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1. �¯à¥¤¥«¥­¨ï ¨ à¥§ã«ìâ âë

�.�.�¥â¥àá®­ [1] ¢¯¥à¢ë¥ à áá¬ âà¨¢ « á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã ¯®¢¥àå­®áâï¬¨ âà¥å¬¥à­®£®
¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢ , ¢¯®á«¥¤áâ¢¨¨ ¯®«ãç¨¢è¥¥ ­ §¢ ­¨¥ á®®â¢¥âáâ¢¨ï �¥â¥àá®­ . �â® á®-
®â¢¥âáâ¢¨¥ å à ªâ¥à¨§ã¥âáï â¥¬, çâ® ª á â¥«ì­ë¥ ¯«®áª®áâ¨ ª ¯®¢¥àå­®áâï¬ M ¨ M ¢ ¨å á®®â-
¢¥âáâ¢ãîé¨å â®çª å ï¢«ïîâáï ¯ à ««¥«ì­ë¬¨. �­® ­¥®¤­®ªà â­® à áá¬ âà¨¢ «®áì ¢ [2]{[5]; ¯®
áãé¥áâ¢ã íâ® á®®â¢¥âáâ¢¨¥ ­®á¨â ­¥ ¬¥âà¨ç¥áª¨©,    ää¨­­ë© å à ªâ¥à. �®íâ®¬ã ¢ [6] à áá¬®-
âà¥­® á®®â¢¥âáâ¢¨¥ �¥â¥àá®­  ¤«ï £¨¯¥à¯®¢¥àå­®áâ¥©  ää¨­­®£® ¯à®áâà ­áâ¢ . �®£¤  ­  íâ¨å
£¨¯¥à¯®¢¥àå­®áâïå ¢®§­¨ª îâ  ää¨­­®-¨­¢ à¨ ­â­ë¥  ää¨­­ë¥ á¢ï§­®áâ¨, á ¯®¬®éìî ª®â®-
àëå ¨§ãç ¥âáï «®ª «ì­®¥ áâà®¥­¨¥ £¨¯¥à¯®¢¥àå­®áâ¥©, ­ å®¤ïé¨åáï ¢ á®®â¢¥âáâ¢¨¨ �¥â¥àá®­ .

� ¤ ­­®© à ¡®â¥, á«¥¤ãï [6], à áá¬ âà¨¢ ¥¬ á®®â¢¥âáâ¢¨¥ �¥â¥àá®­  ¤«ï £« ¤ª¨å à¥£ã«ïà­ëå
£¨¯¥à¯®«®á ¢  ää¨­­®¬ ¯à®áâà ­áâ¢¥.

�¯à¥¤¥«¥­¨¥ 1. �« ¤ª®© m-¬¥à­®© £¨¯¥à¯®«®á®© H ¢ n-¬¥à­®¬  ää¨­­®¬ ¯à®áâà ­áâ¢¥ A
­ §ë¢ ¥âáï £« ¤ª®¥ m-¯ à ¬¥âà¨ç¥áª®¥ ¬­®£®®¡à §¨¥ £¨¯¥à¯«®áª¨å í«¥¬¥­â®¢ (x; �) â ª¨å, çâ®
â®çª  x ®¯¨áë¢ ¥â m-¬¥à­ãî ¯®¢¥àå­®áâì M ,   £¨¯¥à¯«®áª®áâì � = �(x) ª á ¥âáï ¯®¢¥àå­®áâ¨
M ¢ á®®â¢¥âáâ¢ãîé¥© â®çª¥ x 2M [7].

�®¢¥àå­®áâì M ­ §ë¢ ¥âáï ¡ §¨á­®© ¯®¢¥àå­®áâìî £¨¯¥à¯®«®áë H,   £¨¯¥à¯«®áª®áâ¨ �(x)
­ §ë¢ îâáï £« ¢­ë¬¨ ª á â¥«ì­ë¬¨ £¨¯¥à¯«®áª®áâï¬¨ £¨¯¥à¯®«®áë H. �á«¨ ¢® ¢á¥å â®çª å
x 2M (n�m� 1)-¬¥à­ ï å à ªâ¥à¨áâ¨ç¥áª ï ¯«®áª®áâì �(x) á¥¬¥©áâ¢  £« ¢­ëå ª á â¥«ì­ëå
£¨¯¥à¯«®áª®áâ¥© £¨¯¥à¯®«®áë H ­¥ á®¤¥à¦¨â ­ ¯à ¢«¥­¨© ª á â¥«ì­ëå ª ¥¥ ¡ §¨á­®© ¯®¢¥àå-
­®áâ¨ M ¢ â®çª¥ x, â® £¨¯¥à¯®«®á  H ­ §ë¢ ¥âáï à¥£ã«ïà­®© [7]. �­ãâà¥­­¥¥ ¨­¢ à¨ ­â­®¥
®á­ é¥­¨¥ à¥£ã«ïà­®© £¨¯¥à¯®«®áë ¢  ää¨­­®¬ ¯à®áâà ­áâ¢¥ A à áá¬ âà¨¢ « �.�.�®¯®¢ [8].

