¤ , ¬¥ïï ¯®àï¤®ª

¨â¥£à¨à®¢ ¨ï ¢ ¤¢ãªà â®¬ ¨â¥£à «¥ I =
R
A�h dn

0,  ©¤¥¬ ¢ á¨«ã ãá«®¢¨ï ®à¬¨à®¢ª¨ (2.2),
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çâ® I = 0. �â¥£à¨àãï â¥¯¥àì ãà ¢¥¨¥ (2.1) ¯® n0, ¯®«ãç¨¬ ãà ¢¥¨¥ ¤«ï h

h+A�h+
1X
l=2

(�1)l�1l�1
�
hl �

Z
hldn

�
= 0: (2.3)

�¥¢ ï ç áâì ãà ¢¥¨ï (2.3) ï¢«ï¥âáï ¨â¥£à®-áâ¥¯¥ë¬ àï¤®¬ ¯® h ¨ �, à¥£ã«ïà® áå®¤ïé¨¬áï
¯à¨ khk � q < 1, j�j � �0 (�0 > 0 ¯à®¨§¢®«ì®). � «ë¥ à¥è¥¨ï â ª¨å ãà ¢¥¨© ¨áá«¥¤ãîâáï ¢
â¥®à¨¨ ¢¥â¢«¥¨ï à¥è¥¨© ¥«¨¥©ëå ¨â¥£à «ìëå ãà ¢¥¨© | â¥®à¨¨ �ï¯ã®¢ {�¬¨¤â 
[7]. �à¨ «î¡®¬ � ãà ¢¥¨¥ (2.3) ¨¬¥¥â à¥è¥¨¥ h = 0. � â¥®à¨¨ �ï¯ã®¢ {�¬¨¤â  ¤®ª §ë¢ -
¥âáï ¢®§¬®¦®áâì áãé¥áâ¢®¢ ¨ï ¢ ®ªà¥áâ®áâ¨ â®çª¨ ¡¨äãàª æ¨¨ � = �b ¥ã«¥¢®£® à¥è¥¨ï
h�, áâà¥¬ïé¥£®áï ª ã«î ¯à¨ �! �b.

�¤à® B ¨â¥£à «ì®£® ®¯¥à â®à  A� à §« £ ¥âáï ¢ àï¤ �ãàì¥ ¯® ¯®«¨®¬ ¬ �¥¦ ¤à 
P2s(cos�)

B = c0(�)�K1(n; n0);

£¤¥

c0(�) =
1
2

Z 1

0

(1� �2x2)1=2dx; K1 =
1X
k=1

(4k + 1)ck(�)P2k(nn0);

ck(�) = �1
4

Z 1

�1

(1� �2x2)1=2P2k(x)dx:

(2.4)

�®£« á® ¨§¢¥áâ®© â¥®à¥¬¥ �®¡á®  [8] àï¤ (2.4) ¤«ï ï¤à  K1 áå®¤¨âáï à ¢®¬¥à® ¯® �.
�¥âàã¤® ã¡¥¤¨âìáï, çâ® «î¡®¥ à¥è¥¨¥ h 2 C ãà ¢¥¨ï (2.3), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î

®à¬¨à®¢ª¨ (2.2), ¡ã¤¥â ã¤®¢«¥â¢®àïâì ¨ ãà ¢¥¨î

h� �

Z
K1(n; n

0)h(n)dn =
1X
l=2

(�1)ll�1
�
hl �

Z
hldn

�
: (2.5)

�¡à â®, «î¡®¥ à¥è¥¨¥ h 2 C ãà ¢¥¨ï (2.5)  ¢â®¬ â¨ç¥áª¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ®à¬¨-
à®¢ª¨ (2.2), á«¥¤®¢ â¥«ì®, ¨ ãà ¢¥¨î (2.3). �¥©áâ¢¨â¥«ì®, ¨§ (2.4)  ©¤¥¬

Z
K1(n; n

0)dn0 = 0:

�â¥£à¨àãï â¥¯¥àì ¯® n0 ¢ ®¡¥¨å ç áâïå ãà ¢¥¨ï (2.5) ¨ ¬¥ïï ¯®àï¤®ª ¨â¥£à¨à®¢ ¨ï ¢
¤¢ãªà â®¬ ¨â¥£à «¥ Z � Z

K1(n; n
0)h(n)dn

�
dn0;

¯®«ãç¨¬ ¤«ï h ãá«®¢¨¥ ®à¬¨à®¢ª¨ (2.2).
�«ï ¯®«¨®¬®¢ �¥¦ ¤à  á¯à ¢¥¤«¨¢  â¥®à¥¬  á«®¦¥¨ï [8], [9]

Pl(nn0) = Pl(n)Pl(n0) + 2
lX

m=1

(l �m)!
(l +m)!

Pm
l (n)P

m
l (n

0) cosm('� '0) (2.6)

(¤«ï á®ªà é¥¨ï § ¯¨á¨ á®¢  ®¡®§ ç ¥¬ Pm
l (cos �) = Pm

l (n), P
m
l | ¯à¨á®¥¤¨¥ë¥ áä¥à¨ç¥-

áª¨¥ äãªæ¨¨, ', �, '0, �0 | áä¥à¨ç¥áª¨¥ ª®®à¤¨ âë ®àâ®¢ n ¨ n0 á®®â¢¥âáâ¢¥®). �®áª®«ìªã
h 2 C, â. ¥. ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ a) ¨ b), â® á ãç¥â®¬ á®®â®è¥¨ï (2.6) ãà ¢¥¨¥ (2.5) ¤«ï
h ¬®¦® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

h� �

Z
K(n; n0)h(n)dn =

1X
l=2

(�1)ll�1
�
hl �

Z
hldn

�
; (2.7)
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£¤¥ ï¤à®

K(n; n0) =
1X
k=1

(4k + 1)ck(�)P2k(n)P2k(n
0): (2.8)