�­®¦¥áâ¢® ª á â¥«ì­ëå ¯«®áª®áâ¥© ¡ §¨á­®© ¯®¢¥àå­®áâ¨ £¨¯¥à¯®«®áë H ®¡à §ã¥â ª á -
â¥«ì­®¥ æ¥­âà®- ää¨­­®¥ à áá«®¥­¨¥ T (M). �­®¦¥áâ¢® å à ªâ¥à¨áâ¨ç¥áª¨å ¯«®áª®áâ¥© £« ¢-
­ëå ª á â¥«ì­ëå £¨¯¥à¯«®áª®áâ¥© £¨¯¥à¯®«®áë H á®áâ ¢«ï¥â å à ªâ¥à¨áâ¨ç¥áª®¥ à áá«®¥­¨¥
�(H).

�¯à¥¤¥«¥­¨¥ 2. �ã¤¥¬ £®¢®à¨âì, çâ® ¤¢¥ £« ¤ª¨¥ à¥£ã«ïà­ë¥ £¨¯¥à¯®«®áë H ¨ H  ää¨­-
­®£® ¯à®áâà ­áâ¢  A ­ å®¤ïâáï ¢ ¯à¥¤á®®â¢¥âáâ¢¨¨ �¥â¥àá®­ , ¥á«¨ ¬¥¦¤ã ¨å â®çª ¬¨ ãáâ -
­®¢«¥­® â ª®¥ ¢§ ¨¬­®®¤­®§­ ç­®¥ á®®â¢¥âáâ¢¨¥, çâ® £« ¢­ë¥ ª á â¥«ì­ë¥ £¨¯¥à¯«®áª®áâ¨ ¢
á®®â¢¥âáâ¢ãîé¨å â®çª å £¨¯¥à¯®«®á ¯ à ««¥«ì­ë.

�¥¬¬ . �ãáâì ¤¢¥ £« ¤ª¨¥ à¥£ã«ïà­ë¥ £¨¯¥à¯®«®áë H ¨ H ¢  ää¨­­®¬ ¯à®áâà ­áâ¢¥ ­ -

å®¤ïâáï ¢ ¯à¥¤á®®â¢¥âáâ¢¨¨ �¥â¥àá®­ . �®£¤  å à ªâ¥à¨áâ¨ç¥áª¨¥ ¯«®áª®áâ¨ �(x) ¨ �(y)
£« ¢­ëå ª á â¥«ì­ëå £¨¯¥à¯«®áª®áâ¥© £¨¯¥à¯®«®á H ¨ H ¢ á®®â¢¥âáâ¢ãîé¨å â®çª å ¯ à «-

«¥«ì­ë.
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�®ª § â¥«ìáâ¢®. � ª ª ª £« ¢­ë¥ ª á â¥«ì­ë¥ £¨¯¥à¯«®áª®áâ¨ ¢ á®®â¢¥âáâ¢ãîé¨å â®çª å
¯ à ««¥«ì­ë, â® ¨¬ á®®â¢¥âáâ¢ã¥â ®¤¨­ ¨ â®â ¦¥ ª®¢¥ªâ®à �. �á«¨ á®®â¢¥âáâ¢ãîé¨¥ â®çª¨ ¢
H ¨ H ®¡®§­ ç¨âì ç¥à¥§ x ¨ y, â® å à ªâ¥à¨áâ¨ç¥áª¨¥ ¯«®áª®áâ¨ �(x) ¨ �(y) ®¯à¥¤¥«ïîâáï
á®®â¢¥âáâ¢¥­­® m+ 1 ­¥§ ¢¨á¨¬ë¬¨ £¨¯¥à¯«®áª®áâï¬¨(

�x+ � = 0;

�ix+ �i = 0;

(
�y + � = 0;

�iy + �i = 0;

£¤¥ �i =
@�

@ui , �i = @�

@ui , �i =
@�

@ui , i = 1; : : : ;m. �§ ¯®á«¥¤­¨å á®®â­®è¥­¨© á«¥¤ã¥â, çâ® �(x) ¨ �(y)
¯ à ««¥«ì­ë.

�¯à¥¤¥«¥­¨¥ 3. �ã¤¥¬ £®¢®à¨âì, çâ® ¤¢¥ £« ¤ª¨¥ à¥£ã«ïà­ë¥ £¨¯¥à¯®«®áëH ¨H ¢  ää¨­-
­®¬ ¯à®áâà ­áâ¢¥ A ­ å®¤ïâáï ¢ á®®â¢¥âáâ¢¨¨ �¥â¥àá®­ , ¥á«¨ ®­¨ ­ å®¤ïâáï ¢ ¯à¥¤á®®â¢¥âáâ¢¨¨
�¥â¥àá®­  ¨, ªà®¬¥ â®£®, ¢ á®®â¢¥âáâ¢ãîé¨å â®çª å ¡ §¨á­ëå ¯®¢¥àå­®áâ¥© ¨å ª á â¥«ì­ë¥
¯«®áª®áâ¨ ¯ à ««¥«ì­ë.

�à¥¤¯®« £ ¥âáï, çâ® ¯àï¬ë¥, á®¥¤¨­ïîé¨¥ á®®â¢¥âáâ¢ãîé¨¥ â®çª¨ £¨¯¥à¯®«®á H ¨ H, ­¥
«¥¦ â ¢ £« ¢­ëå ª á â¥«ì­ëå £¨¯¥à¯«®áª®áâïå. �­®¦¥áâ¢® íâ¨å ¯àï¬ëå ¢¤®«ì M ®¡à §ã¥â
à áá«®¥­¨¥ B(M), ®á­ é îé¥¥ ¡ §¨á­ë¥ ¯®¢¥àå­®áâ¨ M ¨ M . �à¨ íâ®¬ á®®â¢¥âáâ¢¨¨ ­  £¨¯¥à-
¯®«®á å ¢®§­¨ª îâ  ää¨­­®-¨­¢ à¨ ­â­ë¥ á¢ï§­®áâ¨, ¨­¤ãæ¨àã¥¬ë¥ ¢¥ªâ®à­ë¬ ¯®«¥¬, ®¯à¥-
¤¥«ï¥¬ë¬ ¨å á®®â¢¥âáâ¢ãîé¨¬¨ â®çª ¬¨. � ¯®¬®éìî íâ¨å á¢ï§­®áâ¥© ¨§ãç ¥âáï «®ª «ì­®¥
áâà®¥­¨¥ £¨¯¥à¯®«®á, ­ å®¤ïé¨åáï ¢ á®®â¢¥âáâ¢¨¨ �¥â¥àá®­ . �¢ï§­®áâì r ®¯à¥¤¥«ï¥âáï ­  M
á¥¬¥©áâ¢®¬ ­®à¬ «¥© ¯¥à¢®£® à®¤ , ª®â®àë¥ ¡ã¤ãâ «¨­¥©­ë¬¨ ®¡®«®çª ¬¨ å à ªâ¥à¨áâ¨ç¥áª®©
¯«®áª®áâ¨ �(x) ¨ ¯àï¬®© (xy). �¢ï§­®áâì r? ®¯à¥¤¥«ï¥âáï ­  á¥¬¥©áâ¢¥ ¯«®áª®áâ¥© �(x) ¤®-
¯®«­¨â¥«ì­ë¬¨ (m+ 1)-¬¥à­ë¬¨ ¯«®áª®áâï¬¨ [Tx(M); (xy)].

�¢ï§­®áâì ®¯à¥¤¥«ï¥âáï ­  á¥¬¥©áâ¢¥ ¯àï¬ëå B(M) ¤®¯®«­¨â¥«ì­ë¬¨ £¨¯¥à¯«®áª®áâï¬¨
[Tx(M);�(x)] = �(x).

�­ «®£¨ç­® ®¯à¥¤¥«ïîâáï á¢ï§­®áâ¨ r ¨ r
?
¤«ï M . �®«ãç¥­ë á«¥¤ãîé¨¥ à¥§ã«ìâ âë.

�¥®à¥¬  1. �á«¨ £« ¤ª¨¥ à¥£ã«ïà­ë¥ £¨¯¥à¯®«®áë H ¨ H ¢  ää¨­­®¬ ¯à®áâà ­áâ¢¥ A ­ -

å®¤ïâáï ¢ á®®â¢¥âáâ¢¨¨ �¥â¥àá®­ , â® ­  ª á â¥«ì­ëå ¨ å à ªâ¥à¨áâ¨ç¥áª¨å à áá«®¥­¨ïå

£¨¯¥à¯®«®á H ¨ H ¨­¤ãæ¨àãîâáï  ää¨­­ë¥ á¢ï§­®áâ¨ ¡¥§ ªàãç¥­¨ï r, r? ¨ r, r
?
á®®â¢¥â-

áâ¢¥­­®,   ¢ à áá«®¥­¨ïå ¯àï¬ëå, á®¥¤¨­ïîé¨å á®®â¢¥âáâ¢ãîé¨¥ â®çª¨ | ¯«®áª ï  ää¨­­ ï

á¢ï§­®áâì.

�¥®à¥¬  2. �ãáâì X;Y 2 Tx(M) | á®¡áâ¢¥­­ë¥ ¢¥ªâ®àë ®¯¥à â®à  F = fF j
i g ®â®¡à ¦¥-

­¨ï ª á â¥«ì­ëå ¯®¤¯à®áâà ­áâ¢ £¨¯¥à¯®«®á H ¨ H, ®â¢¥ç îé¨¥ ¥£® à §«¨ç­ë¬ á®¡áâ¢¥­­ë¬

§­ ç¥­¨ï¬. �®£¤  ­ ¯à ¢«¥­¨ï, ®¯à¥¤¥«ï¥¬ë¥ íâ¨¬¨ ¢¥ªâ®à ¬¨ ­  ¡ §¨á­ëå ¯®¢¥àå­®áâïå £¨-

¯¥à¯®«®á H ¨ H, ¡ã¤ãâ á®¯àï¦¥­­ë¬¨.

�­ «®£¨ç­ ï â¥®à¥¬  ¤«ï £¨¯¥à¯®¢¥àå­®áâ¨ ¤®ª § ­  ¢ [6].