� ¯®¬®éìî à §«®¦¥¨ï (2.8) ¨ á®®â®è¥¨ï ®àâ®£® «ì®áâ¨ ¤«ï ¯®«¨®¬®¢ �¥¦ ¤à   ©¤¥¬
Z
K(n; n0)P2k(n)dn = ck(�)P2k(n

0):

�«¥¤®¢ â¥«ì®, ¯®«¨®¬ P2k ï¢«ï¥âáï á®¡áâ¢¥®© äãªæ¨¥© ï¤à K, ¯à¨ ¤«¥¦ é¥© á®¡áâ¢¥-
®¬ã § ç¥¨î ck(�). �§ (2.7) ¯®«ãç ¥¬, çâ® â®çª¨ ¡¨äãàª æ¨¨ ¥«¨¥©®£® ¨â¥£à «ì®£®
ãà ¢¥¨ï (2.7) ®¯à¥¤¥«ïîâáï á®®â®è¥¨¥¬ �

(k)
b (�) = (ck(�))�1.

�¥âàã¤® ¤®ª § âì, çâ® ¯à¨ k � 1 ¨ 0 < � < 1 ck(�) > 0. � íâ®© æ¥«ìî ¢®á¯®«ì§ã¥¬áï
ä®à¬ã«®© �®¤à¨£  ([9], c. 1039) ¤«ï ¯®«¨®¬®¢ �¥¦ ¤à 

Pm(x) =
1

2mm!
dm(x2 � 1)m

dxm
: (2.9)

�®¤áâ ¢«ïï (2.9) ¢ á®®â®è¥¨¥ (2.4) ¤«ï ck,  ©¤¥¬

ck(�) = � 1
22k+2(2k)!

Z 1

�1
(1� �2x2)1=2

d2k(x2 � 1)2k

dx2k
dx: (2.10)

�â¥£à¨àãï ¢ ¯à ¢®© ç áâ¨ à ¢¥áâ¢  (2.10) ¯® ç áâï¬ 2k à §, ¯®«ãç¨¬

ck(�) = � 1
22k+2(2k)!

Z 1

�1

(x2 � 1)2k
d2k(1� �2x2)1=2

dx2k
dx: (2.11)

�ç¥¢¨¤®, á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

d2k(1� �2x2)1=2

dx2k
< 0: (2.12)

�§ (2.12) ¨ (2.11) ¨ á«¥¤ã¥â ãª § ®¥ ¥à ¢¥áâ¢® ¤«ï ck(�).
� «¥¥ ¤®ª ¦¥¬ á¯à ¢¥¤«¨¢®áâì ¥à ¢¥áâ¢

ck(�) > ck+1(�); 0 < � < 1; k = 1; 2; : : : (2.13)

�¥©áâ¢¨â¥«ì®, ¨§ á®®â®è¥¨ï (2.4) ¤«ï ck(�) ¯®«ãç ¥¬ á ¯®¬®éìî ¨§¢¥áâ®£® à¥ªãàà¥â®£®
á®®â®è¥¨ï ¤«ï ¯®«¨®¬®¢ �¥¦ ¤à  [8], [9]

ck(�)� ck+1(�) =
1
4

Z 1

�1

(1� �2x2)1=2(P2k+2(x)� P2k(x))dx =
4k + 3

8(k + 1)(2k + 1)
Ik(�);

£¤¥

Ik =
Z 1

�1

(1� �2x2)1=2(x2 � 1)
dP2k+1

dx
dx: (2.14)

�®¢  ¢®á¯®«ì§ã¥¬áï ä®à¬ã«®© �®¤à¨£  (2.9). �®¤áâ ¢¨¬ (2.9) ¯à¨ m = 2k + 1 ¢ ¯à ¢ãî ç áâì
á®®â®è¥¨ï (2.14),   § â¥¬ ¯à®¨â¥£à¨àã¥¬ 2k + 2 à §  ¯® ç áâï¬. �®«ãç¨¬

Ik =
1

22k+1(2k + 1)!

Z 1

�1

(x2 � 1)2k+1
d2k+2

dx2k+2
[(1 � �2x2)1=2(x2 � 1)]dx: (2.15)
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� §«®¦¨¬ ¢ëà ¦¥¨¥ ¢ ª¢ ¤à âëå áª®¡ª å ¢ ¯®á«¥¤¥¬ ¨â¥£à «¥ ¢ àï¤ � ª«®à¥ . �®á«¥
¯à®áâëå ¯à¥®¡à §®¢ ¨©  ©¤¥¬

(1� �2x2)1=2(x2 � 1) = �1 + �
1� 1

2
�2
�
x2 � 1

2
�2
�
1� 1

4
�2
�
x4 +

+
1X

m=3

(2m� 5)!!
(2m� 2)!!

�2m�2

�
2m� 3
2m

�2 � 1
�
x2m: (2.16)

�®áª®«ìªã
2m� 3
2m

�2 � 1 < 0 (0 < � < 1; m � 3);

â® ¨§ (2.16) «¥£ª® á«¥¤ã¥â ¥à ¢¥áâ¢®

d2k+2

dx2k+2
[(1� �2x2)1=2(x2 � 1)] < 0; k = 1; 2; : : : ;

¯®á«¥ ç¥£® ¨§ (2.15) ¯®«ãç ¥¬ á¯¥à¢  Ik > 0,   § â¥¬ ¨ âà¥¡ã¥¬®¥ ¥à ¢¥áâ¢® (2.13) ¤«ï ª®íä-
ä¨æ¨¥â®¢ ck.