�¥®à¥¬  3. �á«¨ £« ¤ª¨¥ à¥£ã«ïà­ë¥ £¨¯¥à¯®«®áë H ¨ H ­ å®¤ïâáï ¢ á®®â¢¥âáâ¢¨¨ �¥-

â¥àá®­  ¨ ®¯¥à â®à ®â®¡à ¦¥­¨ï áª «ïà¥­, â®

1) á¢ï§­®áâ¨ r ¨ r, ®¯à¥¤¥«ï¥¬ë¥ ­  ª á â¥«ì­ëå à áá«®¥­¨ïå T (M) ¨ T (M) ¡ §¨á­ëå
¯®¢¥àå­®áâ¥© £¨¯¥à¯®«®á H ¨ H, á®¢¯ ¤ îâ;

2) ¢â®àë¥ äã­¤ ¬¥­â «ì­ë¥ ä®à¬ë £¨¯¥à¯®«®á H ¨ H ¯à®¯®àæ¨®­ «ì­ë;

3) â¥­§®àë ªà¨¢¨§­ë á¢ï§­®áâ¥© r, r? ¨ r, r
?
á®®â¢¥âáâ¢¥­­® à ¢­ë.

2. �¯¯ à â ¨áá«¥¤®¢ ­¨ï

�â­¥á¥¬ n-¬¥à­®¥  ää¨­­®¥ ¯à®áâà ­áâ¢® A ª ¯®¤¢¨¦­®¬ã à¥¯¥àã fx; eJg (J;K;L = 1; : : : ; n),
¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¨­ä¨­¨â¥§¨¬ «ì­®£® ¯¥à¥¬¥é¥­¨ï ª®â®à®£® ¨¬¥îâ ¢¨¤

dx = !JeJ ; deJ = !K
J eK ; (2.1)
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�­¢ à¨ ­â­ë¥ ä®à¬ë !J , !K
J  ää¨­­®© £àã¯¯ë ã¤®¢«¥â¢®àïîâ áâàãªâãà­ë¬ ãà ¢­¥­¨ï¬  ä-

ä¨­­®£® ¯à®áâà ­áâ¢ 

d!J = !K ^ !J
K; d!K

J = !L
J ^ !

K
L : (2.2)

� áá¬®âà¨¬ ¢  ää¨­­®¬ ¯à®áâà ­áâ¢¥ A ¤¢¥ £« ¤ª¨¥ à¥£ã«ïà­ë¥ £¨¯¥à¯®«®áë H ¨ H, ­ -
å®¤ïé¨¥áï ¢ ¯à¥¤á®®â¢¥âáâ¢¨¨ �¥â¥àá®­ . �ãáâì íâ® á®®â¢¥âáâ¢¨¥ f : H ! H ¨ ¯ãáâì x ¨ y |
á®®â¢¥âáâ¢ãîé¨¥ â®çª¨ £¨¯¥à¯®«®á H ¨ H, â ª çâ®

y = f(x); �y(H)k�x(H);

£¤¥ �x(H) ¨ �y(H) | £« ¢­ë¥ ª á â¥«ì­ë¥ £¨¯¥à¯«®áª®áâ¨ £¨¯¥à¯®«®á H ¨ H ¢ â®çª å x ¨ y.
�®¢¬¥áâ¨¬ ¢¥àè¨­ã x ¯®¤¢¨¦­®£® à¥¯¥à  á â¥ªãé¥© â®çª®© ¡ §¨á­®© ¯®¢¥àå­®áâ¨ M £¨¯¥à-

¯®«®áë H, ¢¥ªâ®àë ei (i; j; k = 1; : : : ;m) ¢®§ì¬¥¬ ¢ ª á â¥«ì­®© ¯«®áª®áâ¨ Tx(M), ¢¥ªâ®àë e�
(�; �; 
 = m + 1; : : : ; n + 1) | ¢ å à ªâ¥à¨áâ¨ç¥áª®© ¯«®áª®áâ¨ �(x). � ª ª ª ¯àï¬ ï (xy) ­¥
«¥¦¨â ¢ £« ¢­®© ª á â¥«ì­®© £¨¯¥à¯«®áª®áâ¨ �x(H) £¨¯¥à¯®«®áë H, â® en =

�!xy. � ¯®áâà®¥­­®¬
à¥¯¥à¥ ­  £¨¯¥à¯®«®á¥ H ¨¬¥¥¬

!n = 0; !� = 0; !n
� = 0; !i

� = C i
�j!

j : (2.3)

�á«¨ ãç¥áâì (2.3), â® ¨§ (2.2) ¢ á¨«ã «¥¬¬ë � àâ ­  ¯®«ãç¨¬

!n
i = bij!

j ; !�
i = b�ij!

j ; bk[iC
k
j�jj] = 0; (2.4)

£¤¥ bij , b�ij á¨¬¬¥âà¨ç­ë ¯® ¨­¤¥ªá ¬ i, j.
�«ï £¨¯¥à¯®«®áë H ¨¬¥¥¬ d2x = (d!i + !j!i

j)ei + !j!�
j e� + !i!n

i en. �§ ¯®á«¥¤­¥£® á«¥¤ã¥â,
çâ® ª¢ ¤à â¨ç­ë¥ ä®à¬ë b = !i!n

i = bij!
i!j, b� = !j!�

j = b�ij!
i!j ®¡à §ãîâ ¢â®àãî äã­¤ ¬¥­-

â «ì­ãî ä®à¬ã £¨¯¥à¯®«®áë H.
�«ï £¨¯¥à¯®«®á H ¨ H, ­ å®¤ïé¨åáï ¢ ¯à¥¤á®®â¢¥âáâ¢¨¨ �¥â¥àá®­ , ¨¬¥¥¬

y = x+ en: (2.5)