�§ ¥à ¢¥áâ¢  (2.13) á«¥¤ã¥â, çâ® ª ¦¤ ï ¨§ â®ç¥ª ¡¨äãàª æ¨¨ �
(k)
b (�) ¯à¨ «î¡®¬ � 2

(0; 1) ï¢«ï¥âáï â®çª®© ¡¨äãàª æ¨¨ á ®¤®¬¥àë¬ ¢¥â¢«¥¨¥¬. �¨¦¥ ¡ã¤¥¬ à áá¬ âà¨¢ âì «¨èì
à¥è¥¨¥ h 2 C ¥«¨¥©®£® ¨â¥£à «ì®£® ãà ¢¥¨ï (2.7), ®â¢¥â¢«ïîé¥¥áï ®â ¨§®âà®¯®£®
à¥è¥¨ï h = 0 ¢ â®çª¥ ¡¨äãàª æ¨¨ �b(�) = �

(1)
b (�), â. ª. â®«ìª® íâ® à¥è¥¨¥ ¡ã¤¥â ¤ ¢ âì

®à¨¥â æ¨®ãî äãªæ¨î f = 1 + h(n), ã¤®¢«¥â¢®àïîéãî ª ª ãá«®¢¨î ®à¬¨à®¢ª¨ (1.2), â ª
¨ ¢á¥¬ âà¥¬ ãá«®¢¨ï¬ a), b), c). �§ ¤ «ì¥©è¥£® ¡ã¤¥â ïá®, çâ® à¥è¥¨ï, ®â¢¥â¢«ïîé¨¥áï ¢
â®çª å ¡¨äãàª æ¨¨ �(k)b (�), k � 2, ¥ ¡ã¤ãâ ã¤®¢«¥â¢®àïâì ãá«®¢¨î c), á«¥¤®¢ â¥«ì®, ¨ ¥ ¡ã¤ãâ
®¯¨áë¢ âì ¥¬ â¨ª.

�¡®§ ç¨¬ 'k(n) = (4k + 1)1=2P2k, â ª çâ®Z
'm(n)'k(n)dn = �km

(�km | á¨¬¢®« �à®¥ª¥à ), ¨ ¯®«®¦¨¬ � = �b + �,

E(n; n0) = �bK(n; n0)� '1(n)'1(n0)

¨

� =
Z
h(n)'1(n)dn (2.17)

(¢ ä¨§¨ª¥ ¢¥«¨ç¨  �  §ë¢ ¥âáï ¯ à ¬¥âà®¬ ¯®àï¤ª  ¨ ¯à¥¤áâ ¢«ï¥â ¡®«ìè®© á ¬®áâ®ïâ¥«ì-
ë© ¨â¥à¥á).

�à ¢¥¨¥ (2.7) ¢ ®¢ëå ®¡®§ ç¥¨ïå ¬®¦® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

h�
Z
E(n; n0)h(n)dn = �'1 + �

Z
K(n; n0)h(n)dn+

1X
l=2

(�1)ll�1
�
hl �

Z
hldn

�
: (2.18)

�®áª®«ìªã, ª ª ¬ë ¯®ª § «¨ ¢ëè¥, ª ¦¤ ï ¨§ â®ç¥ª ¡¨äãàª æ¨¨ ï¢«ï¥âáï â®çª®© ®¤®¬¥à®£®
¢¥â¢«¥¨ï ¤«ï ãà ¢¥¨ï (2.7), â® ¢ á¨«ã «¥¬¬ë �¬¨¤â  [7] ¥¤¨¨æ  ¥ ï¢«ï¥âáï á®¡áâ¢¥-
ë¬ § ç¥¨¥¬ ï¤à  E(n; n0), ¨ ¨§ â¥®à¨¨ �ï¯ã®¢ {�¬¨¤â  ¢ á¨«ã à¥£ã«ïà®© áå®¤¨¬®áâ¨
¨â¥£à®-áâ¥¯¥®£® àï¤  ¢ ¯à ¢®© ç áâ¨ ãà ¢¥¨ï (2.18) ¯®«ãç ¥¬, çâ® ãà ¢¥¨¥ (2.7) ¯à¨
¤®áâ â®ç® ¬ «ëå j�j ¨ j�j ¨¬¥¥â ¥¤¨áâ¢¥®¥ ¬ «®¥ à¥è¥¨¥ h(n) 2 C (á«¥¤®¢ â¥«ì®, h ã¤®-
¢«¥â¢®àï¥â ãá«®¢¨ï¬ a) ¨ b); ®ç¥¢¨¤®, ®® ã¤®¢«¥â¢®àï¥â ¨ ãá«®¢¨î ®à¬¨à®¢ª¨ (2.2)), ª®â®à®¥
¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ à ¢®¬¥à® áå®¤ïé¥£®áï àï¤ 

h(n) = �'1 +
X

r+s=2

�r�sars(n);
Z
ars(n)dn = 0: (2.19)
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�¤¥áì ¯®ª  ¥¨§¢¥áâë ¨ ¯ à ¬¥âà ¯®àï¤ª  � (® ¢ëà ¦ ¥âáï ç¥à¥§ ¨áª®¬®¥ à¥è¥¨¥ h á ¯®¬®-
éìî á®®â®è¥¨ï (2.17)) ¨ ª®íää¨æ¨¥âë ars(n). �®¤áâ ¢«ïï (2.19) ¢ ¯à ¢ãî ç áâì á®®â®è¥¨ï
(2.17), ¯®«ãç¨¬ ¤«ï � ãà ¢¥¨¥ à §¢¥â¢«¥¨ï

1X
m=2

Lm0�
m +

1X
m=0

�m
1X
r=1

Lmr�
r = 0; (2.20)

£¤¥

Lij =
Z
aij(n)'1(n)dn

(� ï¢«ï¥âáï ¬ «ë¬ à¥è¥¨¥¬ ãà ¢¥¨ï à §¢¥â¢«¥¨ï).
�à ¢¥¨¥ (2.20) ¥ á®¤¥à¦¨â á« £ ¥¬®£® á ¯¥à¢®© áâ¥¯¥ìî � (¨ ã«¥¢®© áâ¥¯¥ìî �), ¯®-

íâ®¬ã ¥£® à¥è¥¨ï à §« £ îâáï ¢ áå®¤ïé¨¥áï ¯à¨ ¬ «ëå � (j�j � �0) áâ¥¯¥ë¥ àï¤ë ¯® ¯®«®-
¦¨â¥«ìë¬, ¢®®¡é¥ £®¢®àï, ¤à®¡ë¬, áâ¥¯¥ï¬ � (¢ â¥®à¨¨ ¬¥â®¤  �ìîâ®  [7] ¤®ª §ë¢ ¥âáï,
çâ® ¢ íâ¨å à §«®¦¥¨ïå ¯®ª § â¥«¨ áâ¥¯¥¨ | à æ¨® «ìë¥ ¤à®¡¨, ¨¬¥îé¨¥ ª®¥çë© ®¡é¨©
§ ¬¥ â¥«ì).

�®ª ¦¥¬, çâ® ¥ã«¥¢®¥ ¬ «®¥ à¥è¥¨¥ � = �(�) ãà ¢¥¨ï à §¢¥â¢«¥¨ï (2.20) ¤«ï ¨â¥-
£à «ì®£® ãà ¢¥¨ï (2.18) ¥¤¨áâ¢¥® ¨ à §« £ ¥âáï ¢ áå®¤ïé¨©áï áâ¥¯¥®© àï¤ ¯® æ¥«ë¬
áâ¥¯¥ï¬ � = �� �b ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨ ¡¨äãàª æ¨¨ �b(�). � ãç¥â®¬ (2.19) ®âáî¤ 
¡ã¤¥â á«¥¤®¢ âì, çâ® áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ ¥ã«¥¢®¥ ¬ «®¥ à¥è¥¨¥ h(n) 2 C ãà ¢¥¨ï
(2.18), à §« £ îé¥¥áï ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨ ¡¨äãàª æ¨¨ �b ¯® æ¥«ë¬ ¯®«®¦¨â¥«ìë¬
áâ¥¯¥ï¬ ���b á ª®íää¨æ¨¥â ¬¨, § ¢¨áïé¨¬¨ «¨èì ®â ã£«  � áä¥à¨ç¥áª®© á¨áâ¥¬ë ª®®à¤¨ â.
�ää¥ªâ¨¢ë© ¬¥â®¤ ¯®áâà®¥¨ï íâ®£® à¥è¥¨ï ãª ¦¥¬ ¢ ¯. 3.

� ¬ ¯® ¤®¡ïâáï ¥ª®â®àë¥ ¨§ ª®íää¨æ¨¥â®¢ Lij ãà ¢¥¨ï à §¢¥â¢«¥¨ï (2.20). �à¥¦¤¥
¢á¥£® ¯®ª ¦¥¬, çâ® L0j = 0, j = 1; 2; : : : � íâ®© æ¥«ìî ¯®¤áâ ¢¨¬ à¥è¥¨¥ (2.19) ¢ ãà ¢¥¨¥
(2.18). �®«®¦¨¬ � = 0 ¢ ¯®«ãç¥®¬ â®¦¤¥áâ¢¥ ¨ áà ¢¨¬ ª®íää¨æ¨¥âë ¯à¨ ®¤¨ ª®¢ëå
áâ¥¯¥ïå � ¢ «¥¢®© ¨ ¯à ¢®© ç áâïå ¯®«ãç¥ëå à §«®¦¥¨© ¯® æ¥«ë¬ áâ¥¯¥ï¬ �. �á«¨ ¯à¨
íâ®¬ a02 6= 0, â® «¥¢ ï ç áâì ¡ã¤¥â á®¤¥à¦ âì ¥¤¨áâ¢¥®¥ á« £ ¥¬®¥ ¢â®à®© áâ¥¯¥¨ ¯® �,  
¨¬¥® á« £ ¥¬®¥ �

a02(n
0)�

Z
E(n; n0)a02(n)dn

�
�2:

�®áª®«ìªã ¥¤¨¨æ  ¥ ï¢«ï¥âáï á®¡áâ¢¥ë¬ § ç¥¨¥¬ ï¤à  E, â® ª®íää¨æ¨¥â ¯à¨ �2 ¢ íâ®¬
á« £ ¥¬®¬ ¡ã¤¥â ®â«¨ç¥ ®â ã«ï. � â® ¦¥ ¢à¥¬ï ¥âàã¤® § ¬¥â¨âì, çâ® ¯à ¢ ï ç áâì ¢ á«ãç ¥
a02 6= 0 ¡ã¤¥â á®¤¥à¦ âì «¨èì á« £ ¥¬ë¥ ¥ ¨¦¥ âà¥âì¥© áâ¥¯¥¨ �. �«¥¤®¢ â¥«ì®, a02 = 0,
  § ç¨â, ¨ L02 = 0. �á«¨ â¥¯¥àì a03 6= 0, â® ¢ «¥¢®© ç áâ¨ ¯®«ãç¥®£® à §«®¦¥¨ï ¡ã¤¥â
á®¤¥à¦ âìáï á« £ ¥¬®¥ �

a03(n
0)�

Z
E(n; n0)a03(n)dn

�
�3;