� ¤àã£®© áâ®à®­ë, ¯à¥¤á®®â¢¥âáâ¢¨¥ �¥â¥àá®­  ¯à¥¤¯®« £ ¥âáï ­¥¢ëà®¦¤¥­­ë¬, â®£¤  ¢¥ªâ®àë

ei = F
j
i ej + F �

i e�; (2.61)

e� = F i
�ei + F �

� e� (2.62)

¡ã¤ãâ «¨­¥©­® ­¥§ ¢¨á¨¬ë¬¨ ¨ ®¡à §ãîâ ¡ §¨á ¢ £« ¢­®© ª á â¥«ì­®© £¨¯¥à¯«®áª®áâ¨ �y(H)
£¨¯¥à¯®«®áëH. � ª ª ª ¢ á¨«ã «¥¬¬ë å à ªâ¥à¨áâ¨ç¥áª¨¥ ¯«®áª®áâ¨ �(x) ¨ �(y) ¯ à ««¥«ì­ë,
â® ¢¥ªâ®àë e� ¨ e� ¬®¦­® áç¨â âì à ¢­ë¬¨, ¨ â®£¤  ¢ à §«®¦¥­¨¨ (2.62) F �

� ¡ã¤¥â ¥¤¨­¨ç­ë¬,
F �
� = ��� ¨ F i

� = 0.
� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ à áá¬ âà¨¢ âì â®«ìª® â ª¨¥ £« ¤ª¨¥ à¥£ã«ïà­ë¥ £¨¯¥à¯®«®áë, ª®â®àë¥

­ å®¤ïâáï ¢ á®®â¢¥âáâ¢¨¨ �¥â¥àá®­ . �à¨ ®¯à¥¤¥«¥­¨¨ ¬ âà¨æë ®¯¥à â®à  df ¢¥ªâ®àë ei ¨ ei
¤®«¦­ë ¡ëâì á®£« á®¢ ­ë â ª, çâ® ¨ â¥ ¨ ¤àã£¨¥ ®¡à §ãîâ à¥¯¥àë, á®¯àï¦¥­­ë¥ ª®à¥¯¥àã f!ig,
®¡é¥¬ã ¤«ï ¯®¢¥àå­®áâ¥© M ¨ M . �®íâ®¬ã á®®â­®è¥­¨ï (2.6) ¯à¨¬ãâ ¢¨¤

ei = F j
i ej (2.71)

e� = e�; (2.71)

£¤¥ F j
i | ­¥¢ëà®¦¤¥­­ë© ®¯¥à â®à, ®¯à¥¤¥«ïîé¨© ¤¨ää¥à¥­æ¨ « ®â®¡à ¦¥­¨ï f . � á¨«ã (2.1)

¨§ (2.5) ¨¬¥¥¬
dy = (!i + !i

n)ei + !�
ne� + !n

nen:

�® dy 2 Ty(M) ¨

!n
n = 0; !�

n = 0: (2.8)
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� á¨«ã (2.7) dy = !iei = !iF
j
i ej , â®£¤  !

i + !i
n = F i

j!
j ¨

!i
n = (F i

j � �ij)!
j : (2.9)

�¨ää¥à¥­æ¨àãï ¢­¥è­¨¬ ®¡à §®¬ ¯®á«¥¤­¥¥ ãà ¢­¥­¨¥, ¯®«ãç¨¬

d!i
n = dF i

j ^ !
j + (F i

j � �ij)d!
j :

�®¤áâ ¢«ïï áî¤  ¢ëà ¦¥­¨ï d!i
n ¨ d!j ¨§ (2.2) ¨ ãç¨âë¢ ï (2.9), ­ ©¤¥¬

(dF i
j � F i

k!
k
j + F k

j !
i
k) ^ !

j = 0: (2.10)

�¨ää¥à¥­æ¨àãï ¢­¥è­¨¬ ®¡à §®¬ ãà ¢­¥­¨ï (2.8) ¨ ãç¨âë¢ ï (2.4) ¨ (2.9), ­ ©¤¥¬

(F k
i � �ki )bkj!

i ^ !j = 0; (F k
i � �ki )b

�
kj!

i ^ !j = 0:

�âáî¤  ¢ á¨«ã á¨¬¬¥âà¨¨ â¥­§®à®¢ bij , b�ij á«¥¤ã¥â

F k
i bkj = F k

j bki; F k
i b

�
kj = F k

j b
�
ki: (2.11)

�®«®¦¨¬

bij = F k
i bkj ; b

�

ij = F k
i b

�
kj ; (2.12)

£¤¥ bij , b
�

ij á¨¬¬¥âà¨ç­ë ¯® ¨­¤¥ªá ¬ i, j. �®ª ¦¥¬, çâ® ª¢ ¤à â¨ç­ë¥ ä®à¬ë b = bij!
i!j,

b
�
= b

�

ij!
i!j , ®¯à¥¤¥«ï¥¬ë¥ â¥­§®à ¬¨ bij , b

�

ij , ï¢«ïîâáï ¢â®àë¬¨ äã­¤ ¬¥­â «ì­ë¬¨ ä®à¬ ¬¨
£¨¯¥à¯®«®áë H. �á«¨ ãç¥áâì (2.1), (2.8), â® ¨§ (2.71) ¯à¨ ¯®¬®é¨ ¤¨ää¥à¥­æ¨à®¢ ­¨ï ­ ©¤¥¬

dei = (dF k
i + F l

i!
k
l ) eF j

k ej + F k
i !