â. ª. á®¢  ª®íää¨æ¨¥â ¯à¨ �3 ¢ íâ®¬ á« £ ¥¬®¬ ¡ã¤¥â ®â«¨ç¥ ®â ã«ï. � â® ¦¥ ¢à¥¬ï ¯à ¢ ï
ç áâì ¡ã¤¥â á®¤¥à¦ âì «¨èì á« £ ¥¬ë¥ ¥ ¨¦¥ ç¥â¢¥àâ®© áâ¥¯¥¨ ®â®á¨â¥«ì® �. �«¥¤®¢ -
â¥«ì®, a03 = 0,   § ç¨â, ¨ L03 = 0. �à®¤®«¦ ï íâ¨ à ááã¦¤¥¨ï, ¯®«ãç¨¬ a0j = 0,   § ç¨â, ¨
L0j = 0.

�ëç¨á«¨¬ â¥¯¥àì ª®íää¨æ¨¥â L20 ãà ¢¥¨ï à §¢¥â¢«¥¨ï (2.20). � íâ®© æ¥«ìî á®¢  ¯®¤-
áâ ¢¨¬ àï¤ (2.19) ¢ ãà ¢¥¨¥ (2.18) ¨ áà ¢¨¬ ª®íää¨æ¨¥âë ¯à¨ �2 ¢ ®¡¥¨å ç áâïå ¯®«ãç¥®£®
â®¦¤¥áâ¢ . �®«ãç¨¬ «¨¥©®¥ ¥®¤®à®¤®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ ¤«ï ®¯à¥¤¥«¥¨ï ª®íää¨-
æ¨¥â  a20

a20(n
0)�

Z
E(n; n0)a20(n)dn =

1
2
('2

1(n
0)� 1): (2.21)
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�¨¦¥ ¨á¯®«ì§ã¥¬ ä®à¬ã«ã �«¥¡è {�®à¤   ([10], c. 192)

PmPn =
m+nX

l=jm�nj

(2l + 1)(l +m� n)!(l �m+ n)!(m+ n� l)!g!2

(1 +m+ n+ l)![(g �m)!(g � n)!(g � l)!]2
Pl; (2.22)

g = 2�1(m+ n+ l)

(áã¬¬¨à®¢ ¨¥ ¢ (2.22) à á¯à®áâà ï¥âáï «¨èì   æ¥«ë¥ l â®© ¦¥ ç¥â®áâ¨, çâ® ¨ m + n). �
¯®¬®éìî á®®â®è¥¨ï (2.22)  ©¤¥¬

2�1('2
1 � 1) = (

p
5'1 + '2)=7: (2.23)

�®«¨®¬ë �¥¦ ¤à  P2k,   á«¥¤®¢ â¥«ì®, ¨ 'k ï¢«ïîâáï á®¡áâ¢¥ë¬¨ äãªæ¨ï¬¨ ï¤à  E,
â. ª. Z

E(n; n0)'k(n)dn = �bck(�)'k(n
0); k � 2;

Z
E(n; n0)'1(n)dn = 0: (2.24)

�®íâ®¬ã ¨§ (2.23) á«¥¤ã¥â, çâ® ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ãà ¢¥¨ï (2.21) ( ¯®¬¨¬, çâ® ¥¤¨¨æ 
¥ ï¢«ï¥âáï á®¡áâ¢¥ë¬ § ç¥¨¥¬ ï¤à  E, ¨ ¯à¨¢¥¤¥®¥ ®¤®à®¤®¥ ãà ¢¥¨¥ ¤«ï (2.21)
¨¬¥¥â ¢ ¯à®áâà áâ¢¥ C «¨èì ã«¥¢®¥ à¥è¥¨¥) á«¥¤ã¥â ¨áª âì ¢ ¢¨¤¥

a20 = �1'1 + �2'2: (2.25)

�®¤áâ ¢«ïï (2.25) ¢ ãà ¢¥¨¥ (2.21), á ãç¥â®¬ á®®â®è¥¨© (2.23) ¨ (2.24)  ©¤¥¬

�1 =
p
5=7; �2 = (7(1 � �bc2))

�1:

� ª¨¬ ®¡à §®¬, ®¡  ª®íää¨æ¨¥â  �1, �2 ®¯à¥¤¥«¥ë ¨ ¯®«®¦¨â¥«ìë (¢ á¨«ã ¥à ¢¥áâ¢ (2.13)
¨ ®¯à¥¤¥«¥¨ï â®çª¨ ¡¨äãàª æ¨¨ �b á¯à ¢¥¤«¨¢  ®æ¥ª  1 � �bc2 > 0). �¥¯¥àì ®ª®ç â¥«ì®
¯®«ãç ¥¬ L20 =

p
5=7.

�â®¡ë  ©â¨ a11(n),  ¤® ¯®á«¥ ¯®¤áâ ®¢ª¨ àï¤  (2.19) ¢ ãà ¢¥¨¥ (2.18) áà ¢¨âì ¢ ®¡¥-
¨å ç áâïå ¯®«ãç¥®£® â®¦¤¥áâ¢  ª®íää¨æ¨¥âë ¯à¨ ¯à®¨§¢¥¤¥¨¨ ��. � à¥§ã«ìâ â¥ ¯®«ãç¨¬
ãà ¢¥¨¥ ¤«ï ®¯à¥¤¥«¥¨ï ª®íää¨æ¨¥â  a11(n)

a11 �
Z
E(n; n0)a11(n)dn = c1(�)'1(n

0) = ��1b '1(n
0);