n
k en + F k

i !
�
k e�;

£¤¥ eF j
k |  ää¨­®à, ®¡à â­ë© ª  ää¨­®àã F k

j , â ª çâ® F
k
i
eF j
k = �

j
i . �§ ¯®á«¥¤­¥£® á«¥¤ã¥â

!
j
i = (dF k

i + F l
i!

k
l ) eF j

k ; !�
i = F k

i !
�
k ; !n

i = F k
i !

n
k : (2.13)

�®íâ®¬ã ª¢ ¤à â¨ç­ë¥ ä®à¬ë

b = !i!n
i = F k

i bkj!
i!j = bij!

i!j ;

b
�
= !i!�

i = F k
i b

�
kj!

i!j = b
�

ij!
i!j;

¡ã¤ãâ ¢â®àë¬¨ äã­¤ ¬¥­â «ì­ë¬¨ ä®à¬ ¬¨,   â¥­§®àë bij = F k
i bkj , b

�

ij = F k
i b

�
kj | ¢â®àë¬¨

äã­¤ ¬¥­â «ì­ë¬¨ â¥­§®à ¬¨ £¨¯¥à¯®«®áë H.
�á«¨ ¤¨ää¥à¥­æ¨à®¢ âì (2.72) ¨ ¨¬¥âì ¢ ¢¨¤ã (2.1), â® ¯®«ãç¨¬

de� = !�
�e� + !i

�F
j
i ej :

�§ ¯®á«¥¤­¥£® á«¥¤ã¥â

!�
� = !�

�; !i
� = !j

�F
i
j ; !n

n = 0: (2.14)

�¥ªâ®à en = xy ï¢«ï¥âáï ®á­ é îé¨¬ ¢¥ªâ®à®¬ (xy) ª ª ¤«ï £¨¯¥à¯®«®áë H, â ª ¨ ¤«ï £¨¯¥à-
¯®«®áë H. �®íâ®¬ã ¨§ (2.1) ¨ (2.71) ¨¬¥¥¬ den = den = !i

nei = !i
n
eF j
i ej . �âáî¤ 

!i
n = !j

n
eF i
j ; !�

n = 0; !n
n = 0: (2.15)
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3. �®ª § â¥«ìáâ¢® â¥®à¥¬

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �á«¨ ãç¨âë¢ âì (2.3), (2.4) ¨ (2.9), â® ¨§ (2.2) ¤«ï à áá«®¥­¨©
«¨­¥©­ëå à¥¯¥à®¢ (T (H), �(H) £¨¯¥à¯®«®áë H ¨¬¥¥¬

d!i = !j ^ !i
j ; d!i

j = !k
j ^ !

i
k +
i

j ; d!�
� = !


� ^ !
�

 +
�

�; (3.1)

£¤¥ (

i
j = !�

j ^ !
i
� + !n

j ^ !
i
n =

1
2
Ri
jkl!

k ^ !l;


�
� = !i

� ^ !
�
i =

1
2
R
�
�kl!

k ^ !l;
(3.2)(

Ri
jkl = 2b�j[kC

i
j�jl] + 2bj[k(F i

l] � �il]);

R
�
�kl = 2C i

�[kb
�

jijl]:
(3.2a)

�®à¬ã«ë (3.2) ¯®ª §ë¢ îâ, çâ® ä®à¬ë 
i
j , 


�
�, ¢å®¤ïé¨¥ ¢ ãà ¢­¥­¨ï (3.1), ï¢«ïîâáï ¯®«ã¡ -

§®¢ë¬¨. �®íâ®¬ã ¢ á¨«ã â¥®à¥¬ë � àâ ­ {� ¯â¥¢  [9] ä®à¬ë !i, !i
j ®¯à¥¤¥«ïîâ  ää¨­­ãî

á¢ï§­®áâì r ¡¥§ ªàãç¥­¨ï ¢ ª á â¥«ì­®¬ à áá«®¥­¨¨ T (H),   !i, !�
� ®¯à¥¤¥«ïîâ  ää¨­­ãî

á¢ï§­®áâì r? ¡¥§ ªàãç¥­¨ï ¢ å à ªâ¥à¨áâ¨ç¥áª®¬ à áá«®¥­¨¨ �(H). �¥£ª® § ¬¥â¨âì, çâ® ¢ à á-
á«®¥­¨¨ ¯àï¬ëå B(H) ä®à¬  ªà¨¢¨§­ë à ¢­  ­ã«î: 
n

n = !i
n ^ !n

i = 0. �â® ®§­ ç ¥â, çâ® ¢
à áá«®¥­¨¨ B(H)  ää¨­­ ï á¢ï§­®áâì ¯«®áª ï. � ª ª ª B(H) = B(H), â® ¢ à áá«®¥­¨ïå B(H)
 ää¨­­ ï á¢ï§­®áâì â®¦¥ ¯«®áª ï. �«ï áâàãªâãà­ëå ãà ¢­¥­¨© à áá«®¥­¨© «¨­¥©­ëå à¥¯¥à®¢
T (H), �(H) £¨¯¥à¯®«®áë H ¨¬¥¥¬

d!i = !j ^ !i
j ; d!i

j = !kj ^ !
i
k +


i

j ; d!�
� = ! 