®âªã¤  a11(n) = '1(n)=�b, L11 = ��1b . �â ª, L0j = 0, j � 2, ® L20 6= 0, L11 6= 0 (� 2 (0; 1)).
�âáî¤  á«¥¤ã¥â, çâ® ã¡ë¢ îé ï ç áâì ¤¨ £à ¬¬ë �ìîâ®  ãà ¢¥¨ï à §¢¥â¢«¥¨ï (2.20),
®¯à¥¤¥«ïîé ï ¥£® ¬ «ë¥ à¥è¥¨ï � = �(�), á®áâ®¨â ¨§ ®¤®£® ®âà¥§ª , á®¥¤¨ïîé¥£® â®çª¨
(1; 1) ¨ (2; 0). � íâ®¬ á«ãç ¥, ª ª ¨§¢¥áâ® [7], ãà ¢¥¨¥ à §¢¥â¢«¥¨ï (2.20), ªà®¬¥ à¥è¥¨ï
� = 0, ¨¬¥¥â ¥¤¨áâ¢¥®¥ ¥ã«¥¢®¥ à¥è¥¨¥ �(�), à §« £ îé¥¥áï ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨
â®çª¨ � = 0 ¢ áå®¤ïé¨©áï áâ¥¯¥®© àï¤ ¯® æ¥«ë¬ ¯®«®¦¨â¥«ìë¬ áâ¥¯¥ï¬ �

� = �1�+ �2�
2 + � � � ; (2.26)

£¤¥

�1 = �L11=L20 = � 7p
5�b

< 0:

�®á«¥ § ¬¥ë ¯ à ¬¥âà  � ¢ àï¤¥ (2.19) à¥è¥¨¥¬ (2.26) ¯®«ãç¨¬ ¡«¨§ª®¥ ª ¨§®âà®¯®¬ã à¥è¥-
¨¥ f = 1 + h(n) ãà ¢¥¨ï � àá®á  (1.1) ¢ ¢¨¤¥ áå®¤ïé¥£®áï ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨
¡¨äãàª æ¨¨ �b àï¤  ¯® æ¥«ë¬ ¥®âà¨æ â¥«ìë¬ áâ¥¯¥ï¬ � = ���b. �â® à¥è¥¨¥ ®â¢¥â¢«ï¥âáï
®â ¨§®âà®¯®£® ¢ â®çª¥ � = �b (â. ¥. limf(n) = 1, � ! �b), ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ®à¬¨à®¢ª¨
(1.2) ¨ ãá«®¢¨ï¬ a) ¨ b). �§ (2.19), (2.26) ¨ § ¬¥ç ¨ï 1 á«¥¤ã¥â, ¯®áª®«ìªã �1 < 0, çâ® íâ®
à¥è¥¨¥ ¯à¨ ¤®áâ â®ç® ¬ «ëå j�j ¡ã¤¥â ã¤®¢«¥â¢®àïâì ãá«®¢¨î c) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
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� < 0, â. ¥. ¯à¨ � < �b. �â® ®§ ç ¥â, çâ®  ¯à ¢«¥¨¥ ¡¨äãàª æ¨¨ ¢ â®çª¥ �b «¥¢®¥. �§ ä¨§¨ç¥-
áª®© «¨â¥à â®àë å®à®è® ¨§¢¥áâ®, çâ® â®çª¥ ¡¨äãàª æ¨¨ á «¥¢ë¬  ¯à ¢«¥¨¥¬ ¡¨äãàª æ¨¨
á®®â¢¥âáâ¢ã¥â ä §®¢ë© ¯¥à¥å®¤ ¯¥à¢®£® à®¤  á® áª çª®¬ ª®æ¥âà æ¨¨.

� ¬¥ç ¨¥ 2. � «®£¨ç® áâà®ïâáï ¨ ¬ «ë¥ à¥è¥¨ï h(n) (  ¢¬¥áâ¥ á ¨¬¨ ¨ f(n)), ®â-
¢¥â¢«ïîé¨¥áï ®â âà¨¢¨ «ì®£® h = 0 ¢ â®çª å ¡¨äãàª æ¨¨ �

(k)
b , k � 2. �â¨ à¥è¥¨ï â ª¦¥

¡ã¤ãâ ¯à¥¤áâ ¢«ïâìáï ¢ ¢¨¤¥ àï¤®¢ (2.19), ¢ ª®â®àëå, ®¤ ª®, ¢ ¯¥à¢®¬ á« £ ¥¬®¬ ¬®¦¨â¥«ì
'1(n) ¯à¨¤¥âáï § ¬¥¨âì   'k(n) =

p
4k + 1P2k(n), á®®â¢¥âáâ¢¥® ¨§¬¥ïâáï ¨ ®áâ «ìë¥ ª®íä-

ä¨æ¨¥âë ars(n). � ª ª ª ¯à¨ k � 2 ¯®«¨®¬ P2k ¢ ®â«¨ç¨¥ ®â P2 ¨¬¥¥â «®ª «ìë¥ ¬ ªá¨¬ã¬ë
¢ãâà¨ ®âà¥§ª  0 � � � �, â® ¤«ï à¥è¥¨©, ®â¢¥â¢«ïîé¨åáï ®â âà¨¢¨ «ì®£® ¯à¨ � = �(k)b ,
k � 2, ãá«®¢¨¥ c) ¥ ¡ã¤¥â ¢ë¯®«ïâìáï ª ª ¯à¨ � < �

(k)
b , â ª ¨ ¯à¨ � > �

(k)
b , á«¥¤®¢ â¥«ì®,

â ª¨¥ à¥è¥¨ï ¥ ¡ã¤ãâ ®¯¨áë¢ âì ¥¬ â¨ª.