� ^ !
�

 +


�

�: (3.3)

� á¨«ã (2.13), (2.14) ¨ (2.15) ä®à¬ë ªà¨¢¨§­ë 

i

j , 

�

� ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥(


i

j = !�j ^ !
i
� + !n

j ^ !
i
n = F k

j 

l
k
eF i
l =

1
2
R
i

jkl!
k ^ !l;



�

� = !i
� ^ !

�
i = 
�

� =
1
2
R
�

�kl!
k ^ !l;

(3.4)

  ¤«ï â¥­§®à  ªà¨¢¨§­ë ¨¬¥¥¬

R
i

jkl = F
p
j R

q
pkl

eF i
q ; (3.5)

R
�

�kl = R
�
�kl: (3.6)

�§ (3.4) ¢¨¤­®, çâ® ä®à¬ë 

i

j , 

�

� ï¢«ïîâáï ¯®«ã¡ §®¢ë¬¨, ®âªã¤  ¢ á¨«ã â¥®à¥¬ë � àâ ­ {
� ¯â¥¢  [9] á«¥¤ã¥â, çâ® ¢ ª á â¥«ì­ëå ¨ å à ªâ¥à¨áâ¨ç¥áª¨å à áá«®¥­¨ïå T (H), �(H) £¨¯¥à-

¯®«®áë H ®¯à¥¤¥«ïîâáï  ää¨­­ë¥ á¢ï§­®áâ¨ r, r
?
¡¥§ ªàãç¥­¨ï.

�¥¯¥àì ­ ©¤¥¬ 1-ä®à¬ã !i
j � !i

j ¤¥ä®à¬ æ¨¨ á¢ï§­®áâ¨ ¯à¨ ¯¥à¥å®¤¥ ®â £¨¯¥à¯®«®áë H ª
£¨¯¥à¯®«®á¥ H. �«ï íâ®£® ¢ëçâ¥¬ (3.1) ¨§ ãà ¢­¥­¨ï (3.3), ¨¬¥¥¬

!j ^ (!i
j � !i

j) = 0:

�âáî¤  ¢ á¨«ã «¥¬¬ë � àâ ­ 
!i
j � !i

j = T i
jk!

k;

£¤¥ T i
jk = T i

kj | â¥­§®à ¤¥ä®à¬ æ¨¨ á¢ï§­®áâ¥©. � ¯®á«¥¤­¥¬ á®®â­®è¥­¨¨, ¯®¤áâ ¢¨¢ §­ ç¥­¨¥
!i
j ¨§ (2.13), ­ ©¤¥¬

(dF k
j + F l

j!
k
l ) eF i

k � !i
j = T i

jk!
k:

�¢¥àâë¢ ï íâ® á®®â­®è¥­¨¥ á â¥­§®à®¬ Fm
i ¨ ¬¥­ïï ®¡®§­ ç¥­¨ï ¨­¤¥ªá®¢, ¯®«ãç¨¬

dF i
j + F k

j !
i
k � F

j
k!

k
j = F i

l T
l
jk!

k:
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�® ¢ «¥¢®© ç áâ¨ íâ®£® á®®â­®è¥­¨ï áâ®¨â ª®¢ à¨ ­â­ë© ¤¨ää¥à¥­æ¨ « â¥­§®à  F i
j ®â­®á¨â¥«ì-

­® á¢ï§­®áâ¨ r. �®íâ®¬ã ¯®á«¥¤­¨¥ á®®â­®è¥­¨ï ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

rF i
j = F i

l T
l
jk!

k: (3.7)

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �§ ãá«®¢¨ï â¥®à¥¬ë 2 á«¥¤ã¥â

FX = �1X; FY = �2Y; (3.8)

£¤¥ �1 6= �2. �¥à¥¯¨è¥¬ á®®â­®è¥­¨ï (2.11) ¢ ¡¥§ë­¤¥ªá­®© ä®à¬¥

b(FX; Y ) = b(FY;X); b�(FX; Y ) = b�(X;FY ); (3.9)

£¤¥ b(X;Y ) = bijX
iY j , b�(X;Y ) = b�ijX

iY j | ¡¨«¨­¥©­ë¥ ä®à¬ë, ¯®«ïà­ë¥ ª¢ ¤à â¨ç­ë¬
ä®à¬ ¬ b ¨ b�. �®¤áâ ¢¨¬ §­ ç¥­¨ï FX ¨ FY ¨§ (3.8) ¢ (3.9), ¯®«ãç¨¬

(�1 � �2)b(X;Y ) = 0; (�1 � �2)b
�(X;Y ) = 0:

�âáî¤  á«¥¤ã¥â b(X;Y ) = 0 ¨ b�(X;Y ) = 0, â. ¥. ¢¥ªâ®àë X ¨ Y á®¯àï¦¥­ë ­  ¡ §¨á­®© ¯®¢¥àå-
­®áâ¨ M £¨¯¥à¯®«®áë H. � á¨«ã (2.12) ­  ¡ §¨á­®© ¯®¢¥àå­®áâ¨ M £¨¯¥à¯®«®áë H ¨¬¥¥¬

b(X;Y ) = b(FX; Y ) = �1b(X;Y ) = 0; b
�
(X;Y ) = b�(FX; Y ) = �1b

�(X;Y ) = 0;

â. ¥. ¢¥ªâ®àë X ¨ Y á®¯àï¦¥­ë â ª¦¥ ­  ¡ §¨á­®© ¯®¢¥àå­®áâ¨ M £¨¯¥à¯®«®áë H.