3. �¤¥áì ¡ã¤¥â ãª §  íää¥ªâ¨¢ë©  «£®à¨â¬ ¤«ï ¯®áâà®¥¨ï à §«®¦¥¨ï  ¨§®âà®¯®©
¯«®â®áâ¨ f(n) = 1+h(n), ¡«¨§ª®© ª ¨§®âà®¯®© ¨ ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨î ®à¬¨à®¢ª¨ (1.2)
¨ ãá«®¢¨ï¬ a), b), c), ¢ àï¤ ¯® æ¥«ë¬ áâ¥¯¥ï¬ � = � � �b. �å®¤¨¬®áâì íâ®£® à §«®¦¥¨ï ã¦¥
¡ë«  ¤®ª §   ¢ ¯. 2. � íâ®© æ¥«ìî ¢®á¯®«ì§ã¥¬áï ãà ¢¥¨¥¬ (2.7), ¯à¥¤¢ à¨â¥«ì® ¯¥à¥¯¨á ¢
¥£® ¢ ¢¨¤¥

Ah = h� �b

Z
K(n; n0)h(n)dn =

1X
l=2

(�1)ll�1
�
hl �

Z
hldn

�
+ �

Z
K(n; n0)h(n)dn; (3.1)

¨ ¯®«®¦¨¬

h =
1X
i=1

hi(n)�i: (3.2)

�«ï ®¯à¥¤¥«¥¨ï ¥¨§¢¥áâëå ª®íää¨æ¨¥â®¢ ä®à¬ «ì®£® áâ¥¯¥®£® àï¤  (3.2) ¢®á¯®«ì§ã¥¬-
áï ¬¥â®¤®¬ ¥®¯à¥¤¥«¥ëå ª®íää¨æ¨¥â®¢. �®¤áâ ¢«ïï (3.2) ¢ (3.1) ¨ áà ¢¨¢ ï ª®íää¨æ¨¥-
âë ¯à¨ ®¤¨ ª®¢ëå áâ¥¯¥ïå � ¢ ®¡¥¨å ç áâïå ¯®«ãç¥®£® à ¢¥áâ¢ ,  ©¤¥¬ ¤«ï ®¯à¥¤¥«¥¨ï
hi «¨¥©®¥ ¥®¤®à®¤®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ á á¨¬¬¥âà¨ç¥áª¨¬ ï¤à®¬ ¨ ¯à ¢®© ç áâìî,
§ ¢¨áïé¥© «¨èì ®â ª®íää¨æ¨¥â®¢ h1; : : : ; hi�1. �á«®¢¨¥¬ à §à¥è¨¬®áâ¨ íâ®£® ãà ¢¥¨ï ¡ã¤¥â
ãá«®¢¨¥ ®àâ®£® «ì®áâ¨ ¯à ¢®© ç áâ¨ ãà ¢¥¨ï ª à¥è¥¨î ®¤®à®¤®£® ãà ¢¥¨ï Ah = 0.
�à ¢¨¢ ï ª®íää¨æ¨¥âë ¯à¨ ¯¥à¢®© áâ¥¯¥¨ �, ¯®«ãç¨¬ ®¤®à®¤®¥ ãà ¢¥¨¥Ah1 = 0, ®âªã¤ 
h1 = �1'1. �¥«¨ç¨  �1 ¡ã¤¥â ®¯à¥¤¥«¥  ¯à¨ ¯®áâà®¥¨¨ á«¥¤ãîé¥£® ¯à¨¡«¨¦¥¨ï h2, ãà ¢-
¥¨¥ ¤«ï ª®â®à®£® ¯®«ãç¨¬, áà ¢¨¢ ï ª®íää¨æ¨¥âë ¯à¨ �2. �ã¤¥¬ ¨¬¥âì á ãç¥â®¬ (2.22)
ãà ¢¥¨¥

Ah2 = �1

�
c1 +

p
5
7
�1

�
'1 + � 21'2=7: (3.3)

�®íää¨æ¨¥â ¯à¨ '1 ¢ ¯à ¢®© ç áâ¨ ãà ¢¥¨ï (3.3) ¤®«¦¥ ¡ëâì à ¢¥ ã«î (¯à ¢ ï ç áâì
¤®«¦  ¡ëâì ®àâ®£® «ì  '1). �âáî¤  �1 = �7c1=

p
5 (¥á«¨ �1 = 0, â® ¨ h = 0). �¥è¥¨¥ h2

ãà ¢¥¨ï á«¥¤ã¥â ¨áª âì ¢ ¢¨¤¥

h2 = �2'1 + �21'2: (3.4)

�®¤áâ ¢«ïï (3.4) ¢ ãà ¢¥¨¥ (3.3),  å®¤¨¬

�21 =
� 21

7(1� �bc2)

( ¯®¬¨¬, çâ® 1� �bc2 > 0 (0 < � < 1)),   �2  ©¤¥¬ ¯à¨ ¯®áâà®¥¨¨ âà¥âì¥£® ¯à¨¡«¨¦¥¨ï h3,
¤«ï ª®â®à®£® ¯®«ãç ¥¬ ãà ¢¥¨¥

Ah3 =
Z
K(n; n0)h2(n)dn+ h1h2 �

Z
h1h2dn+

1
3

� Z
h31dn� h31

�
: (3.5)
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� ¯®¬®éìî ä®à¬ã«ë �«¥¡è {�®à¤   (2.22)  ©¤¥¬

'1'2 =
6
7
'1 +

20
p
5

77
'2 +

15
11

q
5=13'3;

'3
1 =

p
5
7

�
2 + 3

p
5'1 +

36
11
'2 +

90
11

q
1=13'3

�
:

(3.6)

�®®â®è¥¨ï (3.6) ¯®§¢®«ïîâ ¯à¥¤áâ ¢¨âì ¯à ¢ãî ç áâì ãà ¢¥¨ï (3.5) ¢ ¢¨¤¥ «¨¥©®© ª®¬-
¡¨ æ¨¨

�31(�1; �2)'1 + �32'2 + �33'3;

£¤¥

�32 = (22�1�2 + 20
p
5�1�21 + 77c2�21 � 12

p
5� 31 )=77; �33 =

15
11

q
5=13�1

�
�21 � 2

7
� 21

�
:

�®íää¨æ¨¥â �31(�1; �2) ¢ á¨«ã ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï à¥è¥¨ï ãà ¢¥¨ï (3.5) á«¥¤ã¥â ¯à¨-
à ¢ïâì ã«î, ®âªã¤  ¯®«ãç ¥¬

�2 = (5� 21 � 6�21)=
p
5

¨ â¥¬ á ¬ë¬ ª®íää¨æ¨¥â h2 à §«®¦¥¨ï (3.2) ¯®«®áâìî ®¯à¥¤¥«¥.
�¥è¥¨¥ h3 ãà ¢¥¨ï (3.5) â¥¯¥àì á«¥¤ã¥â ¨áª âì ¢ ¢¨¤¥

h3 = �3'1 + �32'2 + �33'3: (3.7)

�®íää¨æ¨¥âë �32, �33 ®¯à¥¤¥«ïîâáï ¥¬¥¤«¥® ¢ à¥§ã«ìâ â¥ ¯®¤áâ ®¢ª¨ (3.7) ¢ ãà ¢¥¨¥
(3.5). � ©¤¥¬

�32 =
�32

1� �bc2
; �33 =

�33
1� �bc3

(§¤¥áì á®¢  1 � �bc3 > 0, 0 < � < 1). �®íää¨æ¨¥â �3  å®¤¨âáï ¨§ ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï
¯à¨¡«¨¦¥¨ï h4, ¤«ï ª®â®à®£® ¯®«ãç ¥¬ ¨â¥£à «ì®¥ ãà ¢¥¨¥

Ah4 = s(n)�
Z
s(n)dn+

Z
K(n; n0)h3(n)dn; (3.8)

£¤¥ ®¡®§ ç¥®
s(n) = 4�1h41 + 2�1h22 + h1h3 � h21h2:

� ¯®¬®éìî ä®à¬ã«ë �«¥¡è {�®à¤   ¨  ©¤¥ëå ¢ëè¥ ¢ëà ¦¥¨© ¤«ï h1, h2, h3 ã¡¥¦¤ ¥¬áï,
çâ® ¯à ¢ ï ç áâì ãà ¢¥¨ï (3.8) ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨¥© '1, '2, '3, '4. �à ¢¥¨¥ ¤«ï
®¯à¥¤¥«¥¨ï ª®íää¨æ¨¥â  �3 ¯®«ãç¨¬, ¯à¨à ¢ï¢ ã«î ª®íää¨æ¨¥â ¯à¨ '1 ¢ íâ®© «¨¥©®©
ª®¬¡¨ æ¨¨. � à¥§ã«ìâ â¥  ©¤¥¬

�3 =
1
7c1

�p
5
�
25
11
� 41 + � 22 + 10�2

21

�
+ 6(�32 + �2�21)� � 21

�
15�2 +

52
7
�21

��
:

�¥¯¥àì ¯®«®áâìî ®¯à¥¤¥«¥® âà¥âì¥ ¯à¨¡«¨¦¥¨¥ h3. � «®£¨ç® ¬®¦® ¯à®¢¥áâ¨ ¢ëç¨á«¥¨¥
¯®á«¥¤ãîé¨å ¯à¨¡«¨¦¥¨©, ® ¢ëª« ¤ª¨ áâ ®¢ïâáï ¢á¥ ¡®«¥¥ £à®¬®§¤ª¨¬¨ ¨ ¬ë   ¨å ¥
®áâ  ¢«¨¢ ¥¬áï.

� ª¨¬ ®¡à §®¬, á ¯®¬®éìî à §¢¨â®£®  «£®à¨â¬  á â®ç®áâìî ¤® á« £ ¥¬®£® ¯®àï¤ª  O(�4)
 ©¤¥  ®à¨¥â æ¨® ï äãªæ¨ï ¨ ¯ à ¬¥âà ¯®àï¤ª 

� = �1�+ �2�
2 + �3�

3 +O(�4):

� ¬¥ç ¨¥ 3. �®«ãç¥ë¥ ¢ íâ®¬ ¯ãªâ¥ ä®à¬ã«ë ¢ ï¢®¬ ¢¨¤¥ ¢ëà ¦ îâ f(n) á â®ç®-
áâìî ¤® á« £ ¥¬®£® ¯®àï¤ª  O(�4) ç¥à¥§ ª®íää¨æ¨¥âë �ãàì¥ c1, c2, c3 ï¤à  B. �â¨ ª®íää¨æ¨-
¥âë § ¤ îâáï á ¯®¬®éìî ¨â¥£à «®¢ (2.4) ¯à¨ k = 1; 2; 3 ¨ â ª¦¥ ¢ëç¨á«ïîâáï ¢ ï¢®¬ ¢¨¤¥,
® ¯®«ãç îé¨¥áï ¢ à¥§ã«ìâ â¥ £à®¬®§¤ª¨¥ á®®â®è¥¨ï ¯à¨¢®¤¨âì ¥ ¡ã¤¥¬.

�« £®¤ àî §  ¢¨¬ ¨¥ ¨ ¯®«¥§ë¥ ®¡áã¦¤¥¨ï �.�.�¥à¥à .
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