�«¥¤áâ¢¨¥ 1. �á«¨ ¢ ª ¦¤®© â®çª¥ ¡ §¨á­®© ¯®¢¥àå­®áâ¨ M £¨¯¥à¯®«®áë H ¢á¥ á®¡áâ¢¥­-
­ë¥ §­ ç¥­¨ï ®¯¥à â®à  F = fF i

j g à §«¨ç­ë, â® ¯®«ï á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢ íâ¨å ®¯¥à â®à®¢
®¯à¥¤¥«ïîâ ­  ¡ §¨á­ëå ¯®¢¥àå­®áâïå M , M £¨¯¥à¯®«®á H, H, á®®â¢¥âáâ¢ãîé¨å ¬¥¦¤ã á®¡®©,
á®¯àï¦¥­­ë¥ á¥â¨. �â¨ á®¯àï¦¥­­ë¥ á¥â¨ ­ §ë¢ îâáï ®á­®¢ ­¨¥¬ á®®â¢¥âáâ¢¨ï �¥â¥àá®­ .

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® ®¯¥à â®à F ï¢«ï¥âáï áª «ïà­ë¬, â. ¥. ¨¬¥¥â ¢¨¤

F i
j = ��ij : (3.10)

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. �® ãá«®¢¨î â¥®à¥¬ë 3 ¨¬¥¥â ¬¥áâ® (3.10), â®£¤  (2.10) ¯à¨¬¥â
¢¨¤ d�^!i = 0. �âáî¤  ¢ á¨«ãm � 2 á«¥¤ã¥â d� = 0 ¨ � = const. �ç¨âë¢ ï ¯®á«¥¤­¥¥ ¨ (3.10), ¨§
(3.7) ¯®«ãç¨¬ T k

ij = 0. �â® ®§­ ç ¥â, çâ® á¢ï§­®áâ¨ r ¨ r á®¢¯ ¤ îâ. �â¢¥à¦¤¥­¨¥ 1) ¤®ª § ­®.
� á¨«ã (3.10) ¨§ (2.12) ­ ©¤¥¬

bij = ��ki bkj = �bij ; b
�

ij = ��ki b
�
kj = �b�ij :

�§ ¯®á«¥¤­¨å á®®â­®è¥­¨© á«¥¤ã¥â, çâ® ¢â®àë¥ äã­¤ ¬¥­â «ì­ë¥ ä®à¬ë £¨¯¥à¯®«®á H ¨ H

¯à®¯®àæ¨®­ «ì­ë. �â¢¥à¦¤¥­¨¥ 3) á«¥¤ã¥â ¨§ (3.5) ¨ (3.6), ¥á«¨ ãç¥áâì (3.10).

�«ãç ©, ª®£¤  à §¬¥à­®áâì ¯®¢¥àå­®áâ¨ M à ¢­  m = n�1, ¯®¤à®¡­® à áá¬®âà¥­ ¢ [6]. �á«¨
®¯¥à â®à F áª «ïà­ë©, â® ¯àï¬ë¥ B(H) ®¡à §ãîâ á¢ï§ªã ¯àï¬ëå,   ¯à¥®¡à §®¢ ­¨¥ �¥â¥àá®­ 
f :M !M á¢®¤¨âáï ª ¯à¥®¡à §®¢ ­¨î £®¬®â¥â¨¨ [6].

�«¥¤áâ¢¨¥ 2. �á«¨ £¨¯¥à¯®¢¥àå­®áâ¨ M ¨ M ­ å®¤ïâáï ¢ á®®â¢¥âáâ¢¨¨ �¥â¥àá®­  ¨ ®¯¥-
à â®à ®â®¡à ¦¥­¨ï F áª «ïà¥­, â® á¢ï§­®áâ¨ ¢ ª á â¥«ì­ëå à áá«®¥­¨ïå T (M) ¨ T (M) ¡ã¤ãâ
íª¢¨ ää¨­­ë¬¨.

�á«¨ ãç¥áâì (3.10), â® ¨§ (3.2a) ¨ (3.5) ¯®«ãç¨¬, çâ® â¥­§®àë �¨çç¨ Rij ¨ Rij ¤«ï £¨¯¥à-
¯®¢¥àå­®áâ¥© M ¨ M á¨¬¬¥âà¨ç­ë. �â® ®§­ ç ¥â, çâ® á¢ï§­®áâ¨ ¢ ª á â¥«ì­ëå à áá«®¥­¨ïå
íª¢¨ ää¨­­ë [10].
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